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I  INTRODUCTION 
•  <  '  "  . 

Volume  Z  of  A  Vector  Approach ^to  Euclidean  Geometry  is  the  text 
for  the  second  year  of  a  two-year  high  school  mathematics  course  which 
bases  plane  and  solid  geometry  and  trigdnometry  on  the  fact  that  the 
translations  of  a  euclidean  space  constitute  a  vector  6jpace  wliich  has  an  . 
inner  product.    Volume  1  deals  largely  with  affine  geometry,  and  the 
notion  of  dimension  is  introduced  in  the  final  chapter,  Chapter  10,  of 
that  volxmie.    Up  to  this  point,  although  the  students  may  be  thinking  in 
terms  of  3 -dimensional  space,  the  space  under  conside Nation  might  be 
of  any  dimension.    The  principal  geometric  topics  treated  in  Voivmrie,  1 
deal  with  pg.rall'elism  of  lines  and. planes  and  with  ratios,  making  it 
possible  to  treat  a  good  deal  of  the  geometry  of  triangles  and  quadrila^  - 
terals.    Congruence  is  a  geometric  topic  reserved  for  Volume  2,  after 
the  introduction  of  an  inne^r  (or,  dot)  product  into  the  foirnal  operational 
scheme.    Volume  Z  opens  with  an  analysis'' of  basic  properties  of  per- 
pendicularity  and  distance  which  le^ds  to  the  introduction  of  an  inner  , 
product  of  translations  and  to  the  develppment  of  Euclidean  geometry 
and  trigonometry.    The  basic  facts  concerning  volumCv-measures  of 
solids  are  dealt  with  in  an  appendix  to  Volume  2,         the  time  students 
complete  Volume  2,  they  will  have  become  acquainted  with  the  theorems 
dealt  with  in  standard  American  gepmetry  and  trigonometry  texts  and 
with  numerous  additional  geometry  theorems,  both  analytic  and  syn- 
thetic*   TRey  will  also  have  a  good  foundation  of  knowledge  of  a  subject 
of  contemporary  mathematical  importa-nce,  namely,  that  of  linear  vector 
spaces-.  \  ■    *  ' 

The  preparation  of  the  present  course\^began  in  1963  and  has  be^en 
carried  out  with  support  from  the  National  Science  Foundation.  Begin- 
ning with  the  1963-64  *school  year,  the  course  has  been  taught  in  atj  ^ 
ever-growing  number  of  schools  throughout  the  country.    It  has  also 
been  the  basis  for  teacher  education  courses  iHxNSF  institutes.    In  most 
•  schools  using  the  course  it  has  been  taught  in  glides  10  and  11,  but  it 
has  also  been  used  successfully  in^rades   11  and\l2  and  in  grades  9 
and  iO,  '  '  ,       \  ^ 

In  commqn  with  other  UICSM  courses,  this  one  l^svs  stress  on 
, students*  discovery  of, concepts  through  doing  app^rofsriat^e  exercises. 
The  bourse  also  stresses  logic  and  proof,  ^nd  students  ai^e  aided  in 
* -developing  the  ability  to  write  proofs,  preferably  in  the  foi^^^n  of  pai-a^ 
graphs*    To  this  end,  some  of  the  beginning  chapters  in  4Vol\imc  1  deal 
at  some  length  with  rules  of  logic  in  the  contexts  of  the  proof sNqf  early 
theorems.    No  additional  rules  of  logic  are  introduced  in  Volume\2. 
However,  the  students  will  find  many  opport\inities  to  make  use  of  tl^ir 
knowledge  of  such  nUes  in  working^with  the  mathematical  adeas 
developed  in  Voiuipe  2.  - 

By  the  nature  of  the  course  much  of  the  develofxpnent  of  geometry 
is  algebraic  in  nature        ihe  algebra  resembles   [and  includes]  that  of 
the  real  numbers  to  such  an  extent  that  previously  acquired  algebraic 
skills  are  maintained  and  developed  further.    L»6St  the  reader  ttiinks 
that  this  algebraization  leads  to  the  loss  of  mucjii  of  th€  beapty  oi^cfon- 
ventional  geometry,  it  bears  pointihg  out  that  after  ^  sufficient  number 
of  geometrical  results  have  been  established  algebraically  otiier  theo*-  ^ 
^ems  can  be  derived  synthetically  from  them.    It  should  also  be  noted 
thit,  beginning  in  Chapter  10  and  to  iiy|reater  extent  in  Voltime  2,  it 
becomes  easy  to  introduce  coordinate  methods  and  deal  with  geometric 


matters  v^naiyticaJly,    As  becomes  obvious,  however,  the  algebra  of 
analytic  geometry  is  in  many  instances  less  efficient  than  is  the  algebra 
of  points  and  translations  which  is  developed  in  this  course, 
*   ■   .  ^        ^'  ■ 

In  each  of  the  volumes'  some  attempt  has  been  made  in  ^he  Back* 
ground  Topics,*  which  c^ose  many  of  the  chapter^  to  familial^ize  the  * 
students  with  topic^s  in  algebra  with  which  they  may  not  be  acquainted. 
Nevertheless,  there  are  some  standard  topics  of  high  school  algebra 
which  are  not  covered  in  either  a  hrst,  year  ajgebra  course  or  the  two 
volumes  of  text  for  this  course.    Consequently,  ' in  order  to  complete 
the^  student's  high  school  m'kthematics  program,  a  second  year  aigebra 
course  should  be  offered.    This  course  should  include  topics  such  as 
radicals,  exponents,,  logarithms,  and  polynomial  functiona^^and  may  be 
^offered  to  the  students  as  a  fourth-year  coui^se  after  they  coniplete  their 
study  of  Voluqpe   I  or  as  a  second-year  course  between  first-year 
algebra  and  Volume   1.    Each  of  these  alternatives  ha.s  been  success- 
fully employed  with  classes  of  students  in  public  school  trial's  of  the 
course,  _    ,  .  * 

This  commentary  contains  answe  rs  to  all  exercises  and  questions 
raised  in  the  text,  sample  (or,  suggested)  qiiiz^es,  keys  to  the  chapter 
tests,  suggestions  to  the  teacher,  and  a  great  deal  of  mathematical  and 
logical  background  material  which  has  proved  to  be  helpful  in  orienting 
teachers  in  preparation  for  teaching  the  course. 

4 

t  • 

The  following  is  a  brief  lesson  guide  for  Volume  2.    It  gives  sug- 
gestions on  time  allotments  for  covering  sections  of  the  text  together 
with  some  comments  on  the  kinds  of  s^ctivities  and  assignments  which 
are  appropriate  in  those  sections.    The  guide  suggests  the  administering 
of  **sample  quizzes"  from  time  to  time,  and  allows  full  lessons  for 
chapter  tests.    Sample  quizzes  havfe  been  included  in  the  commentary  on 
the  following  pages:  ^  » 
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Intrpduction 
11.01 
11. Oi 


-1 


9 
10 

u 

# 

12 
13 

14  . 


11.02 


1  I.  03 


11.  03 


11.05 

11,  05-, 06 

lJ|^ 
11.08  • 

11.  08 


Possible  activities 

Do  most  or  all  of  A,  B  in  class;  -assign  rest  of 
A,  B,  Cl-3.  '  s 

Discuss  C4-5j   assign  C6,  A. 

Discuss  some  of  B  in  class;   assign  rest  of  B. 
[See  note  in  commenta ry*  on  assignments.  ]  ' 

Discuss  text  preceding  and  following  A;  do  A 

in  class  ;^  assign  B,  ^ 

Discu-ss  text  prec*?ding  C;  do  C'in  class;  C3(c) 
good  j^^gblem  for  review  of  tree -diagram; 
discuss  text  following  C;  assign  D,  askinj^J^ 
informal  argurnents.    [See  note  in  copimentary 
on  notation.  J  ^^^'^'^^ 



Discuss  text;   do  l-.Z  in  class ;  sarnple  quiz; 
assign  3  -  7  .  / 

Discuss  text  preceding  A;   do  A  in  class;    discuss  • 
ideas  in  text  between  A  and  B  [A  model  of  a 
3 ^dimensional  coordinate  system  is  helpful  here.]; 
assign  B. 

Go  through  derivations  in  t^t;    review  Notions 
1-4;   assign  C.    Long  term  assignm'ent:  Begin 
looking  into  Background  Topic  in  section  11.  12. 
All  solutions  due  by  the  time  t;Jie  Chapter  Test 
is  given  (about  3  weeks). 

Discuss  Notions  5-7  and  do  A  in  class;  review 
sense  of  vector;   assign  B*^ 

Go  through  derivation;  do  A  in  c^lass;  do  B  in 
class;  assigi>  answering  question  in  text  pre- 
ceding C  or  C. 

Discuss  page  34-5  briefly;   text  pages  35-8* 
summ^-rize  preceding  work;   do  some  of  l-'2^in 
class,  usirvg  sentences  from  sumjnary  |See  note 
in  commentary.];  sample  quiz;  assign  3-5. 

Discuss  text;   do  as  many  of  exercises  in  class 

as  time  pexmits;  assign  rest.       ^  * 

Discuss  text;   do  A  in  class;  divide  prpofs  in  B 
among  class,  hav|^g  each  do  a  few;  sample 
quiz .    [Alternately,   see  note  in  commentary  on 
handling  this  section.  ] 

Discuss  text;  do  Al-2,  Bl -3  in  class;  assign 
A3,  B4-6. 


00 


SHon »      Section  Possible  activities 


15  1  1. 08-.. 09       DfvCl.  4a-cii^cUss;    study  Theorem  11  -  i  ^  do 

Ai  '  3  in  class;  '  assign  C2  -  3,  4d-f  and  A4-6. 

11,09"  t)o  Bl -4  in  class;   do  some  of  C  in  cias s;  assign 

V  re  St  oi  B,  C. 

!^ 

11  11.09  Do  D,   El -4.   and  Fl  in  class;    assign  rest  of 

E.   F.  \.  .  .  ' 

18  11.  10  Sketch  proofs  of  Theorem  U-5b'e  in  class; 

t  discuss  Definition  i  1 --Z,  Theorem  11-6;  dc^ias 

much  of  A  as  time  (perr^iits;    assign  rest  of 


1  ^5  1  I  .  i  0  Do  *i3l ,  ^,  4  i^  c  la  s  5  ;    do  C  1  -4  in  c  las  s;    as  sign 

^  ,        B  3,   5,   C5;    use  D  as  extra -t:  red  it  work. 


ZO  il,  11  Discus  Lemma  and  Theqr4,mi  11-9;    do  5-4  in 

class;  sample  "quiz;    assign  1-4.  [Alternately, 
see  note  in  commentai'y ,  J 

Zi  *ii.ii  DoAi-3,  B^- $  in  class;  as^n  A4,   B4-6;  quiz. 

Z2  11.12  Use  Chapter  Test  as  hourly  exam  or  aa  a  ta,ke - 

^  home  exam.    Il'  iised  as' a  take -home  >^xam, 

spend  the  period  discussing  the .  Bac kgVound  , 
'     Topic.  -  -  ' 

2^  '12.01  Discuss  theorems,   sketching  proofs  [See  note  ^ 

in  the  commentary.  ];  assign  B.  Long-term 
assignment:    Begin  looki^ng  into  Background 
Topic  in  section  12.05.    I-Iave  all  solutions  fom- 
^  pietc  before  Chapter  Test  (about  2  weeks), 

24  12.9^  Discuss  Definition  12-2,  Theorem  12-8;  do 

'    AI-2i^  4'a  in  class;    as^sign  A3,  4b, ^  5-^6.  [Alter- 
,   .     -nately,   see  note  in  commentary.  ] 

12.01  «  Do  B,  C  in  class;    assign  D;   sample  qujz^ 

* 

26  12.02  Discuss  text^  answering  questions  [This  com- 

pletes Al-4.'];   assign  A5,   Bl-4.  [Alternately, 
•  •  see  note  in  commentary,  J  ^ 

27  12.02  Do  B5-8,  Cl-2incl^|^;   ass^|nB9-il,  C3-4; 

qu  iz . 

,  2S    .         iZ.  02  Do  Di -4  in.  class;   assign  D5-8.  \- 

^9  12.03  Study  Definition  12rr4,   12-5;  give  informal 

r  proofs  for  Theorems'  12-18  to  12-23  as  time  per- 

,f—  *  mits;   assign  A2,  3,  5,  6  [Alternately,  see  note 

'^""^  in  commentary.  ];    sample  quiz. 

30  12.  Oi  Do^l-4,  Cl-4  in  class;   assign  B5,  CS-'B; 


Lesson 


Sec  t  ion 


'31 

12.  04 

12.05 

33 

l  i.  01 

* 

13.  01 

35 

13.01  • 

3^  . 

13.  01 

37 

13.0% 

3S 

13.  02 

39 

^13/03 

Discuss  yA*orems,  example  in  text;   do  Al'2; 
Bi-4.  Cl-2  in  class;    assign  A3-4,   B5-6,  'C3-4. 

Use  Chapter  Text  as  hourly  exam  or  as  take- 
home  exam .  o 

[See  note  in  commentary  on  using  Chapter  10 
test  as  combined  class  discussion  and  homework 
a^jsignment.  ]   Sentences  {i)-(9)  serve  as  a  sum-  , 
mary  bf  some  of  what  •we  learm-d  about  equa-  / 
tions  of  piantAs  and  lines.    Center  the  discussion 
around  the  derivation  of  (10),  the  exarhple  fol- 
lowing, and  the  exercises  in  Part  A. 

Discuss  some  of  B,  .C;   assign^est.  Long-term 
assignment:    Background  Toj5ic  ^  secjiori  13.05. 
Have  solutions  completed  before  Chapter  Test 
(afeout  2  weeks).         '  .'^ 

Do  D  in  class;    Do  E  in  class  and  tie  result  in 
with  text  following  it;   assign  F.  « 

Discuss  Gl-4;   assign  rest  of  G. 

Discuss  A,   B  in  class;   assign  C. 

.  *  ) 

Discuss  D  and  following  text  in  class,  using  E 
for  examples;   assign  F. 

Discuss  the  process  of  generating  ^tf  o\i4lono rmal 
basis  as  done  in  the  text;   note  Theorem  13-4  and 
its  corollary;    assign  A,    [Use  B,  C  as  extra- 
credit  assignme nts'or  have  several  of  the  better 
studrots  prepare  to  lead  short  disdiissions  about 
these  exercis'es.  ] 


Discuss  A,   B  and  related  text  in  class;,  assign 
CI -5.^  \  -  ,  . 

Discuss  C6-9  and  following  text  in  class  (this 
takf  s  care  of  D*};   assigp  E, 

Discuss* JF^'an^  following  text  in  glass;   assign  G. 

Use  Chapter  Test  as  hourly  exam  or  as  t^ke-  ^ 
home  test.       .     ,  .  ■  • 


44 


45 


14.01 

14. 01-. 02 


Write  Schwaortz  inequality  on  chalkboard;  discuss 
Lemm^,  B,  Dl,  2a  in  class;   as^sign  CI -3,  • 
D2b,  3,  4;    C4  might  be  used  as  extra-credit 
problem.  , 

Do  E  as  class  work;   discuss  Definition  14-1 
and  Theorems  14-2  and  14-3  and  tlieir  proofs;  i 
Do  A3  in  ci*ass  or^assign  ap  e^tra-cr6dit  prob-^ 
lem;  assign.  Bl-4.    [Alternately,  on  14.02,  see 
commentary,]  ,  . 

'9  ^  ' 


Lesaon        Section  Possible  activities 

46  14.02  Discuss  text  pages  preceding  C  in  class;  do 

j  some  of  proofs  in  class;   assign  Cl-4;   use  C5 

as  extra -^c  redit  problem. 

'       14.02^  Discuss  definitions  and  theorems  in  text;  do 

,  .  *  nl'1,  EI-3  m  class;    assign  D4,  E4-7;  sample 

quiz . 

'       '  Vv 

48  -     14.02  Do  F.  Gl -2  in  class;   assign  Gi-5.  '  : 

49  14.02  Discus^^tg^rms  and  Theorems  14-12,.  14/13;  do 

some  ci;Yl  in  class;    assign  rest  of  H;/[optional ] 
#  might  choose  one  or  t;wo  students  to/vork  on  I 

so  that  they  c^ou'ld  explain  the  to'pic^iscilssed 
*to  the  rest  of  the  class.. 

14,02  Be gNn  J  in  class;   haVe  at  Ipa&t  one  part  of  5 

»  done  in  detail  in  clas«j;    assign  those  problems 

not  discussed  in  class;    8a/teple» q^iz , 

3i  14.03  Discuss  text  through  Tbe9rem  14-16  [Note. 

^  Text  preceding  A  outlines  th^  proof  of  Theorem 

l4-i6(b).^  Don't  expect  all  to  go  through  this.]; 
do  Ar   Bl,   i  in  class;   assign  ^ 

52  14,03  *^         Get  at  explanations  of  (8)  and  (9')j    do  Cl-4  in 

class;   assign  C5-6. 


14.05       /      Discuss  text  through  Theorein '14-17;    Do  Dl -2, 
El-2  iA  class;   assign  D3-6,  E3-5;   use  E6  as 
extra-credit  prefblem.  ' 


'J 


/ 


54  ^4.04  Discuss  definitions. and  theorems;    do  A,  Bl-3 

in  class;    assign  B4-5,   C  [Alternately^  see 
teacher's  commentary.  ];    sample  guig* 

55  14.04  Do  D,  E  in  class;  assign 

56  •         14. Q4  Do  G  in  class;    discuss  L^emma,  Theorem 

14-24;    do  HI,  II  in  classy   assign  H2,  12-5. 

57  14.05  Discuss  text  and  do  AI -3  in  class;  lassign 

■  A4-i0/     ^  .    .         ■  ' 

'  ■  ■  # 

58  14.05  Discuss  proof  of  Lemm^;   do  B  in  clasfi;  get 
^                  .  started  01^40  and  assign  at  least  through  C4. 

59  14.05,  Do  DI-4  and  El  in  class;   assign  rest. 

60  14.05  .Discuss  Theo  rem  14-" 29;    re^d  Theorem  14-30 
^  and  its  corollary;   discuss  text  leading  to 

Theorem  14-31;   assign  F. 

61  14.06  Use  Chapter  T^st  as  hourly  exam  or  as  a  take* 

home'leisFi  4 
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62 


63 


64 


65 


67 

68 
69 

70 
71 

72 

73 


75 
76 


M4.  06 


15.01 


15.02 


15.  02 


66  *  15.03 


78 


79 


15.  04 

15.  03 
U.^04 

15.  04 
15.  05 

15.  05 

15.06 

I  ^.06 

15.  06 
15.07 


77       ^  15.07 


15.08 


15.09 
IP  , 


Possible  activities* 

^  Discuss  notion  of  mathematical  induction  in 
terms  of  text  material;   assign  representativ? 
problems".  .  '     •  .• 

Discuss  new  terms;   do  A,   Bi  in  class;  assign 
rest  of  B.  *  .  ' 

Discuss  new  terms;   prove  Theorem  15-3;  do 

A  in  class  [Alternately,   see  note  in  commentary.]; 

assign  B3  and  any  two  problems, in  C. 

Go  over  results  in  D,   K  in  view  of  text  discus- 
sion;   note  (l)-(3)  following  E  and  how  Theorem 
^        15-5  follows  from  them;    assign  appropriate 
parts  of  D,   E.  ^ 

Introduce  cosine;    do  A  in  cl^iss;  discuss  text 
pleading  to  Theorem  15-7;    assign  B,  / 

Do  Cl-4,  6,  Di,  2(a)  in  class;  assign  rest  of 
CD.  '  ^ 

Discuss  Theorem  15-8;   as/ign  E. 

^  Discuss  terrns  and, theorems;  do  some  of  A  in 
class;  assjgn  rest  of  A  [Alternately,  sec  note- 
in  commentary.  ];    samph*  qu  1/. . 

Do  B,  CI  in  class;    assign  C2-4. 

Introduce  terms;    do  Al  in  class;    [Alte  rnatel y, 
^  see  note  in*  commentary .       assign  A2-6. 

Prove  Theorem  15-14;    do  Cl-3  in  class;  assign 
B3,   C4-6;    sample  quiz . 

Introduce  terms;    discuss  Theorems  15^15  and 
15-16;    assign  A.     [Alternately,   see  note  in 
^ommentar^.  ]- 

Discuss  terms  and  Theorem  15-17;  Review  ^ 
Ceva*s  theorem  and. discuss  Theorems  15-18 
/      to  15-20;   do  Bi;   assign  B2'-5.  . 
•* 

Do  part^^f  G,  D,  E  tlx  clajs;   assign  rest. 

Discuss  terms;   do  A,   Bl  in  class; '  assign 
B2-5.    [Alternately,  ^see  note  in  commentary.] 

Study  Definition  I^rlO;   do  Cl-4,  Dl  in  cla^s; 
assign  C5-6,  D2-3,^ 

'       Discuss  Definition  15-11;   do- A,   B  in  class; 
assign  C;   sample  quiz. 

Study  discussion  leading  to  Definition  15-12;  do 
AI-3,  Bl-3  in  class;   assign  ra-a^t  of  A  and  . 


Lff  H  son  Section 
♦ 

80  /  15.09 
SI*  '  .  15.  10 
H2      .  'Ms/li 


84 


is.  11 


16.  01 


85     'I       16,  01  • 


86 
S7 
88 


91 

92. 


94 


95 


96 


16.  01 
U.  01 

16.  01 

16.  OZ 


90      >  16.02 


16.  02 
16.  Oi 


9:^  .      -  16. 


16.  04 


16.04 


16*05 


^7  •  16.05 

98  16.06 

W9  .  16.06 

100  16.07 


^  Possible  activities  *  • 

'ft  .    *  ^ 

Dd  CI -2,  Dl-3  in  class;  ^assign  rest  of  C,  D* 

Do  Ai-3,  Bl-3  in'ciass;    assign  rest  of  A,.*B« 


Lesson        ■  Section 
101    .  16.07' 


^  Possible  activities 


Chap^te  r:J['est  aii  hourly  exalti  Jfa-'  ^  taV^- 
^  test.  •  '  •  .  ^ 


Use 

lu^me  test. 


Di*scius*i  Theort^m  and  its  cprollary;    revii?v?*  . 
m,athen\at>cal  induction;    do  A  in  class;  assign  B. 

Pfove  Theorems  1 6  -  1  and  1 6  -  i;  assign  A3,  Bl-2. 
[Alternately,   set;  note  in  comment<ary.  ] 

Do  B^-5  m  class;   assign  C,  allowing  students 
»to  work  in  teams,    '  .  ;  -  ' 

Do  Dl -2  in  class;   assign  D3-6,  E.1-2, 

Do  E3-6,   Fi  in  class;   Assign  F2-4, 

some  of  each  of  G,  H,   I  in  dlass;  assign 
rest,  ^  •  » 

Introduce  nt;w  terms;  do  Al-2  in  class;  aVsign 
A3-7. 

Introduce  now  tern>s;  do  B,   CI -2  in  class; 
assign  C3  - 1 0.  '  •  • 

^.Do  D  in  class;    study  the  corollaries;    assign  E. 

Assign  A  [Alternately,    see  note  in  commentary.]; 
sample  quizv  .  .  • 

Note  Theorem  l6"8  [This  is  one  whose  proof  is 
quite  complex  and  is  'discussed  in  the  text  be- 
tween Parts*  B  as^d  C,    Shouldn't  be*  required  of 
all  students;];    study  Theorems  16-9,    16-10;  • 
assign  E,  F.  ' 

Study  text  preceding  A;   do  A^l-^  in  class;  assign 
A,4-8,  A  ^  . 

'  Introduce  new  term's^;   do  BI-2  in  class;  assign 
B3-5,  C.  . 

Do  A,  Bl-2*in  class;   assign  B3-4,  C;  sample 

Do  Di-2'in  class;   assign  D3-4,  E,.  ' 
Do  A  in  ciass^   assign  B. 

Do  Cl',»  Dl-2^in  class;  assign  rest  of  C,  D, 

Do  Al-2  in  class;  assign  rest  of  A.  [Alternately, 
see  Tiote  in  commentary,] 


102. 

-loS 


10^ 

I 

f05 

106 

107 


110 

ni 

IIZ 
113 

'114 

115 
116 
117 
'lI8 
119 
120 


16.07. 
16.08 

4 

16.08 

16.08 

16l.,09 

16;  09 


108  It. 10 

109^  16.10  ' 


17.  01 

17,01 

17.  01 

17,  02 
• 

17.  03 
,17.  03 

/T7.04 

17.04 
17.04 
17.04 
17.  05 


Do  51,  3  and  CI  74  in  ciae^;  assign  rest  of  B, 

Discuss  new  terrns  ai\d  theorerhs^  assign  . 

*    '  '  '      ,        •  .  ■  / 

Have  Explqration  Exercises  done  at  beginning 
••of  periodt  discuss  new  terms  and  Theorem 
*16-25;^  assign  A?  '  •» 

.  ,  - 

Discuss  the^srems  16-27,  16-28|  16^29;  do  B/- 
C  in  class;   assign  Dl-3.  ^ 

Do  D4;5^  El  in  class;   assigrv, E2-3.         ,  , 

Study  text  preceding  A;   do  several  from  A,  B 
in  class;   assign  re^  of'A,,  B;,  sample  quiz. 

Do  some  of  Ci  D  in  class;  assign  rest  of  C, 
D;  quiz .  '  =t 

Chapter  Test  as  take -home  test.  '^^^ 

Discuss  signum  and  greatest  integer  functions 
and  least  upper  boui)d  principle;  assign  prob- 
lems-not  done,  in  class. 

Introduce  new'  terms;   do  Al-3,  BJ-5  in  class; ^ 
assign  A4-6,  B6-8, 

Do  C,  QZ  •'3  in'clasiti    assi^  D4-^. 

Do  El-4  in  class;  assign  E5-7. 

Introduce  new  terms;   do  Al-3j,  Bl  ~3  in  class; 
assign  rest  of  A,  B. 

Discuss  Theorems  1 7 -8,   17 -9Vu^ ^ 0;  introduce 
new  terms;   ^oAl*'2,  Bl-2in  oiass;   assign  ♦ 
A3-5,  B3-4;   sarpple  quig.      .  ^fp 

Do  as  much  of  C,  D  in  clas^  as  time  permits; 
assign  r^st;   gample  quig.  ^ 

Introduce  new  terms;  do  Al-3»fii)  Claa*;  fissign 
A4-5,  B.  .  '  . 

Review  sgn  function;   dificus9  Cl-6  in  class; 
assign  C7-1 1 ,  .  .'^ 

Do  as  muqh  of  D,  E  in  class  as  time  perxnitt;  ^ 
assign  rest. 

Discuss  text  preceding  F;  do  Fi  in  clast;. 

assign  F2-4-  /  i  * 

Do  G  in  class;  discuss  least  upper  bound  property; 
do  £xe|*ctseB  1,  Z  in  class;  assign  3 '-6« 


ERLC 


^2 


1  ^ 


I* 

Le sson  Scfc tion  '4  Possible  activities        '  ,  Lesson 


121  17.06  Disjc^ss  text  preceding  A;    assign  A,  142 

  ^     •  .    '  . 

\Zl    '         17,06  .    Discfuss  text  j^recedihg  B;    do  Bl -2,  Cl-2  in  143 

qlai|s;   assign  rq  st  o4  B,   C  .  ' 

*         ■     '  ^  '    '  144 

_    ■  145" 

124  ^17.07  Introdui.e  new  terms'^  do  Al''2,   Bi  in  class; 

'    assign  Vest  of  A,   B.  ,146 


123  17,06  Study  thcor^yjis^'  assign  Dj   sg^nnple  quiz. 


12'>  17.07  *DoCl-4,   Dl -4  in  class;    mt  reduce  #view  te  rms  ;  147 

^   '  «    ,  assign  C5-6,   D6-10;    use  D5  as  extra-cTe^it  , 

problem.  •  ^  148 

.126.  17.07  Stu^  theorems,   text  preceding  E;   do  E  in  149 

\  "  "     class;   assign  F. 

127  17.08  'DoAI^.  Bl-^  in  class;   assign  A^ -8,.  B3 -4,  C.  150 

4  28  17.09       '   .     Discuss  terrris;    assign  A  [Alternately,   see  note  |51 

in  commentary.  ];   sample  quiz. 

129  17,  09  Discuss  text  preceding  B;    du  Bl-2,  C  in  class; 

assign  test  of  B,  C.  132? 

130  '     ^17.  iO  Use  Chapte  r  Te st  as  hourly  exam  or  as  take-  ' 

home  te  St. 


131  17.10  Introduce  terms;   do  some  of  A,  B  in  cla-ss;  133 

assigm  rest, 

^  154 

132  18,01-.0Z'    Int  reduce  te  rm  8 ;    do  Exe  rcises  in  class;  discuss 
V  text  preceding  A;   doAl-3,  Bl,  3  in. class; 

assign  A4-5,   rest  of  B.  t  135 

133  18.02  Do  CI  in  clas8;^assign  C2-6,   '  i56 

134  18.03  Study  Definition  18-1;   do  Ai -3,  ^Bl -2  in  class;  157 

assign  rest  of  A,  B^. 

135  18.03  <  Study  text  preceding  C;.  assign  C.  15g 

156  ^  18.04  Study  tcxt'preceding  A;   do  Al-3  in  c^ass;   assign  159 

A4-6. 

.  * .  h 

137  1€,  04  Note  Theorem  18-4;   do  some  of  bI -2,  Ci -3;  160 

assign  rest  of  3,  C;    sample  gtxiz. 

138  18^,05  .  Int  roikice  terms;  do  Al -3  in  ciastj;  assign  A476.  i6i 

139  ^8.05,  Introduce  terms;   doBi-3,  Ci-2inciafl8;  assign 
I  rest  of  B,  C.  ^ 

163 

140  18.05  Do  Dl -4,  El -2  in  class;  assign  rest  of  D,  E. 

141  18.  05  Study  text  preceding  F;  do  sofne  of  Fi-2;  assign 

rest  of  F. 


ERIC 


0  .  *  -"^  • 

Section  *            , Possible  Activities 

18.06  introduce  tejyns;   assign  A;    sample  quiz. 

18.06  Do  b1-2;   assign  rest  of  B.  ^ 
18.0^^  '  Ufee  Chapte  r  Test  as  take  -  home  exa^ .    ■  \ 

18.07  ,      Discus^  text;    do  A^- B  in  class"?    a&^ign  C. 
^18.07  .Do  sonje  parts  of  D,  E,  Y'*   assign  rc^t^  »^        ^  ^. 

19.01  '  ^Discuss  definition  19"  1  and  lemmas;   assign  A. 

19.01  Prdve  Theorems  19-1,   19-2;   assign  B3;:5. 

1^.02  Discuss  text  preceding  A;    start  Ai  [Alternately., 

see  n*ote  in  c<jmmentary.  ];    assign  A.  ^ 

§ 

19.02  Do  B  in  class;   assign  C;    sajnple  quiz. 

*^  '  •  ■ 

19.03  Discuss  text  preceding  A;    do  Al,  3-6  in  class; 
assign  AZ,  7-11.     [Alternately,   see  note  in 

commentary.]  *  ♦  ' 

19.03  Study  theorems  listed  preceding  B;  discuss 

parts  (a)  an4  (b)  of  Theorem  19-13,  19-14; 
assign  (c)  and  (d)  of  these  theorems;  sample 

19.d?J  Discuss  text  preceding  C;    assign  C,  *  ^ 

19.03         '  -  Discuss  text  preceding  D;   do  Pl-3  inclasfe; 
assign  D4-6. 

-19.03  "^tudy  text  preceding  E;   assign  E,  ^ 

19.03  Study  text  precetjing  F;   assign  F. 

19i04.     '       Introduce  terms;   assign  A-[Alternately,  see  ^ 
note  in  commentary.  ];    sample  quiz . 

19.04  *    Do  some  of  B,  C  in  class;   assign  rest. 

19.04  Do  some  of  D,  E  in  class;    assign  rest  of  D,  E 
and  Exploration  Exercises, 

19.05  Discuss  text  preceding  A  [Alternately,  see  qote 
in  commentary.];   assign  A.  • » 

19.05  Do  some  parts  of  B  in  class;  assign  re^, 

19.05  Study  text  and  theorems  preceding  C;  assign  C. 

19,  05  Do  some  parts  dl  D  in  class;  ai^sign  rest  o£  D; 

sample  quiz. 


1  & 


J. 


Possible  activities. 


Study  text  and  theorejms  pri|»ceding  A;   assign  A; 
use  B  as  e5ctra -c  redit  part.     [Aite rnately, .-.see 
note  in  commenta/'y.  ] 

Discviss  summary  given  in  text.    [See  note  ip 
commentary.]  .        *  . 

ptuqiy  tfext  preceding  A;  do*A^-3  i^  class;^  assign 
A4--5.'' •  jAite  rnateiy,   seemote  in  coi;|:imenta,ry .  ] 

Discuss  B,  C  in  class;   assign  D. 

Do  as  miich  of  E  in  class  as  time  permits; 
assign  selected  proUems    rom  rest  of  E. 

Do  as  much  of  K  in  class  as  time  permits; 
assign  selected  problems  from  rest  of 

Do  Gl  in  class;    assign  G2-4;    sample  quiz. 

•Discuss  text;    do  Al-2,   Bl,  .Cl  in  class;  assign 
rtjst  of  A,   B,  C.    [Alternately,  see  note  in 
commentary.] 

Study'  text  preceding  D;    do  some  of  D,   E  in 
class;   assign  rest  of  D  and  E. 

Study  text;    introduce  terms;   do  some  parts  of 
A,   B  in  class;   assign  rest. 

Discuss  definitions,  theorems  preceding  C;  do 
parts  of  C;   assign,  rest.  / 

Do  part:(a)  of  eajch^exe r^cise  in  D  in  class;  assign 
rest  of  D. 

Discuss  sample  solutions  given  in  text;    do  A  in 
class;   assign  Bl-8. 

Assign  B9-i8. 

Use  Chapter  Test  as  hourly  exam  or  as  take  - 
home  tei^U  -       -  .  , 


TO  THE  STUDENTS: 


^  This  book  is  the  text  for  the  second  year  of  Ihe^twb-year  a>urse  in  mathe- 
matics whitt^you  started  on  last  year.  Y6u  will  find  the  postulates,  definitions, 
and  othei^meorems.  which  you  studi^  in^VoIume  1  listed  at  the  end  of  this 
book.  Reading  thenj  ov^  and  thinking  about  th6niwould  .be  a  good  review  and 
give  you  4  running  start  on  this  year's  work.  You  will  also  review  some  of  the 
more  important  ideas  fro^i  last  yea^  wh'^n  you  study  the  Introduction  to  this 
book.       ;  I 

If  you  think  about  it,  you  will  probably  agree  that  two  of  the  m^st  important 
notions  ip  Volume  1  are  those  pf  parallelism  and  ratio.  These  ideas  are  basic 
for  the  kind  of  geometry  which  is  called  affirte  geometry]  and  it  is  this  kind  of 
geoihetry  which  you  studied  in  Volume  1.  You  will  find  that  the  most  impor- 
tant new  ideas  in  this  volume  are  those  of  perpendicularity  and  distance. 
They,  together  with  parallelism  and  ratio,  are  basic  for  a  more  special  kind 
of  geometry  called  Euclidean  [metric]  geometry.  We  shall  de^ne  perpendicu- 
larity and  distance  ii^  terms  of  a  new  operation  on  translations.  We  shall 
adopt  addi^onal  postulates  for  this  operation  in  Chaptfer  11.  [Since  the  two 
volumes  make  up  one  course,  we  iiave  numbered  the  chapters  consecutively 
in  Volumes  1  and  2.  Chapter  11  is,  after  the  Introduction,  the  first  chapter  of 
this  book.]  In  Euclidean  geometry  we  jan  study  many  more  properties  of 
triangles,  qaadr41aterals,  etc.,  as  well  as  properties  of  circles  and  spheres. 

The  new  operation  on  vectors  which  is  introduced  in  Chapter  1 1  makes  it 
possible  to  define  some  important  functions  which  are  related  to  angles.  You 
win  study  these  in  Chapter  15. and,  at  more  length,  in  Chapter  19.  The  study 
of  these  functions  is  what  is  usually  called  ^^trigonometry"  [triangle  meas-' 
uring].  ,    '  m  ^ 

Chapter  13  contains  some  more  of  the  work  in  "analytic  geometry"  you  were 
introduced  to  when  you  studied  about  coordinate  systems  in  Chapter  10.  In. 
this  chapter  you  will  Jeam  to  solve  some, geometry  problems  analytically  by 
taking  advantage  of  your  knowledge  aliout  perpendicularity.  AiTd  you  will 
continue  to  learn  more  about  such  matters  as  you  proceed  in  your  stud^  of 
this  volume. 

Several  of  the  chapters  of  this  book  are  followed  by  '^background  topics" 
most  of  which  are  intended  to  enlarge  your  understanding  of  the  algebra  of  the 
real  numbers.  Two  of  them  deal  ^th  another  important  number  system^  that 
of  the  complex  numbers.  • 

As  was  the  c0se  with  Volume  1,  this  is  a  book  to  read  and  ^oughtjibout, 
and  you  are  given  chances  in  the  exercises  to  discover  for  yourself.  We  hope 
you  make  use  of  these. 


Herbert  E.  Vaughan  &  Steven  Szabo 
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Introduction 


V 


In  our  study  of  the  geometry  of  Eyciidean  space  we  coverejj  [in 
Volume  1]  how  translations  act  on  points,  hpw  tr£ensIations  react 
with  one  another,  and  how  real  numbere  operate  on  translations. 
This  has  led  uS  to  adopt  five  postulates  concemirig  the  set^  of  points, 
the  set      of  translations,  and  the  set  ^  of  real  numbers.  These  are: 


Postulate  1. 
Postulate  2. 
Postulate  3. 
Postulate  4'. 
Postulate  5'. 


(a)  B  -.Ae^r,     (b)  A  ^ 

(a)  A  t  (B  -  A>=  B      ib)  ~^^  (A  ^~a)  -  A 

(B  ^  A)  +  (C  -^B)  ^  C  '  A 

is  a  S-dimeinsionai  vector  space  over 
.Jf  is  an  ordered  fields 


Each  of  the  last  two  postulates  consists  of  several  parts.  These  are  - 
given  on  page  501  of  thi^book.  ' 

Using  the  notions  of  liriQar  dependence  and  linear  independence  of 
vectors  [Definitions  6-2  and  ^3  on  page  502]  we  have  been  able  to  de- 
fine line'  and  'plane'  and  to  prove  various  theorems  concerning  lines 
and  planes,  Thase  theorems,  &nd  the  definitions  adopted  in  Volume  1, 
are  given  tin  pages  501-513.  Lodking  back  j|ou  will  see  that  much  of 
our  work  dealt  with  the  notion^  of  parallelisna  atid  of  ratio. 

In  this  volume  we  wish  to  complete  our  stiidy  of  Euclidean  geom- 
etry. In  addition  to  parallelism  of  lin^  and  planes  we  shall  deal  with 
perpendicularity— of  planes  UTliijgS,  of  lines  to  lines,  and  of  planes  to 
planes.  In  addition  to  ratio  we  shall  deal  with  the  tiotion  of  the  distance 
between  two  points.  In  Volume  1  we  used  ratio  to  compare  parallel 

4ntm^als  as  to  size;  distance  Wiii- enable  tis  totjompare  nonparallef 
intervals.  We  shall  see  how,  using  perpeiidicul^ty  and  distance,  we 
can  compare  sizes  of  angles,  de^l  with  similar  and  "^ith  congruent 
thangl^,^  j^d  prove  theorems  concerning  sf^ial  kind&  of  triangles 

s  and  Qu^dHIatiarals— for  example,  isosceles  triangle  and  rectangles. 
Irt  dealing  with  distances  and  with  measures  of  angles  we  shall  ne^ 
tol^am  more  about  the  real  numbers. 

Before  we  begin  to  deal  with  these  t^atters,  let's  review  some  of 
the  concepts  we  dealt  with  in  Volume  1.  'We  do  this  in  the  following 
exer<;ises.  « 
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The  gedtnetry  developed  in  tlje  preceding  volume  dfralt  p^incipaUy 
with  thie  notion*  of  paraileiism  and-  ratio*and,  so.  witfi  the  affine  pro- 
perties of  Eucljdeao  space.    In  the  present  volume  we  introduce  notipns 
of^erpendicularity  and  distance  and/  so,  dtjal  with  Euclidean  metric 
geometi-y.^^The  word  *nletric'  indicates' that  we  shall  as sunne  given  a' 
particular  un^t  ojf  distance.    Euclidean  geometry,  jsroperly  Bo-called,*  ♦ 
.  deals. withU  family  oi  proportional  distance  functions  and  treats  any 
one  as  on  a  par  with  any  ot}\€^y.  ]  ^  ' 

For  most  of  this  volunre  we  fieed  to  add  to  Postulate  5'  only  the 
assumption  that  each  nonnegative-real  number  has  a  principal  square 

Prbot;   this  is  &one  implicitly  on  page  h.    However,  (or^the-introduction* 
of  arc  length  and  angle  measure  we  shall  need  the  assumption  that  ^ach 
nonempty  set  of  re^il  numbers  which  has  an  upper  bound  haS  a  least 
upper  bound.    Since,  to  save  space  and  time,  we  shall  assume  a  good 
many  6f  the  theorems  which  we  could  pfove  about  arc  measure,  we 
shall  not  linger  long  over  this  "completeness  property**  of  the  real 

#  number  system,    A  more  adequate  treatment,  iiricluding  a  proof  of  the 
existence  of  square  roots,  can  be  found  in  Chapters   IZ  and  13  of 
Beberman  and  Vaughan,  Hij;h  School  Mathematics,  Course  3> 

Note  that;,  many  of  the  concepts  from  Volume  1  are  reviewed  in 
the  proof  of  Theorem  I  on  page  4, 
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Exercises 
Part,A 


/ 


1.  Suppose  that  C,^.  and  E  are  points  of  a  line  AB  such  that  C"  =  A 
>  <B  -  A>1  A  +  (B  -'.4)3.  andi;;  =  A  ^  (B'-  Aii.  praw  an 
appni^n'ate  picture  for  these  conditions,  and  copipute  the  following 
ratios.  [Recall  that,  for  proper  translations  cKwid  6  in  the  same  di- 
rection, ii  :  h  ^  c  if  and  only  if  V  =  . 

(a)  (C  ^A)  Ab  -  A)'  (h)  {B  -  A)  :  (C  -  B) 

-  A)  :,(C  -  Bj](d)  (C  -  A)  :  (C  -  B) 
<f)  (D  -  C)  -.(A  -  C) 
^g)  (fl  -  E)  ■  (£  -  C)  (h)  (C  -      :      -  B) 

2.  (iiven  the  information  indicated  in  the  pictures,  compute  the  re- 
quired ratios.  [See  Sections  8.01  and  8.02  of  Volume  1  for  help,] 

Compute;  (/?  -  S)  :  {C  -  B) 
■  KP  -  S)  :  {C 
iP  -  R)  :  {B  -  SI 


"(cyi(C  -  A)  :  \B  -  A)][tB 
(e)  iB  -  A)  :  (D  -  C)  V 


<a) 


A 


\5 


If 


B 


2." 


M 


C 


(b) 


Compute:  {R  ~  B)  :  {R  -  P) 
(P  -  C)  :  (S  -  P) 
(P  ^  A) ,:  (M  -  A) 


3.  In  each  of^parts  ( 
point  of  BC. 


PartB       '  -~ 


R  2 

(b)  of  Exercise  2,  show  . that  M  is  the  mid- 
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1.  (a)  Suppi^  that  tt  and  cr  are  two  intersecting  planes.  What  kind 

of  set  is  ir  n  (T?  ^  V 

(b)  Suppose  that  tt,  and  ^  are  two  intersecting  planes  and  that 

llrTT,.  What  kind  of  set  is  tt.^  H  fr?*(Can      n  cr  be  empty?] 

(c)  If     (j  7T^  and  TTj  0.  cr  7^  0,  what  can  you  say  about  rr^D  a  and 

2.  Suppose  that  /  is  a  transversal  of.  7f— that  is,  suppose  that  it  f)  I 
consists  of  a  single  point.  ^ 

(a)  If  m  |{  /,  does  it  foliow  that  m  is  a  transversal  of  rr? 
ih)  If  cr  II  ^,  does  it  follow  that  /  is  a  transversal  of  o-? 

3.  Given  lines  /  and  l\  how  many  plan^  contain  /'  and  are  parallel 
*     to/  •  < 

(a)  m\\n  (b)  ifim 

'  2i 


Answers  for  Part  A 


1,      Here  is  an  appropriate  picture  for  th^s  exercise; 


AB 


3, 


A  ^  ^   .     B    >  C  D  E 

<a)    3/2  <b)   2  (c)"   3  : 

(t.^)    a/3         /        •  (H    -i       '         -    (g)  -5/4 

(a)  .S/7;    s/7;  5/l2 

(b)  8/3;    s/3;    3/4  ^  -      ^  ' 

Since  AM,   BR,  and   CS  are  concurrent,  ^'^'^  =  i. 


(d)  3 
(h)  3/4 


Since 


SB 


R  A     B  Ivl  t  t 

CR^'  \iC  "   ^'    That  is,  M  •is  the  midpoint  of  BC. 


Answers  for  Part  B 
1 .      (a)    A  line. 
I.      (a)  Yes. 
3,      (a)  Many, 


(b)    A  line.  [No.] 

(b)  Yes. 

(b)    Ivxactly  one. 


(c)   They  are  paraUel  lines. 
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Iiit7*oduction 


4.  Recall  that,  for  any  subset  .^fe5  ,  JT     Q  is  the  image  of  under 
the  translati<5ri  a. 

(a)  If  i4        what  point  is  sure  to  be  in  J*'*     (B  -  A)? 
Cb)  Given  a  plane     what  ^ind  of  set  is     +  a? 

(c)  What  can  you  say  about  n  and  ir     a?  > 

id)  If  TT^  II  iTp  A  €  TT,  and  B  €  tt^.  what  can  you  say  about      +  (B 

-  A)?  '         '  ^ 

5.  (a)  Draw  a  triangle -say,  AAfiC-  and  draw  a  second  triangle, 

AA'B'C\  such  that  A'B'  \\  AB/S'C  ||  BC,  and  C^'  ]\  CA, 

(b)  What  can  you  say  about  the  ratios  (B'  -  A')  :  {B  -  A), 
(C  -  fl')  :      -  B),  and       -  C')  :      ^  C)?^  ' 


1.  Suppose  that  /  and  m  are  paral- 
lel transversals  of  parallel 
planes  tt  and  cr,  as  shQwn  in  the 
picture.  ^ 

(a)  Given  that  l  ^m  and  tt  ^ 
^  a.  what  kind  of  figure  is 
ABDC?  Explain  your  an- 
swer. [Hint:  See  Exercise  1  m- 
of  Part  B.] 
.  (b)  Show  that  B  -  A  =  D  -  C. 
[Consider  three  cases:  /  ^  m 
and  TT     a\  I  -  m  \  tt  ~  er  ] 
2*  Suppose  that  /  and  /'  are  trans- 
versals of  parallel  planes  tt^,  tt.^,  ' 
and  17^,  where  tt^  ^  n,^  and  n.^ 

(a)  Show   that  if  / 1|  /'  then 

r)  (C  -  B'  :  (B'  »  A')  \ 
=  (C  -  B)  r(B  -  Ah 
[Hint:  Use  Exercise  1.] 
In  parts  (b)  -  (g)  we  shall  . as- 
sume thai  I    I'  and  show  that 
D  holds  in'this  ease,  also,  fo  ' 
do  so,  let  B"  ^  A[  ^  (B  -  A) 
and  C"  -  B'  +  {C  -  B). 

(b)  Show  [easily]  that  (C"  -  B')  :  (B^'  ^*i4') 
=  (C  -  S)  :  (B  -  Al 

<c)  Show*  that  B"  ^tt^,  and  that  C"  €7r^.  lHmL'  You  can  use  Ejjer- 

cise  4  of  T'art  B.  l  - 
<4)  Show  that  4'B'B"  =  B'C/'C.  [Hm^^  Recall  Exercise  3  of 

PartBJ   

ie)  Show  that  B'B"  ||  C'C".  [i/m^*  See  Ex^rdse  1  of  Part  B.] 
<f)*Show  .  that    iC  -B')  :  (B'  -  A')  -  (C  -  B')         -  A'). 

Win<;  Consider  AAB'B"  and  AB'C'C".]  ' 
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Ans^yers  for  Part  B  [cont.] 

4.  (a)    B  1    .    (b)   A  plane.  (c)    piey  are  parallel.  ^ 
(d)         f  (B  -  A)  = 

5,  (a)    [Many  answers.] 

(b)    Jhe  ratios  are  the  same.^  [See  Theorem  8-1 1.]  * 
Answe  rs  fo  r '  Pa  rt  C 

1.      (a)    If  I  ^  m  and  tt  #  o"  then  ABDC  is  a  parallelogram.  For, 

AB  If  CD  and  the  plane  containing  I  and  m  LnteTsects  y  and 

;  cr  in  parallel^lines  containing  AC  an^^  DB. 

(b)    U  t  4  m  Shid  ;r  =^  cr -then  B  -  A  =   D  -  C  because  ABPC  is  a 
parallelogram.    [See  Theorem  8-16.  J  Jf  I  -  m  then  C  - 
and  D  ^   B  and,   so,   B  -  A  =   D  -  C.    If'  tt      O"  thett  B  =  A  "  * 
andj^  =  C  and,   so,  B  -  A  =  3  =   D  -  C.  •  i  ^ 

I,      (a)    Assuming  that  I  j|  i'  it  follows  by  Exercise   1  that  W 
C  -  B'  ^  C  -  B  and  B'  -  A'  =  B  -  A.    So.  und^r  this  X 
assumption  (C  -  B'):(B'  -  A')  -   (Cv>--B):<B  -  A),  ^ 

(b)    Since  C"  -  B'  ^  C  -  B  and  B"  -  A'  =  B  -  A  it  follows  that^' 
<C"  -  BO:(B"  -  A')  =  (C  -  B):(B  -A)., 

{c)    Since  A  €  ^r^^.  and        is  the  plane  through  B  which  is  parallel 
to 


Sim 


ir^,  ^  ^  iB  "  A).  So,  since  A'  €  A'  4  (B  ~  A)  €  r^ri 
lilarly,  B'     {C  -  B)  €  ^r.. 


id)    A'B'li''  contains  t  and  the  line  A'B'/  which  is  parallel  to  i. 
Since  i  ^  i'  it  follows' that  A'B'B"  is  th^  plane  containing  .  i' 

 '"T^  

and  parallel  to  i.     So  is  B'C'C".  * 

{e)    B'B"  and  C'C  a*e  subsets  of  the  intersections  of  the  parallel 
planes  ^r^  and  ir^  with  the  plane  containing  i'  and  parallel  to  i* 

(f)    A'B'  11  B'C'  since  both  intervals  are  contained  in  V; 


B^B"  11  C'C"  by  part  (c);   B"A'  |l  G''B'  since  both  are 
parallel  to  i.    So,  by  Exercise  5  of  Part  B,  . 
-  B'):(B'  -  A^)  =  (C"  -  B'):(B''  -  A') 
(C'  -  C').:(B"  ^  B')].  ' 


(g)  Complete  the  proof  that  (*)  holds  in  case  I  Jf  {Incidentally, 
where  did  you  need  this  assumption?  Also,  we  did  not  assume 
that,  as  in  the  figure,      ^  n^.  Did  we"  need  to?] 
3.  The  results  in  Exercise  2  tell  us  that  the  ratio  of  segments* on  a 
transversal  intercepted  by  three  parallel  planes  is  the  same  as  the 
ratio  of  corresponding  intercepted  segments  on  any  other  trans- 
versal of  those  planes.  Use  this  notion  together  with  the  informa- 
tion given  in  the  figures  to  compute  the  indicated  ratic^. 


(a) 


(b) 


Compute: 

(B'  -  A')  :  (C  -  B  ) 
ii?'  -  A'"^  :  it  -  A') 
(A'  -  C)  :  (C  -  B') 


Compute: 
■  (B'  -  A')  :  (C  -  Ay 
"  (C"  -  S")  :        -  B") 

(C  -  A')  :X&  -  Bl 


4.  Suppose  that  /  and  /'  are  transversals  of  parallel  planes  ir^,  rr.^, 


(7^,  a%d  (T,,  where  Tr\  ¥^  tt,  and  9^  c^.  Show  that  (D'  -  C)  :  (B' 
1  -  (D  -  C)  :  (B  -  Al  [Hint:  In  case  tt,  =  a,,  this  follows 
from  Exercise  2:  In  case     ^  (t^,  me  Exercise  2  twice.  Recall  that 

5.  We  shall  use  th#  following  extension  of  Exercise  4  in  the  next 
chapter:   .  -  ^      "  , 

Theorem  I   Suppose  that  //,  l^,  and  /'  are  trans- 
versals of  parallel  planes  tt,,  tt^,  cr,,  and  cr^  such 
'that  t;  i!  4,     ^  TTj,  and  cr,  9^  o-^.  Ul,  n  tt^ 

=  {Al  I,  n  TT,  =  {S},j,  n  <r,  =  {C},  4  n  cr, 

=  {D},  and  /'  intersects  tr^,  ^2  at 

B',  C,  and  D',  respectively,  then 

(!>'  :  (B'    -A')  -  a>  -  C)  :  (B  -  Al 
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Answers  for  Part  C  [cdnt,] 

?  ■ 

2.  *{g)    (*)  is  obtained  by  combining  tHe  results  in  part  (b)  and  part 

(f).    [The  a'ssumption  that  ^  H       ^'^s  required  in  part  (d).  . 
None  Of  the  argument  requires  that        ^  ^3.  ] 

3.  (a)    3/2;  3/S; 

(b)    Z/7;    -5/2;  7/5 

4.  If  0-^  ^         this  result  is  merely^  a  re -lettering  of  that  in  Exercise 
2,    Suppose  that  o"^  ^  /Tp.    It  follows  by*.  Exercise  I  that 

,  (D'  -  C'):jC'  -  B')  -  (O  -  C):(C  -  E) 

and  that 

(C  -  ,B')  :<B'  -  A')  =  (C  -  B)  :{E  -  A). 
The  result  now  follows  by  multiplication  as  suggested  in  the  hint. 
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4' 


A 


P. 


1  / 


0' 


V 


-    Prove  this  theorem.  {Hint  As  m  the  figure,  suppose  that    inter-  ^ 
sect«  (Tj  apd  o-^  at  C"  and  D'/,  respectively.  Use  Exercise  4  and 
Exercise  l.J 

is,  Thfeorem  I,  of  Exercise  5,  incliides  the  result  of  Exercise  4  and  also 
the  result  of  Exercise  2,  [Explain.]  It  also  includes  most  of  the  re- 
sult of  Exercise  I: 

«*» 

Corollary   Suppose  that  /  and  m  are  parallel  trans- 
versals of  parallel'  planes  tt  and  tr.  If  /  Q  tt  ^  {A\, 
I  n  cT     {B},  m  n  TT  -  {C},  and  m  n     -  {£)}  , 
then  D  -  C  =  B  -  A, 

(a)  Show  that  the  case  of  the  corollary  in  which  tt  #  a  follows  fro^ 

the  theorem.     ■  ' 
ib)  Prove  the  case  in  which  tr  =  a. 


B&ekgmund  Topic 

shall  have  dbnsiderable  use  in  this  course  for  three  operations 
on  real  numbers -squaring,  absolute  valuing,  and  square  rooting.  By 
definition, 


il)  i  aa. 

Using  this  and^^ostulate  5'  it  is  not  difficult  to  prove: 
(2)  -      0="  2  0 


and: 


(3) 


OJ 


It  is  also  easy  to  show  that,  given  any  real  numb^,  there  is  at  least 
one  nonnegative  real  number  which  has  the  same  square.  By  (3) 
there  is  at  most  one  such  number.  This  number  is,  by  definition,  tiie 
abiiolute  value  of  the  given  number 


(4) 


30 
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Answers  for  Pafrt  C    [cont.]  . 

5.  By  Exercise  4,  (D'  -  C'):tB^     A')  -  (D"  -  C"):(B  -/A).  By 
\  Exercise  1,   D"  -  C"  -   D  -  Herice,  {D*  '  C'):(B'  -  A')  , 

-  (D  -  Ch(B  -  A),  [incidentally,  the  theorem  is  called  ^Theorem 
Eye  ,  not  *TheoEern.One',  ] 

6,  ^|a)    Incase  -n  ^  c  let,  in  Theorem   I,         =  o"i  =   ^'^2  =  o'p  =  o", 

I'  =  I        i,  and        =  m.    With  these  identifications.  C  -*A^ 
and        ^   B'  and,   so,  (D'  -  CO:{P'  -  A')  -    I,    Hence,  by 
Theorem  I.  (p  -  C) :  (B  -  A)  =   i  and. ,  so.  D  -  C      B  -  A. 

(b)    In  case  7r  =  o-,'D-C--0^B-A, 

In  preparation  for  the  background  topic  it  may  be  wey  to  review/ 
very  briefly,  the  order  postulates  for  real  numbers^  from  section  4.04 
of  volume    1 : 

a  >  b  or  b^>  a   [a  9^  b] 

^9-  ^    ^  a 

^IQ-  (a   >  b  and  b  >  c )  >  a   >  c  , 

3^3^.  ash  <=>  b   >  a  .  ^ 

5^2*  '^^J  a  >  b  ■  '  >  a  ^  c  b  4-  c  ■ 


(b)   a   >  b;=:«^ac    >  be    [c   >  0] 

and  the  definition  [which  Aight  have  been  labeled  ^^^^'j: 

a  >  b         (a  >  b  pr  a  =  b) 

Also,  remind  students  of  the  theorems  proved  in  the  exercises  of 
Part  B  on  page  159  of  volume  I  and  in  Parts  B  and  C  on  pages 
163. and  164,  • 

Sentence  (1)       a  natural  enough  definition  of  squaring  and,  as 
students  should  show  in  Esce  rcises  1  and  2  of  Part  B  of  these  exer" 
cises,  {I)  and  {I)  can  be  proved  by  using  (i).    That  there  is  a  non- 
negative  number  whose  square  is  a^  follovvft  from  the  fact  that  a^  =  a^ 
and  {-aj^  =  a^  -a^id  that  a  >  0  or  -a  >  0^    The  latter  can  be  proved 
by  using  5q  and  E;xerci«e  2  pn  page  159  of  voliune  i.    Since,  for  any 
a  6  R,  there  is  one  and  only  one  nonnegative  real  nmnber  whose  .«qua re 
is  a^V       may  ^peak  of  the  nonnegative  r6al  nxunber  whose  square  is 
a^.    It  is  this  r§al  number  which  we  call  the  absolute  value  of  a. 
Sentence  (4),  then,  lists  two  properties  which  are  characteristic  of 
absolute  valuing  and  we  may.  and  shall,  adopt  (4)  as  a  **defining  ' 
priAciple^'  fof*  this  operation.    From  (4j  and  other  theorems  fboul 
real  numbers  which  do  not  mention  i^soJute  valuing  it  is  possible  to 
derive  ail  theoMms  concerniiig  this  operation^  <  r 
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From  (4f- which  we  take  as  a  definition -and  (3)  we  have:  ^ 
"(4')  (6  i  0  and  6^  =.  o-!)  — ►  6  =  |a|. 

i 

Using  (4')  it  is  easy  to  pfove:  * 
(5)    '  [a^  0        \a\.  =  a]  and  la  :£  0  r-^  \a\  =  -a]. 


Lets  look  now  at  square  rooting.  By  (3),  different  nonnegative 
numbers  harve  different  squares.  In  other  words,  a  given  real  number 
is  tlie  square  of  at  most  one  nonnegative  number.  Later,  we  shall  adopt 
a  postulate  concerning  real  numbers  which  will  enable  us  tv  pn)ve 
that  each  nonneg^^tive  number  is  the  square  of  at  least'bne  nonnega- 
tive number.  (By  (2),  we  could  not  ho|K?  for, more.]  So,  any  given  non- 
negative  number  is  the  square  of  exactly  one  tionnegative  number/ 
This  number  is,  by  definition,  the  principal  square  root  of  the  given 
number: 

(€)  \'o±  Oand{V^aF -a   la>0]  ' 

From  (6)  -  which  we  take  as  a  definition  —  and  (3)  we  have: 

(6')  (6  2:  0  and  6^  =  a)  — ►  6  ^  Va 

Comparing  (4)  and  (:6' )  we  obtain  the  important  result: 

(7)  »       Va'^  =,|aj  ' 

In  Part  A  of  the  following  exercises  yoi;  will  have  an  opportunity  to 
become  better  acquainted  with  some  theorems  about  absolute  valuing 
and  square  rooting,  and  to  correct  some,  erroneous  ideas  which  you 
may  have.  In'P^  B  you  may  see  how  some  of  the  theorems  can  be 
proved.  ^ 

ExereUes'  . 
Part  A 

1.  Simplify.  ^  ^ 

<a)  VCa-  3F  '     (b)  Va^  V  Sc  +^9-     (c)  Vl6  ^  V9 

.(d)  \  {©)  Va^  '      (f).Vl6  +"9 

2,  Evaluate  the  expreiSsions  given  in  1(a).  Kb),  1^).  and  1(e)  for 
'      ^  -2  and  6-3. 

3*  SirapUfy.  -  ^ 

im)  V9  •  Vie  (b)  V^9    16  (c)       ■  (d>  V-5~^\ZS 


(e)  V5  •  26     (f)  V 8  •  2    (g)  Vs  V2.   (h)  V^S"  -2 
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For  example,  from  (4)  and  (^3)  we  can  derive  {4'')  *—  which  says, 
explicitly  that   |a(   is  the  only  nonnegative  number  whose  square  is  a-'^. 
To  do  so,  note  that,  by  O),  \t. 

=    |ah'=^>^Xb    ja|       [b  >  0] 

since,  by  (4),    |a|    >  0.    Since,  by  ,'X4),    |a|^  =   a^'^,  we,  have  at  once  , 

b-''  =  a^=^b  ^   |a'|      [b  >  0)  ■  ' 

whiclyis  short  for: 

\  ^  0  [h^  ^  a-  =>  b'^    I  a  I  ] 

Fronn  •this,^(4')  follows  at  on^e  by  exportation. 

Theorem         c:an  be  used  in  proving  (5)  —  which  is  a  more  cus-, 
tomary  definition  of  absolute  valuing.    For  the  first  ^art  vnercly 
substittite  'a*  for  'b'  in  {4')  and  note  that  a-'^  =  a^.    For  the  second  part, 
substitute  '-a'  for  *b    and  note  that  if  a  <  0  then  -a  ^  0  and  that  <-a)^  - 

The  defining  principle  (6)  is  similar  to  (4)  in  HfiM  it  lists  two"^pro- 
perties  which  are  characteristic  for  square  rooting.  It  differs  from  (4) 
in  that  we  are  not  in  a  position  as  yet  to  prove  that,  for  any  a  >  0, 
there  is  a  nonnegative  nurnbexi  whose  square  is  a.  The  adoption  of  (4) 
a*s  a  definition  was  quite  innocuous.  Doing  so,  amounted  to  no  more  than 
adopting  a  standard  notation.  In  adopting  (6)  we  aru  sticking  our  necks 
out  beyond  the  comparative  safety  of  Postulate  5'.  • 

To  obtain  the  fundamental^ theo rem  (7).  merely  substitute  /a^'  for 
*a'  and  *  |a(*  tox  *b^  in-  (6^)  and  use  (4). 

Answers  for  Part  A 

1-     (a)         -  3l  ^  .    {b)    |a  +^3!  •  ^     '  ■      (c)  ^7 

(d)  .    U  +  I|  -  |a|  '  (e)    |aj  -  jb|  (f)  5 

jYou  will,  of  jpourse,  call  students' attention  to  the  counter-instance 
of  Wa^  +  b^  -  %/a  +  ^/b^  which  is  furnished  by  ^arts  (c)  andl?  (f).J 

^.      (a)    5      '  (b)    I  (d)  ,(e)  -i^ 

[You  may  wish  to  give  other  examples  in  class  which  yield  counter- 
instances  to  the  false  *>/a^  -  a'.  ] 

3.     (a)    U  {:^.4  ^  \Z]  /(h)   12    [9»16  ^   14.4  ^  12^] 

(c)    9    [3.27  =  81  ^  9^]  id)    5\/5   [-5^-15  =   25*  3  ^  5^.5] 

(e)  5^/5       ^  (f)  4  ^  (g)  4  (h)  ^ 

TC7(1)  ' 

,4.     (a)    a  >  0       '  (b)  a  ^  0  | 

(c)  ab  >  0'  [or:  ,(a  >  0  and  b  ^  0)  or  (a  <  0  and  b  <  0)j 

(d)  a  >  0  and  b       0  (e)   a  >  0*  and  b  >  0 

(f)    a      D  or  b  ^  er  [a*^  f  b^'^/^  (a  ^  b)^<==>  (a      0  or  b  =  0)] 

5-  84  ^ 

(b)  12,  ^-6  [|-a  -  3l  ^  9,  so  (a  >  3  ajnd.  a  -  3  =  9)  or 
{a       3  and  a  -  3  =^^-9)] 

(c)  [no  solution] 

r   (d)    -1/2  (e)   1/2    '  (f)   [no  solution] 
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4.  Here  are  some  free-variable  generalizations.  Give  conditions  unde^r 
which  each  is  true. 

<a)  \a-  =  a  (b)  v'a*  =  -a  (c)  Va^d^  =*q6  • 

/•   „  (d)Va\V=\  o6   (e)  vW\'6  ==  \  076    (f)  Va^  +  6^  =  |a  +  6| 

f  5.  Solve.  . 

(a)  \  a  -  3  =  9      (b)  \ '(a  -  3)^  =  9      (c)  V'(a  -  3)*  =  -9 

(d)  \  5  f  2a  -  2     (e)  V5  t-  2a  -  2    ^  (f)  V5  ~  2a  =  a  -  3 
Part  B 

Recall  the  definitions  which  were  given  preceding  Part  A: 

■■  ^  ^  _ 

'  .      .,        (1)'  '  =  tMJ 

(2)  •  |aj  ^.  0  and  W  = 

(3)  -  V  a  ^  0  and  (Vo)=^  =  a   [a  >  01  ' 

The  following  exercises  suggt^t  proofs  of  theorems  which  are  based 
on  these  definitions.  Since  you  are  entitled  to  use  theorems  you  al- 
^       ready  know  concerning  real  numbers,  proofs  can  be  <5uite  short.  But, 
^  convince  yourself  that  you  could  prove  any  things  you  use  in  proofs. 

A  quick  review  of  Section  4.04  and  4.05  I  in  Volume  1]  may  be  of  help. 

1.  Prove: 

(a)  a  ^  {)  — ►  a-  >  0  (b)     >  0        (c)  a*  =  0  ■— ♦  a  =  0 

{Hint  For  (a)  recall  Postulates  5,  and  5,^.  Show  that  0^  -  0  and 
that  (  -a)-'  -  a\\  _ 

2.  Prove: 

(a)  a-  =  6^  -— •  (a  =  6  or  a  =  -bl 

(b)  =  — •  a  =  6   la  >  0,  6,2  Oj ' 

[Hint:  For  (a)  recall  that  -  6^  =  (a  -  b){a  H-  6).  For  (b)  note 
that,  for  a  2  0  and  62:0,  ifa  +  6  =  0  then  (c  =  0  and  6  ='  0).] 

3.  Prove: 


ERIC 


(b  i  0  and  6^  =  a')  — ^  6  -  \a\l 


{Hint:  Use  definition  (2)  and  Exercise  2(b).] 

4*  Prove:  :  ' 

(a)       0  — ^  iaj  -  c  -  (b)  a  S  0 ia|  = -a 

(c>  ]Qb\  =  \a\  •  \b\  (d)  loj  ^  0  — ^  a  =  0 

[Hint:  The  key  to  (a)  and  (b)  is  Exercise  3.  For  (c)  you  also  need 
definition  (2).] 

5.  Prove: 

(6  2:  0  and  6^  =^  a)     •  6  -  Va  ^ 
{Hint.  Use  Exercise  1(b),  defimtion  (3),  and  Exerciiie  2(b).] 
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The  purpose  of  Part  B  is  to  familiarize  students  with  some  impor- 
tant properties  of  squaring,  absolute  valuing,  and  order.    However,  it 
is' not  necessary  that  each  student  derive  ea^h  property  in  order  to  gain 
the  needed  familiarity.    It  would  be  better  to  have  each  student  prepare 
a  discussion  of  one  of  the  properties  in  Part  B.   Such  a  discussion  may 
be  prepared  on  a  piece  of  acetate  for  the  overhead  projector  and  should 
include  several  instances  of  the  property  as  well  as  the  derivation.  By 
preparing  his  discussion  on  a  piece  of  acetate,  a  studeijt  c^an  more 
quickly  present  his  discussion  to  the  rest  of  the  class. 

Answers  fof  Part  B  '  '  * 

\,  (a)  Assuming  that  a  0  it  follows  that  a  >  0  or  ^a  >  0,  So, 
by  5  ip*(b),  a  .  a  ■  >  0  or  -a  .  -a  >  0.  Since  a  •  a  =  -a  •  -a  = 
it  follows  that  if  a  ^  0  then  a-'  >  0. 

^  (b)    Since  0^  -   0  it  follows  that  if  a  -  0  then  a^?  =  tf!  Sihce 
a^Oora^    Oit  follows  frorr)  part  (a)  that         >  .0  or 
a^       0,    Hence,'  by  definition,  a^   >  .0. 

(c)    Since        =  aa  it  follows  that  if  a^  '=   0  then  aa  =   0  and  so, 
by  an  earlier  theorem,  a  =   0  or  a  -^0.    Hence,  if  a^  -  0 
thcin  a  -  0,    [The  "earlier  theorem''  is  an  equivaleait  of  (2) 
on  p^ge   157,  volume   1.  ] 

I.     (a)   "Suppose  that  a^  =  b^.    It  follows  that  a^  -  b^       0  and,  so, 
that  a  -  b  =^  0  or      4  b  =  0-    Hence,  if  a^  ^  b^  then  a  -  b 
or  a  -   -~b,      ,  , 

(b)  Suppose  that        ^  b^,  a  >  0,  and  b  >  G,    Since  a^  =  b^  it  ' 
^         follows  that  a  "  ;b  or  a  =  "-b.    Now,  if  a  =   -b  it  follows, 

since  a   >  0  and  b  >  0,  that  -b  >  0  and  b  >  0  —  that  is, 
that  0  <   h  and  b  >.  0.    Hence,  if  a  -  ^b  then  b  =  0  and, 
so,  a  "   0.    In  particular,  if  a  =    -b  then  a  -   b.    So,  in  any 
case,  for  a   >  0  and  .b  >  0,  if  a^  =   b^  then  a  '  b. 

3.  [This  is  (4'),  and  a  proof  has  been  given  in  the  commentary  for 

4.  (a),  (b)   [These  are  the  parts  of  (5)  and  proofs  are  indicated  in  the 

c^ommenta^'y  for  pa^ge  ^»  ]  ^  •  ' 

(c)  $y  definition,    [a]    >  6  and   jb|   >  0  and,  so,    ja|*[bj    >  0, 

Also,  {ia|.jl^  r   |a)2   •   jb|^  ^  a^^ .  b^  -  (ab)2.    Hence,  by 

Exercise  3,   |aj  •  jbj  - 

.(d)    By  definition,   jaj^  =  a-'''.    So,,  if  |aj  =  0  then  a^  =  0  and, 
by  Exercise  1(c),  a  =  0.  . 

5/    Suppose  that  b  >  0  and        =  a.    Since        >  0  it  fqjiows  that 
a.  >  0.    So,  by  definition  (3),  (n^)^.  -  a  and^,  since  b 2?  =  a, 
b^  =  (Va)^.    Since,  also,  >  0  and  b  >  0  it  follows  by 

Exercise  2(b)  that  b      >/a.    Hence,  if  b  >  0  and  b^  -  a  then 
b  =  NTi.       '  ^      .  ■ 
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6,  Prove:  ^ 

'  (a)  \q?  -  \a\  (b)  \  afe^=^V  a\'6  ,|a  ^  0,  6^0] 

IHmf:  For  (a)  use  definition  (2)  and  Exercise  5,  or  Exercise  Ub). 
definition  (St),  and  Exercise  3.  For  (b)  use  defihition  (3)  and  jglx- 
erciseS.l 

7,  (a)  'Suppose  that  a  <  b.  Under  what  conditions  is  it  the  case  that 

ac  <  6c?  That  ac  >  be?  That  ac  -  V?  That  ac  ^  6c?  Give  ex- 
amples to  support  each  of  your  answers. 

(b)  Given  that  a  <  b  does  it  follow  that  <  6^?  If  you  think  not, 
give  a  counterexample',  if  you  think  So,  give  an  argument  to 
support  your  answer, 

(c)  Suppose  that  a-  <  6^.  Does  it  follow  that  a  <  6?  Explain  your 
answer.  >  ' 

S.  Prove:  ^ 

(a)  0  a  <  6  — ^  <  6^  [Hint:  Assume  that  a  ^  0  and  a  <  6. 
It  follows  that  5  a6.  Explain.  Now,  can  you  also  show  that 
ab  <  If?]      '  ^  ■  . 

(b)  £2*  ^  6^  — *  a  5:  6  [a  ^  0] 

(c)  q  ^  6^  — *  \  a  ^  b  iHini'.  Vse  (b)  and  (3).  Why  is  a  >  0?] 
id)  Use  (b)  together  with  (2)  on  page  7  to  prove  a  theorem  Tike 

(b)45ut  without  any  restriction. 
9.  (a)  Show  that  \a\  r  a.  [Hint:  Note  that,  by  definition,  }a\^  2: 

and  recall  Exercise  8(b).] 
,  (b)  Show  that  -|a|  5  a  5  \a\,  [Hint:  Use  part  (a)  twice,  recdling 
that  KgI  =  lat.j 
(c)  Show  that  if  \a\  ^  B  then  -6  5  a  5  6. 
10.  {a)1Show  that  \a\  =  a  or  \a\  =  -a.  [Hint:  Consider  two  cases, 
a?rOor^a5  0.1 
(b)  Show  that  if-6  :f  a  :^  6  then  lal  5  6, 

«i  ■ 
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Answers  for  Part  B  [cent.] 

6,  (.a)    By  Exercise  5,  if   |aj        0  and    |a|^  -   a^'  then   jaj  = 

So,  by  definition  (2),  i/a^  -    ja|.    [Alternatively;   By  Exercise 

3,  if  >  0  and  (Vli^)'^  -         then  s/a^  =    |a|.  Since 

N  0  it  follows  by  definition  (3)  that  \fa^   >  0  and  ■  * 

(Va^)'^  -   a-/  Hence,  N/a?  H^l-] 

(b)   ^By  definition,  for  ^  >  0  and  b   ^  0,  \/a   >  Q  and  n/B  >  0     '    '  .  ' 
*and,  so.  sfa  *  ^fh  >   0,    Also,  {\fi  -  sfE)^  ^  ~{sr^)^{»Jh)^  =~  ab. 
Hence,  by  Exercise  5,  for  a  >   0  and  b  >  0,  sfa^jb  -  N/^ab.  '.j 

7,  (a)    c    >  0;   c       Oj    c  ^  0;    c  0. 

(b)  No;    -2  <s   0  but  (-2^  )^  0, 

(c)  No;    0^  <   i-Z)^  but  0  )^  --2. 

8,  (a)    Suppose  that  b.    If  a   >  0  it  follows  that        -  aa  <  ab' 

/  and  if  a  -   0  then        -    0  =   ab.    So.  assuming  that,  a  >  0  and 

a  s   b  it  follows  that         <   ab.    Since,,  also,  b  >  a  it  foUows 
that  b       0  and,  since  a       b,  that  ab  ^   b^.    Since  ^ 

<   ab  s   b-^  it  follows  that  a^  <  b^.    Hence,  if  0  <  a  <  b 
then,  a'^  <  b^, 

'  (b)''  Suppose  that  a   ^  b.    It/ follows   [sec  Exercise  4  on  page  164 

of  volume  1]  that  b  >  a.    So,  for  a  >  0  it  follows,  ^y  part  ^ 
',     (a)  that  b^   >  a-  and,  so,  that  a^^  ^  b^,    Hex^ce,  for  a.  >  0, 
'\  if  a  ^  b  then  ^^  ^  b^.    Consequently,  for  a  >  0,  if 
/a^'   >  b^  then  a   >  b. 

^    (c)   Suppose  that  a   >  b^.    Since  b^   >  0  it  follows  that  a  >  0 

a^d  so,  by  (3)  that  'v/ar>  0  and  (Va)^  -  a.    Since  a   >  b^  it 
follows  that  ('s/a}^  >  b^  and,  since  '>/a  >  0,  it  follows  by 
{b)  that  s/a   >   b.    Hence,  if  a  ;>  b^  .then  s/a  ^  b. 

■-  .(d)    The  th'eorem  in  question  is:  '^a^  >  b^  =i>  ja|    >  b.  This 

follows  from  part  (b)  because,  by  (Z),    |a|   >  0  and  ja|^  -  a^. 
'  >  '        ■        m  " 

9,     (a^    Siiiice,  by  definition,    |  a  |  ^  =5        it  follows  that   |a|^  >  a^.  So, 
since   |a|    >  Q,  it  follows  by  Exercise  8(b)  that   |a|   >  a. 

^b)    By  part  (a),    ) -a  |    >  -a^So,  since    { --a  j  =  it  follows  .  . 

that  )a|.>^a  —  that  is,  that  '^{al   <  a.    Combining  this  with 
part  (a)  we  ha v 6' that  -  f a  |   .<;  a  <    | a  j . 

■    ^c)    Suppose  that ,  jaj  <  b.    It  fallows  that  — b  <^  -and,         — r  — 

combining  these  two  incsquations  with  those  of  part  (c),  that 
.   ■■       Tb^^^^^  b.  -  ■  ■ 

10,     (a)    For  a  ^  0,  a  >  0.  and  a^  -  a^.    Hence,  for  a  >  0,    |aj  ?=a* 
For  a  <  0,  -a  >  0  and  ^-^a)^  =  a^.    Hence,  for  a  <  0, 
jaj,^  -a.    Since  a  >  b^pv  a  <  0  it  follows  that  |aj  =  a 
or  |a  I  =  -a,  '  •  ; 

y{b)    Suppose  that  --b  <  a  <  b.    Incase   ja|  ^  a  it  follows  that 
aj   <  b.    Incase   |a|  ^   -^a  it  follows,  since  --a  that 
---^  a  i  <  b.    So;  by  part  (a),  |aj  <  b  in  any  case.    Hence,  if 
-b  <  a  <  b  then-  )al   <  b. 

As  a  consequence  of  Exercises  9  and  10  we  have  the  very  useful 
real  number  theorem:^  ■  *  ,  * 


<:  h'<=^  -b  ^  a  ^  b 
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11.04  Some  Notions  aboutTerpendicuiarity 

Our  aim  in  this  chapter  is  to  discover  new  properti^  of  translations 
^  ich  we  can  uhe  to  characterize  pe*rpendicularity  of  lines  and  planes, 
nd  distance  between  points.  Once  we  have  discovered  these  properties 
.  we  shall  describe  them  in  additional  parts  of  Postulate  4.  Using  these 
additional  postulates  we  shall  be  able,  in  the  remainder  of  the  text,  to 
complete  our  study  of  the  geometry  of  Euclidean  space.  As  it  turns 
out,  what  we  mostly  need  are  intuitive  notions  (X)ncemirig  planes 
^perpendicular  to  lines.  To  say  that  a  plane  n  is  perpendicular  to  a  line 
/  we  shall  write  V 


:7 


77  1  / 


/ 


a  v' 

The  notion  of  a  plane  perpendictilar  to  a  line  may  be  one  you  haven't 
thought  about  before.  Intuitively,  if  you  think  about  horizontal 
plane,  that  plane  is  perpendicular  to  a.  vertical  line. 

Exercises  • 
Part  A  : 


1.  Given  the  plane  Tr'and  the  lines 
Jihown  at  the  right. 

(a)  Which  ones  of  these  lines 
are  transversals  qf  77?  ^ 

(b)  la  TT  perpendicular  to  any  of 
♦these  lines?  If  so,  which 

ones? 
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The  purpose  of  this  chapter  is  to  motivate  the  adojdtion  of  postu- 
lates 4Q(e)  and  4^^  -  4;^s^  on  page  42   and  the  vise  of  the  multiplication 
operation  introduced  jthere  to  define  perpendicblarity  and  distance. 
We  begin  with  some  intuitive  ideas  concerning  perpendiculslrity  and 
[later]  distance  and  gradually  see  how  to  expr^^s  tjiese' uptions 
algebraically.  <■  ^ 

I.  '  ,  -     »  ' 

We  suggest  making  a  model  of  a  line  and  a  plane  perpendicular  to 
the  line.    Use  a  stick  and  a  piece  of  ^^ardboard.    In  your  class  demon- 
stration hold  the^model  sp  the  cardboard  is  horiEontal  ,at  first  (as  the 
discussion  suggests).    After  that  move  the  'model  around  so  that  stu- 
dents  can  see  how  the  line  and  a  plane  appear  from  other  points  of 
view.    You  might  also  show  how  a  corner  of  a  5'»   card  can  be 

placed  at  the  intersection  of  the  1  ine  a^nd  plan6  to  test  for  perpendicu** 
larity.    When'you  do  this  you  should  make  the  point  that  perpendicu- 
larity is  preserJt  only  when  the  card  (;pme  r  fits  in  two  or  more  _non- 
colHnear  positions ! 


The  exercises  on  pages   9-11  provide  stimulating  discussion  if  • 
used  in  class.    We  suggest  that  you- use  these  exercises  and  those  qn 
pages  12-14  to  vary  the  activity  in  your  class  presentation  and  to  lei- 
sure that  students  begin  to  form  correct  intuitions  about  perpendicular 
N  lines  and  plane Sp  *•  . 

s       ■      "  ■  ^      ■     »  --i  ' 

Answers. for  Part  A  •  '  * 

1.     (a)    All  1>yt.  perhaps^  L^.    fWq, have  tried  to  draw  1^  so  that  it 
looks  parallel  to  y.J  ' 

(b)    Yea;  ig  and       ■<>  x 


"inner  product  spaces 

2.  Given  the  planes  tt  and  it  and 

/  which  is  a  transversal  of 
both  TT  and  cr,  as  shown  at  the 

(a)  Whiih  of  the  planes  appear 
to     perpendicular  to  /?  • 

(b)  Given  the  point  P  shown  in 
the  picture,  is  there  a  plan^ 
which  contains  P  and  is  per- 
penditular  to  /?  How  would  ^ 
you  describe  any  such 
plane?  ^ 

3.  (a)  Draw  a  picture  of  a  plane  n  and  lines  /^  and    such  that  tt  is 

perpendicular  to  both  /j  and  l^.  What  can  you  say  about  lines 
/.and/.? 

(b)^  Now,  draw  a  picture  of  a  line     which  is  parallel  to/,.  What 
can  you  say  about  7T  and /g?  ' 
^  (c)^fiven  that  tt  is  perpendicular  to     is  it  the  c^  that^/j  is  a 
transversal  of  tr?  Can  /^.have  more  than  one  point  in  common 
wi\h  TT?  '  ; 

4^  A  man  is  askec^  to  put  up'a  flag 
pole  in  front  of  a  building,  in 
.the  position  shown  in  the  pic- 
ttre  at  the  right.  A.  helper  is  to 
tell  him  when  the  pole  is  ver- 
tical. T^e  helper  stands  at  the 
spot  marked  'k'  and  tells  him 
that  the  pole  lines  up  with  a 
vertical  ^dge  of  the  building. 
Is  this  information  enough  to 
ensure  that  the  pole  is  vertical? 
Explain  y«ur  answer. 

2L  (a)  Given  a  line  /  and  a  point  P  not  on  /,  howjnany  planes  are  there 
_  wMckcoatainP  and^are  perpendicular  tp  i?  Make  ^sketdiifi 
^  '  illustrate  your  answer^^ 

(bX  In  part  (a),  would,  you  change  your  answer  if  yqu  were  given 
that  P  is  d)ri /?  . 

&  Hold^  a  piece  of  cardboaiti  Ieu^  a  pendl  so  that  they  rept^^t  a 
plane  perpendicular  to  a  line.  How  many  planes  are  thei^  each  of 
which  is  perpendicular  to  a  given  line?  What  can  you  say  abcrut 
any  two  of  these  planes?  , 

7^  Given  that  a  plane  ik  perpendicular  to  a  line  /,  what  can'srmi  say 
about  7r  and  ^here  m  is  any  line  parallel  ta  /?  What  &ik  you  say 
about  cr  and  /,  where  a  is  any  plane  parallel  to  tt?  ^ 
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Answers  for  Part  A  [cont.] 

2.  (a)    ff  - 

(b)  ^Yes;   thfe  plane  through  P  which  is  parallel  to  cr 

3.  "  (a)  II 

(c)  Yes.  ;   No,  for  if  it  did,  i^'C      so  that  t  / 

4.  No,  ;  At  least;  two  different  sightings  must  be  made  such  that  the 
points  of  these  sightings  and  the  foot  of  the* flag  pole  are  not 

^  collinear,  *  * 

(a)  Precisely  one, 

(b)  No. 


6,  Infinitejy  jriany;    they  are  parallel, 

7 .  IT  -L  m;   cr  1  i  ' 


U.Ol   Some  Nodon^  About  Perpendicularity       1 1 

8.  On  your  pap>er,  draw  a  picture 
of  paraJIel  pianes  tt  and  cr, 
shown  at  the  right 

*  ta)  Draw  a  line  /  such  that 
nil.  What  can  you  say 
about  cr  and  /? 

(b)  Draw  a  line  m  such  that 
o-  1  m.  What  can  you  say 
about  n  and  m?  About  / 
and  m? 

(c)  Draw  a  Hne  n  which  is  par- 
allel to  /.  What  can  you  say 

^  about  TT  and  n?  About  cr 
and  n? 

9.  Suppose  that  tt  is  a  plane  perpendicular  to  /  and  that  m  is  any  line 
contained  in  tr.  ' 
<a)  How  many  planes  contain  /  and  also  have  a  point  in  common 

with  m?  Make  use  of  two  pieces  of  cardboard  and  a  pencil'to 
illustrate  your  answer. 
^  (b)  Is  it  always  possible  to  find  a  plane  which  contains  /  and  which 
has  no  point  in  common  with  m?  Is  it  ever  possible  to  do  so? 
Explain  your  answers. 
ic)  How  many  of  the  planes  described  in  (a)  are  perp^icular 

to  TO? 


The  preceding  exercises  suggest  several  notions  about  perpendic- 
^  ularity  of  planes  to  Knes.  Four  of  thgse  notions  will  turn  out  to  be 
especially  useful  in  our  searcii  for  new  postulate.  The  first  is  a  very 
obvious  one:  .  ^ 

Notion  1.  n  ll^  I  I  IT 

Since  ^  is  3-dimensionaI  it  follows  that  if  n  is  perpendicular  to  I  then 
I  is  a  transversal  of  that  is,  /  and  w  have  a  single  point  in  common. 
It  also  follows  that  if  a  line  is  parallel  to  a  plane  then  the  plane  is  not 
perpendicular  to  the  line. 

*  -  % 

Notion  2.  Given  a  Une  I  and  a  point  P,  there  is  <Mie 
and  only  on6  plane  TT  such  timt  Ff   afad  TT  1  i 

Using  these  two  notions  we  can  define  a  mapping  with  as  its  do- 
main and  /  as  its  range.  For,  given  any  point  P,  the  glane  which  con- 
tains P  and  is  perpendimilar  to  ^  interslects  ( in  a  single  point  This 
point  is  called  orthogonal  projection  ofP  on  /-for  short:  prqj,  iP). 
{Read,this  as  'the  projection  oiP.  on  /'.]  The  word  'orthogonal'  is  a  sig- 
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Answers  for  Part  A  [jcont.] 
8.     (a)  £fl< 

(b)  .  -fl-  J.  tn;   i  [i  m 

(c)  5r  J.  n;    a  ±  n 


-17 


1 
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9.  U) 


(b) 


Infinitely  many,    ['th^  picture 
at  the  right  shows  two  such 
planes  in  the  case  when 
I  ^  m  =  0.  ] 

No;  ^   if  I  r>  m  9i  0,  then 
any  plane  containing  I 
intersects  m« 
Yes;^    if  i      m  ^  0,  let 
^  contain  /  and  be  parallel 
to  m. 


(c) 


Just  one, 

•«  ■ 

The  four  ^'Notions"  on  pages  II,   13,  and  14  are  our  firgt 
approximation  to  postulates  concerning  perpendicularity.    They  will  be 
considerably  modified  in  the  sequel  but  will,  at  any  rate,  be  theorems 
wheia  we  adopt  the  postulates  on  page  42   artd  the  definition  on  page  74. 
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nal  tliat  the  projecting  on  /  is  carried  out  through  planes  which  are 
perpendicular  to  /.  ^  ^  •       )  * 


/ 

/  P 


Fig.  11 --2  .  ' 

When  we  have  formulated  our  other  notions  about  perpendicularity 
we  shall  have  a  great  deal  to  say  about  the  function  proj^.  At  present, 
note  that 

/J.  f(a)  proj,  (P)€/ 

'     1(b)  proj^  (p) 

[Explain.] 


Pel. 


Parts 

1.  On  your  paper,  draw  a  picture 
offline  /  and  pointl^/l,  B\  C,  and  • 
A  as  shown  at  the  right.  *  \  ^* 

(a)  Sketch  the  planes  that 'de- 
termine the  orthogonal  pro- 
jeetiomt  on  /  of  each  of  the 
points  A.     C,  and  D. 

(b)  Wl^t  is  proj,  (Z))? 

(c)  Si4pp(^  that  proj^  (A)  ^' A\  Is  A*  the  projection  on  /  of  any 
other  point?  Describe  all  of  the  poin|£|  which  have  A*  as  their 

^  projections  on  I. 

^  <d>  Giv^  any  point     desmbe  howt>ne  locates  proj|  {S). 

2«  The  function  proj^  ma|^  ^  into  /.  Is  proj^  a  one-to-one  function? 
Does  proj^  have  an  inverse?  Is  prqj^  an  onto  fururtion?  Explain  your 
answers,^ 

3«  Making  use  of  Notion  2,  give'an  argument  that  two  plan^  \^ch 
are  perpeiKiicular  to  t  have  no  point  in  c^mnnon.  '  * 

4.  Given  that  rr  and  a  are  planes  each  of  which  is  perpendicular  to  a 

'   line  I,  what  can  you  say  about  rt  and  cr?  Explain  your  answer. 

&  Suppose  that  rr  i  /  an^  V  1|  tr.  What  can^^u  say  about  cr  aiui  /? 
Give  ah  argument  to  support  your  answer.  , 
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Explanation  of  (a):    By  definition,  proj|  (P)  is  the  pKjint  of  inter- 
section of  I  and  the  plane  through  P  perpen- 
dicular to  i. 

Explanation  of  (b):    If  this  intersection  is  P  then,  of  course,  P€i 
And,  if  P  €  I  then  P  is  the  intersection  of  i 
^nd  any^plahe  through  P  which  is  not  parallel 
to  i. 


iwers  for  F*art  B 


'{a)'  Here  is  a  sketch  of  tht>  planes 
that  determine  the  orthogonal 
projections  on  i  of  A,  B,  C, 
and  D.    The  students  should 
have  pictures  of  at  most  four 
parallel  planes,  each  of  y 
which  is  perpendicular  to  I,  ^ 

(b^  D 

(c)  Yes;     A'  is  the  orthogonal  projection  of  each  point  in  the 
plane  thrqugh  A  and  pe  rpendicular"\o  i. 

(d)  projj  (E)  is  the  point  of  intersection  of  i  with  the  plane 
^through  K  which      perpendicular  to  I. 

*Nb,  See  Exercise  1(c);  No,  for  it  is  not  a  o?ie-to-^one  function; 
Ye»^  for  each  point  of  t  is  the  image  of  itself  iinder  the'  function 
projX 

Suppose^ that  the  two  planes  do  intersect^    LrCt  P  be  one  of  the 
.points  of  their  intersection.    Then  each  of  two  planes  contains  P 
and  is  perpendicular  to  I.    This  contradicts  Notion  Z. 

By  Exercise  3,  either      -  u  ov  t  r\      -  0.    In  either  case  < 

:r  1 1  o".  ■ 


ff  X       Since  t  ^  I  and  a  ||  -n,  it  follows  that  or  is  a  transversal 
of  i  —  that 48,  ff  intersects  i.    Let  P  be  the  point  of  intersection 
of  i  and  0",    Consider  the  plane  ff'  which  contains  P  and  is  per- 
pendicular to  i, 
namely  P.  So, 


cr'  is  parallel  to  t  and  contains  a  point  of  a, 
r'  -  cr.    Since  or'  J.  i,  it  follows  tjhat  a  X  L 
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In  the  exercises  just  completed,  we  obtained  some  consequences  of 
Notion  2.  We  can  combine  these  into:  ' 


That  IS.  if  TT  is  perpendicular  to  /  then  the  planes  perpendicular  to  / 
are  just  those  which  are  parallel  to  tt.  This  is  illustrated  in  Fig.  11-3, 
where  rr,  i  /,  tt,  is  any  plane/parallel  to  tt,  (and,  so,  tt^  1  /),  and  a  is 
any  plane  not  parallel  to  tt,  (and,  so,  «•  i  /). 


r 


Fig.  11-3 

Th^  third  intuitive  notion  we  need  is^  rather  like  (*).  It  is  that  if  tt  is 
perpendicular  to  /  then  the  lines  to  which  tt  is  perpendicular  are  just 
those  which  are  parallel  to  7: 

!)(otion  5.  rr  1  /  — ♦  [tt  1  m  '—*  m  |]  /]         .        ,  ' 

According  to  Notion  2,. given  a  line  /,  there  are  planes  which  are 
perpendicular  to  /  and  these  are  just  those  planes  which  have  a  certain 
bidirection.  According  to  Notion  3,  this  bi^irection  depends  only  on 
the  direction  of  /.  So,  corresponding  to  dny  proper  direction  there  is 
a  proper  bidirection  [l]^,  which  we  call  t}ie  orthogonal  vomplement  of 
Ul  Each  translation  in  the  orthogonal  cdm^lement  of  {/J  is  orthogonal 
— 4»-each  >  translMimTTniftrATid,  a  plaiie  TJ^is  peiTpefiaicUTar  to  a~line  7 
irand  only  if  [tt]  is  the  orthogonal  complement  of  [/J.  In  short,  this 
last  idea  may  be  stated  as: 


(2) 


Part  C 


Use  (2)  to  show  that  V  ^  .     '    •  "  ' 

(a)  planes  perpendicular  to  the  same  line  are  parallel, 

(b)  parallel  planes  are  perpendicular  to  the  same  line,  and 
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The  bidirection  [^]     is  a  complement  of  the  direction  [a]  because, 
as  it  will  turn  out,  each  translation  is  the  s\im  of  uniquely  determined 
translations,  one  of  which  is  in  [a')  and  the  other  in  [a  p.     [This  is  a 
different  use  of  the  word  'complement'  than  the  one  you  may  be 
accu.stomVd  to  from  the  algebra  of  sets.]   The  bidirection  [  a  ]^  is 
ofthoj^onal  to  [a  ]  because  each  translation  in  ^3]"^  is  orthogonal  to 
each  translation  in  [a],     [Here,  'orthogon^^T  ie  a  substitute  for 
'perpendicular',  a  word  which  we  wish  to  save  for  use  in  connection 
with  lines  and  planes,  ]  .  ,  . 

Answers  for  Part  C 

/  :   '  - 

I.      (a)    Supp^ose  that  cr  X  i  and      X  i.    Then,  [a]  =   [i]"^  and  [ir]  -  [if' 

so  that  [a]  [ff],    Thus.j  <r  ||  rr.    Hence,  (a). 

(b)    Suppose  that  ^  ||  o  and  that  all.   'Then  [ir]  ^   [a]  and* 
[ct]  -  ^1)  .    Thus,   [tt]  -   [if    so  that  tt  II.    Hence,  (b). 

I 
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(c)  a  plane  which  is  perpendicular  to  a  given  line  is  also  perpen^ 
dicular  to  any  parallel  line.  —  * 

2.  (a)  Use  (2)  and  the  fact  that  is  a  proper  bidirection  to  show 
that  there  is  a  plane  which  contains  P  and  is  perpendicular  to 
/.  [Suggestion:  Theorem  9-11  should  suggest  a  neat  way  to 
describe  such  a  plane.  I, 

(b)  Use  part  (a)  and  one  of  the  parts  of  Exercise  1  to  derive  No- 
tion 2. 

3.  Notice  that,  by  parts  (a)  and  (b)  of  Exercise  1,  (2)  implies 

(a) ^  Explain  why  (2)  aisoimplies  *'hair  of  Notion  3.  [Hint:  Consider 
.  Ex€^rcise  1(c).] 

(b)  The-**other  hair  of  Notion  3  is:  , 
(TT  I  /  and  TT  L  m)  — ►  m  II  / 

Use  (2)  and  the  fact  that  [/]^  and  [m]^  are  proper  bidirections 
to  show  that  implies: 

<3)  '      Imf^   -  1/1/  — ^[ml  _  ' 

IHini:  Choose  a  point. P  and  consider  P[l]^  and  Pfmj^. 
kind  of  set  is  each  of  these?  Why?  Assuming  that  [m]^ 
what  follows  from  (2)  and  (**)?) 

(c)  Show  that       follows  from  (2)  and  (3). 
.4.  In  the  preening  three  exercises  you  have  seen  that  Notions  2  and 

3  amount,  exactly,  to  the  fact  that,  for  any  line  |/F  is  a  proper 
bidirection,  and  that  (2)  and  (3)  hold.  Try  to  express  what  Notion  1 
says  in  terms  of  VY  and  y]^\ 

According  to  Notion  1.  giv^ii  a  line  /  there  "^re  planes  which  are 
perpendicular  to  I.  An  -equally  important  notion  is  that,  given  a  plane 
TT,  there  are  lines  to  which  n  is  perpendicular.  Instead  of  listing  this 
as  our  fourth  notion,  we  choose  to  list  a  notion  which  will  enable  us  to 
"a>nstruct"  such  lines. 

Notidn  4.  If,/  is  a  subset  of  some  plane  which  is  perpendicular  to 
m  thten  m  is  a  subset  of  some  plane  which  is  perpendicular'to"/. 


What 


Fig.  11-4 
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Answers  for  Part  C   [cont.]  '  , 

I,     (c)*Suppose  that  tt  ±  i  and  that  I  ||  m.    Then,  [tt]  -   [i]^  and 
[I]  =   [ni].    Thus,         -  [rn]^  so  that  ^  1  m.    Henco,  (c). 

I,     (a)    Let  TT  -■    P[i]^.    Since  [l]^  is,a  bidirection,  tt  Is  a  plane.  By 
Theorem  9-n,   P  €  tt  and  [tt]  =  [i]^.    From  this  last, 

(b)    By  part  (a)  there  is  a  pl^e  which  contains   P  and  is  perpen- 
dicular to  i.    By  Exercise   i(a),  there,  i^re  not  two  such  planes. 

3.  ^i)  -By  Exercise   i,(c)  we  know  that  if  it  ^  I  and  m  |f  i  then  tt^V  m. 

That  iSi  we  know: 

{tt  X  i  and  tn  )  |  1)  =>  ?r  1  rn 

A* 

This  is  equivalent  to: 

*      TT  X  f  ==>  [m  11  i  =>  TT  1  m] 
•which  is  ''hi^lf*'  of  Notion  3.         ■  ^-    ■  - 

(b)  Suppose  that  f  and  m  are  lines  such  that  [m  j"*"  ^-   [t]^ ,  Since 

J**  — **  1 

both  [m]     and  [f]     are  proper  bidirections,  each  of  P[i] 
and  P[ni]     is  a  plane  which  contains   P.     P[i]     is  the  plane 
which  coiptB'ins   P  and  is  perpendicular  to  I,    Pfm)"''  is  the 
^,plane  which  c o nt a ips       and  is  perpendicular  to  m.  Since 
[vL^t.      [if,  P[ml     -   Pfi)^.    So,  by  'it  follows  that 

m  II  f,    Thv^s,  by  definition,  [m]      [i].    Hence  (3). 

(c)  Suppose  that  77  JL<i  and  Tt  X  rx\.    By  ^2),  {j]       fi]"^  and 
'  [it]  --   [m]^.    So,  [ml-^  -  [i]^.    By  (3),  [m]  -   [i].  By 

Definition  7-6,  rr\  \\        Thus,  if  ^  l  i  and  tt  -L  m,  then 

^  II  ^  '  .  ' 

4,  Notion  1   is:    ir  X  t         i  |/f  ^.  ^*This  is  equivalent  to  saying: 

An  instance  ^f  this  last  result  is:  '  ' 

Hence,  [f]  (I  [it .    On  the  other  hand,  assume -Chat  [I]  4  [if,  ^nd 
that  Tt  Xi.    It  follows  by  .  (2)  that.  [w\      ["!]■'■  .  and,  .sy,  that  [i]  ^  [g]. 
So,  by  (Z),  '[I]       Hf-   Bdyg  what  Notion  1  does  —  that  ie,  that 
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Recall  that  a  line  /  is  parallel  to  a  plane  a  if  and  only  if  /  is  a  subset  of 
some  plane  which  is  parallel  to  a.  It  follows  from  this  that,  in  view  of 
Notion  4  is  equivalent  to: 

If  /  is  parallel  to  some  plane  w^ich  is  perpendicular  to  m 
then  m  is  parallel  to  some  plane  which  is  j^rpendicular  to  /. 

[Explain,]  In  other  words,  Notion  4  amounts  to: 


(4) 


Using  Notion  4  it  is  not  difficult  to  show  that,  given  a  plane  tt,  there 
is  a  line  /  such  that  tt  1  /.  In  fact,  we  shall  show: 

> 

The  plane  which  contains  twb  given  intersecting 
lines  is  perpendicular  to  the  line  of  intersection 
of  any  two  planes  which  are  perpendicular, 
respectively,  to  tl]e  given  lines. 

For,  suppose  that  m,  and     are  lines  of  a  plane  7t  which  intersect  at  O. 
By  Notion  2,  there  are  planes  -  say,  o-j  and  tT-^-such  that  o-,  i  m,  and 
o-j  1  m...  By  Notions  2  and  3  it  follows  that,  since      I  m.,,  o-,  ]f  o-^. 
»ince  f  is  3-<lim^sional,  o-,  H  o-^  is  a  line-say,  /.  [See  Fig.  11-5.] 


,  "  Pig.  11-5  ' 

'  Now,  I  is  contained  in  o-,  and  (t^  1  m,.  Also,  /  is  contained  in  o-^  and 
X  So,  it  follows  by  Notion  4  that  there  is  a  plane -say,  tt, - 
such  that  m,  is  contained  in  tt,  aod  tt,  1  I.  Similarly,  there  is  a  plane 
-say,  TT^  -  such  that  is  6ontaifted  in  Tr^ai^d  tt,^  1  I.  Note  that  O  e  m,. 
So,  TT,  is  the  plane  c»ntaining  O  which  isJSe^ndicular^  /.  Similarly, 
since  Qem^,      is  this  same  plane.  So,  7r,  =  ttj.  Since  tt  is  the  only 

>  plane  which  contains  both  m,  and  m^,     -  tt^  =  tt.  Thus,  tt  1  /. 


It  is  worth  summarizing  that  Notion  1 
said  by  the  **more  algebraic":  ^ 

..  [if  is  a  proper  bidirection 

W  ^  [if 

•^l^]  -  [if 

•  [if  =>[m] 
[mf  ==>[m] 


[mf 


(ir 


Notion  4  say.  just  what  is 


[ExVrcjse  4,  above] 
[{Z)  on  page  13] 
[{3)  on  pag^.  14] 
[(4)1 


Except  for  the  third  —  which  might  serve  as  a  definition  of  j>erpen- 
dicularity  —  the^e  sentences  state  properties  of  orthogonal' cpmplemext- 
ing.    We  might  take  the  third  as  a  definition  and  adopt  the  others  as 
postulates.    Actually,  the  latter  will  be  theorems  once  we  have  adopted 
the  postulates  on  page  42  anc^Definition  il-l(b)  on  page  45,  * 

Since,  as  is  shown  on  this  page,  (5)  is  a  consequence  of  our  foa;r 
Notions,  it  is  also  a  consequence  of  the  five  sentences  noted  in  the 
commentary  for  page  15.    Since,  a s 'indie aj/ed  there,  these  fi<re  sen- 
tences will  eventually  become  theorems,  (5)  \\'ill,  at  that  point,  .a] so 
become  a  theorem. 


The  exercises  beginning  on  this  p^ge  are  discovery  exercised  for 
(^)  and  on  page  17,  , 

Anticipate  some  confusion  beginning  in  Exercise  3/  The  notation 
gets  a  bit  cumbersome  when  specifying  the  translation  determined  by, 
the  projections  of  a  pair  of  points.    This  can  be  minimized  by  saying  ■ 
the  appropriate  word  'point'  or  ' translation\before  reading  the  varidua 
expressions. 

Answers  for  Part  D  '  . 

He;-e  is  a  picture  for  Exercises  1-3: 


1  o  They^  are  parallel  lines. ' 
2.     They  are  parallel. 
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r 


PartD 

Consider  Hne  i,  points  P  and  Q, 
0pd  translation  a!  as  ^wn  in  the 
pic^pl^  at  the  right.  Copy  the  pic- 
ture on  your  paper. 

1.  IxKate  the  points  P  ^  a  and  Q 
^      What  c^_you  say  ^bout 

PiP  ^  a)andQ(Q  +  ^? 

2.  Sketch  the  (fourl  pian^  containing  the  points     P  +  V,      and  Q 

a,  respectively,  and  perpendicular  to    What  can  you  say  about 
these  planes?  s.?  * 

3-  Locate  the  projections  on  /  of  the  points  P,  P  +  a!  Q,  and  Q  -f^  a! 
Consider  the  translations  proj^  (P  4^  -  proj^  (P)  and  proj^  (Q 
4  a)  -  proj^  (Q). 

•  (a)  It  may  be  the  case  that  the  projections  on  /  of  P  and  P  ^  a'are 

'  the  same  point.  That  is,  it  may  be  the  case  that  proj^  (P) 
=  proj^  (P  ^  a).  If  this  is  the  case,  what  can  be  said  of 

(i)  the  points  proj,  (Q)  and  pit>j,  (Q  V  ^?  . 

(ii)  the'  U^anslation  pnoj^  (P  ^  ^  -  proj^  (P)? 
(Ui)  the  translation  proj^  (Q  ^'a)  -  proj^  (Q)? 

Explain  your  answers.  [Hint  What  (ian  you  say,  in  this  case, 
about  a  and  the  directipn  of  the  plane  through  P  perpendicular 
to/?] 

(b)  Show  that  if  i)roUP)  -  proj,  (P  ^  aV  then  Rroj^  (P  ^  ^  -  proj, 

,    iP)  -  proj^  (Q^  a)  -  proj,  (Q)  ^  ^ 

icy  Giv^n  that  proj^  iP)  ^  proj^  (P/4-  ®,  what  can  be  said  of 
(i)  the  points  proj^  (Q)  and  proj^  (Q  ^  ^? 
(U)  the  ratio  of  pjoj,  (P  ^  ^  ~  proj,  (P)  to  proj^  (Q 

-  proj,  ^)? 

Explain  your  answers.  [Hint:  See  Theorem  I,  page  4.] 
4,  Show  that 

(*)  proj^      +  a)  -  proj^  proj^  (P  +      «  proj^  (P). 

(Hin/.  See  Exercise  3.] 
fia  Su^ipose  that  /  axid    are  parallel  linm.  Consider  a^ny  point  P  and 
translation  a.  Both  proj;  (P)  and  proj^  (P  4-  ^  are  points  of  /.  What 
caabesaidof 

(1)  proj^  (P)  and  proj„  (P  4  55? 

Cii)  the  traasiations  proj^  (P  -f-  "3  -  proi  (P)  and  proj.  (P  4-  "a) 

-  pi^j^(P)?  . 
E^plam  your  answers-  [Hint:  See  Theorem  I,  page  4.j 

a  ShnwtKat 

m  il  /  —  proj^  (P  4  "S-  proj^  (P)  -  prqj,  (P  4  ^  ^  proj^  (P). 
7.  biftcusti  the  followiug  cases  of  {**)  in  Exercise  6.  • 

»2  ^  ^  (b)  a*  =^  O'aad'm    /  '   - .        (c)  'a^il]^ 


TC 16  (2)        '  •  '  ^ 

♦ 

Ahswcrs  for  Part  D   [cont,]  , 

3.     (a)    proji  <Q)  ^   proj|  (Q  I  a);   3;  3, 

Given  t^iat  proj|  (P)  -*proj|  (P  +  3),   P  and  P  +  a  are  both  in 
a  plane  perpendicular  to  I.    So  [a]  c;  (i]"^.  . 

So,  Q  and  Q  +  a  are  in  a  plane  perpendicular  to  i.    That  is, 
proj|  (Q  +  a)  =  proj^  (Q),    So,  each  oUproj|  ( P  +  a)  -  projj  (P) 
and  proj|  (Q  +  a)  •  proj|  (Q)  is  3. 

|b)  ^Suppose  that  prbJi  ( P)  -  P^ojj  ( P -i-  a).    Then,  by  the  argument 
in  (a),  p2;oj^  (Q)  =  proj|  (Q  ^  a).    So,  proj|  {P  +  a)  -  proj|  (P) 
-  IS  =  proj^  (Q  +  a)  -  proj^  (Q).  .  '       .  ' 

(c)    proj|  (Q)  ^  proj|  (Q  -t^  a),  by  Theorem  I  on  page.  4; 

[proj|  (P  +  a)  -  proji  (P)]:  [proj|  (Q  +  a)  -  proj|  (Q)]    ^  • 

\  =  ({P^  a)  -  P):((Q  +  a)  ^  q)  /      '  *  ' 

~  a  :  a 

=  ^ 

14,     This  is  a  direct  consequence  of  the  result  in  3{b)  and  ^(c). 


5,     They  are  points  of  m; 

their  ratio  is   1  for,  by  Theorem  I, 

[proj^  (P     a)  -  proj^  (P)]:  [p^oj^  (P  +  a)  -  proj^  (P)] 

=  (|P  +  i)  -  P):  ({P  f  a)  -  p)  ' 

"  a  :  a  , 

=  I. 


[Tq  naake  an  appropriate  instance  of  Theorem  I,  let  i  =  P[a  j, 
\k    ^i^  -  <,  <g  =  m,  ^1  ^2  ^  ^2-  ]  ^  ^ 

6, ^^  This  is  a  direct  consequence  of  the  answer  to  Exercise  5*  . . 

7.  (a)    If  m  =  i  then  the  consequent  of  reduces  to  a  sentence  of 

the  form  *p  =  p*.  *  f 

(b)  If  a  =  3,  and  m  #  i,  then  the  consequent  r&duces  to  *3  =  3'. 

(c)  If  a  e  [if^t  then  the  consequent  again  i-^ducea  to  p. 


'53 


.  f>-   */  11.02  OillM^oiial  P^jections  of  Translations    .  »17 

1 1 .02  Orthogonal  Projections  of  Translations 

♦  ■ 

In  the  preening  section  we  listed  some  intuitive  nbtions  concen^ing  ■ 
the  perpendicularity  of  planes  and  lines  and  were  led  to  the  notion  of 
the  orthogonal  projection  of  a  point  P  on  a  line  /.  The  point  pr^j^  iP)  is 
the  point  of  intersection  of  J  with  the  plane  which  contains^P  and  is 
perpendicular  to 

Using  our  notions  qpncerning  perpendicularity,  Theorem  I  and  its 
cpmllary  qn  pages  4  and  5,  the  exercises  just  completed  give  us  two' 
impo^nt  facts  about  projections  of  points  on  lines.  These  are: 

(*)     proj,  (Q  +  a\  -  projj  (Q)  -  proj^  iP  +  a)  -  proj^  (P) 

and:  , 

r*)  m  II  /  -7*  proj^  (P  >        proj^  (P)»=  proj,  (P  +  a)  -  proj^  (P) 

Suppose,  now,  that  we  are  given  a  line^  ai\d  a  translation  a.  For  any 
point  P,  let  m  be  the  line  ^f/fl  which  contains  P  and  is  parallel  to  /]. 
Similarly,  let  n     §(7!.  .  . 


P  ^  a* 


Jig.  n-6 

Let's  compare  J  the  translations  pi-oj^  (Q^  a)  -  Q  and  proj^  (P  + 
P.  Since  Q  en  it  follows  that 

^  ■  ..^ 

^  .  Pph      ^     -  Q  ^  Proj,  (Q  ^  ^)  -  proj,  {QV 

Also,  by  (*),     ,      i  . 

Since  n  II  m  it  follows  by  (**)  that 

proj;  (P  +  a)  :gproj„  (P)  =  prqj^  (P  +  a>  -  proj„  (P).  ~ 


13       INNER^  PRODUCT  SPACES 


Finally,  since  Pern,  ^ 

proj„  (P  +  c)  -  proj„  (P)  =  proj„  (P-+  a)  -  P. 

Combining  these  results,  we  see  th^t,  with     ^  Hti  and  n  =  §{7l, 

Proj^  (Q  ^      _  Q  =  >proj^  (P  +  ^  -  P.  • 

It  follows  that,  given  /  and  a,  there  is  a  single  translatiqtn  which, 
when  applied  to  any  point,  has  the  effect*of  applying  a  to  tliat  point 
and  then  projecting  that  image  on  the  line  parallel  to  l  iLXid  containing^ 
the  given  point.  This  translation  is  called  the  ortf^gonql  projection  of 
a  in  the  direction  of  /—for  short: 

For^apy  point  P"  and  any  line  m  parallel  to  /,  , . . ' 

(1)    ,         proj,,,  (a*)  =  proj^  (P  +  a)  -  proj^  (P). 

■  ,       .  P  +  a 


m   — — 

i                P''oj|,i  (a) 
/  _ 


Fig.  11-7 

Corresponding  with  (1),  in  Section  11.01,  we  have: 


(a)  proj,;,  {a}  €  _^ 

(b)  projj^j  (a)  =  a  — ♦  a  c  [0 


The  first  part  t>f  {2>  ftrfbws  at  once  from  f  1)  ttnd  the  fact  thgt  projec- 
tions on  /  belong  to  /.  To  establish  the  second,  let  m  =  ftj.  Since  P  c  m 
and  m  ||  I  it  follows  that* 

So,  prbjf ,  (a)  =  o^if  and  only  if  proj^  (P  +'^)  ^  p  +  By  (1)  of  Section 
itr&lj^  the  latter  is  the  cage  if  and  only  if  P  +  o^e  m.  But,  since  P  c  m, 
P  +  a  em  if  and  only  if^e  [m].  Since  [m]  =  [[]  it  foliowa  that 
proj|^j  (a)  =  a  if  and  only  if  a  f  [i].    -  v  .  . 

.  ■  '  .  .5.5 
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ExercUes 

!•  On  your  paper,  draw  a  line  /.  * 
^       (a)  Draw  a  translation  a  such  that       0*and  proj^^i  (ct)  ^  0. 
If.  (b)  Draw  a  translation  6* such  that  b*  ^  O  and  proj|^|      =  V. 

ic)  Draw  a^j^ranslation  c  sudi  that       6* and  proj|^j  {<•)  moves  points 

half  as  far  as  does  r. 
(d)  Draw  projj^,  (-  cV  CJorapare  this  with  the  translation^^projj^j  (c). 

2.  Make  use  of  sentence  (1),  above,  to  show  the  following,  ' 

(a)  proj^.j  I05  -  0*  /    (b)  proj,,^  i-a)  -  -^proj^^j  (a) 

3.  Draw ^a  line  /  and  two  translations.^^  and  e.  Picture  each  of  the  fol- 
lowing translatipns. 

(a)  proj^^j  i  J)     ^  (b)  proj^,^  Ce) 

ic)  proj^^j  id  ^  e)  id)  projj^j  (ct)  +  proj^^j 

4.  Compare  the  translations  drawn  in  3(c)  and  3(d).  What  does  t^iis 
suggest  about  the  function, projj/i? 

5.  Draw  a  line  /  and  translations*  Picture  each  of  the  following  trans- 
lation^. 

(a)  projj^j  (a2)  *        .  .  (b)  {proj,^j  Ca))2 

■    ^  ic)  proj^^j  (a  •  -  2)  (d)  proj^^^  ia)  •  -2. 

6.  Cpmpare  each  pair  of  the  translations  drawn  in  Exercise  5. 

7.,  (a)  Suppose  that  a  is  a  translation  whose  orthogonal  projection  in 
the  direction  of  a  line  /  is  6'  What  can  you  say  about  the  direc- 
tion of  a  in  relation  to  the  direction  of  /? 

(b)  Suppose  thatij  is  in  the  orthogonal  complement  of  the  direction 
of    {That  is.  suppose  that  a  e  [/]^J.  What  can  you  say  about 

Your  answers  to  Exercise  7  may  have  sugg^ted: 


(3) 


proj,,,  ia)  =  0     •  a  e  [/]^ 


This  can  he  establisfied  in  muc^jlhe  same  way  as^^  the  second  part 
of  (2)  [page  181.  Again  let  m  =  P[ll,  and  let  tt  =  [Then,  m  is  the 
line  through  P  parallel  to  /  and  tt  is  the  plane  through  P  perpendicular 
to  l.\  Since  m  ||  /  and  tt,  1  /  it  follows  that  v  X  Since  Pern, 
l>«>iin  <o^=;_proj«  +  a)  -  P  and,'  so,  proj,,,  (a)  =  o"  if  and  only  if 
■proJw  a)  =  P-  Since  tt ^  m  and  m  intersects  tt  atP,  the  latter  is 
the^case  if  and  only  if  P  +  a*e  tt.  But,  since  P  e  tt,  P  +  o*€  tt  if  and  only 
ifctelirl.  And.  [ff] -  j/F.  Hence,  (3), 

The  exercises  just  completed  sugg^t  two  other  properties  of  projec- 
tions: 

*  > 

(4)  proji^iCcr  +  B  =  proj[„(a)  + proj|jj(^ 

(5)  ^  proj|„  (aa)  =  proj|,j  (M)a 
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Answers  for  Exercises 


1. 


Here  is  an  appropriate  picture  fpr  parts  (a)  -  (d).    [An  arrow  for 
a  should  be  drawn  so  that  ajine  in  the  direction  [a  ]  is  perpen- 
dicular to        an  arrow  for  b  should  be  drawn  so  that  a  line  in  the 
direction  (b']  isy-parallel  to  I;   an  arrow  for  c  should  be  drawn 
to  '*make'*  an  angle  of  60'  with  i.  ) 


(d)    Note  that  projj^j^(-c)       ^proj^^^  <c). 

(a)  By  (1)  we  know  that,  for  ^ny  point  P, 

Projj^j  (ff)  ^    proj^  (P  +  5)  -  ^roj^  (P) 

'    =.  proj^  (P)  -  proj^  ^P)    =  3. 

(b)  By  (1)  we  know  that  pr 

'  '    *       Igebr^  ol  po 


_   ojm  (-a)  -  proj^{(P>a)i  -a) 
^  -  P^^J|       ^  So,  by  {V)  and  the  algebra  of  points*  anc 

translations,  we  have  that 


proj||j(-a)  -  proj^  ({P  ^  a)  i  -a)  -  proj^  (P  +  3) 
^  =   "pro^j^  (P)  -  proj^  (iP  +  a) 
-   -{proj^  (P     a)  -  proj^  (P)) 

}!ere  is  an  appro^)rlate  picture  for  parte  (a)  -  (d): 


(a). 


4,  They  a^re  equal;,,  that  projr|T  <3  +  ^)      pr6jr|-j  {3)  +  projr|i  (e),  foJ 

5.  '  Here  is  an  appropriate  picture  for  parts  (a)  ~  (d): 
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The  first  of  these  is  easy  to  establish  by  using  (1)  [page  18]: 

piTDjj^j  (a  ^  6)  -  proj^  {P  ^  U  ^  6))  -  pnSj^  (P)^'  ^  [Why?] 

proj^  ((P  +  7)^  +      ^  P^i/  [Why?J 
-  (proj^  UP  ^  a)  +  6)  ^  proj^  (P  -h  a)) 

'  .   •  +  (proj^  (P  ^  a)j^  proj,  (P))  [Why?] 

^  projj^j  (6)  ^  projj^j  (7)  [Why?] 

•     =^  projj^j  (a)  -h  projj^j  (6)       -  •  [Why?] 

In  establishing  (5)  we  make  use  of  Theorem  I  [p6ge  4].  Let  tt,,  tt^,  ir,, 
^  and     be  th^  planes  perpendicular  to  I  which  contain  P,  P  +  a)P,  and 
P  -I-  aa,  respectively  [Then,  tTj  =  cr;.)  In  case  tTj  ^  ir^  and  cr^     (t^  it 
•  follows,  just  as  in  the  proof  of  (*)  [page  17],  that 

(proj^  (P  ^  aa)  -  proj,  {P))c  f  (proj,  if  -^~a)  -  proj^  (P))  * 

=  HP  ^  aa)  -P)  :  HP  -^~a)  -  P) 

[Why?] 

-  (c^)  :  a  =  a.  [Why?] 

So,  by  (1),  (5)  holds  in  case  tt,  ?^  n.^  and  a,  o^^.  In  case  tTj  =  tt^  it  fol- 
16ws,"'again  as  in  the  proof  of  (*),  that  cTe  [o-^  ].  So,  in  this  case"Sj  €  [cr,  ] 
and  fT^  =      +  GO  =  (Tj.  So,  in  case     =  n^  it  follows  that 

proji^i  (tm)  =  0*  =  da  =  proji^j  (a)a.  * 

.A  similar  argument  shows  th^t  (5)  holds  in  case  -  a-^  and  a  ^  0: 
Finally,  in  case  a  =  0, 

— *  - — *  — *  * 
proj|^l'<aa)  =  proj|,|  (0),  =  0  =  proj|^|  (o)a. 

1 1.03  Oithogonat  Transfations 

In  Section  11.01  wie  considered  four  notions  a>ncem!ng  the  perpen- 
dicularity of  piknes  to  Hnea^  Thesa  notions  were  reasonable  ones  to 
acxrapt  oil  intuitive  grounds,  and  might  well  have  been  taken  as  addi- 
tional postulates  for  our  development  of  geometry.  However,,  th^e  no- 
.  tions  are  (x>ncemed  with  lines  and  planes  and  our  aim  is,  as  it  has  been, 
to  choose  as  postulate  statements  about  pjointSt  translations,  and  real 
numbers.  Oiar  hope  is  that  the  ndtions  we  have-about  perpendicularity 
will  suggest  statements  which  will  h6  acceptable  as"  f)ostulates. 

As  a  first  step  toward  fiiuiing  such  statements,  m:all  that  our  no- 
.  tiong  about  perpendicularity  led  us  to  the  concept  of  the  ortiiogonal 
pomplement,  {^J^,  of  a  proper  direction  (1].  We  de^rribed  [l]^  as  the  hi- 
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Answers  for  Exercises    [cont.j  ^  , 

I 

6,     (a)  and  (b)  are  equal;   (c)  and  (d)  are  equal;   (a)  and  (c)  are* 
opposite  s, 

]  ^.z   [^J^9    that^is,   [a  ]  is  in  the  orthogonal  complertient  of 


(b)    It  equals  3. 


'  ■   r  ■'^ 

TC20 

AnsAvers  to  the  *  Why's;  »  .  *  ■ 

Instance  of  ( i ),  replacing  'a'  by  *a  *f  b'  and  'm'  by  * t\ 
'  Algebra  of  points  and  translations 

I- 

Postulate  3 

Consequence  of  [two  applications  of]  sentence  (1)  ^ 
Postulate  4 

Theorem  I  ^ 
Postulate  4  and  Theorem  7-24 

Sample  Quiz 

1.     Suppose  that  n  X  i.    What  caft  you  say  s^bout  a  line  m  such  that 

(a)   m  I)  i?  (b)  yXm?  '  (c)   t  / 

Zp  Complete  each  of  the  given  sentences  with  one  of  the  following: 
(1)  a  point  (Z)   a  translation         {^)   a  direction 

(4)   a  bidirection        (5)   perpendicular       (6)  parallel 

ja)    proj||j  (a)  is    (b)  proj^M**)  is   

(o)    [if  is   id)   [i]  is   

fe)    [^r]-^  is    ^  (f)   [wi  is   ^ 

<g)    If  [if  =  I^r],  I  and  ^  are   

ih)    If  [if  =  [m]^,  i  and  m  are  ^  


■n  and  are 

(j)    If  [i]  C  {in]"^f  i  and  m  are  '  

Answers  for  Sample  Qui2S 

1.  (a)   m  J.  »  •  .  (b)  m  !i  1  '•  •    .  *        {c)  m  J)f  t 

2.  (a)   (2)            (fa)  (1)            (c)  (4)  {4)  (3),  (e)  {3) 
(i)    (4)             (g)  (5)            {h\  (h)  (i)  (h)^  (j)  (5.) 
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.direction  of  the  planes  which  are  perpendicujar  to  the  lin^  whose 
direction  is  [l].  This  concept  of  "orthogonal  complementing"  may  be 
described^  follows: 


(1) 


Orthogdnal  complementing  is  an  operation  which  can  be  applied  to 
'  any  proper  direction  to  yield  a  proper  bidirectioii.  (Make  a  conjecture 
as  to  what  the  orthogonal  complement  of  [Ol  might  be.  How  about  the 
orthogonal  complement  of  sf?]  Our  notions  concerning  perpendicular- 
ity suggested  the  following  tv?o  properties  of  this  operation: 


[IV  -  [mV  =\m] 
[ml  Q  UV  ^  HI  Q  ImV 


[These  are  statements  (3)  and  (4)  on  pages  14  and  \5.]  As  a  matter  of 
fact,  we  noticed  that  these  properties  and  (1)  a>uld  be  used  to  deduce 
three  of  our  notions  concerning  perpendicularity.  Notion  1-that  if 
nil  then  /  J!  ir— amounts,  in  view  of  (1),  to  saying  that 


ExercUea 


U]  2  II]' 


Part  A 


'  1.  Here  is  a  picture  of  a  line  f  and  ^ 
a  plane  f  whose  bidir^ion  is 
the  orthogonal  complement  of 

(a)  What  can  you  say  about  tt 
and/?' 

(b)  Each  of  [/]  and  [tt]  is  a^t 

of  translations.  Is  their  intersection  empty?  Are  there  non^ 
•  translations  in  each,  of  them?  Is  there  a  non-^  translation  in 
their  intersection?.  Give  "geometric"  arguments  to  support 
^  .     ^our  answers.  . 
{c)/Let  aaM^be  prdper  translations  in  {/]  and  [^],  r^pectively. 
(  what  can  you       about  (a,  65?  Give  an  argum^t  to  support 
r        JyoxxT  answer. 
2,  Assume  that  ^  a 


(a).  Given  a  point -say,      draw  a  picture  of  the  line  PiP  +  a) 


Now,  draw  a  picture  of  Pla)^ 


ib)  Daicrxbe  Pfo]^,  What  can  you  say  about  Q[a\^,  for  any  point 
(o)  Does  a  belong  to  ial^7  Give  a  '^gepmetric^  aigument  to  support 
your  answer. 
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The  exercises  on  page  21  will  help  to  illustrate  the  ideas  presented 
in  this  section^   A  suggested  plan  is  to  use  the  exercise  sets  on  pages 
21  and  24  as  class  exerciser,  and  to  usle  the  exercises  on  pages  25^26 
as  homework.        ^  * 

Answers  for  Part  A  ^ 
1,     (a)    ir  is  perpendicular  to  i  ^ 

(b)  No.    [i  intersects  n  in  a  single  poiftt  —  say,   P  —  and,  so, 
P  -  P  is.  in  both  (I)  and  [w]. .  So,  [i]  r^      j  ^  0.  ] 

Yes.    (Each  of  1  and  ^  is  a  no ndc gene  rate  set  of  poirits.  So, 
each  contains  at  least  two  points.    Given  that  P  and  p  are 
two  points  of  I  [or,  of  w]  then  O  -  P  4  6  and  Q  -  P  €  [i] 

[or,  Q  -  H  €  [n].  ] 

■  ■  .  * 

No.    [For,  if  [<)       (y]  contains  a  non-(J  translation,  then 
there  ai-e  two  points  —  say,   P  and  Q  —  in  both  i  and^., 
This  implies  that  f  is  a  subset  of       so  that  I  |j  3T.  But, 
Bit^fe  ?r  i.  I        know,  by  Notion  i,  that  i  [^f  ] 

(c)  Linearly  independent.     From  (b)  we  know  that  no  proper 
translation  is  contained  in  both  [i]  and'[ff]/-  Since  a  6  [i], 
and  a  ^        a  ^[ff].    Now,  b  €  ^ar],  so^hat  a  is  not  a  linear 
combination  of  8.    So,  since  a .  and  S  are  proper  translations, 
the  conclusion  follows.  ^ 

[Here,  is  an  alternate  argument:  Juppose  that  (a,       is  linearly 
dependent.    Then,  since  S  ^  J5,  a  is  a  multiple  of  S  so  that 
a  €  [?r].    Thus,  since  a  ^  ^,  a  is  a  proper  translation  which 
is  contained  in  both  [i]  and  [^r].    Since  there  is  no  proper 
■    translation  in  {i]       [tt],  it  follows  that  ^a,  b)  is  linearly  , 
independent.  ] 

2,     (a)    [Students  should  have  pictures  like  the  one  drawn  in  ^ 

Excrc isc   1 ,  j  "  . » 

(b)    P{  a  ]  ,  is  the  plane  through  P  and  perpendicular  to  P<5p.4-  a*). 

Q[a]     is  pairallel  to  pfap,  and  is  perpendicular  to  P(P -f  a), 

{c)    No.    [The  argument  is  essentially  that  given 'for  the  third 
question  in  1  (b),  ] 


•  _  -  TC22         ,    ..         ^    _. 

3»     '{a)    Since  [  a  j"^  is  the  bidirection  of  a  plane  ^  namely,,  one  which. 

is  perpendicular  tp  a  line  with  dii^ection  [a]  —  it  must  j^ontain 
'two  linearly  iiid£pendent  members.  £. 


(b)    Linearly  indepeii^nti  *  linearly  independent;  linearly 
independent « 


4.     (a)    When  (S,  c )  is  linearly  dependent. 

(b)  Linearly  indep 

(c)  When  [if^l 


{h)    Linearly  independent,  for  aVIa]"^^  [^i?], 
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3.  (a)  Given  that  a  ^  0  it  should  be  clear  that  [51^  contains  two 

linearly  independent  members -  say  6*^nd     Explain.  ' 
(b)  Assuming  that  a  #  0  arid  that  6*  and  c  are  members  of  [aV 
such  that  i-h,  c)  is  linearly  independent,  what  (^n  be  said  of 
(a,  6*)?  Of  (a,  cl?  Of  (a,  c^? 

4.  Here  is^a  picture  in  which  cr 

and  6  and  c  are  members  of  [cr]. 

(a)  Under  what  conditions  will 

(b)  Given  that  (6,  c)  is  linearly 
*  '  independent,  what  can  be 

{  '     said  of  (a,  6*  c)?  Explain. 

(c)  Give  conditions  on  c  and  ir, 
under  which      [cl  ^ . 

The  direction  of  a  line  /,  [/),  is  a  set  of  translijtions.  For  any  non^d 
translations  a  in  [/],  {/]  ^  [al  So,  the  properties  of  orthojonal  comple- 
menting can  be  expressed  in  terms  of  dilutions  of  non-0  translations 
as  well  as  in  terms  of  directions  of  lines.  For  example,  instead  of  saying 
that,  for  any  line  /,  the  orthogonal  con^pieitnent  [IV is  a  proper  bidirec- 
tion,  we  can  say:  / 

<2)  a  ^  6  — ♦  [aV  is  a/proper  bidirection 

Similarly,  instead  of       on  pag/21;  we  might  say: 

/  ■ 

However,  la]  is  a  subset  of  a  proper  bidirection  if  and  only  if  a  belongs 
to  that  bidirection.  So,  we  can  also  account  for  C*'^)  by  saying:  • 

(3)  '  CT— ^"a  i  [aV. 

In  a  similar  fashion,  the  twaparts  of  (*)  on  page  21  can  he  replaced  by: 

(4)  -    ;       [aV  -IbY  -^[a\'=^W\      [a        ^t\^  ^ 

and: 

(5)  Ib^elaV— i^i^t^Tl 

Statements  {2)-{^)  are  entirely  in  terms  of  translations,  and,  so,  of 
the  kind  which  we  are  looking  for  as  postulates/  And,  if  we  adopted 
them  as  postulates,  and  adopted  (1)  as  a  definition,  we  would  be  abie 
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to  ^tablish  as  theorems  Notions  1-4  ronceming  perpendicularity. 
However,  it  turns  out  that  orthogonal  complementing  cfoes  not  easily 
give  us  all  that  we  ne^.  As  we  shall  see,  there  is  another  operation  on 
translations  which  has  very  simple  and  fai|iiliar  properties  and  which 
win  give  us  all  that  we  need.  Iniorder  to  be  prepared  to  understand  this 
operation,  it  will  be  helpful  to  learn  a  bit  more  about  orthogonal  com- 
plements. 
To  begin  with,  we  note  that 

(6)    ~b\\a\^  — *  (a,  b)  is  linearly  independent      [a  t>^^ 

<• 

For.  assuming  that  'a  7^  a  if     fi^^ 'then,  by  (2),  f^j  C  [a]^  and,  by 
(3).  a  ^  [t].  Hence,  for  b  ^  0,  (a,  6)  is  linearly  independent  [Theorem 
6-13]. 
Secondly,  note  that 

(c  c  [6l^  and  a  €  [^^)  —  c*;*  (0^6^  [T^Sj^'ci. 

To  show  this  assume,  for  ^ ^  that 7c  and  cTe  [c\^.  Then,. by 
(5)  we  have  that  {a,V}  Q  [cV.  So,  by  C2),  [a,t\  C  [c[\  Hence,  by  (3), 

We  can  combine  the  last  two  results  as  follows.^ Suppose  that  a,  6, 

and  c  are  proper  translations  such  that  b^laV.lc^lb]^,  and^eicl^. 
Note  that,  by  the  result  just  proved,T^  [a,Vl  and  that,  by  (6),  (a,  M  is 


Fig.  11-8  ^ 

linearly  independent.  So,  it  follows  that  (a,  ^,  ~^  is  linearly  indepen- 
dent Hence,  we  have  that  • 

(a, T,c^  is  linearly  independent  [a.Vt'c^ul 

» 

When.Tc  (ai^  it  is  customary  to  say  thatTis  orthogonal  to^  In  these 
terms,  the.  orthogonal  complepient  of  ^  [al-^,  is  the  set  qf  aU  transla- 
tions which  are  orthogonal  to  a.  By  (5) -at  least  for  non^O^andT— if 
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_  .  ■ .         ^  ;  ■  « 

6  is  orthpgonal  to  a  then  a  is  orthogonal  to  6*  So,  ifTis  orthogonal  to"a 
we  may  say.  instead,  that  a*  and  6  are  orthogonal 

We  know,  since  J  is  3-dimensional,  that  any  3- termed  sequence  of 
translations  is  a  basis  for  J  if  and  only  if  it  is  linearly  independent. 
So.  C^**)  can  be  restated  as  follows. 

Any  3-termed  sequence  of  non-O!  pair-wise 
orthogonaj  translations  is  a  basis  for  J~ . 
Any  such  basis  is  called  an  orthogomd  basis, 
.Parte     ^  ^ 
*         Given  that  ia,  h,  c)  is  an  orthogonal  basis 
for  y:  and  that  O  is  the  origin  of  a  coordin- 
ate  system  associated  witK  this  basis.  As-     ^  ^ 
sume  that 


d,  ^  a  y  3  ^  63  ^^'c  ■  -2,  f 
^     and     ^  d[2  ^  dl    -1.  . 

1.  On  your  paper,  make  a  careful  sketch  of  the  given  coordinate  sys- 
.  tern  and  mark  the  points  O,,  /)„  and  D^,  where  :=  O  +  d^,  Z?, 
V        O  ^  c(m  and      -  q  ^  cT,.  Give  the  coordinates  of  D,,  D^,  and  D ' 

2.  Let      be  the  plane  which  contains  Z>,  and, is  pa^-ailel  to  the  first 
coordinate  pfane.  [RecaJI  that  the  first  coordinate  plane  is  Gffcl.l 

(a)  Give  the  coordinates  of  the  point  of  intersection  of  tt,  and  Olaj, 

(b)  What  can  you  say  about  tr,  and  0(a\?  About  the  first  coordinate 

—  #  y  * 

plane  and  0[a)?  * 

(c)  9jve  the  coordinates  of  the  orthogonal  projection  of  /},  on 
Ola].        \  •  ■      •         ^    ■  , 

3.  Let  7r,  and  n^  be  the  plants  which  contain     and  are  parallel, 
spectively,  to  the  second  and  third  coordinate  planes. 

(a)  Give  the  coordiniate?  of  ir^  H  Ol^  and  tt..  f\  Olcf. 

(b)  What  can  you  say  about  tt,  and  0[b]?  About  the  se^nd  co- 
.  ordinate  plane  and  0[6)?  About  tt,^  a,nd'0(cl?  AbouVthe  third 

coordinate  plane  and  0{ej?  "  

<c>  Give  the ^coordinates  of  the  orthogonal  projections  of  D  on 
0\  ff\mdO\c).  '  ' 
4..  Repeat  Exercises  2  and  3 

'  (a}  ih  the  case  of  (b)  in  the  case  of  D 


3' 


Given  that^o,  b,  cS  is  an  orthogonal  basis,  any  ojordinate  system 
associated  with  this  basis  is  said  to-be  orthogonal.  As  suggested  in  the 
above  exercises,. ail  orthogonal  cartesian  coordinate  system  the 
property  that  ^ch  of  its  coordiha*le  planes  is  perpendic^ar  to  tlie  i^r-' 
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Hfro  is  an  appropriate  picture 
for  tht>  given  information.^  The 
coordinates  of         are  (3,  4,  5), 
of  D,,  are  {-3,  3.  -2),  and  of 
art-  {9,  S,12). 


D,{3,4,5) 


Dj(-3,3,-2) 


Z.     (a)    (3,0,0)  ^ 

{t4-  TTj^  is  perpendicular  to,^6{  a  ];  perpendicular, 
(c)  {3,0,0) 
3.     (a)    (0,  4,  0)  and  (0,  0,  5) 


(b)  TT^  is  perpendicular  to  0[S];   pe rpendicnlar;*  ^3  is  perpen- 
dicular to  Olc];  'perpendicijlar 

(c)  (d,  4,  0)  and  (&,,0,  5)  , 


4.  (a) 


2(a)]  <-3,  0,  0) 
Z(b)]  '""sairic  as  2{h),  above 
[2(c)]  (-3,0,0) 

Mi^)]  (9,0,0) 

2(b))  same  &s  2(b),  above 
2<c)].  (9,0,0) 


3(a)]  (0,  3,  0)  and  (0,  0,  -2) 

3(b)]  sarhe  as  3(b),  above 

3(c)]  (0,3,0)  and  (0,0,  -2) 

r3(a)|  (0,  5,  0)  and  (0,  0,  12) 

r3{b)  same  as  3(b),  aliove 

[3(c.)J  (0,  5,  0)'and  (0,  0,  12)  , 
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responding  (X)ordinat€f  axis.  Slaking  Jise  of  properties  of  orthogonal 
complements^  this  is  not  difficult  to  snow.  As  a  matter  of  fact,  it  is  suf- 
*  ficient  to  show  that 

(6%  lop  and  c*€  [b] '  and  "a  €  [cp ) 
(8)  — ^  i(b,  7]     iaV  and  Ic!  a]  -  [b]^  and  [a,  6],=  icV) 
la!"?,  cVol. 

To  show  (8),  suppose  that,  for  non-OT vectors  a,T,  and^^  [a\^,c  ei^^, 
and  a*€  Icl^.  Since  6  c  [a]^  itjollows  from  (6)  that  is  linearly  inde- 
pendent. Now.  c  cj5l^  and  a*6  [c\^  so  that,  by  (5>,_^^  C  [cV.  Hence, 
by  (2),  [cV  =  Ta,  6].  Similarly,  fi^  -  lb,7\  and  16^^  =  Ic,  a]. 

One  advantage  of  dealing  with  orthogonal  basis  is  that  the  compon- 
ents of  a  vector  — and,  so,  the  coordinates  of  a  point— with  resp^  to 
such  a  <  basis  are  easily  found  by  using  the  projection  m>eration  dis- 
cussed in  Section  11.02.  To  see  this,  suppose  that  (a,  b,c)  is  an  ortho- 
gonal basis  and  that  r  ^  aa  ^  ^7c,  Since  (a",  6,  c)  is  orthogonal, 
it  follows  that  [K  c1  =  [a\^.  From  this,  we  know  that ^6  ^cfajj^  so 
that,  by  U)  on  pa^e  19,  projj^*!  {bb  cc)  =  0.  Since  aae  [a]  it  follows, 
by  (2)  on  page  18.  that  proj|;;j  iaa)  -  aa.  So,  since  r  =  aa  +  (66  -f  cc), 
we  know  that  projjji  (r)  =  aa.  Similarly,  projj^*!  iP}  -  Vb  and  proj|^ 
{A  =  cc.  That  is, 

M  proj|^  (r5  +  projj^  (r5  -f  proj^,]  r? 

Parte  •  V 

Assume  that  (a.  6*  c3  is  an  orthogonal  basis,  Let 7^  -  afe  +  6  — 2 
4-  cd  and     =  a4  ^  6  -3. 

Give  each  of  the  following  in  terms  of  the  basis  vectors*  [You  may 
find  it  helpful  to  draw  a  graph.]  ^  ^ 

(c)  projj^|(rj  +  _r,)  V<d)  proj^al  f^i 
(e)  proi^i^ir^  ^  r,)  if)  proj^T]^ 

2*  Compute  each  of  the-foHowing: 

(a)  projq  (r*  -H^r*)  :  c  [Hmf^  Sinqp  proj|;;^  (7^  -H  7^)  =^  o^,  for  some 
iy  ana  :  u  =  t,  it  is  enough  to  compute  t  in  order  to  do  this 
problem.! 

(h)  projp  ir]  -  r^)  ^  ^  (Osproj^^l  (r^  -  r^)  : 

(d)  prpjj-^        3^  '  *    '  ^"-^^^^  ^^'^  *  H 
^              (f)  proji^jXT,)  :T                                 (g)  proj^^jC/J)  :"c 

3,  Let  r  -  Qwi     66  -H  cc,  for  some  a,  6,  and  c. 

(a)  Express  each  of  prpj|jj  (f),  liroj|^|  {^),  and  prpjfrj  (0  in  terrixs  of 
the  basis  vectors^  ^  ^ 
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Some  review  ^ue stion^which  might  be  asked  at  this  time  are: 

1.  Arc  the  points  D^,        ,  and  Dg  collinear? 

2,  ^,Show  that         is  the  midpoint  of  5^^^.  ■  ,  « 

3,  Write  paramet^io  equations  for  th^  line  l^^Ds- 

4.  lAwhat  ratio  does         divide  the  segment  from  D^.  to  Dg? 
[i)^^  What  is  {D^  -  bj'jDg  -  D^)?] 


Whit  are  the  coordinates  of  the  point  which  divides  the  segment 
frorJi         to   D3  in  the  ratio  ^3/2? 


Answers  \q  review  questions  ^ 

1.     Yes.   Yd,  -  Do  =        -  3^  ^  a6  +  S  +  c7'  and        -  D3      3^  -  33 
.    r  a.  -6.  +  b»  -rl  +  c  •  -7.    So,  (D^  -  D^,         -  Dg)  is  linearly 
dependent.  ]  . 

D^,    So,  by  definition.  D 


2. 
3. 


From  l,\we  khow  that^D^  -• 
is  the  miappin^  of  , 

One  set  of  paraWietric  equations  for  Cj^^s 


=  ^3  +  12t 
=  3  +  2t 
=  -2  +  Iflt 


[There  are,  of  course,  others.  ] 

-1/2 

(33,9,40)   [Choose  t  *^   3  in  the  equations  give,n  in  3,  ] 


Answers  for  Pa rt  C 


1'. 


2. 


(a)  a9  +  b* 
(c)  a9  ^ 
(e)  S'-S 

(g)  ?^ 
(a)  9 
1 


•5  +  c3 


(b)  a  +  b  +  c3 

(d)  t 

(f)  S  . 

■(h)  ?3 

(b)  1 

(d)  3 

if) 


3.  .{ar 


bb,  and  cc 
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(b)  Expresis  each  of  a,  6,  and^c  as  ratios  in  terms  of  the  projection 
operation. 

(c)  By  definition,  the  components  of  t  with  respect  to  (a,  are 
la,  b^  c).  Express  the  components  of  t  as  ratios  in  terms  of  the 
proje<:tion  operation. 


We  summarize^the  results  suggested  in  the  preceding  discussion  and 
exercises  as  follows:  *  * 


If  ia^  by  c)  is  an  orthogonal  basis  {Qr\T  then 


.  (g)     r^P^iiai  (''^^  pi^JioT^^'^^^  ^^^^ 

.  and  the  oomponents  of  V  with  respect  to  (a*,T,  c]  are 
projj^l  <^  f  a"  projj^j(r5  :  6,' and  proj|^|  {ri  :-c,  , 

The  results  gununarized  in  (9)  show  that  wKen.  we  are  dealing  with 
an  orthogonal  basis  for  :f  [ot  with  an  orthogppnal  coordinate  system 

'for  ^]  each  component  gj^jaranslation  [or  each  coqillinate  of  a  point] 
can  be  expressed  in  terrf^oTjust  one  of  the  basis  v^ptors'and  the  ortho- 
gonal projection  of  the  given  translation  [or  of  the  position  vector  of ' 
the  given  point!  in  the  direction  of  this  basis  vector.  This  is  in  contrast 
to  what.occurs  When  we  deal  with  a  nonorthogonal  baisis  (a,  b\  c).  To 
find,  says  ihe  first  compopent  of  r  with  respect  to  such  a  basis  we  need 
to  'consider  ftot'dpiy  r  and  a  but;  also,  6  and  c!  As  a  result,  when  using 
coprdinateg  to  solve  a'  geometric  problem  it  is  often  much  easier  to  use 

.  orthogonal  ix)02;dinates  th^  it  is  to  use  nonorthogonal  coordinate3. 
E5i;amples  of  this  will  occur  in  later  chapters. 

11.04  Three  Notions  Concerning  Qistartci^  ^ 

In  order  to  drri^^e  at  po$tulates  we  cau  us^  to  complete  our  study  of 
Euclidean  geometiy  we  ^eed  to  consider  the  not|.ory)f  distance  as  Well 
as  that  of  perpendicularity.  As;  it  turns  oiit,  besides  the  four  notions 
concerning  perpendicularity  which  jye  studied  in  Section  11.01,  we 
n^ed  tiiree  .notions  concermng  the  Idistanc^  fr#m  a  first  pmnt  to  a 
secohd  ^nd  one  a4diti0nal  ndti^i^  which  cbftcerns  bdth  perpendicularity 
and  distance.         •  >^ 

The  first  of  the  n^ed^  ndtions  about  distance  is  certainly  intuitively 
obvious.  It  is  merely  ikat  the  distantie  from  one  point  to  anothuer  is  a 
posi^ve  reaJ^m)ber.  ^^W^y  state  it  for  th^  record  as: 

^    Notion  5.     d(A,  J^m  and  [B    A      diA,  B)  >  0}  , 

The  secoi^  and  third  notions  go  back  to  ideas  ^boi^t  translations  which 
w^re  already  introduced  in  Volume  1  in  onier  to  suggest* the  operation 
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Answers  for  Part  C  [cont.j 


3.     (b)    a      projr -*  ,  (t)  t  a,  b 


(c-)  .  (proj  J  -  J  (t*) :  a ,   proj ,  ft  i 


g  j  (?):b,   projj^j  (t)'.c) 


V 


\ 
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of  multiplying  a  translation  by  a  real  number.  At  that  time  [and,  even 
earlier,  in  Chapter  1 }  we  noted  that,  intuitively,  a  given  translation 
"moves"  any  two  points  the  same  distance.  We  state  thif  as: 

Notion  6.     d[A,  A  +  a)  -  diB,  B  +  a) 

We  also  noted  that  the  translation  aa  moves  each  point  \a{  times  as 
far  as  a  does:  y 

Notion  7.     d{A,  A  ^  aa)  -  d(A,  A     a)  -  \a\ 

As  we  have  done  in  the  case  of  perpendicularity,  it  will  be  useful  to 
restate  these  notions  in  terms  of  an  (Operation  on  vectors.  Acojrding  to 
Notion  6  a  given  translation  a  moves  all  points  the  same  distance. 
According  to  Notion  5  this; distance  is  a  real  number.  This  number  is 
usually  called  the  norm  of  a.  Because  the  norm  of  a  vector  is  analogous 
to  the  absolute  value  of  a  real  number,  the  customary  notation  for  the 
norm  of  a  is  '\\^\  Using  this  notation.  Notion  6  amounts  lo  saying  that 
d(A,  A  +  d)  -  |la|  Equi^alently: 

(1)  d(A,B)  -  jlfi  -  A\\ 
*I^otions  5  and  7  can  then  be  rewritten^ as': 

(2 )  ||a[|  €     and  [a V  ?  — *  |H  >  0 J 

(3)  ••  li^ll  =  \\a\  ■  \a\  • 
ExercUm  '       1  * 
Part  A 

1.  Make  use  of  (1},.(2),  and  (3),  above,  to  derive  the  following. 

ia)  ll-all  ^-  jjall         ^     .  (b).|haiii|  -  M      .        ■  ' 

(c)  diB.  A)  =  d{A,  B)  '  ^    ^  (d)  !l0l|  -  0 

ie)  UB  =  A  therf  d{A,  fi)  -  0       *  (f)  If  diA,  B)  =t  0  then  B  = 
2«  Assume  that  0^ 

la)  Show  that  a/M\  belongs  to  (d)*  -  that  is^  belongs  to  the  sense  of 
'  a:  [Hint:  What  kind  of  real  number  is  ,  ' 

(b)  'Use  (3)  above  to  compute  the  norm  of  a/|R|. 

3,  Assume  that  6%  foT  and^that  \^*^  ]\a%  Show  that  V*  c^or  6*= 
{Hint:  In  the  case  a*  5^  0^  make  use  of  (2),  (3),  and  the  fact  thatTI 

^    [a]  only  if  6  =^  ab,  for  some  b.] 

4.  A  unit  translation  (or:  unit  ifector]  is  one  whose  norm  is  1. 

(a)  Show  that  each  proper  sense  <xintains  at  least  one  unit  v^rtor 
-         (b)  Show  that  each  proper,  direction  con,tains  exactly  two  unit, 
j^'ettors. 

(«)  Show  that  each  proper  sense  wntains  at  most  one  unit  vector. 

70      ■  : 
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Answers  for  Part  A 

1.     (a)    |I-a|l   =   ||a.-ll|  = 

(b)    n-aail   ^    ||-raa)||  =^  HaaJI  .  , 

{c)'d(B,A)  ■-    j|A  -  B||   ^    ||-{B  -  A)||   =    jjB  -  Ajj   =  d(A.  B) 
(d)    ll^ll   .    llJftlf  .   Ilallloj  =  0         .  , 

(f)    Suppose  that  B  -  ^A.    Then  d(A,  B)  ■-  d(A,  A)  =    ||A  -  Ajj 
■=    |f0||   ^  0.    Hence,  if  B  =  A  then  d(A,  B)  =0. 

*  (f)    Suppose  that  d(A,  Bj  ^   0.    Then   ||B  -  Aj|   =  0  so  that  by  (2) 
and  a  rule  for  contraposition,  B  •  A  -  ^.    So,  B  =  A.  Hence, 
if  d(A,  B)  -   0  then  B  =  A. 

I.     (a)    Since  "a  *  5,  it  follows  by  (2^  that   ||ajj    >  0.  So, 
/|ja||    >  0.    Hence,  a/}|aj)   belongs  to  [a]*. 

(b)    By  (3)  and  (2).  for  a  #  3, 

||a/||a||  1|_^=  1|a||.|/|a!|  |  =  \m  /  \         |  -  ||a||/l|al!  =  I. 

3.     Suppose  that       =  ab  and  ?  Ha^l-    It  follows,  by  (3). that 

-  ,  jjall  •  |b|   and.  so  that   |)a)|   ^    ||a||  .  |b|.    In  case  a  3. 

Half  4  0  and  it  follows  that  jb|   ^   1.    So,  for  a  #  5,  b  ^   1  or 

b  -    -1  and,  so,  b  =  a  or  S      -a.    In  ca»e  a  =  ^  it  follows, 

$ince  S  ^  ah.  t^iat  S  =  3  =  a.    So,  in  any  case,  if  ^€[a]  and 

I  lb  II   -    (ja  j|  then  b  =   a  or  b  ^   -1.      '  * 

4..     (a)    Ca^fen  a  proper  sense,  let  a  be  a  vector  belonging  to  it.  It 
follows  that  a  and  that  the  given  sense  is  [3  J*.  'Hence, 

by  Exercise        a/||a||   is  a  unit  vector  in  the  given  proper 
^  *        sense.  * 

(b)  Given  a  proper  direction,  let  a  be  a  unit  vector  belonging  to 
it.    [That  there  is  such  a  unitj^cctor  follows  from  part  (a)  and 

*  the  facjt  that  the  given  sense  contains  a  proper  translation,  ] 

►Since  a  ^  S  it  follows  that  t^ie  given  direction  is  [a  ].  By 
Exercise  3,  if  b  is^any  unit  vector  in  [a  ]  then  JS  =  a  or 
b  -   -a.    Since  a  9^  3,  -a  ?t  a  and,  by  Exercise  1(a),  -a 
a  unit  vector.    Hence,  there  are  exactly  tsvo  unit  vectors  in 
a  given  proper  directic^n. 

(c)  [Lake  (b)  except  that,  since  a  ?t  3,  -a  9^  aa  for'any  a  >  0.  ]  ^ 

-          ■    '   "  '^^^  : 
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From  the  exercises  just  c6mpiet^,  we  obtain  the  following  property 
norms  of  translations: 


(4)  (I ft)  -  \a]  and  M  =  IjcJ)  --^  (fe' ^  a' or  b  =  -a) 

As  we  saw,  (4)  together  with  the  notion  of  a  unit  vector  can  be  used  to 
show  that 

(5)  a/\\a\\  is  the  unit  vector  in  the  sense  of  a  [a  0]. 
**  « 

4  And/this  vector  and  its  opposite  are  the  only  unit  vectors  in  the  direc- 
tion of  a.  I 


Part  B 


1*  Suppose  that  Mm  the  midpoint 
of  the  segment  AB  and  is  also 
♦    the  projection  of  a  point*^  on 

(a)  Make  a  coiyecture  about 
.  diAJ^)  and  d{BJ^).  [A  card-  ; 

board  and  string  model  will 
heiphere] 

(b)  Let  Q  be  any  point  in  the 
plane  n  which  contains  M 
and  which  is  perpendicular 
to  *A^.  What  can  you  say 
about  d{A:Q)  and  d(B,  Q)? 

ic)  IjQt  R  be  any  point  such  that 

diA^  R)  -  dm.  R\  What  is     ^  ^ 

the  projection  of  R  on  A^? 

Is  R  in  the  plane  tt? 
2*3^  Suppose  that  AB  and  BC  are  two  collinear  segments  whose  mid- 
'     points  are  M  and  iV.  respectively. 

(a)  Given  that  rr  and  cr  are  the  planes  perpendicular  to^AB  and  EC, 
respectively,  at  M  and  A^,  what  can  you  say  about  n  and  a? 

(b)  Let  PtTT  and  Q^a,  where  tt  and  are  the  planes  descrii^  in 
U).  What  can  you  say  about  cf{A ,  Pland  diB.  P)7  About  d(B.  Qr 
and  diC,  Q)?  - 

'    (c)  Assume  that's  is  a  point  such  that  d(  A, /2)  ^  d{B,R).laRin7T? 
ls  B>in  cr?  Is  it  possible  for  /?  to  be  in  both  tt  and  <r? 

3.  Answer  the  questions  in  Exercise  2,  given  that  AB  ^d  BC  are  two 
noncvllinear  segments- 

4.  Consider  the  case  described  in  Exercise  3.  Let  S  be  any  point  in 
both  TT  and  rr.  (Are  there  such  points?] 


er|c, 
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Ar^swers  for  Part  B 

{Th^  purpose  of  this  st^t  of  exercises  is  to  develop  the  notion,  at 
least  intuitively,  that  the  plane  perpendicular  to  a  segment  through  the 
midpoint  of  that  segment  is  the  set  of  all  points  equidistant  from  the 
end  points  of  the-  segment.  ) 

1.     <a).   They  are  eqiial,  '  ^ 

(b)  They  are  equal. 

(c)  M;    Yes.    ^  • 
I,     (a)    They  are  parallel. 

(b)  They  ar,e  equal.;  They  are  equal. 

(c)  Yes.;    No,  for  w  and  a  are  parallel  and,  since  M  €,  w  and 
M  ^ET,  TT  ^  0"  -  0.  ;  No. 

3.  (a)    They  are  not  parallel.  .  [If  they  were  theh  [B  -  A]^  would  be 

[C  ^  B]-^  and.  by  H)  on  page  2Z  *  [B  -  A]  would  be  [C  -  B).] 

(b)  They  are  equal.;    They  are  equal. 

(c)  Yes.;    Only  if  R  is  equidistant  from   B  and  C.  ;    Yes,  if  it  is 
on  the  line  of  intersection  of  t  and  cr. 

4,  There  are  points  in  ir       ix  because   ir  [/f  a. 

(a)  Yes.;    M  '  '  "  •'  ' 

(b)  Yes,  ;    N  ^  '     ,  ^  ' 

(c)  Yes,  for  given  that  d{A,S)  ^  d(B,S)  and  d(B,S)  ^  djc,  S),  it 
follows  by  the  peplace^ment  rule  for  equations  that 

d(A,S)  d{C.fe). 

^  f 

(d)  tt'  intersects   AC  ,at  its  midpoint.  ^  ^ 


0  ■ 
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(a)  h  S  equidistant  from  A  and  fl- that  is,  lidiA,  S)  =  diB,  S)7 

What  ia  the  projection  o(S  on  aM?, 
ih)  1&  S  equidistant  from  B  and  C?  What  is  the  pmjection  of  S  on 

.  (c)  (liven  that  S  is  both  L»quidistant  from  4  and  B  and  from  and 
(\  can  you  conclude  that  S  is  equidistant  from  A  and  C?  Ex- 
plain. 

(d)  l^t  tt'  he  the  plane  which  contains  S  and  is  perpendicular  to 
AC.  Make  a  coi\jecture  about  wiiere  n'  intersects  AC. 

1 1 .05  A  Notion  Concerning  Perpendicularity  and  Distance 

The  exercises  just  completed  suggest  our  final  notion: 

Notion  8  The  projection  of  P  on  Xb  is       midpoint  of  AB  ^ 
d(A,P)  -  d{B,P)      [A  /  B] 

We  have  managed  to  restate  each  of  Notions  1-7  in  a  more  con- 
venient form  of  terms  of  orthogonal  complements  of  direction^  and 
ftorms  of  vectors.  Notions  1  4  were  restated  in  these  terms  in  sen- 
tences a)-T(5)  of  Section  11.03,  and  Notions  5-7  were  restated  in 
sentences  (D-O)  of  Section  .11.04.  Our  aim  here  is  to  restate  Notion  8 
in  these  same  terms,  ' 

In  the  first  place,  the  midpoint  of  AB  is  A  -h  (B  -  and,  of  course^ 
belongs  to  AB.  So,  to  say  that 

the  projection  of  P  on       is  the 
midpoint  of  AB 
ai^iounts  to  saying  th&t 

P  -  (4  -f  (B  -  A>i)€[B  -  A]'. 
lExplainJ  « 


Fig,  11-9 


A  i  (B  -  4)1/2 


Now,P  ^  (A  ^  (B  -  A)i)  =  j^^ll  ">^UndB  -  A 
r  iP  -  B).  (Why?)  So, 

the  projection  of  P  on      is  the  midpoint  of  ^ 
if  and  only  if 
(P  -  A)  ■¥  iP  -  B)€  [(P  ^  A)  ^  iP  -  B)]K 


=  (P  -A) 
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The  restatement  of  our  eight  ''Notions'^   in  terms  of  orthogonal 
complementing  and  norming  is  given  on  pp,  35-36,  sentences  <I)  -  (iO) 
CXir  postulates  could  be  completed  by  adopting  these  ten  sentences  as 
additional  parts  of  Postulate  4.    This  would  introduce  both  orthogonal 
complementmg  and  norming  into  our  formal  system  as  ''undefined 
tei-ms**.    As  we  shall  see  in  section  11.07  we  could,  on  this  basis 
defme  a  kind  of  multiplication  of  vectors,  called  inner  multiplication. 
This  multiplication  has  aimple  properties  listed  at  the  beginning  of 
section  U.08.    These,  which  we  shall  actually  adopt  as  postulates 
follow  by  using  the  sentences  (3)  ^  (10)  on  pp.  35-36,    Conversely!  sen- 
tences (3)  -  (10)  follow  by  using  these  postulates  and  the  definitions  of. 
orthogonal  complementing  and  norming  which  are  given  in  Definition 
1  i  - 1  on  page   45,  * 

In  summary,  our  eight  notions  concerning  perpendicularity  ^nd 
distance  are  equivalent,  as  postulates,  to  our  five  postulates  on  page  41 
concerning  inner  muUiplication,  together  with  appropriate  definitions 
of  orthogonal  complementing,  norming,  perpendicularity,  and  distance. 
The  fact  that  these  postulates  and  definitions  are,  when  added  to 
Postulates   1  -  5'  a  sufficient  basis  for  developing  Euclidean  geometry 
can  be  interpreted  as    highlighting  the  fundamental  character  of  our 
^ig^^  g^^^^etric  jiotions .  > 

Explanation  called  for  in  text:    The  orthogonal  projection  of  a  point  P 
on  AD  is  a  point  —  say,  Q  ^  such  that  P  -  Q  is  in  the  orthogonal 
complement  of  the  direction|of  AB.    In  short,  if  projr-g  ( P)  =   Q  then 
P  -  Q  e  [B  -  A]  .    Thus,  to  say  that  proj^  (P)  is  A  +  (B  -  A)^  amounts 
tb  saying  that   P  -  (A  i  {B  -  A)l)  €  [B  -  A)^, 
Answer  for  'Why^^    Algebra  of  points  and  translations. 
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Using  these  results,  we  have  the  following  restatement  of  Notioq  8  in 
ternos  of  orthogonal  compiements  and  norms  of  vectors: 

iP  r  A)  4-  CP  -  B)€UP  -  A)  -  (P  ~  B)V  *-*  IIP  -  A\\  =  ||P  - 
/  '  {A¥^  B] 

An  even  simpler  restatement  of  Notion  8  is:  . 

(1)  a  +  b\[a^  V]^  ^  \\a]\  -  j|6]j      [a  ^V] 

Using  Notion  8  we  can  establish  some  interesting  results  concerning 
triangles.  These  results  wiil  imply  the  final  property  of  projections 
((6)  on  page  35]  which  we  need  in  order  to  arrive  at  our  postulates. 

^^L"  with,  Notion  2  tells  us  that,  for  a  given  nondegenerate  in- 
terval AB,  there  is  exactly  ohe  plane  which  contains  the  midpoint  Af  of 
AD  and  is  perpendicular  to  AB,  This  plane  is  called  the  perpendicular 
bisector  of  AB.  Since  a  point  P  belongs  to  this  plane  if  and  only  if  the 
projection  of  P  on  AB  is  Af ,  what  Notion  8  says  is  that,  for  A¥^B, 


^      the  perpendicular  bisector  of  AB  consists  of  just  those 
pomts  which  are  equidistant  from  A  and  B.^ 


ExercineH 
Part  A 


Consider  a  triangle  -  say  AABC-and  let  tt^,  tt^,  and  tt^  be  the  per- 
pendicular bisectors  of  AS.  BC,  and  CA,  respeirtively. 

1.  Are  Tfj  and  tt.,  parallel?  Explain  your  answer.  ^ 

2.  What  k|nd  of  set  isn^  O  ttJ 

3.  What  can  you^y  about  the  plane  A^jC  of  AABC  and  tt,  H  tt,^? 
Explain.  \ 

4.  What  can  be  said  about  each  ^int  of  tt^  In  tt^  and  the  endpoints  of 
AB?  Of  each  pointy  of  tt^  n  ir.^  and  ti^e  endiwints  of  BC? 

5.  What  follows  from^Exercise  4  concerning  tne  points  of  tr^  n  ir.^  and 
the  endpoints  of  AC?  \ 

6.  What  can  be  said  about  any  point  which *is  ^uidistant  from  A  aiKi 
C? 

wh 

TTj  n     and  tt^? 
&  What  follows  from  Exercises  2,  4,  and  7 
and  ^ 


7.  What  conclusion  can  you  draw  from  Exercises  5  and  6  concerning 

concerning  tTj  f)  tt.^  n  rr^ 
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Pkrts  A  and  B  provide  exercises  that  can  be  used  for  class  dis- 
cufisiom.  With  this  background,  students  should  be' able  to  do  Part  C 
(page  ii)  for  homework. 

AnswtTs  for  Part  A 


I.      No.    Suppo>^ that  Tf^ 


2. 
3. 


Thfn,  since  .7f^  i  AB  a^d  ir^  1  BC,  it 
follows  that  AB  II  BC.    So,  A,  B,  and  C  are  collinear^^^ence , 
if  77,    It  TT.^  then  {A.   B.  C)  is  collinear.    Since   {A',  B/  C|  i 


then  {a,  B,  C)  is  collinear.  Since 


6  non- 


collinear  -7  for,  ABC  is  a  triangle 

TT.  ^'^  Tf.^   is  a  line. 


it  follows  that 


By  <S)  on  page   15,  ABC  X'(^^  rs  ;r^). 


4. 


6, 
7. 
8. 


Each  point  of        ^        is  equidistant  fronn  the  tnd  points  of  AB. 
for  each  such  point  is  in  tt^.    Also,  each  point  of  ir^  o  t-,  ts  equl- 
distant  frcwn  the  end  points  of  BC,   for  each  such  point  is  in  TTp. 
Each  point  in        ^  ir^  is  equidistant  .from  the  end  points  of  AC, 
for  each  such  point  is  equidistant  from  A,  B,  and  C, 
It  is  in  ?r^.  '  - 

^       ^  IT3  is  a  line  each  point  of  which  is  equidistant  from  A, 
B,  and  C  and  which  is  perpendicular  to  ABC.  ^ 
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The  result  obtained  in  Part  A  may  be  stated  as  follows: 


(3) 


The  intersection  of  the  three  perpendicular  bisectors 
of  the  sides  of  ahy  triangle  is  a  line  to  which  the  plane 
of  the  triangle  is  perpendicular. 


Fig.  n-io 

From  (3)  (and  Notion  Ij  it  i^  easy  to  see  that 


(3') 


the  lines  in  which  the  perpendicular  bisectors  of  the 
sides  of  a  triangle  intessect  the  plane  of  the  triangle 
are  concurrent. 


Using  this  result  we  shall  go  on  to  establish  another  theorem  concern- 


ing triangles. 


Part  B 


Consider,  agam,  AABC  and  let 
,  be  the  plane  which  contains  A 
and  \H  Bfirpendicular  to  M?.  By 
Notion  1,  Che  intersection  of  a  and 
w  consists  of'a  single  point  — say, 
D.  [Explain  why  D  ABCisXd.] 
The  interval  AD  is  called  the  alti- 
tude of  AABC  from  A.lor:  to  SV]. 

h  Xet  the  surface  of  paper  represent  the  plane  iSc  and  draw 
AABC  and  the  line  AD  which  contains  the  altitude  of  AASC  from  A. 

2.  Th-aw  the  lines  which  contain  the  altitude  of  AABG  from  5  and 
from  C,  respectively.  - 

3.  Repeat  Exercises  1  and  2  for  each  of  at  least  two  other  triangles. 
{Suggestion.  Try  to  find  a  taiangle  such  that  the  altitudes  from  the 
respective  vertices  end  at  points  of  the  opposite  hides,  and  h*iangles 
for  which  this  is  not  the  case.  Is  there  a  triangle  one  of  whose  alti- 
tudes has  vertices  of  the  triangle  for  both  of  its  endpoints?] 

4.  Uako  a  coty^ure  concerning  the  lines  which  contain  the  altitudes 
of  a  triangle,  ^ 
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Answers  for  Part  B 

— — ■  ^ 

Since  A  and  D  are  in  both        and  ABC,  it  follows  that  AD  is  in 

both  (T^  and  ABC  and^  bo,  is  in  their  intersection.    Sinctvcr^^  and  ABC 

are  different  planes,  cr^  r>  ABC  -  AD. 

Here/are  two  appropriate  pictures,  one  in  which  A  ABC 'is  obtuse 
andibne  in  w^i(^?i  AA^C  is  acute. 


Here  ig  an  appropriate  picture  where  AABC  is  a  right  triangle: 
Ai 


3^  [See  figures  drawn  for  1  and  Z  above.] 
4*     They  are  concurrent,- 
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4* 


The  exercise  of  Part  B  may  have  suggested  to  you  that 


(4) 


the  lines  which  contain  the  altitudes 
of  a  triangle  are  ooncurrentfr*  V 

6  ^ 

c  , 


Fig.  11 -n 

One  way  of  establishing  (4)  for  AABC  is  to  find  a  AA'^'C  in  the  same 
plane  such  that  the  lines  a>ntaining  .the  altitudes  of  AABC  are  the 
intersections  with  ABC  of  the  perpendicular  bisectors  of  the  sides  of 
AA'B'C  One  way  to  do  this  is  to  see  what  might  happen  if  we  had  al- 
ready solved  the  problem.  So,  draw  a  AP'Q'R'  and  try  to  find  a  APQR 
whose  altitudes  are  contained  in  the  perpendicular  bisectors  of  the 
sides  of  AP'Q'R'.  If  you  succ^,  consider  any  AABC.  Can  you  find  a  , 
AA'B'C  whose  sides  have  perpendicular^ bisectors  which  contain  the  ' 
altitudes  of  AABC?  If  you  manage  to  draw  such  a  triangle,  give  an 
argument  to  show  that^itjs  one.  If  you  don't,  the  exercises  which  fol- 
low suggest  how  to  loca'te  one  such  triangle. 


ERIC 


Parte 

i^t's  return  to  the  situation  described  in  Part  B.  I^call  that  a  is 
the  plane  wWch  contains  A  and  is  perpendicular  to  W  and  that,  con- 
sequently, >U>  ts  the  iine  which  containsthe  altitude  of  AABC  from 
■    /t.  We  are  looking  for  a  AA'B'C  in  the  plan^  A^b^such  that  o-,  is  the 
perpendicular  bisect*^  of  one  of  its  sidea-say,  the  side  S'C.  [Of 
course,  we  want  the  perpendicular    '  > 
bisectors  of  the  other  sides  of 
AA'B'C  to  contain  the  other  alti- 
,         tudes  of  AABC,  but  it  will  be 
easier  ^  wncentrate.  on  a  side  at 
a  time  ]  We  wish,  then,  to  choose 
h'C^  so  that  o-,  is  perpendicular  to 
at  the  midpoint  of  fi'C  and 
so  that        £  aSc. 

..  BO  - 
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Sample  Ouiilf 

Civun  that  (T,^,  k)  is  an  grthogonal  basis,  assume  that 
a  =  T2  -  j  +        and   6  ^  -t  4  ^2  \  k*2  . 


'         ana    d  -  -i  i  tz  +  k7,^ 
Find  the  following. 


(a)    projj^j  (a2  -  03)  (b)  P^'^JQ]         -  S3):7 

(c)    prqjj^j  i&3  -  a2)  (d)   Projj-t  j  |53  -  a2)  :7 

2.  vSu^pose  that  P  and  Q  are  two  points  of  I,  that  K  f[  t,  dnA  that" 
^pj^oj^lR)  ^   p.  ; 

(a)    Find  S  such  that  R  is  equidistant  from  Q  and  S. 
'(b)    Find  T  such  that  Q  is  equidistant  from  R  and  T. 
(c)    Is  S  equidistant  from  R  and  T?  Explain. 

3,  Suppose  that  the  median,  of  APQR  is  its  altitude  from  P. 
(a)    What  is  proj^  (P)? 

{b)    Give  an  argiiment  in  support  of  or  against  the  claim  that  P  is 
equidistant  from  Q  t^nd  R,  ^, 

Answers  for  ^mple  Quiz       *  ^ 

1.  [Note  that  a2  -  ^3      T?  and,  so,  that  S3  -  a2^=  t-  -7  ^^S.  ] 

(a)  (b)  -8  (c)  (d)  8 

2.  (a)    S  -   P  +  (P  -  Q),    That  is,  S  is  such  that  P.is  the  midpoint  of 

OS. 

(b)  T  =^  P  +  {P  -  R),    Th^t  is,  T  is  such  that  P  is  the 

(c)  Yes,  for  P  ^  P^oJ^  (S)  and  P  is  the  midpoint  of 
3-     (a)  S 

(b)    S  =  P^ojQ]^(^^)  and  S  is  the  midpoint  of  QR,    Thus,  by 
Notion  8.  P  is  equidistant  from  Q  and  R. 


is  tofi;^  perpendicular  to  S^^,  to  wha]t,  line  iftCi^t  S^C^  be 

htain  the  midpoini  of  BT\  and  ^^C^ is  to  be  in  ABC,  to 
lust  the  midpoinr^B'C  belong?     '     .  ^'  ' 

3.  Dn^scrlh^U  lines  WVf  which  satisfy  the  conditions  referred  to  ii>- 
.  E:s:ercise^  l^and  2.    '  •  ■ 

4,  Sin^  we  ^  trying  to  relatp^  a  /\A'B'C'  to  a  given  /\ABC,  i^would ; 
be  to  our  advantage  to  ity  to  describe  il'.  and  C  in  terms  of 'A  \ 

♦       ahd       Consider,  then^  the  hne-say,  /j  — which  contains  A 

aod  is?  parailiel  to  ^Cf.    '  *  _ 
<")  (a)  What  c^n  you  say  about  /,  a^d'^Tj?     ^''^  ^ 
(b)  ^Sho\y^  ihat,  fdr  any  a,  ^4  is  the  i^idpoi^t  of  the  segiftwt  wh^e 
.  endpoint^  are  A  V.  ^fl  -  C)q  and  A  ^  liC  -  B)a^  * 
*    ic)  What  can  you  say  about-u:^  and  any  interval  whose  endpoints 
<      ar^i4^  (B  -  C)a,and^4  +  (C  -"B)a,  for  a  ^  0?. 
^d)  Show  th'at  thjere  are  poft]ts*-say^  S'  and  C'-on    such  that>i 
^  IS  the  midpoint 'of  fl'C.  What  is  cr,  in  re^atio^?^to  any  such 
g^egment?  ■  .     '      '  "  ^' 

5-  The  picture  at  the  right  is  a  a  * 

"^plane*"  picture  of  what-wehave 
'  ,  so  far.  {)raw  *a*  picture  lik^  this 
'  \  one  on  your'papei^^  and  add  to 
•  it  QS  you  do,  the  vest  of  these 
exercises.' 

(a)  Cqnsider;  now,  the  plane     which  contains  B  and  is  perpen-j 

dicular  to  ^IC?.  Let    be  the'iine  containing and  perpendicular' 

to  it,.  To- what* line  (or,  lines]  is  L  parallel?:  ,  ;^ 

*■  *    .    •  * 

(b)  Show  that,  f^r  any  6,  B  is  tfae  midpoint  of  the  segment  Avhose 
endpqinfs^clre  fi  +  U  -  C)b  and  B  >  (C  -  A)b.  , 

>    (c)  What  can  you  say  about  p-^^  and  any  interval  whose- endpoints 

'   are  5  ^  U  -  Ob  and  S  ;f  (C  -  A)b,  for  6  0? 
6.  The  lines    and    described  in  Exercises  4  and  5  are  coplanar  lines  ^ 

^ich  are  not  parallel.  [Explaih.]  Give  the  "point  of  intersection  of 
,  I    and  iBn^rmB  o{'A\''B\  and  'C.  [Hint:  Compute  values  of  a*  and  ' 

^fe^\foK which  AA-iB  -Oa^B  ^{A  '  06.j     ^        ^  ^ 
7«;:)(ja)  Cpnsiden  now,  the  plane  0^3  which  cxjntain^  C  Snd  isi>erpendic- 
^  ular  to  XS*.  L^iig  bfe  the  lifie  containing  C  and  ^rp^hdicular 
to  d-g.  Jo  wljat  line  lor,  lin^J'is parallel? 
^Cb>  Sliow'that,  for  any    C  is  the  midpoint  of  the  segment  whi^ 

endpolnCs  are  C  4-  iS  -  i4)c  and  C  4-  (A  -^B)€. 
t^)  Whaf  can  you  say  about  ir^  and  any  interval  whos^  ^Qdpoiiits^ 

are  C  +  m  a C  i-  (A  -  B)c,  for  c  ^ 

(d)  W^t  point  is  a>mmon  Jto  l^'  and  1^7  To    s^ndl^T,  , 
8,  0ive  the  v6rtiqp^||of  «  A>i'B'C'  which  is  such  i^Wthe  i^rpen-  ,^ 

d|:ular  bisectdrs  of  ite  sides  coi?tmn  the  altiuljJes  of'dABQ)  ^ 
9t  Give  9n  argument,  now,  ta  show  ihat  the.Hnes  ojnti^ni^ig  the  . 
aititiuiw  of  ^  triangle  are  concurrent    v '  ^  \;  ' 


A  4  (S     C)  a  / 

\A  t  (C  ^  a)  a 

Answers  for  Fart  C  >         •  * 

L.     E'C**  must  be  paralU'l  to  1^. 

3. 

4.  { 


5. 


6. 


The  midpoint  of  B'C  must  belong  to  AD. 

They  nn-  the  lines  which  are  parallel  to  BC  (or,  to  which  is 
perpen^ditultir]  and  contain  points  of  AD. 
a)  ^,±1,  ^  '         .  . 

(l^)  .  A  -  {A  +  (B  -  C)a)  ^  (C^-  B)a  -  (A  MC  -  B)a)  -  A 

(c)  a  J   is  the  perpendicular  bisector  of  any  such  interval.^ 

(d)  1-^  is  the  line  AlC  >B].    So,  given  any  h  and  choosing 
^'  -  A  -I;  (C  -  B)b.and  C\=  A  +  (C  -  B)*  -b.  A  is  the  mid- 
point 'o{  B 'C For  b  9^  0,  sr ^  is  the.  pe rpendicular  bisector 
of  WC/. 

(a)  f,,  must  be  paralfel  to  C A,  ^ 

(b)  [See  answer  for  Exercise  4(b).  ]  Ny^^^y 

(c)  {See  ar^^wer  for  Exercise  4(c).  ]  ♦ 

;  [i^  H  ^2  because        ||  BC,        |!  CA,  and  BC  H  CA- 1 
1,   -   (A  +  (fl  -  C)}  =  {B  4  {A  -  C)}  ^ 


'1 
(a) 


(bi    (See  answer  for  fcxercise  4.(b).  ) 

(c)    [See  answer,  for  Exercise  4(c).]  .  .       •  - 

'     (d)    C  ^  m  v'bI   [or:   A  MC  -  E)J;   C  +  (B  -  A)  [or:   B  +  (C  -  A)] 
s/.    i^i'  =  B%  (C  -  A),    B'  -  C  4  {A  -  B).    C  =  A  4  (B  -  C)  ' 
9.     'Given  any  AABC,  consider  AA'B'C  described  in  the  answer  for 
Exercise  7.    Since  A^^  -  B'  ^  (B  +  (C  -  A))  -  (C  f  (A  -  B))  ^ 
.      ^  =  (C  +  (B  -  A))  -  (C  4  (A  -  B))  =  (B  "  A)2  it  fallows  that  A'B'  ||  AB 
and,  so^  the  plane  through  C  perpendicular  to  A'b"'  i».  3lso,  per- 
pendicular io  A[b.    Sp,  by  definition,  .the.  int^^^  plane 
svith  ABC  contains  the  altitude  o^  £^^t  £tm^  Q,  Since 
C  -  A'  =  C  -  (B  +  (C  -  A))  =  A  -  B>  B'  -  fo)k)w»  that  the 

plane  through  C  perpendicular  to  is  tti^rperpendicutar 

'  '   bisector  of  A'BV    Repeating  the  preceding  argximent  we  see  that^ 
the  altitudes  of  AABC  are  contained  in  the  intersections  with 
aSc  erf  the  perpendicular 'bisectors  of  AA'B^C.    Since  the  lines 
•  in  which  the  petp^ndicjalar  bisectors  o|  the  si^^s  of  AA^B'C  inters 
sect  the  plane  A'B'C  are  concurreA  {and  iilfW^     A'B'C'  -  ABC] 
it  follows  that  the  iinesvwbich  contain  thi^  altitudes  of  AABC  are 


concurrent. 
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In  the  next  section  we,«hall  make  use  of  a  special  case  of  (4).  To  ar- 
rive at  this  special  case  suppose  that,  in  AABC,  A  and  B  are  equi- 
distant from  C  it  follows  by  Notion  8  that  thejine  containing  the 
altitude  from  C  passes  throug}^  the  midpoint  o(  AB.  Thus,  the  altitude 
of  AABC  from  C  is  the  mBdiari  of  AABC  from  C.  Hence. 

^  .if.  in  AABC.  A  and  B  are^juidistant  from  C  then 
<5)     the  lines  containing  the  altitudes  from  A  and  B  inter- 
'    sect  on  the  fine  conta4ning  the  median  from  C. 

Now,  by  Theorem  8-  lOlb')  it  follows,  in  case  diA,  C)  -  diB,  C).  that  * 
the  points  in  which  the  altitudes  from  A  and  B  intersect-S(?  and  ACJ, 
respectively,  divide  the  intervals  from  C  to  A  and  from  C  to  B  in  the 
same  ratio.  This  is  illustrated  in  Fig.  11-12  where 

\^  ■ 


iN  ~  C)  :  (A  -  C) 


A/ 


(M  -  C)  :  {B  -  C). 


.  o    Fig.  11-12  , 

Since  N  ^C=  proj, ,  iB  -  C)  and  M  -C  =  proi,  (A  -  C),  we> 
see  that 

proj,,      {B  -  C)  :  (A     C)  -  proj^^  _  ^.j  (A  -  C)  :  {B  ^  C>.  ^ 
Thi^  last  result  can  be  expressed  conveniently  in  terms  of  vectors: 


By  thits  time,  students  should  feel  quite  comfortable  with  the^dtior 
of  perpendicularity  and  distance,  and  should  be  able  to  speak  of  these 
notions  both  in  terme  of  planes,  'lines,  and  measures  of  segments  asy 
well  as  in  terms  of  orthogonal  complements,  directions,  bidi rect>d5fls , 
and  norms,    ,The  eleven  statements  given  on  pp,  35-36  simply  summarize 
Niifj'hat  we  have  done  so  far  with  perpendicularity  and  distance  iyterrris  of 
translations.    We  shall  be  making  considerable  use  of  the bjj^ rticula r 
statements  in  our  search  io^ additicxnal  postulates  which  jrfescribe  what 
we  know  about  pt< rpendi^rullf rity  and  distance  and  which/at  the  same 
'  time,  ^ire  easy  to  work  v^ith.    So,   it  may  be  worthwhiVif  to  have  the 
students  either  put  a  bookmark  at  this  jSbge-or  make /copy  of  the  state- 
ments for  reft'rence  purposes. 

There  are  some  who  would  question  the  strat/gy  of  looking  at  on^'s 
intuitions  about  space  in  order  Jo  get  at  some  workable  formal  state- 
ments which  might  be  adopted  as  postulates,    miose  are  the  ones  who 
wish  to  give  the  postulates  and  "get  on  witH  gpne'' ,    If  you  will  take 
note  of  what  has  been  accomplished  already,  /ou  will  see  that  we  have  ^ 
indeed  been  "getting  on  %vith  the  ^me'\    AM,   when  we  ^.et  to  the  point 
where  we  have  developed  a  working  knowle/ge,  of  the  operation  on  whu;h 
the  rest  of  our  postulates  are  based,  we  v/ll  have'already  colU^cted^' 
sizable  number  of  theorems.    Thus,  aU      the  "playing  around"  with 
our  intuitions  in  order  to  gain  the  insigh/s  needed  for  an  understanding 
of  the  postulates  enables  us  to  bring  pui/intuitive  notions  into  our  formal 
system  as  theorems.    It  is  doubtful  whether  the  strategy  of  adopting 
postulates  and  then  seeking  the  insights  necessary  to  prove  one's  intui- 
tive ideas  from  those  populates  wlLT  result  in  the  same  feeling  for  how 
the  system  "works".    J  or,  there/will  always  be  those  students  who 
wonder  what  motivated  the  choice  bf  those  postulates.    And,  it  i's  one 
of  our  objectives  to  develop  this  course  in  such  a  way  as  to  enable 
students  to  "get  invglved"  witl;       Ut;^^opment  of  the  postulates.^ 


Ha,  b)  is  linearly  indepjende^  and' Ifaji  ^  |j6|) 


.  In  the  previous ^ion.  we/ound  that  if  fa,  6)  is  linearly  dependent 
and  !MI  =  Im  then  d  =  6  or  a  =  -6.  Note,  in  case  a  =  6*  that  the  con- 
sequent in  (*)  is  trivially  true.  Note  further,  in  case  a  =  -T,  that 

proj,;;,  (6)  =  proj|-j  (-a)  =  -proj,,;,  ta)  =  . 


ERIC  .  : 


S4 
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and 

projj-|  (a)  ^^-b\ 

so  that  projj^;,  (6)  :  a  =  - 1^  «=  P^jj^^i  ia)  :  b.  So.  the  consequent  in  (*) 
holds  whether  or  not  ia,  b)  is  linearly  independent.  Hence,  we  have: 

(6)  '        jjoli  =  \\b]\       proJi^j  (b)  :  a  =  projj^-'j  (a)  :  b  - 

In  the  next  two  section^,  we  shall  get  at  a  way  of  multiplying  trans- 
lations, describing  this  multiplication  in  terms  of  our  intuitive  notions 
Qf  orthbgonal  complements  and  norms,  atid  at  properties  of  tliis 
multiplication.  We  shall  then  return  to  our  formal  development  by 
adopting  as  postulates  some  of  the  properties  of  this  mult^lication 
and  by  defining  laV'  and  '\\a]f  in  terms  of  this  multiplication.  Doing  so, 
we  shall  see  that  all  of  our  notions  about  perpendicularity  and  distance 
which  were  obtained  in  the  preceding  sections  will  be  theorems.  So, 
we  shall  not  only  have  completed  our  postulates  .concerning  but 
shall  also  have  made  considerable  progress  beyond  Volume  1  in  de- 
veloping the  geometry  of  Euclidean  space.  - 


1 1 .06  Orthogonal  Components 

We  have  been  investigating  our  intuitive  notions  concerning  per- 
pendicularity of  planes  to  lines  and  distance  for  the  purpose  of  for- 
mulating new  postulates.  Before  we  rontinue,  let  us  reviewlthe 
'  results  obtain^  so  far. 

Study  of  eight  of  our  notions  about  perpendicularity  and  distance 
led  us  to  the  concepts  of  the  orthogonal  complement  (aH  of  a  direction 
and  the  normi|a^  of  a  vector  a.  In  our  investigations,  we  saw  that  per- 
pendicularity of  p}anes"to  lines  and  distance  (X)uid  be  defined  by: 

(1)  '  7T  X  l^lrr]  ^(/K  '  [(l),p,21] 

(2)  diA^B)  -  lis  -  A|!  [(l),p,  27] 

We ^aw,  further,  that  with  (1)  and  (2)  as  definitions,  our  Not^ions  1-8 
are  equivalent  [on  the  basis  of  the  postulates  we  hnve  already  adop^j 
to  statements  about  drthogonal  complements  ^md^omfe*  For  con- 
venience, we  list  these  statements: 

'■J  , 

(3)        0  — •  (aV  is  a  proper  bidirection  1(2),  p.  22] 

.      (^g^,  0  —  a  ^  [d]^       ■■■  '     '  ,  ^  ■  .  [(3),  R.  223 
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(5)  la>  -  ibV  —  [a]  =  [6]    '  IaV  V] 

(6)  6  €  [aV  — ^  ae  [6J '      [a  f  'o  ^  b] 

(7)  \\a]\€^^  i  . 
m'a^  O'— ♦  Hall  >  0  ' 
(9)  frll  -  ilal  •  ]a|         _^  •  • 

( 10)  ^  +      [a  -  hV  ^  \\4  =  &i\      la  ^  6] 

For  future  reference,  recall  that  •from  (8),  (9),  and  theorems  about 
multiplying  translations  by  real  numbers,  it  follows  that 

(11)  'a, -"a/falr— *(||ajl  =  1  and  0"=  .  [a^  Ol. 

In  the  next  section  we  shairdiscovet^^  wa3^  of  multiplying  a  first* 
translation  by  a  second.  This  multiplication  can  be  described  in  terms 
pf  our  intuitive  notions  of  orthogonal  complen^pnts  and  norms  and, 
because  of  (3)- (10)  turns  out  to  have  interesting  properties,  In  fact, 
we  shall  see  that  orthogonal  complements  and  norms  can  b^  defined  in 
terms  of  this  multiplication  and  that  (3) -(10)  can  be  derived  fwtii* 
these  definitions  and  a  few  statements  of  some  of  the^propert^es  of  thirf 
operation*  These  latter  statements  are  the  postulates  we  Hava  bjeeii 
seeking.  ^  "  -  .  ' 

In  seeking  a  way  to  multiply  translations  it  will  be  helpful  to  use  the 
notions  of  orthogonal  projections  which  were  developed  in  S^ioris 
11.01  and  11.02,  We  continue  our  review  wi^h  a  brief  discussion  of* 
these  notions.  ^  .  ^  — .^^  -a/  ' 

By  (1)  and  (3),  the  plane  i^/J;^  is  the  unique.plane  wintjtwjonta^ns  P 
and  is  perpn^ndieular  to  /.  By  (4),  tis  a  transver^l  of  this  plane  ^d, 
so,  intersects  t^is  plane  in  a  single  point*  In  Section  11.01  we  made  lisa 
of  this  fact  to  define  the  orthogonal  projection  of  P  on  /  as  follows: 

proj^  (P)  =  the  point  of  intersection  of  /  and  PfflF 

in  terms  of  this  we  defined,  for  any  a*  0  «nd  any  T,  a  mapping 
projj^l  (6)  of  ^  into  itself.  The  definition  we  used  was: 


P  +  proj|-,  (^)  -  proj^(P  + 


F^g,  11-13 
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[(4),  p.  22] 
[(5),  p.  22] 

|[(2),  p,  27] 

[(3),  p.  58^] 
[(1),  p.  30] 
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ThiB  amounts  to  saying: 


P  +  proj,-,  (6)  =  ^  —  Q  e  p{a\  n  {P    T)!"?) ' 


and,  so,  to  saying  that 


Fig.  11-14 


(12)   P  +  pn>j,-,(6)  =  q 

.^(Q  -  P\  [a]  and  (P  +  6*)  -  Q  e  [aVi. 

Using  properties  of  transversals^ of  parallel  plan^  we^ere  able  to 
8ho\y  that,  for  any  a  *  o'and  any  6*  the  mapping  proj,„*,^(6)  is  a  trans- 
lation. As  a  matter,  of  fact  we  showed  that  *        >  • 

•     (i3)   {/J  =t  {a')  —*  pilj,--,  (6*)  =  proj,  (P  +  TT)  -  proj,  (P). . 

We  also  established  a  number  of  basjc  properties  of  orthogonal  projec- 
tions, which  we  list  as  follows:  For  a*?^  0, 

( 14)-  pny,;,  (6*)  e  \d\  and \bt  \d\  — ►  proj,-)  (6)  ^  6], 
'  '  ^  15),  proj,;,'(d*)  =  0  and  [jyoj,;,  (6)  =  0  ^  6*e!^]^|, '  ,  ' 
(16)  proj,,;,  (6%     =  proj,-,  (6)  -f  proj|-j  \c\  and 

.(17)  proj;,;,  (iW))  =  ^proj,;,  (V))6.   '  \  ' 

In,  discussing  orthogonal  bases  in  Section  J1.03,  wc  noted  aijdt^er  im- 
portant property  of  orthogDsi^  projections that 

(18)    (a,  6,  c)  is  brthogonal  — ♦       projjo]  T'O' +.  projjjj  (/"I  -f-  ^ 
■  .    • '       ,  .  .     .     ■  '  proj,;,  {?).  . 

Finally,  in  Section  11.05  we  found  that  ,         ,  |l 

^    (19)       proj,„vr6")  :"  a  -  projj^,  (a)  :  6*      [fl'=  jft  ^  Oj.    '  ,^ 

Recall  that  thjS  notion  of  the  pSmponents  of  a  vector ^with  respect  to 
a^en  basis -was  introdiK^  injChapter  10.  In  brief/we  said  that  if 
(cr,  6,  c)  is  a  basis  for     and  r  ^  aa     bb    qc^  then  a  is  the  cx)mponenb^ 
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Answers  for  Ex^ercis^s 


1. 


By  <20).  we  know  that  projr-* 

I 


[r)  -  a  comp:*  (r>,  for  a  #  J. 


Given  that  b,  c)  is  orthogonal,  it  foilowe  that  a.  b,  and  c  are 
non-3.    So,  by  UO).  we  have  that 

^     ?   :  Projj-j  (?)  +  proj|g  J  (7)  f  pVojj-j  (?) 

'   a  comp^  (r)  f  b  compg  (r)  f  c  comp^  (r). 


Hencis  (18')/ 
To  iuHtify  (140: 


We  know^that  p'roji-g.  (a)  :  b  €  £ 
compg  (a)  6  il,       ^  ^ 

Suppose  that  a  €  [S]  and  that  S  =^  l5 


So,  by  (20), 

Then,  by 


Tp  Jugtify  (l.SQ: 


(14)  projj^*j{a)  =  a  so  that,  by  ('ZO), 

b  compg  (if)  ~  a.    Thus,  compg  (a)  =  a  :  S. 

Hence  for  l>  ^  (5,  if  a  €  [  S  ]  then  comp^  (a)  =  a:S^ 

comF>g(^)  -  projjg  J  (3)  :S      ^  :      ^  0.' 

S'or  b       i3,  compg  (a)  -  projj^|  (a*):S.  So, 

Compg  (a)  -   0  if  and  only  if  proj j  (a).:  b  -  0. 

The  latteT  is  the  case,^by  (15),  if  and  only  if 
a  £  [S         Hence,  for  b  ,=5^  tJ,  compg  fa)  ^  .0  if 
^nd  only  ,if  a  €  [b 


To  justify 


For  c  #  3,  comp^  (a  +  b)  -   proj^^j'(a  +  S) :  c  ^ 


(proj^^  J  (a)     proj^^  J  (b)) :  c 
^.  P^ojj^  j  (a):c  +  proj|- J  {S):c 
=  oomp-*  (a)  +  comp-*  (o) 

To  justify  (j  7^J^:    .For  c       6,  comp-*  (ab)  ^^.^ ptoj ,*(ab) ;  c 


V.  (P^ojf  ^1  ^3'))b  ^  i'r 
'  =  {proj^-^.a):^ct^V^|^./l' 


1(17)]. 


To  justify  (19^): 


f 


•{(20)1 


For'||a]|   =    ]|S'ir^^  0. 


1(19)] 
1(20)] 


.  •    .    .       .     ^*  V>  -  coinpr*  (a). 

>  .0 

[Note  to  the  teacher;   Thejse  exepcifies  contain  results  whi^b  ought 
to  b^  reaeonable  on  intuitive  grounds  and  whogi;  justifications  can  serve 
as  review  of  the  concepi  of  ratios  of  translations  as  Well  as  practice  in 
using  the  newly-defined  concept  of  orthogonal  components.    Rather  than 
have  each  student  work  on  each  of  these  justifications,  it  is  probably 
wise  tp  split^up  yie  work  afnong  several  grobps  of  students  ^d  to  give 
one  from  each  such  group  an  opportunity  to  pi;esent  his  justification  to  , 
the  entire^ciasg^] .    *  ^  . 


38       INNER  PRODUCT  SPACES 


of  r  with  respect  to  a,  6  is  the  component  of  r  with  respect  to  b  and  c  is 
the  component  of  r  with  respect  to  e.  For  orthogonal  bases,  it  is  reason- 
able to  speak  of  the  numbers  a,  6,  and  c  as  orthogonal  components  of  n 
J3iis  we  shail^do^In  view  of  this  and  the  first  part  of  sentence  X 14)^ 
that  projj^;i  (6)  €{ji]- sentence  (18)  suggests  the  joHowing  definition: 


(20) 


c^mp  J  (r)  =  proji^i  (rl  :  a*      [a  #  ^3 


[Read  comp^^  (r)*  as  'the  orthogonal  component  of  r  with  respect  to  a  .) 
Not^  that,  as  we  have  already  done  implicitly  in  C9)  on  page  36,  we 
shall  extend  our  notion  of  ratio  to  allow  0  :  a  to  b^  0  for  any  a  ^~6. 
Sinc^,  for  6^  0,  6  :  a  #  0  it  follows  that  6  f  o     0  >f  and  only  if  6  «  0. 

Since^  for  6V  0*,  6* :  dV  0  it  follows  tKatT :  a*  =  0  if  and  only  if  6*  ===  o! 


Exercise^ 


/ 


1.  Making  use  of  (20)  as  a  definition,  sentence  (18)  caii  be  rewritten, 
in  terms  of  orthogonal  components,  as: 

(18')    (a,  fe,  c)  is  orthogonal 
.  t  -  — #  /=  a  a)mp  *  (r^  4-    comp^*(r)  4-  c  comp^(^ 

Explain.  * 

2,  Similarly,  ^ach  of  the  properties  of  projections  expressed  in  ^4)- 
(17)  and  (19)  is,  in  view  of  (20),  cicely  related  to  a  property  of  com- 

.  ponenta.  For  example,  from  (14)  and  (20)  we  obtain: 


(14')   comp;'(a)€^  and 

a€[o]  — ^comp^*(a) 

•  * 

^TEijplain.]  Justify  each  of  the  following 


(15')   comp-(O)  =  0  and  Mmp^('a)  =  0 -^"a € [6^-^   [6*1^ "5^  » 


(16') 


B')  comp;'(a  4-  6)  ^  comp^r 
(19')   coinp;(6)  -  conip^(a)  9 


[c^  O'l 

[|01-ll5ll#o]-. 


Draw  a  picture  of  sectors  a'  and 
6,  something       ^e  one  at  the 
right,  in  which  proj|j^|  « 
Compute  each  of  the  following/. 

(a)  (^mp-^{ai'  ^ 

(b)  comp;;^  (a)  * 

(c)  compj^ 
<d)  fcompgi  (fl^ 
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,.,«*.  '  . 

Answers  for  Exercises  [cont.] 

(b)  l/i    [proj|gj(a)  -  tp^^3,  so  that 
compj*^  (a)  -   proj j^^j  (a) :  (Sz)  -  1/3:] 

(c)  2/9    [projjg3  J  (a)  =  (S3).  2/9] 

(d)  '2/15    [projj^^j  ta)  -   (25).  2/15] 
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M    -2/9    (proj^g_3  ,  (a)  -3). -2/9)>  "  . 

(f)    4/3'  [prDjjgj.(a)^=  jSi-).4/3]  ■  . 

4.  1/2;    1/3;    l/5j    -l/J;  2 

5.  Suppose  that  ib  g£  d  and  c  #  0.    Then,  ,  * 

compg^  (a)  -  projjg^  J  {a}:Sc       ((-^O)]  r\ 
=  (projj^^  J  (a):S)/c 

=  (projrg  ,  (a)  :K)/c     [since  [Sc  ]  =  [S]] 
-  comprf  (a)/c. 


5 


f 
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(e)  comp/  3  ia)  ^ 

(f)  oomp^*  , ,  ia)  i 

4.  Consider  the  numbers  comp^MaVdnd  comp^-  (ck  Computed  in  Ester- 
cise  3.  W^t  m^st-compiMa^  be  multiplied. by  to  obtain  compj^.  (a)? 
Answer  similar  questions  with  r^pect  to  coftfip^*  (aVand  the  other 
numbers  corapu^  in  Exercise  3. 

5.  The  results  in  Exercises  3  and  4  suggest  that 

*  %      120')  comp*^  (a)  ^  comp ^MaVc  '     [fc*^  0*,  c  ^  Q], 

Make  use  of  (20)  to  show  that  this  is  so.  {Hint:  You  will  have  to 
make  use  of  the  (ids  th^i  proj^^^j  ia)  e  (b]  and  that,  fpr  c  ^  (</]  (0*} 
^  andt*  ^  O//:        -  ia  :  d)le.],  ^  ' 

According  t^j^the  second  part  of  (14'),  the  notion  of  the  orthogonal 
component  Df  a  with  respect  to  a  npn-0  translation  b  can  be  thought  of  # 
as  an  extension  of  the  notioiv^of  the  ratio  of  a  with  respect  to  a  non^ 
translation  6  in  the  direction  of  a.  This  sUggests  that  '*opmponenting" 
is  analogous  to  dividing.  This  analogy  is  also  suggested  by  (17'), 
and  (20')  which  are  analogous  to  the  real  number  theorems: 

■]     "  •'■  . 

ia  ^  b)  ^^c  =^  a  ^  c  ^  b  ^  :t\ 
iab)  ^  c  ^  ia  >  c)6, 
^  ^  and:  a  ^  (6c)  =  (a 6)/c 

Statement  (19')  is  analogous  to  £he  less  familiar  theorem  according 
to  whicb  a.  ^  b  ^  b  a  ifxz  and  b  ar?  nonzero  relil  numbers  with  the 
same  absolute  value.  Moreover,  if  we  recall  that  <^  can  itseltbe  thought 
of  ^  a  vector  space  in  which  all  vectors  have  the  same  directionv  we 
see  by  (14  )  that  in  this  1-dimensional  vector  space  "componentlug" 
coincides  with  ''ratioing".  And,  as  we  hs^ve  ^seen  in  Chapter  7,  a  ratio 
of  nonzero  members  of  this  vector  space  is  t^ir  quotient. 

In  the  next  section,  we  shall  m^e  iise  ofl^fproperties  of  orthogonal 
romponenta  we  have  found  together  with  the  properties  of  orthogonal  ^ 
complements  and  "norms  which  we  have  just  reviewed  to  introduce  a 
multiJ)iication  operation  on  vectors.  *  ;  • 


11*07  A  Ki^^q!  Multiplication 


We  have  just  seen  that  orthogonal  romponenting  of  vectors  is  an*^' 
alogou^  to  division  of  real  numbers  and  even  coincides  with  division 
in  the  case  of  the  vector  space  ^i^?.  This  suggests  that  there  may  be  an 
operation  on  vectors  which  is  analogous  to  multiplication  of  real  num- 
bers and  which  coincides  with  multiplication  when  the  vector  space 

er|c     ^  B2  '    '  . 
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is  S'^.  How  to  describe  such  an  operation  is  suggested  by  the  real  num- 
ber theorems;  ? 

a  •  6  =  {a  ^  6)  •  \b\^      [b  ^-  0] 
a  •  0  =  0 

'  '  ' 

In  view  of  the  discussion  in  the  preceding  section,  these  theorems  sug- 
gest introducing  a  multiplication  operation  on  translations  by: 

a  •  6  =  compj^(a) 


r 


(We  shall  call  this  cht  multiplication  and  shall  never  omiLt^e 

Up.  to  now,  our  notions  concerning  orthogonal  components  and 
norms  of  translations -and,  so,  concerning  dot  niultiplicamon-are 
based  on  intuitive  notions  concerning  j^rpendicularity  and  m^tance 
In  this  section  we  shall  continue  to  operate  on  this  intuitive  basis  in 
order  to  discover  properti^  of  dot  multiplication.  We  shall  then  be  in 
a  position  to  return  to  4>ur  formal  development  by  taking  statements, 
of  some  of  these  properties  as  postulate  and  definitions.  This  \to  «hall 
do  in  the  nekt  section. 

To  begin  with,  we  h^e%l^dy  noted  t^fiM^  we  apply  {*)  to  the  vec- 
tor space  fJf  and  identify  Ae  norm  of  a  rpal  iHimber  with  its  absolute 
value,  dot  multiplicatifeii-of  real  numbei«  i^just  the  usual  multiplica- 
tion Qf  real  numbers.  Consequently,  it  is' reasonable  to  hope  that  dot 
fnultiplicatioli  of  translations  will  have  at  least  some  of  the  properties 
of  multiplica^tion  of  real  numbers.  These  properties  will,  of  course,  re- 
sult from  (*)  and  properties  of  norms  and  orthogonal  components 
*  summarized *in  Section  11.06  tand  properties  of  jqnultiplication  of  real 
numbers]. 

.  For  example,  it.follo^s  from  (7),  that  is,  fr^m:  / 
and  the  first  part  of  (14')  in  S«;tion  11,06; 

'.*■  ;  " ,  ■.  ...    .  ■  . 

tjiat     ■  --^  ■       ■  -  ■  :  '  • 

(1)  'a'lbim 

in'case  Jb'#  l^".  [That  (1)  also  holds  in  CBset-'^iB  left  as  an  exercise.] 
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Exercuiea 


1,  Show  that  a    he.^  in  case  6  -^0. 

2.  For  a 0,  coirip;  ia)  ^  1  |Th^  is  so  be<!ause  comp^Ma*)  =^  W^hJ] 
ui)  :  0^-  a:  a  -  M  So  for  a  ^  oVa*  -  a  =  comp;  Ca)  fcfr  rf. 

(a)  CoTOpute  conip  J  (-a),  com^  j  (a)  and  comp.^*  { -  a),  for  a  ^  a 

(b)  Express  each^of   a  •  a*  a  -  -a*  and  -~a  -  -a  in  terms  of  \\alf 
the  norm  of  a. 

(c)  Compute  0  •  0*  Express  0  -  d*in  t^rms  of  the  norm  of  0* 

(d)  Show  that  a  '  a  =  ihlp.  ,    A  % 

3,  We  know  that       0  — *  l|a||  >  0.  [See  {8)  on  page  36.!  In  view  of 
this,  show:  "  # 

(a)  a  ^  0*  — ♦  a  -  a>  0,       (b)  a  •        0 . 

4.  ia)  By  U5')  on  page  38,  we  know  that,  for       0*  cpmp^Ca)  -  0  ] 

aelb]^.  Use  this  to  help  you  to  shSw  that 


Answers  f^>r  Xxercises 


0 


lb  #  0) 


(b)  Give  a  "geometric"  interpretation  for  the  result  in  ^ 
5.  From  Section  11.06,  we  have  that,  for  c*i^  6*  comp//(a^>  ^ 

-  comp;  (a)  f  qfSmp;  (&)  and  comp;  (ab)  -  comp/  (q}^..  tJls(hgl 
^  these  notions,  ^ow:  ^  \  '  -  !  *     -     .  ' 

■     {^)  C(p¥  V)   y  ^  a  ^       V  *  c     '  \  ' 

(b)  iah)  ■  JV      *  c^b  '        '  '  '   -  'l.. 

lln  both  (a/ and  (b),  special  argument^ an?  needed  for  tKe case  iii • 

r  6^F^  second  part  of  {*)  on  page  40,  we  know  that  a  ^  'O  -  o!*p 
^  ''.  (J^kf  use  of  the  result  in  5(b)  to  show  that  0*.'^'a  =  0  [Hint  ^ 

'^v'^^^^-.^^^^     '  ^^'^         *       [//m£  Handle  the  cas^  where  ixkh  < 
%^^0  and  c  ^  a  and  where  either  6*  =  0  or  c     0  separately/  Sen- 
tenfce  f^O')  on  page  39  and  sentence  (9)  on  page  36  will  be  helpful  *" 
^>v;  4n  tn^'  first  ease.]  '* 
,^^-^^S§aw  that  iah  j  (b%)  =  {7  -  'V){ab}:  ^ 
9.  Assume  that  6*-  a  -  a"**  V:  Show  that  (b%)  ^  (ola)  =  (^X  -  {B). 

See  Exercise-S.}  ^  - 

10.  Show  that  t  •  a  =  "a  •  6'  [//in/;  The  case  in  which  a  =  O'or?'  ="3 
is  easy.  In  what  otHer  case  do  \ye  know  thatT  -  "a  -  a  ■  6^  Make 
use  of  Exej^cise  9  and  sentenpe  { 11 )  on  page  36  to  reduce  the  qase 
in  which  a  #  6  ^  Jto  that  in  which  fcli-f  Si^  Q  ^C^^ 
this  is  to  let  a,  ^  a/B  and '6,  mi\^mh^^^ 


of    md  ^j. 


By  the  second  part  of  a«  3  ^   0;    and  0  € 


comp      ( -( -a)) 
a 


(comp^  (a))  •  - 1  »  ^ 
-1  . 


i 


(b) 


comp-*  {  -  a)  I  j  a  1 
a 


-1 


-a  •  3 


0  and,  80,  since  |  i  ^5  j  j  ~  0 
So,  in  any  case  -a  ■  a 


comp^j  (a)  ^ 
comp_^  ( -a) 
For  .X  f^v  j^,   -a  •  a 
For^yd^  =        ^a  •  a 
have.;^;that;.        a -  1 1  a 

For  a  >  3,  a  •  -a 
Since   1 1  -a  1 1  ■  =    1 1  ^  II  -         have  that,  for  a  ^  d,  £ 
For  a  -  "(^,  wt^  have  that  -a      3  so  that  a  •  -a  = 

FcTr^.,a,^  ^,  -a*  -a 

=    ilajj'''.    For  a  =/6,  -a  ^ 


-0  we 


comp^:*  (^)  j  I  ~^  I 
*  a 


-  lla 
-all 

,a»3  0 


So,  in  any  cake,  a* -a  =   -||a|)^.  ^ 
comp^^(-a)||-a|is  =  ||-a|p 
so  that  ^a«-a  =  — a*0  =  0 


(c) 


|S|J2  =  '^lljj^.    So,  in  any  case,   -a- -a  - 
,By  the  second  part  of  (*),  ^  0.    Since    IISII  = 


0.- 


comp^  (a)  ||a|P  =  For 


since   y  • 
a  ^  d  then 


4.  (a) 


/  ^  ^a^;^  y  0.  '^  Tbi/i'j        it  follows  by  Exercise  2(c)  that  .  ^ 
,       a  •a-*-  0.    So,  a*  a  §  0.    Hence,  in  any  case  p  a»a  >  0. 

^  and,  by  Exercise  3(a), 


For  b  9^^^,  t-t 
••""Ma  ^  0 


compg  (a))|b| 

b||^  >  0.    So,  a«S  '       if  and  only  if  compr*  <a)  -  Q,    By       .  " 
(IS'). and  the  replacement  rule  foi*  biconditions ,  a  •  b  =  0  if  ' 

oni^  if  a  6  [S]^.  i        .  ^  ■'  _ 

f L^J^.il P^op?^  hidirection.    I^et     "be  any  ^pl^iyp ■ 
w})ose  bidirectional  {^F"'         part  (a),  "the  only  vecto'^s  ,     v  1 
w ho #e  dot  product  with  S  i*  0  are  those  in  (K]^.  the  birth^-  ' 
gonal^compiei^ent.of        Qiven  a  line  I  whose  direction  Is  /r^^v^ 
We  know  that  t'x  I,   iSo/a  **geont^jetric"  ihterpret^tio^j  of  the  >  .  '  ^ 
result  in  p4rt  {a  V  is  tl;at  a  p^ne  is  perpea:dicti4r  to  a  line  if      ^  r^^^^^ 
atid  only  if  the  dot  product  of  any  yectbr  in  the 'Ibldi ruction  of  ' 
;     the  plane  by  any  non-B  vector  iiit'the  direction  of  th^  line  is  0»  : 
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^.      (a)    I-'or  c'  1^  (5,  (a  *  b).c\      coinp^*  (a  *  bf||c| 


j 

i 


(coiiip^*  (a)  +  conip-*  {b))|[c|j'' 


a  •  c  ^  b  •  c  » 


l-'or  c    •    (5,   (a'  +  b)**.'       (a  f  b).S-    0       a-tf  ^  b-tf 

"    ci  •  c  ^  b.*  c.    ho,   HI  any  case,  (a  4^  b)*c       a^c  f  b-c. 

(b)    l-or  c       (5,   (ab)»L"       c  onip-^  { ab)  j  [  c  j  | 

^  (conip-  (a))b||c 

((comp^*  (a))  I      1 1  ''^)b 

(a--c)b. 

For  c  (5.  (ab).c^  Ub)»d  .^0  -  Ob  -  r^.d)b  {a-c)b. 
So.   in  any  cas^!  (ab)-?       (a'c)b.  * 

b.^         a       (bO)  .  ;i       (b  .  a)0       0.  , 

7.     ^upp^o'sc  that  b  ^       arJ^  c  ^  0.  Then, 

a '(be)       con>p^*^  ta )  ||  Ijc  1 1 

'  ■   (cornp^*  {a))J/|Ibc|r  fUO')) 

;  .      '         '  (comp^  [(9)] 

^  ;  ^ — 

•    comp^*  (a)||hl|*V-  ^  , 


,  ^Suppost'i,   next,  that  either»b.  -    3  or  c   -   0.     For  b  - 
■(iJ,c)      a'«(5  ■    0       dc       (a-CJ)c  -    (a-b)c.     For  c  0, 
■(be)      a -{1^0)  ^    k.cJ...   0  -  (a.b)O  {a«S)c, 


Hcnco,        any  case,  a*(i3c)  -  (a»lj)c. 
8.     (aa).(bb)   -   (a'^bb)a  [Ex.  5(b)] 

(a\*b)ba  •        .  |Fx.  7j 

^   (a^i^Hab),  [Posf.  5] 

9.,    Suppose  that  l>».a   -^^ti.  Then, 

,(bb).1aa)       {b  .aHba)  [Ex.  8] 

--   (a«b)(ba)  [  Assunnptiori  j 

•    ■        -   (a-b'Hab)  [Post,  5] 

^         V  '  (aa).(bb).         (Ex.  8] 
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'  I     A  . 

Answers  for  B'xercises  fcont,! 

 ^  U  ■  ^ 

10.     Suppose,  first,  that       -       oj  b       i5.    Given  |^at  'a^ 

H'_a   --  ;  0       3-b       a«b.    Given  that  b       6,  b  •  a  -  J:a 

=  a  •         a'i  b.  '  ,  »  \  * 


Suppose,  next',  that  ^a-  ^  d  and  b  ^  d,  iLet 


5,  ^  bVll* 

1 


Thfn, 
=^  0.  So,* 


1  and 


(mibji).{^ 


all) 

ail) 


(b^.a^)([|b 
(a.'S.KlIb* 
{a\<bj(||.a||||i;|l) 
.{aJ|a|!)-{b\nS||) 


1   so  that 


[Ex.  8] 
[(190  and  (*)] 
[Post.  5] 
[Ex.  8] 


-  0 
and 


Sample  Quiz 

Suppose  that  comp^  (d)  -  t,  for  some  t^  ^  0. 
te  rms  of  t'. 


(b)   comp^^  (a4) 


(a>    compg  (aij 
(d)    compjj  T"a3)  (e)   comp_g  j  ^a3) 

Z.     Wc  have, that/  {o*r  b*  #  d,  a*«S  comp^(a)||*S 

the  foll^owing  in  terms  of  *tja 

(a)    tl^t  '       (b)  - 

Answers  for  Sample  Quiy. 


Find  the  following  in 


(c)  compg^  (aZ) 
(f)   compg^  (-a) 


^  ^ «  / 1 1    1 1   .    Exp  f'e  s  s  ^ac  h  oi 
\\  where  a  is  any  non-d  vector. 
a2  •  a  *  (c)    <a4) .  (a4) 


1. 


(a)    3t    [cptnpg  (ai) 


[comp^  {a)]3  =  t-3] 

(b)  Zt    [comp^^  (a4)  -  [rompg  (a4)]/Z' =  [compg  (a)j4/2  =  X^l\ 

(c)  t/Z  /  .    (d)    -3t  • 


(e)  3t 

1a)  Zllal 

(b)  'Z||; 


[^[aZ-a  =' comp^  {a,2)  I  ja  II 
[|^[-aZ-a  =  comp-»(-a2) 


.  (f)  -t/5 

=  2||aih-] 
-Z||a|l^-1 


(c)    16||a|j^[(a4).^{a4)>   comp^^  (a4)||?4| 


=  1 


16] 
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The  exercises  just  coimpieted  and  the  "discussion  preceding  them  sug- 
gest several  propertiesof  dot  multiplication,  which  we  summarize  here: 
.     il)   a  ■  b  = 

(2)  a  -  a  =  Hair-'     .  .  ^ 

(3)  a  ■  a  >  0       faV  O'j  '  •  .  • 

(4)  ■  a*  •  6  =  0  —  a  €  [6V       lb  /  OV     ,  .  ' 

(5)  ia  +  b)  ■  c  =  a  ■  c  ^  b  ■  c  '•' 

(6)  iab)  ■  7=  ia  ■  c)b  '  \  '  ^ 

(7)  .  a  ■  ibc)  =  (a  ■  bk'  '  '      .  ■ 

(8)  b  ■  a     a    'b  ' 

1 1.08  Postulates  For  Dot  Multiplication 

Motivated  by  the  considerations  in  the  preceding  sections,  we  in- 
troduce dot  multiplication  into  our  formal  system  by  adopting  as 
postulates  the  following  statements: 

-  »    -  * 

Postulate  4y    (e)  a  -  bj^y^  ^ 
Postulate  a\a>Q^    [a* #  ol 

Postulate  4,.^       (a  f  b)  •  c* ^Ja_^  c.^  V  •  c 
Postulate  4,^       (iia)  •  6  =  (a  •  6)a 
Postulate  4,^      a  '  h  =  h  •  a 

In  Chapters  3-5  of  Volume  1  we  saw  tfaat  the  .^^'^  of  translations  pf^ 
is  a  vector  space  over  the, ordered  field  of  real  numbers.  What  this 
means  is  expressed  by  Postulates  4^/3)- (d)  and  4^-4^.  In  Chapter  10 
we  saw  that is  3-dimensional  {Postulates  4^,  and  4^^].  All  of  this  is 
summarised  i^: 

It  Postulate  4'   ^5^"  is  a  S-dimensionai  vectw  space-over 

Now,  a  vector  space  dv^r  ^  on  which  a  [dot]  multiplication  satisfying 
Postulates  4^{9^)  and  4jj  -4^^  is  defined  is  called  an  inner  product  space 
overv^.  So,  the  content  of  Postulates  4^-4,^  may  be  summarized  in: ' 

il  Postulate  4       is  a  3-dimensional  inner  product  space  over 

As  you  have  probably  ledmed  by  now,^  the  only  ^ay  to  gam  a  thor- 
ough uriderstandilig  of  a  new  operation  is  to  use  it.  You  can  begin  [in 
Part  B  of  th^ol  lowing  exercises]  to  gain  a  better  understanding  of  dot 
multiplication  by  proving  the  various  parts li^f  the  following  theorem. 
Your  proofs  should,  of  course,  be  based  on  nothing  but  postulates  [in- 
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eluding  the  new  on^],  definitions,  and  previously  proved  theorems.  To 
begin  with,  the  only  theorems  you  can  use  are  those  proved  in  Volume 
1.  But,  you  can  use  parts  of  Theorem  11-1,  below,  in  provihg  later 
parts.  •  . 


Theorem  11-1,  ^ 

(a)  a  •  khb)  =  (a  'V)b 
6  =     ^^$1  -0  =  0 

a  •  — ^6  =  —(a  •  b)  =  —a 

-  -*  — 

ia  -  b) 
(a +T) 


(c) 
(e) 

(g) 
(i) 

(j)  ia-^'^) 
(k)  (a -6) 


0^=  0  =  0^  -J  ^ 

id)  a- il}+l^  =  a  •'b+ a-' 

if)  ~ra  •  —b  =  a  •  b 

— ¥  — ♦  — »  — +  — *    —  •    •  ♦ 

c=a'C-b-c     (h)  a  •  ib  ~  c)  =  a  ■  b  -  a  ■  c 

— »    -»    -  »  -  ♦   ■—*  - 

{a--b)  =  a-  a-  b  b 
(a  - a  •  a  +  ft"-  6*-  2(a- fe) 


Exercises 


Part  A 


1.  In  each  of  the  following,  tell  whether  the  given  expression  refers  to 


poi 
(ay 
(c) 
(e) 


to  translations,  to  real  numbers,  or  is  nonsense 


p  -!V-  {P  -  O) 


Kg)  ib  . 


(b)  (6'3  +  cfe)  •  (6*2  - 
id)  (P  -/0)f(P  -  O)  •  V) 
(f)  P  VHiP  -  O)  •  ri 
(h)  t/  (7  -  J) 
(jMp  +  (Q  -  P)I  -iQ-P) 


Part  B 


2.  In  Theorem  11 -1(d)  there  are  two  occurrences  of '+*.  Notice  that 
the  one  on  the  left  side  refers  to  addition  of  translations,  while  the 
onaton  the  right  refers  to  additioii  of  real  numbers.  Find  other  parts 
of  Theorem  11-1  where  two  occurrences  of  th,e  same  operator  refer 
to  di^ferenf  operations.  ,  •• 

Prove  the  specified  parts  of  Theorem  1 1  —  1 . 

1.  Part  (a)JNote  that  this  is  (7)  on  page  42.  There  it  was  derived  from 
intuitive  notions  a>nceming  orthogonal  components  etc.,  and  was 
used  in  showing  that,  on  the  basis  of  th^  notions,  dot  multiplica- 

^tion  is  commutative.  Now  that  we  are  starting  fresh -and  pretu- 
lating  commutativity  of  dot  multiplication,  you  can  use  4,^  in 
giving  a  formal  proof  of  (a).] 

2.  Part  (b)  [Hint:  Use  4,3  and  the  theorems  'ab  =    and  'aO'  =  0'.] 

3.  Part  (cj  '4.  Part  (d)    ,         - . 

'  5.  Part  (e)  [Hint:  There  are  two  ways  to  prove  'a*  •      =  —ia  ■  ^  One 
depends  on  part  W).  the  other  on  part  (a).  Try  to  get  both  proofs.' 
Having  done  this,7ourshould  bie  able  to  think  of  three  ways  to  prove 
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Section  li .  08  can  usually  be  cove  red  in  two  clas  8  sessions  and 
tv/o  homework  assignmentii.    One  way  to  achieye  thitj  is  to  use  the 
|xercis«r«  of  Part  A  and  Part  B  (pp.  43-44)  for  clans  discussion  and 
supervised  seat  work.    This  wiU  Vielp  insure  that  students  begin  to 
apply  the  properties  of  dot  multiplication  properly, S  One  hpmework 
assignment  consists  of  Part  A.  page  4S.     Part  B  (pages  45-46)  can  pro- 
vide a  nice  variation  betwet»n  c^ass  discussion  and  supervised  work. 
The  second  homework  assignment  can  be  ^art  C,  pages  4b-47. 

Answers  for  Pa  yt  A  •  '  ^ 

1.      (a)     real  nurnht>r  (b)  real  number 

,  (c)    vector  (d)  vector 

(v)     nonsense  \   ^                  (f)  point 

(g)    nonst-nse  (h)  nonsense 

(i)     real  number  v    (j )  nonsense 

T>»e  " in  *a  •  -b'  and  in  *-a«b'  refers  to  taking  the 
inverse  of  a  translation,   while  the  in  '-(a^iJV  re 

to  taking  the  opposite  of  a  real  number. 

The  *  - '   in  *  a  -  b 
•  iti 


Z.      In  (e): 

In  (g): 
In  (h): 

.  In  (i): 

In  (j); 

In  (k): 


m  a  - 
a  f  c  -  b  ' 


a,«  b)    refe  rs 
r 


refe;-s  to  subtraction  of  Vec^rs,  while 
refers  to  subtraction  of  re  af  nunibe  j*s , 

The  -  irl  *b  ^  c  ^rejer^  to  subtraction  of  vectdrs,  while 
the  in  'a-b-a^c*   reie  rs  t9  subtraction  of  real 

numbers. 


The' 
the  • 

hum  be  r  s 


in  *a  -  b'  refers  to  subtraction  of  vectors,  while 
in  *a-a  -  b  •  b*   refers  to  subtraction  of  real 


Both  of  the  'f's   on  the  left  refer  to  addition  of  vectors, 
while  hoth  of  the  *     »  on  ^e  right  refer  to  addition^? 
r€\al  j%umbers.  ^ 


Both  of  the 
while  the  ' 
numbers  ♦ 


-'s  on  the  left  refer  to  subtraction  of  vectors, 
on  the  rigfel  refers,  to  subtraction  of'real 


Answ^*  r s  for  Part  H 


.  1' (KbJ 

{Sh)fi 

=  (b  • a)b  . 

-  (a*-g)b 

I. 

(bO) . a 

[■6  ^ 

b'o] 

a)0 

0 

Also.  4 

C  *      -•  (5  •  a  - 

0. 

3. 

Suppose,  fijat^,  that 

a*  --  d.. 

The 

ERIC 


a.0 


a  -  u  =^  ^  •  a  -  0, 

Next,  suppose  that  a*a  -  0.  Then.  a*a  /  0. 
4-^^  and  modus  toliens,  a  ^  (J,    Hence,  a*a  - 

Since  we  Have  a  -  3 
follows. 


=  0. 
So. 


0  and  a  *  a 


0 

0  = 


He  nc  e , 


^y  Postulate 


^.  (c) 
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■■  b  •  a  ^  c  •  a  ['^x^- . 


-  a  •  b  +  a  •  c  f4 


14 


S.      [One  proof         .*a  •  -b  -    --(a  •  b)'  ] 
a  .            ^b'.  a  [4^, 

(b.  -1).  a  [--b'  -   S.  -1  j 

^   (b-a)-  -1 


*  •  •  -ia.b)  [5] 

So,        -h  -    -(a  .  b).  * 

[Alternate  proof.'  ^^his  makes  user  ^f  the  real  number  theorem 
*a  4  b  -    0  =^»b  ^  *'-a*.  ]  ,/ 

a  •  b  4  a  •  -6   -  a  •  (b  +  ^E)  .  ^  ^ 

-  0  *  '  , 

Since  a  •  b  +'a  •  -b  •■   0,  ;t  follows  that  a  •  -b  =  '-(a  •  b). 
Now,  hert-  are  three  prgofs  of  '-a-b  -    -(a»S)*;  ^ 
(i)    -a',  b  -■  ■  (5.  rl)-  4J  [-a   =  a  .  -1 J 

*  -    (a.b*).-!..  [4,J 
-{a-b)  (S) 
So ,    —  a  •  b  -    -  ( a  •  b ) . 
(ii)    -a.b*       b.-a    ■  ^  [4,J> 

■=    -{b'<  a)    •       _  •  *    [Ex.  5], 
/    -(a-b*)  \  [4,J 

(ifl)   a.b'  +  -a.b  ^  (a  f  ^a).l3  % 
*  -  g.b 

Since  a.S+  -a '5      0,  it  follows  that  -S'S  =  -^a»B). 
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6.  Part  if,)  7.  .Partlgl      ,  8.  Part  (h) 

9.  Part  (i!  10.  Party)  "        n.  Part  (k) 

*  ..  ' 

Of  the  numbered  statements' in  Section  11.07  we  have,  so  *far, 
adopted  ( 1 ),  (3),  (5).  i6),  and  (8)  as  postulates.  Using  these,  both  (7)  and 
the  second  part  of  our  intuitive  description  (*)  of  dot  multiplication 
>  turned  out  to  be  theorems.  This  leaves  us  with  (2):^ 

fl'-a*=|iaK 

with  (4): 

a    b^O^aeibV       [b  ^  o], 

and  with,  the  first  pari  of  ( ): 

'     ' .         ...     .  '     ,  ■  .  '  * 

.•  .  .        a  ■  6  -  comp^Ma)  ||6lp       16*^  Ol 

In  our  forrriHl  dfjvelopni^nt  we  shall  tnke  these  as  the  hnses  of  defini- 
tions. With  this  in  ^ind,  we  turn  our  attention  to  each  of  these  state- 
ments. 

By  Postulate  4^^  and  Theorem  11 Ijb),  a  *  "a  5r  0.  Since^it  Is  evident, 
intuitively,  that  Hajf  ^  0  and  Hajf-  =  a*''a!\%e  ape  justified  in^adoptiag 

llafl     \  a    (r  as  a  definition. 

Since,  intuitively,  b  €  [aV  if  and  only  ifb  -  a  =  0  [at  least,  for  aV  OK 
we  might  think  of  adopting  the  followmg:         - .     *  " 

•  ,    *1>  [aV  =  {x:  ~x  ■  'a  =  0} 

.  as  a  definition  of  the  orthogonal  complement  of  tal.  To  justify  doing  so, 
however,  it  would  be  necessary  to  prove  that 

.     _        ^       '  . 
fb]  =  [aj  — *  [c  ■  7=  0  *^7'  a  =  01.  ' 

[Why  would  this  be  n&cessary?]  This  is  riot  difficult  to  derive  from  our 
present  postulates,  but  a  sjmpler  procj^re  is  to  take  as  otir 'definition: 

Doing  so,  it  is  easy  to  show  that  (1)  is  a  theorem.  This  justifies  sen- 
tence (4)  of  Section  11.07.  [Note  that  there  is  my  need  to  restrict  the 
definition  to.  non-0* values  of 'al  What,  ttten,  is'lOl^?] 

FinaUy,  the  first  part  of  (*)  together  with  sentence  (2)  Suggest  the 
definitions     *  .  , 


i02 


Answers  for  Part.B  [cont,] 


-D    •■   -  -a,  •  U 

-   a-S    '  [--a  -  a] 

b)  •  c  ~   (a  +  -h)-  c 


^  TC  44  ,  '  *  • 
[Th.   U-Me)]  ' 


V 


-  a  '  c  -  b  •  c  I' 

a:  a  Mb  -  cT)  -  (h  -  c)'K 

-  b  •  a  -  c  •  a  » 

-  a  •     -  a  %  c  ^  #  V 

9.     (a  +  b)' <a  -  i^}  -   (a  ^  iJ).  a  -  (a-f 

-  a»afb'a-(a*'S  +  S  ^G) 

♦  ■    a»a  +  a«b-;a-b-b«b 

•  ■ 

-  a  '  a  -  b  '  b  ^ 

10,     (a+S)Ma^b)  .    (3  ^  S).  a  +  (a  f  S)^*b 

'-a«a  +  b-a+<a«S  +  H»l))  .         t  ', 

=   .J-^f  b*b*  f  Z(a.S) 
Hi     By  li-l(j)  and  /Ii-'l(e),4nd  (f). 

c  ^ 

Takifig  (1)  as  aydefinition  it  would  be  necessary  to  prove^the  second 
displayed  sentence^n  order  to  he  sunt  that  orthogonal  complcrnenting  is 
an  operation  ori  directions  and  is  independent  of  our  way  of  specifying 
them.    On  adopting 'Definition   li-Mb)  the  sentence  {I)  is  a  theorem 
^se<*  Theorem   il-Z  on  psig%  46].  *^The  second  displayed  sentence  is 
proved  in  Exercise  2  of  Pa^rt  C  op  page  46. 

Since,  for  any  a  €  T,  a.(5^=  ^  it  follows  by  Definition  11 -1(b)  that 


TC  45  (1) ' 


Answers  for  Part  A 


1.     (a)    A  direct  consequence  of  Def.  ll-I(a)  aKd  (3)  of  Part  B  on  page  7 
(b)    Ifall  c=5>  Va-a       0  .\  "      \  ' 

^t=*  a.  a  =  .{) 

a    -  '6  [4^^  and  Theorem  U-t(b)] 


■(c)    il  -ail  =  s]~t'-t     .  [Def.  ll-l{a)] 

=  <Jl-a  .  [Th.  n-l(i)]  ■  ■ 

=    ll^li      .  tDef.  'll-l(a)] 

(d)  Since  B  -  A  €  T,  t>Ss  follows  directly  from  part  (a), 
(c)     !|A  -  B|!   =    ||-{B  -  A))l  -  .  , 

=    ||B  -  All         [part  (c)] 
(f)    ||b'-=  A|i  =.  0  4fc=>B  -  A  -  "d      [t^art  lb)] 

B  =  A/ 
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for  the  orthogonal  component  of  a,  wijth  respect  to  6  Because  of  our 
treatment  of  reciprocals  in  Chapter  4,  it  is  not  necessary  to  restrict  this' 
definition  even  though  if  j  0'=  Qp^«Sy»«  is  because,  by  Postulates  4„(e), 
5^',l<i)|:^nd  5,,(f);  comp^Ma)t  as  cWiined  above,  is  a  real  number  in  any 
case.  In  fact,  since  a  •  0  a^dNince  the  product  of  0  by  any  rei^i 
number  [in  this  case,  /0\  is  0,  it  followi;;  fftiat,  for  any  vector  a; 
comp,Ma^  =  {). 
Summarizing  the  preceding  discussion,  ;bv^  have: 

Definition  11-1        *         :  ' 

i'd)  !|d|  =  Vfl  •  a  ■ 

(b)  lap  ^  ^^^;.i^!\'>^V-^V  "  .-"^ 

j   *(c)  comp^Ma)  ■  ja  •  b)/ib  •  6)  - 
Kxercises 


Part  A 


1.  Pmve  each  of  the  following  statements. 

(a)  :!d!     0  and  \]ci\\f  -  a  :  a  \Hint:  Sec  i3)  in  Fart  B  on  pagt^  7.] 

(b)  ikill  -  0  —  a  -S^  ^  (c)  hall  -  U\  ' 

{A)  m-M^-0  \k    '       \^)\\A  -  B\\  =  m  ^  A\\ 

if)  ilfi  -  .4^1  -  0  -  A 

2.  Our  intuitive  notions  concerning  the  norm  of  a  translation  suggest 
.  that  llfill  is  the  distance  from  any  point  t«  its  image  under  a.  In  par- 
ticular, d(A,  B)  ^  \\H  -  A\\.  [Explainrl  Tell  what  parts  (d),  (e),  and 
(0  of  Exei"cise  1  say  about  the  dista,nce  between  poittLs, 

3.  Tell  which  of  the  following  should '^xj  theorems.  If  a  given  sen- 
tence does  not  hold  for  all  translations,  give  a  counterexample  and. 
find  a  restriction  under  which  the  sentence  should  be  a  theorem, 
(a)'  a  -  6"*  — ►  fcli  -  (h)  ||a]|  =  fb}  —  a  -  6' 

(c)  |fa%  fell  -  Ifall  f        ■  (d)  |[^||  -  \[a]\b  ^ 
ie)  B  ~  A  =  C  -  D       IjD  -  A\\  -  \\C  -  B\\ 

■  (f )  1^  -  A\\  =  t  -  m  —   -  AW  =  r  -  fill 


Part  B 


Suppose  that  i4  ^     /  C  ^  73  and  that  CETl  AB. 
\.  Suppose  that  (B  -  A)Z  --  (D  ~  C)  ■  -2. 

{a)  What  is  (S  -  i4)  ;  (£)  -  O? 
-  4fa)  What    is   \]fi  -  'a\\  ■  liD  -  Cji?-  [Hint:    {B  -  A)  ■  {B  ~  A)  ^ 

•     \{D  -  C)  •  -ii  ■  {{D  -  C)  •  HI  -  .  .  .]  • 

(e)  If  lift  -  All  -  5.  what  is  llD  -  C)i? 


>  •  TC45'{2) 

* 

Answej^s  lor  Pa  rt  A    [cont .  j  , 

I,      (d)    says  th^it  tht  distance  between  any^wo  points  is  nonhcgiUiv 

{v)  says  that  tho  distance  bft%\ccn  A  and  B  is  the  same  as  tiit 
distance  betwee  n  B  and   A.  » 

(f)  says  thAt  the  distance  between  points  A  and  B  is  0  ii  an<ji 
only  if  A' and  B  are  the  same  point. 

3.      (a)  ThecN;vrTn,' 

(b)  Not  a^heoren^   for  let  b  .    -a  9^  3.     Then    ||b|j        \\T\\\ , 
but      ^  a. 

J^ite,   however,  that  for  a€  [  c  j*  an 
a  1 1  .  --  'I  ji)*  1 1  c==>  a       b\  j 

(c)  Not  a  theorem,   for  let  S  ^    -a  9^  3.     Then    1 1  a*' +  b*  ]  |  0, 

but    ||a|i  f  |!b||   ^    llalU       0,  ^ 

[Note,  however,  that  if  one  of  the  .vectors  is  a  nonnegative 
^    ,niultiple  of  the  other,  the  statement  is  a  theorem.  ] 

(d)  Not  a  theorem.     ||a.-i||   4    j|a||«-i    when  a  4^'6^  iar 
i|a  '  --i  11        0  and    ||a||»-IsO,  ^ 
[Note,  however,  that   ||ab||        1 1  a  |  j  b  if  b   >  ] 

(e)  Theorem,  for  B      A       C  -  D  D  -  A  --   C  -  B  and 
^     D  -  A    •   C-  B           ||d  -  All        ||C  -  B|!.  ^ 

(f)  Not  a  theoretri,  for  let  A,  B,  C,  and  f)  be  four  points  of  a 
line  such  that  j|B  -  .A|  |  -  |  |C  -  D|  |  and  [B  -  h]*  -  D]*. 
as  shown  in  the  following  picture: 

A  A  B  C  D  ' 


Then,    j|B-Ai|    ^    {Ic~Dj|   but,,j-iD'-  Ajj^^  ||C-B||, 

[Note,  however,  that  (f)  is  a  theorem  when  the  Senses  of 

B  -  A  and  C  -  D  are  the  same^  1 

*  * 

'Answers  for  Part  B  .      ,  ^ 

K  Ma)    -Z/3        ^  *    ^  .  , 

.        (b)    £/3.  [By  the  hint,   ||Bi  Ati^  =   |jD-C|p.4/9.  So/ 
t|B  -  All  .    ||D  -'c|hz/3j 
(c)    15/2  jFrom  •(b),  we  know  that   ||B-A||   -  ||D-C||-2/3, 
So,   5  -    ||D  -  dl  .2/3,] 

V  ' 
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(b)  iC  -  'A) 
(d)  r,N-  A\ 

(f)  r'-  A\ 


(/i  -  A) 
'^i  -A\\ 


il)  -  C)d,  for  some  nonzero  numbers  h 


Suppose  that        A  f  (B  -  A)'^.  Compute  each  pf  the  following: 
(a)  (C  ~  A\         -  Cr 
(c),  iC  -  B)    {R  -  A) 
jlef  \\C  -  m  ■  U  -  B\\ 
Suppose  that  (B  -  A)b 
§ind  d.  \        ^  .  ■ . 

(a)  Whatusi«  -  4)  :  (/5  -  Cri 

(t)..What  u  m  -  A\\  :       -  C^?  \HinL  See  Exercise  Kb).  And, 

note  the  properties  of  square  rooting  that  you  nfe^ed.l  '  \ 
Suppose  that  C  -  A  i  {4i  -  A)t,  for  some  t.  Computt?  each  of  the 
following,  giving  appropriate  restrictions  on  the  values  for  when 
■necessary.-  .  ^ 

(a)  (('  -  ,4) 


(b)  {C  -  A) 

(d)  itc;  -.^11 
(f)  lie,  -  ^ii; 


(fl  -  o 

(c)  (C  -       :       -  A) 
(e)       -  B\\  :  U     B\\  J 
Cliven  i\ABC.  suppose  that  MaT 
IIBr  and  iM  -  A)  :  (B  -  A)  -  ' 
ij.  as  shown  in  the  picture  at  the 
ri^jht.    ,  ,  ■ 

(a)  Compute  (N  ~  A)  :  iC  ~  A), 
{N  -  A.)  :  iC  -  N),and 
{N  -  M)  :  (C  -  B). 

(b)  Given  that  \\M[  -  A\\  -  4,  compute  |1B  -  A\\  and  - 

(c)  .Given  that  i|C'  -  N\\  -  3.  compute  IIA'  -  A 

(d)  Given  that  |1«  -  C\\  -  12.  compute  llA^  -  M\ 
Giveii  AABC.  suppose  that  MN. 
fBC    and    iM  -  A)  :  (B  -  A) 
~  -..J.  as  shown  in  the  picture  at 
the  right.  ^ 
(a)  Compute (iV  -  A)  ■  (C  -  A), 

AN  -  A)  :  iC  -  N),(N  -  M) 
:  (C  -  B),    and    {M  -  B) 


{B  ~  A) 
lifi  -  At 
W-  Cll 


and  lie  -  At 


/  m  Gi 


{B  -  A\ 


Given  that  HA/  -  ^||^-  2  ^nd       -  Afl  -  ^  hi  eoirt-. 

pute  each  of  the  fbllowing:  -  Al  \\C.  -  flil.  |lS  -  i4||r|^  -  fi|tr 
and  W  -  -Cll. 

r    •     :   '    ■  ■    ■    :     '  ■ 


Part  C 


1.  Prove: 


1 


li  Theorem'!  1  -  2 .  ,Ve  laV      V.  ■  a  =  0 


er|c  iOg 


2. 
6. 


Show  that  !6T  =  jaV— •       6'=  0       c";  o  =  0]. 
In  the  discussion  which  motivated  Definition  11  -r  1,  a  questioi]hwas 
rais;^  (ionf^ming  (OV .  ^rove  that  10^^  =  [T.  That  is,  prove  that  the  • 
Srthogonal  complement  of  o'is  the  set  ,71  of  ali  translations.  [Hint: 
SinoB  folt  C      I  Why?),  'it  is  enough  to  show  that  X  C  [O^U 


TC  4i  tl) 


AjisN^V'rs  for  >^art  B  [ront.] 

2,  ^    Krom  the  inform atioii  givi'ii,  we 
know  that,  (C  -  A)     (F^'-  A)S/i, 
so  that  (C  -  A):  {B  -  A)  =  S/Z. 
Making  a  picture  of  tViis  situ.ftion, 
we  will  bV  able  to  **read  off"  the 
.  valut's  of  th-c-  required  ratjc^, 

^        Of  cours4?,  we 'shotlld,b,t^  able  to 
compute  these  vaJues  from  ihc  ' 
information  givcrt.  ^ 


(a) 
(c) 
(o) 
(a) 
(b) 


(b)  S/Z 
(d)    5/Z  - 


3/^ 

d/b  .  .  ,      V      •  ' 

|d/h  I    [or,    |d|/|b|]    We  prove  this  as  follows: 
^        (B  -  A).  (B  -  A)  :    (in  -  O- d/b).  (ID  -  C).  d/b)>  ^ 
^    (D  -  C).(D  -  Odj'/b-".  So, 
which  means  that   ||B'-  A|| 

I-'rom  tht"  given  informat'loti, 
(C  -  A):^B  •  A)      t,    As  in  ' 
flxL' rciso  i,  it  4s  helpful  to  draw 
a  picture.  'Thfn,  we  will  bf5  able 
to  "road  off"  the  vglui's  of  tho 
required  ratios. 


(a)    t/{l  -  t) 
(c)    t  -  1 
(o)    |t  -  1 1 


it  4 1] 


[from  part  (c  )] 
« 

It  njay  be  helpful  to  labt^]  a 
pidture**  of  the  ^ven  A  ABC 
in  such  a  way       to  indicate 
known,  ratios, 

(a)  2/3; 


6,  I 


[from  part  (b)] 

[t  #  1]  _ 


2;    2/3  - 

[(B  -  A):(M  -  A)  =  3/2  and  (£  -  M):(M  - 
Thus,   IJB  -  Aj|/|]^7-  A|!'  =  .-3/2  and  .||B 


A)  =  1/2.  ,. 

-Mi]/||M-Ai{. 
i/Z_r  4.3/2  =  6 
1/2  =  2.  ) 


{c)   6,  9 


(d)  8 


(a)  {-N 

/  ■ 


A1|/1!C-N| 


=  1/2  so  that  I  i  B  -  A 11  =  11 M  -  A 1 1 
and   { I  B  -  M  !  I  =    ||m' -  A|(  i  l/z  =  4 
[||N  -  Ajj/  lie  -»Nj|  ^  2  and  .J|C  - 
80  that   ||n-a||  =    ||C-N||2=  3.2'^,6'and 
'  lie  -  Ajj  =    |jc  -  Njl.3  =  1.3  =  4.] 
[jlN  -  Ml]/ i|B,-  Cjl   =  2/3  so  that  [iN-Mf] 
=   IjB  -  C|l  .  2/3  =  12^  2/3  =   8.  ] 
A):  (C  -  A)  =  -1/4  (N  -  A):(5:  -  N)  =,-1/5 

(N  -  M):(C  -  B)  =   -1/4  (M  -  B):(B  -  A)' =  -5/4 

(b)    8,'  20,  20,  2  5,  'and  J  Q 'p'  .    >  ' 


=  3 


'  •  '     TC46(?)     .  ^ 

'Answers  for  PstrtU.'"  *  •     '  i 


U.     Only  if'-part;   SupjJOsie  that  b  e  |  Si  By'  Definition  ll  - 1  (b each 

member  of  (  a  )  is  .such  that  its  dot  product  with  b  \^  0, 
•a  e  [  ;i  ]..  it'foHows  that-l^^'a       0.     H^nce,   b  € .[  a       =>  b  •  a     '^0 . 

It-part:    Sup^se  that  b-a   ■    0  and  that  p  €  i  a*  ].     It  fpUows  tl^at  ^ 
.p  /   ab  where  b  €      and,   »y,^th.irt  i)  •  p '     b'- {a*b)      -(K»a)b  -  Ob  -  0. 
Hente,   for  e^Kh  y  €  (a'j,   b-y       0  and,  by  Def  initio'n*  1 1  - 1  (b),  * 
befa'j-^.    Consequently^  if  b-a       0  then  b' 6  [  a  )   .  ^  '* 
'  't 

Z.      Suppose  that  (b  }  -    [^^^1.     Thvn,^  fcfr  »oine  4)  ^  0,  b   -    ab,  so  th^^t 
V'b  »  c*(Ab)  ■    (c'a)b.     Thlis,  e-G  -   0  ^if  and  only  nf  (c»a)b  ="0. 
'  Since  b  ^  0,^theiatter  is  the  C4Se  if  and  only  if  e  •  a    •    0.     So,'  by 
the  replaeenient  rule  for  biconditional^,  c  •  b   .   i)  if  and  only  ii 
c  •  a   -    0*     Ht'nee,  the  theoreni.  ^  '  '  *  ,  - 

^.      l^^'J^    ■  ^or  any. a.    So,  ;[  d  J"^  C"   T.     SuppoHe  that  a   is  any  ^ 

♦   *    translation.    Since  [d]  ^    {^)   and  a»lJ  =   0,  it'folioWs  that,  for 
f    each  y  in  (  Cf  ];  a-y   "  0.    So,   by  Definition  ll-l{b),  a  €  [  ]"^. 
Thus,   if  a  €  T  then  a.€  [6]  .     This  means  that  T  C  Since 
it  IB  ^isc)  the  case  that  [^f'        T  ,  we' have  tha^  [  ^       -   T.       >  ' 


'  '   '    ■  .         ■■  108 

id  . 
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Answers  for  Part  C   [cont»]  •  *'  ,      •  ,      ■  .  . 

■  •  » 

4.     (a)    By  Definition   1 1  -  1  (c     j:omp|^' (a)       (a  •  1?).  "  By  '  • 

^.  •  Postulate  *  4y both  a-^  and  /(S-IJ)  belong  to  ^  so  that 

thfcir  product  bel6ngs**io^       llence,  cfpmpe  (a)  €  Si.  ^ 

(h)    Suppose* -that^^  £[  a  ],  f&r  a  ^  ^.    Then,  by^fhehint.  b^  ^ab^^ 
•  \  ■    vvl^ijre  b'  -^  b  :  a.    P^Befinition  ii  -l(c),  comp^  (b)  =  {S-S)/(a-a) 
'       ^   U^!!La)/(a  •  a)  -  "{(a  .  ?)bV(a  *  2)       b.     Since  b  ^!a, 

compete)  -   K ;  a.    -Hence,  the  theorem,  ^  •  ^ 

^  (c)   •This  hoid^  for  a  ^  3  since   [  0      ^   T   so  that  b  f  [3        for  any 

'  b.    1^'or  t^e  riDmaindt?.r  of  the. proof,  assume  thnt  a  :jt  o. 

•   •  .  t.  ' 

Suppose,  first,  thai  comj^^^  (S)  -  0,  Ther^,  ^b  -  a)/( a  •  a)^  =  0 
and  so,  since  a  -  a  ^  0,  H«*a'^'0.  By  Theorem  1 1 -Z, 'K  €  [  a  J^, 
ilvn^v,  if  comp-  (b)  =       then  15  €  [  a  ]-^,  ' 

Next,  suppose  that  b»a  ~   0,    Then,  comp^  (b) 
(b.  a)/(5-a)  -   0,    Hence,  if  b-a  -   0  then  comp^  (S)  =  0. 

(d)  comp-^-  (b.f  c)         +  c)- a7(S- a)   ;  .     [Bef.  11 -1(c)]  ' 

M^-a  +  ?.K)/(a*a)     ■  [Post.  4^^] 

*"=;,  (b..  a)/(a- S)  +  (c  .  'a)/(a  •  a)     /  .[Post.  H  ' 

-  compT*,  (bl  4  com^p  *  (c)  [Def .  1 1  - 1  (c )} 

a '  .         a.  ■ 

(e)  con^^p-  (bb)  ^  (Cb)*a/(a*a)  [Def.  ll-l{c^) 
=  (S*  a)b/{a*  a)        '                           'iPost.  4^3}. 
=  ((b*.  a)/(a.  a))b                    y  [Post.  5] 
=  comp-Jb)b  ■*            '  [Def,  1 1 -'i{c )]'  ' 


a 


(f)    Suppose  that  a  ^  Q.;^  Then 

•  .    cornp,-*  ^  (b)  =       (aa)/(aa»  aa) 

=  ({^.3)/(3.3))a/a'2 


a 


Hence,  the  tljporem. 
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^    4.  In  Se<:tion  1 1  06  we  iftted  some  intuitive  properties  of  orthogoni^I 
component.^.  Now  that  0xe  notjon  of  orthogonal  componept*  is  a 
•      •         part  of  o^r  formal  .development,  we  are  in  a  position  to  prove  Chose 
prjifHjrties.  (Jive  proofs  for  thii  following:  "~  • 

^  <a)  comp,-  (a)  €  ^  I///.,/-  Sirice  both'  a    h  and  b  ■  6  are  real  flum- 
hers  lWhy?|  so  is  {a  ■  bf/ib  ■  b).] 
(b)  h(\a\  —  comp,;(fti  =  b  :  „iaV  0|  (//,>,/:  (Irven  that  be  la] 
It  follows  that  b  ^  ah,  fof  some  h.  So,  b  -  b' ;  a!  Now.  compute 
comp,;(A).j 

(d)  romp,;  ( ft"  +  <■)  ^  compj(6')  +  comp,;(cl 

(e)  comp,;(6/b)  =  comp,;(6*)/) 

■(f)  cernp,,;,,,  (6)  -  comp}jM'/fi       |_a  /  0| 
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As  was  remarked  e^^r.  it  will  he  greatly  to  our  advantage  to  show 
that  sentences  (3)-(  10)M  pages  35-36  are  theorems.  For,  once  this  is 
done.  It  will  be  a  simple  matter  to  garner. numerous  thebfems  concern- 
mg  pe||>enaicularity  and  distance  from  the  earlier  sections  of  this 
chapter.  Most  of  the  sentences  (3 )  -  ( 10)  are  easy  to  prove.  Ai^dng  these, 
(7U<  10^  are  especially  easy  and  we  list  them,  together  with  sentWe. 
{ U ),  in;  .  '  , 

Theorem  U  -3  .  '*  .  » 

,  'a^      ^    ..  (b)  a  ^  0 -^llall  >  0 

(c)  \\aa\\  =J\o]]  Jaf  (d)  'a  +  Vefa  -  6j^*«*  )ja||  - 

_      -  (e)  a,  --■  a/IMI  — *  (Ifa'.il  -  1  and  "a  ^  7,|Ia||)       [a  ^  6]      •  \ 

(Note  that  proofs  using  Definition  ll  -'l(a)  require  "theorems  about 
square  roots.  indicated  in  Part  B  on  page  7,  such  theorems  can  be 
derived  froift  Postulate  5  and  two  special. postulates: 

\  a  e  \W      la^  0]  and:  V  a  S  0  and  (V  a)^  =•  a      [a  ^  OJ 

In  proving  Theorem  11-3  you  may 'cite  as  theorems  the^e  postulates 
and  any  of  the  results  on  square  roots  developed  in  Part  B.  You  may, 
of  cours*?.  also  use  parts  ofTheorem  U-1,  as  well  as  earlier  theorems,] 


Exercises 

Part  A   ■      '       •  • 

Prove  each  of  the  following: 
I  .  a  ■  a>  0 
3.  Theorem.  11 -3(b) 
~'  5.  Tiieorem  ll-3(d) 


2.  Theorem  11 -3(a) 
4.  Theormn  11 -3(c) 
6.  Theorem  ll-3<e) 


TC  4/  (2)  J 

ft 

.     ,    Among  the  exercises  of  section  11.09.   Flirts  A,   B,  and  C  art? 
best  for  homewqrk  assignments,.  Parts  A  andX:  involve  derivations 
that  areaiot  tuu  invo^^^^ed.    Pa rf  Bw4>rovidei^  some  appfications  %p  geo- 
metric figures'.    Because  of  the  sequential  nature'of 'the  exercisesT 
Parts  D,         and  F  are  recommended  for  g>roup  discussion.  .  •# 

Answers  for  Part  A        ,  '  .  * 

1.      For  i  -   6,  a.  a       0,v>   0.    Vpx  a       d,  a';  a    >  0   >  0.    So,  •  in  any 
c  a  s  i' ,  a  •  a    N  0 , 

-   n/ a  •  a  e        since  a  •  a       0,  • 

3,  Stippbso  that  a  Then,  a«a    >  0,  so  that  Va  •  a  >  0.  Thus 
||ai|  >jO. 

"  ,      Suppose,  next,^  that   |jaj|    ^  0.    Then   ||aji^   >  0  so  that  • 
a*  a       0.    Either  a       (5  or  a  ^  "(5.    If  the  former,  then  'a*-a  6** 
=   0   ;^  0,    Thus,  S  ^  d,       .  -  -  ,  ♦ 

4.  jjaajl    -  Vaa-  aa  -   N/(a.a)a''?       ^j{a.  a}^J7^     •  )|a|)  |a| 
Suppose  that  a  -f  S  €  |  a  -  S  f'.    Then,  <a  +  S>.  (a  -  b)       0.  By 
Theorem  n-l(V).  a-a  =  b  •  b\    So,  J|a||-^   -  and.  since 
norms  are  nonnegative,    Hal)   -    jjSj),'  ' 

» 

y.    suppose,  next,   tkat    |)a||   =  Then  a. a  =  b*.b,  so  that 

+  S).  (a  -  b*)       0.     Thus,  a  f      e  [a  -  "e  f . 
6..    Suppose  that  i  4  '6  and  that  a\'  .  a7f|a!|.    Then.   ]|a[|V  0  so 

that  a  =  aj|a||.  Also,  a^-a,  (a/||?)  j  ).^ta7jra  || )  •  a)/|  |ali 
=  (a.  a)/ra'.  a*)  -    1.    Thus,    [|aj|   .    1  and  a       3i  |1a|i. 
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>    t , 

PartB  .        '  I  _'• 

1.. Suppose  thatMfi  and  CD  are  nondegenerate  parallel  intervals^ 
Show  th«t  AB  ;  CD  ^      ,-  ^||/|jD  -  C\\.  {Hint:  Recall  that  "Afi 
.  :  CD  -•  1(6  -  A)  :  (D  -  C)\  and  make  use  of  Theorem  11 -3(c).] 


2.  By  Exfercise  1,  we  knovwthat  the 
ratio  of  two  nondegenerate 
parallel  intervals  is  the  ratio  of 
the  norms  of  the  translations 
determined  by  the  endpoints  of 
intervals. 

(a)  Given  that  PQ  \\  SC,  as  sho'R'n  in  the  picture  at  the  right,  we 
know  that  (P  ~  A)  :  {B  -  A)  -■  (Q  -  P)  :  iC  ^  B).  Show  that 

r  -  Awim-  -  A\\  -  WQ  -  pii/iic  -  B\\. 

(b)  Showihat  IIP  -  A\\/\^  -  P\\  --r.  \\B  -  A\\/\\C.-  Bi  ^ 

3.  (;iven  that  P^Q  ||  SC,  ||P  -  A\\  =  2  and  |lfi  -  P||  =  3,  as  in  the  pic- 
ture for  Exercise  2  ' 

(a)  Compute    the  ,  ratios    \\B  -  P\\/\'^.-  AW,  -  IIP  -  Q|l/|lS  -  C||, 
\\A  -'QUWQ-  ai.  andli^  -:Q\/\\Q  '  CI 

(b)  Do  you  have  enough  information  to  compute  \\A  -        If  so, 
do  it;  if  Tsot.  explain. 

,    (c)  Given  that      -  C||  =  4  and  ||P  -  Q\\  =  4,  compute  i|C  -  ^||, 
HQ  -       andjie  -  Ci|. 
.  (d)  Given  that  \\A  -  C\\  -  8  and  |1B  -  C||  =  10,  compute  |i<4  -  Q\\, 
v..  HQ- £11,  and  IIP- 


4.  Suppose  that  PQ  ||  $C;  W  -  A\\ 
-  2,  arid  WQ  -  A\\  -  3,  as  shown 
at  the  right.' 

(a)  Compute  these  ratios: 
lie  -  AWim  -  Al 
'    IIP  -  i3||/!iB  -  Cll 
(b^  Given  tliat         a  =  0  aiid  j|<4  -  Cft  =  ^,  compute  0  -  A\\ 
and  lie  -  P1|.  ' 
,  ie)  Given  that  ||Q  -  P|l  -  4  and  HQ  -  Cl|  -  9,  compute  \\A  -  B|[ 
and  ]|C -i.  SJj. 

5.  Consider  a  line-say,        Let  "C  =  A  +  (B  -  A)c  and  I?  =  4  +. 
{B  -  4 )a(,  for  some  TioaiSero  numbers^  and  cf. 

(a)  What  is     -  A)  :  (Z)  -  4)?  What  is  : 
'(b)  Assume  that  j{C  -  i4||  =  jlZ?  ~  Al  What  can  you  say  about  e 

and  d?  About  C  and"  i??  _^ 
Cc)  Assume  that  both  C  and  D  are  points  of      and  that  |iC  -  A|| 

=  [{£)  »>  All.  What  can  you  say  about  c  and  c??  Abdut  C  and  ZJ? 

6.  Frbm  Exercise  5(c),  we  see  that  if  the  translations  C  ~  A  and 
,  O  T  A  haya  the  saiue  norm  and  are  in  the  sense  of  A^,  then  C  =  D 
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Answers  for  Part  B     .  . 

1.     From  the  j-ivcn  information,  B  -  'A  -  (D  -  C  )b  for  some  b  0. 
So,^  |||  -'Aj-j   r.    ||D     C||  |b|.    Now,  JJ\:CY>  --  |(B  -  A):tt)  -  C)j 

,   _  --  I'br---   ||B  -  A||/||D^-  C||.  '  ^  :  ' 

I.     (a)         -  A)f:(f^  .-;  A)  =  (Q  -  P):(C  -  B)  ,-  ' 

'=>         -  A)-^{bV-  A)|   0(Q  -■P):(r.  -  B)| 
. .    .  =>'  AP  :  An  =  .PQ  :  nc  ■'  • 

=>  li(P-  A)||/ilB  -  All    .)||Q-  P|i/||C-B|!'  • 

(b)  ||P  -  All  /||R  -  All   --    ||Q  -  p1|/||G  '  B|| 
=>  ilP  -  All  .  lie  -  B||^-  i|Q  -  I||.  ||B  -  Ail 
=>  ll'p  -  A||/|(-Q  -  P|f  =    ilB  -  4l/!lC  -  B|| 

3.  .  (a)   .||B  -  P||  /||B  -  All   ^,3/5     .     H.P  -  Q  1 1  /  1 1  B  y  C  1 1   -  ^  A 

ijA  -  Qli  /HQ  -  Gil  -   z/3      •  UA|ci|/J|Q  -  C||  =  5/3  ' 
■  (b)    No.    The  rt"  are  infinifely  rs'jany  triangles  which  satisfy  the 
given  information.    Choose  any  point  C'  on  B^  which  ie 
•    distis^ct  from  B  and  ^  ABC'  is  such  a  triangle.    Let  Q'  be 
/the  point  of  intersection  of  the  lines  P3  and  AC*'.    It  is  fairly 
clear  that  not  all  of  the  segments  AQ'  have  the  -Baine  length.  ' 

(c)  ZO/3,  8/3-,  10  r     '  ' 

(d)  16/5,   24/S  4  .   .  ■ 

4.  (a)    lie  -  All/ll-B  -  All   ^  liiP  -  A|i/||B  -  All 

\-  ||Q  -  Aj|/i|C  -  All   so  that  j|c  -  Aj|/||B  -  A|| 
=   llQ  -  Aj|/||p  ,.A|!   --  ^3/2)  ■         "  .  / 

||P--Q||/||a-Ci|   is  not  determined  by  data. 
■(b)    10/3,  18/5   [|Ib  -  Ail/||A  -  C||  -2/3  so  that   1|b  -  Aj| 

-  JIa'-  Cj|  .2/3     5.2/3  =  iO/3;    1 1 Q  -  P|l  /  j )  B  -  C  || 
3/5  so  that  ||Q  -Pjl  =  ||B  -  C|l.  3/5  =  6.3/5  ' 

    -  18/5.1     ■  .-, 

Cc)    4.8'  [Sincfil^,|l;Q  -  Cjl     9  and   |1Q-A||  =5,  j|A-c|r-6 

Now,   jjA  -  B||/||C-A||  ~-   2/3  fio  that   llA  -Bj) 
^       =  .  n.C  -  A||  .2/3  =  6.2/3  =  4.    Since  ■ 

||c  -  BlI/lJp- Qii  .  2,  ||c  -      =  jiP  - 

=  4.2=8.] 

5.  (a)    (C  -  A)!(D  -  A)  =  (B  -  A)c  ;  (B  -  AJd  =  c/d; 
^     ■  '   AC  :  AD  -  ■  |c/d|  =   j^l^ld'1  , 

^  ■  (b)   c  =   d  or*  c  =   -d,  sin£^  |c|  =   |d|.    C  =  D    when  c  =  d  and 

.  A  is  the  midpoint  of  CD  when  c  ^  .-d, 

/  (c)   c  =  d,  for. both  c  apd  d  are'positive  and  IcI  =   jdj.    C  -  D.  . 
•for  c  ^-  d,  •  ■ 
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or,  more  conveniently,  C  -  A  =  D     A,  This  suggests  the  follow- 
_ing  theorem  about  translations:  , 

.    V  * 

■    '  (iWl  -  |[6l|  apd  la)' .  -  16> )  -7  a'  -  6, 

*  »  «  ♦ 

Prqve  this  theorem.  [Hint:  Treat  separately  the  cases  l>  and 


Statements  ( 7 )  -  (1 1)  on  pages  35  -  ^6  were  listed  together  in  Theorem 
11-3.  Similarly,  \ye  list  statements  (3)- (6)  in: 


Theorem  11-4    (a)  [aV  is  a  proper  bidirection 

(c)  [al- ^  [6V^]a]=  [fel 

(d)  6€la]^  ^  a\[bV 


[Note  that  statement  (4) -that,  for  a  0,  a  ^[a]^- follows  from  part 
(b)  and  the  fact  that  a  e  [a\.]  The  proofs  of  two  parts  of  Theorem  11-4 
should  be  very  simple.  [Which  two?l  The  other  two  parts  are  more 
difficult  to  prove.  To  make  the  tgisk  easier,  we  begin  by  stating  several 
useful  results  about  orthogonal  complements  and  norms  \n  the  foK 
lowing  twp  lepimas: 


[I  ^  :y 


Lemma  1    (a)  loV 

ih)  a  -  bXia  •  6V(6'  •  6))  €{h]^ ^ 
(c)  {b,'c\  C  [aV  —  [b,^  Q  [a]^ 


Lemma  2 

(a)  u  •  i;  =  1       u  -  V     ^  [\\u 

(b)  w  •  i;  -  ^1     ^  u  -  -V  {\\u 


=  1,  =  \\v 


Parte  , 

L  Prove: 

(a)  Theorem  1 1  -4(b)  {Hint  Make  use  of  Definition  J^l  -  Kb),  Theo- 
rem  11 -1(c),  and  the  facts,  that  oT*     and^  •  a  ^  0.] 

(b)  Theorem  11 -4(d).  ^  ^ 

2.  Prove  Lemma  \:  {Hint:  In  part  (b)  consider  the  cases  6  ^  0, 6  ^  0,] 

3,  Prove  Lemma  2.  [Hint  Note  that^     v  if  and  only  if  a  4  u  0, 
•Now,  use  parts  (cl  ahd  (k)  pf  Theorem  1 1  - 1.] 

^  PurtD 

In  order  to  proverTheorem  il-4{a)  we  shall,  first,  find  a  proper  bi- 
direction which  is  a  subset  of  fi^i^,  Theii,  we  shall  show  tha|  any  vector 
X  which  is  not  in  this  bidirection  is,  also,  not  in  [a|^.  [This  will  i^ll  Us 
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Aaswers  for  Part,  B  '[cont.]  {_ 


\ 


6,     Assume;  {i'rst,  that  ^      3,    Since   HaH  -Jlblj.,   |  fa  1 1   "  0.  ^  Thus, 
a  =   6,  so  that  a  =  b*.    Next,  assume  that  fa  ^  ^.    Then,'  siilce 

"  [a]*  -  fb»j*,"  a  =  Sa,  for  some. a  >  0.  So,  j  |  a  j  ]  '  j  j-0.|la  and,  • 
since  ||a)|  ^  ||b||,  a  =  1.  So,  in  any  cai?e,  a  -  hr  Hence.,  the' 
theorem,       ^  -       ^  ' 

Answers  for  Part  C  - 

1.     (a)    Clearly  i         [a]  r>  [af",   for  6  ^   aO  and  '5  •  a  -  0,  for  any  a. 

So;  {(5}   C  [  a  ]      fa         L^t  p  €  [a  ]      [a  j"^.    Then,  p  =  ap, 
*  for  some  p,  and  p»a  =   0.    Thus,  p-p  -  p'(ap)  -  (p-a)p 

-   Op       0,  so  that  p  ^  Hence,   if  p  €  [  a  ]       [2]^  then  ^ 

pe  {6].    That  is,  [a  ]  r^  [if  c  {^), 

ifcSince  we  have  established  that  each  of  {6}  and 
('a)^[a]    is  a  subset  of  the  other,  Theorenv  U -4(b)  is 
proved.  >  ,  " 

(b)   Se[af«S.a-0  [Th.  11-2] 

a  •  b  ^  0  [Post.  4^^  ]  /      "  *. 

a  €  [Sf  [Th.  11-2)  '      ^  ■ 


Pxpoi  of  Lemma  1. 

•--^et  ^  :          '      ,  V     z  1 

is  was  proved  in  Exercise  3  of  Part  C  on  page  4b,  J 


.        =  a.S.-^(S.S)(<a.S)/(^.S)).  .  ; 

^=  a.S'*.a»S=  0    [for  b  #  ^1 
{3  -  3  (a.  0)/(0.  0)  }  .3  =  0 

So.  a'-g((a.S)/^S:.Si}£[SY.  *  •  . 

(c)    Suppose  that  both  S  and.  C  ke long  to  la  J^.    Then,  S-a  ='0 
and  C'S  =  0.    l^t  3  6  [S,  c  ].    Then,  3  =  Sb  +  cc.  for  some 
b  and  c.    Since  3«  a      (Sb  +  cc) •  a  =  (Sb)  ■  a     (cc ) •  a- «  (S .  a)b 

+  (?.a)c  =  Ob  +  Oc  =  0,  3e{af,    Thus,  [t,  c']  Q  [tf, 

.  4    ■  ■■  "  ■  ■ 

Hence,  the  thodrem.  i 

3,     Proof  of  Lemlnna  * 

(a)  Suppose  that  jjujj  -  1  l|vU.  Then,'u«u\=  v.v  .=  1.  Now, 
u  =  V  if  and  only  if  u  -  v  =  0  and  latter  Us J:he  case  if^and 
only  IfHu  -'v)*^uj  v)  =  0.   Since  {u;^- v)Mu  Vj?).=  u*u  +  v* v 

*  -  2u»v  ^  E  -  2u»y  [Remember  that  u«u  =  v«\y  =  If],  ami 

.2  -  2u^*  V  =  0  if  and  only  if  3*  v  -  I,  it  follows  that  u  =  v  if 
and  only  if  u»v  =  ,j 

(b)  Substitute  '-v*  for  *v*  in  (a)  and. use  Theorem  11 -1(e)  aAd 
Exercise  1(c)  of  Part  A  oii  page  45*  '  .  ^ 
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that  the  proper  bidirectio!!  we  found  is  equal. to  (aV,  and  will  prove  tha 
theorem.  ]  Suppose  that  a  /  6*  and  choose  vectors  -  say  ^  6'and  e*-  such 
that  (o^  ftr-c)  is  linearly  independent. 
^  •     1-  How  can  youjDe  sure  that  there  are  vectors  such  as  6*^nd 

2.  tiiven  6  and  c,  it  is  ea^y  to"  find  vectors  b'  and  c*  whrich  belong  to 

ia]\  Describe  siicl»  vectors..  See  Lerama  1.)  ' 

IJ,  Show  that  (  6\V)  is  linearly  independent.  What  does  this 'tell  you 
about  [6\c^]? 

4.  Show  that  (6',  c^]  is  a  proper  bidrrection  which  is  a  subset  of  laV. 

5.  Suppose  that  a*  is  some  tra^^station  which  is  not  in  W\  Pi  What 
can  you  say  about  {a\  V,  c^)?  About  !a\  V,    J?  ' 

6.  From  your  answers  for  Exercise'5,  it  sl^ould  follow  that  if  a''  4 j 
then  there  are  numbers  -  say,  a,  6,  and      such  that  a*    a* a  ^  T^b 

c  c.  Recalling  that  6* 6  f  Vc  ^  [a]',  what  is  a  - 
?•  What  does  your  answer  lor  Exercise  6  tell  you  about  a*    a?  Ule- 
member  that  aV^  OJ  What  d6es  this  tell  you,  in  turn,  about  la]K?  , 

Part?:  «  'i 

To  prove  Theorem  11  -  4(c),  it  js  sufficient  to  show  thaj^  (a)  ^  [V] 
then  Uih  f  [by.  [Why?)  We  shall  consider,  first,  rKec^e  in  which 
^       ,  ^^    a     0  ^  h.  Suppose,  then,  that  la]  ^  [6]  and  aV  6*. 

1.  What  can'you  say  about  (a,  V)?  i 

2,  Let  a\  -         and  6*,  ^  ~b/(b]l  Explain  why  {0^/6,)  ft^ii^early  inde- 
pendent. ^ 

3,  Show  that  [a,]\  =  [aV  and  Ih]]^  -<^b)K 

4.  We  wish  to  show  that  [oT^  ^  [V]\  By  Exercise  3,  H  will  be  sufficient' 
td^show  that  [0^]^     ffe*]^  or,  equivalently,  to  find  a  vector  which 
belongs  to  f5*,I^  but  does  pot  belong  to  {a^]^.  Use  l^emma  Kb)  to  find 
a  vector  related  to  a\  which  belongs  to  [6*  ]  ^ 

*     5.  Use,  Lemma  2  to  show  that  if  a*  ^-  6*^  (a  ^  fa^  V  then  ia\ ,  6", )  is 

.  linearly  _^degendent.    What,   then,   can   you   cx>nclude  about 
a\  -  "6*  {7,  -  b])? 

.  6-  Complete  the  pnoof  of  Theorem  11 -4(c)  in  case  a       1^  6l 

\ '    7.  Supp<^  that  [n\  ?^  fdl  aiyl  that  ~a  ^  ^  What  can  you  say  about  ^ 
"  About  (crV?  About  [6>^  IHint-See  Theorem  11  «4ta).] 
&  Complete  the  proof  of  Theorem  U-4{c)  in  case  ^  =  oTor  6*-  o! 

PartF  * 

Uli.  (a)  |)escribe-in  term  of  'c^  and  '^-a  translation  7  such  that 
[cjand  J  -  eei^K  Wint:  Look  carefully  at  Lemma  Kb).] 
(b)  No^  d&cnbe -Jn Jems  of '?  and --.a  translation  Auchi  tha^ 

. .  ^  2.  ^uppose  that*  {c^rc^}  Q;  [^andjF  -7^,V-'c^]  Q  (a\^.  ShoW  that 
'  =     [Hint:  Show  that     -     belongs  to  both  ia\  and  lo)-^.  Us^ 

.  Theorem  ii-4(b).l 

•M  ^    .     ■•     .  ' 

ERIC  ^-b  .     •  V  * 
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Answers  'lor  ^art  D  * 

;  ^  , 

1.     T  is  3-dimehsional  *   ^  ^ 

I.      Let  S  -  S({i;.a)/(3.a))  and        ^         a((?  i  a)/{a  •  a)) , 

3.  Using  the  vec_tors        and  c'  dosctib'^d  in  Exercise   I,  lef.  b  and  c 
be  such  that  b'b  i  c'c   ^   (5.    then  wc  have  that  , 

^     .   {6  ^  a((b.3:j/(a.a>)}b  +  {?  -  a({c  •  a)/(S -  a))} c   ^  3 
so  that  ,  ^  '*  '  • 

a[-b((S.^)/(?.  a})  -  c((?-a)/(a-a))]  +  Sb  f,cc   =  3. 

Since  (a,      c)  is  linearly  tr^dependent,  it  foHows  from  this  that 
b  =   0  and  c^^*  0,    So,  (^',  c')  is  linearly  independent.    This  tells 
us  that  [p* ,  c'  ]  proper  bidirectioh.  , 

4.  J^is  follows  directly  from  Exercises  I  and  ^3  and  Lemma  l{c). 

5.  Linearly  independent  [or,  a  basis  for  T];    equals  T. 

6.  a*,  a  ^  a.{a'a  i  b*'b  i  Z'c)  -  (a^a^a,  for  a  •       ^  0.  =  a*?'.  . 

7.  ,  a'*a  ^  (a*  -  a)/a  #  0  [a       0  since  a  /  [b'.  c'  )].    This  tell's  us  that 

a'  is  not  in  [af',  so  that  [  a  f*"  C  [  b*' ,  c '  ].  '  Also,  since  we  already 
^       know,  by  Exercise  4,  that  r  [af^,  it  follows  that 

.  If  J'']  ^  i-f'     '  •         .  , 

Answers  for  Part  E 

We  already,  know  that  [  a     =  [  b  ]  [  a  ]^  r   [  B  ]-^.    So,  to  prove 

the  biconditional  The  orem  "  1 1  ^4{c ),  it  is  enough  to  prove  that 
[af'"  =  [bj^=>  [a]  -  [b];   or,  we  will  .accomplish  the  same  result 
if  we  prove  the.  contrapositive^of  this  last  conditional,  namely,  that  ^ 

[a]    JS]  ^  llf  ^  [Bf; 

1.  Linearly  independent. 

2.  If  ir,a  +  S,b  =  3  then  a{a/|  |  ?|  j )  +  g(b/i  |  b  j  j )  =1?.    Since       g)  is 
vlinearly  independent  it  follows  that  so  is  (3,,^,). 

3.  "Since  I,  €  [a]  an^  3,  [2j  ='[3*].    Since  [S]^  =  la]"^  it  V 

follows,  by  the  replacen^ent  rul«  for  equations,  that  [a^      =  [a]^, 
,  Similarly,  [Sj"^  =  "  . 

4.  By  Lemma  Kb),  a,  -.Sj(faj.Sj)/{e^..S^))g{g^y-.    Since  " 
S^  .^j  =  1, 'it  follows  that  a -  S'j^(|^  .Sj)e  [Sj]^.  ;  •  * 
Suppose  that       -  S^(a^.S^)  e  [a^  f-.    Then,  (a^  -  S^^a^' .  S^)) .  a^ 
=  0  so  that  S^.a^  -(ai'Si^F  =  0.    Since  aj'S^  '^  i,  {Si-Sj)2  =  <k 
so  that  either  eTj  .  S^  =  1  or  a ^  •       =  -1.    In  either  case  it 
follows  by  Lemma  2  Chat  (a^.S^^)  is  linearly  dependent. 

Since  (a^j^S^)  is  linearly  indepj.endent,  it  follows  that' 


5. 
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Answers  for  Part  T.  fcont.l 

6.  What  we  have*  shown  in  Kxerciseis  4  and  S  *is  that  [b^^  \  contauTs 
a  vector,  -namely  a^  -  b^(a^  •  S^),  which  is  not  in  [      ]"^.    So",  i 
A'^iJ    ^  [^1  !  -    Henct%  in  the  case  ^  ^  '6  t  b,  if  [a]  4  [S] 
thfn  [  a  1"^  ^   [b  1*^. 

7,  b^  6;    [a*]"^  ~   I  ^  !^  r  [  ^  ]^  is  a  proper  bidirection  and,  so, 


is  not  T, 


By  Exerrise  *?,  it  is  clear  that  in  case  a  6,  [a  t  ^b  , 
SimilArly,  this  saiv^e  result  holds  in  case  b       0,  H^ce, 


S 

Thiforem  ll-4(c). 


'^["^  ^y*'   ^  _ ^     ^ ^  ^ 

1.     (a)    Let  e    '   c  (( 3  •  ?)/(c    c  )) 
(b)    Li^t   T      3((c  .cl)/{c1^.cf)) 

I.'    SifiVf   {c,  .  c }   '.    [a],  c^  -c.,  €[a].    Since   {i>*c^,       -  c  } 

[  ti  1"^  it'tollows  by  Theort^m   ll-4(a)  [if  a       3]  or  by  Lemma 
4(a)  [it  i       (5]  that  (b*  -  c.,)  -  (G  -ft:\ )  e  [  a  ]^  —  that  i>,  that 
c  ^  -  c,,  €  [  a  1^.  '  It  follows  l^y  Theorem  1  l-4(b)  that        -        ^  IS. 
and,  so,  that  c,  c.,. 

TCSld) 

Several  important  properties  are  introduced  In  the  exercises  of  ' 
this  section.    It  is  wise  to  exercise  caution  relative  to  exercises  as- 
s ignef||g|for  homework,.    The  exer«pises  on  page  51  as  well  as  Parts  A 
afid  B  oh  pages  53-54  lend  themselves  best  to  homework.     Part  C, 
page  54^  should  be  treated  in  a  gl*oup  discussion  because  of  the  import" 
^nce  of  the  result  in  Exercise  i  (d).*   This  result  is  applied  in  H*>cercise 
page  55,   whi^^can  be  used  as  a  supervised  seat  exercise.  Another 
important  result  {Scjjwarz^s  Inequality)  results  from  Exercise  5,  page" 
56.    Here  again  it  is  best  to  develop  the  exercises  in  a  group  discus^ 
aion.     Part  U  can  be  used  as  homework,  but  students  sometimes  have 
^  difficulty  getting  started.    You  may  wish  to  do  the  first  few  exerilft'^es, 
as  examples.  ^  ^    i*. 

Answe  rs  to r  E^^xe  r.cises 


1.    ^Proof  of  T'^eorem  II -5(b).    By  Definition  li-l(c),  comp^  (b) 

-  (b*  a)/(a»a}.  So,  comp^  (b)  =  0  if  and  only  if  b  *  a  ^  0.  Now, 
b*a  0  if  and  only  if  b  €  [  a  ]"^,  Hence,  by  tHe  replacement  rule 
for  bicot^itionalfi,  comp^  (S)  =^  0  if  and  only  if  S  €  [a]"^.- 

2*      Proof  of  Theorem  11  "SCc).    By  Definition  li  - 1  (c ),  comp-*  (S  +  c) 
4.-  ({S  ^  c)*  a)/(a»a).    By  Postulates ^4 ^*  comp-^  (h  i  c) 
*^  {S»a)/(ava)  +  {c*a)/(a»a).    Hence,  by  Definition  1 1 -1(c), 

comp^  (S  +  c)  .=  comp:*  (S)  +  comp^  "  ; 

a  a  '  a  ' 

3,     Proof  of  Theorem  1 1  -5(d),    comp^  (Sb)  =  ((Sb)  •  a)/(a  •  a) 

=  <Sva)b/{a*a)  =        a)/{a*  a)]b     comp-*  {S)b, 

.<    a  ■  ' 
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In  this  section,  we  have  managed  to  establish  that  the  sentences 
(3) -(11),  a^ut  norms  and  orthogonal  complements,  are  theoj^ems.  We 
have  also  managed  to  «how,  in  Exercise  2  of  Part  F,  that  there  is  at 
most  one  translation  x  such  that  X€[a]  and  b  -  :c€laV.  And,  since 
a{(a  '  b)/(a  •  a))  — or,  a(X)mp^*(6)  — is  one  such  translation,  it  is  the  only 
one.  In  the  next  section,  we  shall  make  use  of  this  result. 

1 1 « 1 0  Components  and  Projections 

Using  DefinitiDn  11 -1(c),  the  properties  of  orthogonal  Mmponents 
which  are  summarised  on  page  38  follow  easily  from  properties  of  dot 
multiplication  which  should,  by  now,  be  familiar.  For  reference,  we  list 
some  theorems  concerning  orthogonal  components: 

Theorem  1 1  --5   For  a  5^0,       •  _      _  _ 

'  (a)  (x>mp  ;^  it)  €  c%  and  b^e  ia\  "=-^  comp;;  (b)  -  b  :  a, 

(b)  comp7^  (b)  =  .0  ^  6%  [aV, 

(c)  comp^  (^-h  c5  =  cpmp-;(^)     comp-;  {c^, 

(d)  comp^  {bb)  -  comp^  (6)6,  and 

(e)  comp^^^j(6)  =^  comp;(6)/a  fa^O]' 


As  a  brief  review,  we  sketch  proofs  for  both  parts  of  Theorepi  11  -5(a). 
Suppose  that  a  9^  0.  Then,  comp^  {b)  =  (a  •  b)Ka  •  a).  Since  - 
a  '  b  and  q  •  a* are  real  numbers,  so  is  (^  '  6^/(a^  •  a).  So,  comp^(6) 

— ^    — — ^  — ^ 

Suppose,  further^  that  be[al  Then,  b  =  ab^  for- some '^6.  So, 
V :  a  =  6.    Now,    comp  j  (a^*  ^/(a  •  a5  —  (^  *  •  • 

=  [{a  '  a)/(a  '_a)]b     6.    Since    6^=  b^:  a,    corgip;;  (b)  =  6  :  a. 
Hence,  if  6  €  [a]  then  a>mp^  (6^  =  V  :*.a*. 

■  * 

Exercises  .  ^  . 

(  Write  paragraph  proofs  for:  ^• 

1.  Theorem  U"-5(b)  '2.  Theorem  11 '-5(c) 

3.  Theorem  11 -5(d)  4.  Theorem  11 --5(e) 

(a)  Te  (a\  r^V  -  ^a)i»p  j  (T)  [Hint  Give  separate  arguments  for 
the  cases  in  witich  a  9^  O^and  a  =  0.]  ' 

(b)  Ve  [a\'  ^  comp- (^  >  0  I^e  [a\  V  {?}] 

.6.  (a)T€ta1r  — ^llS^-fllr- iffc^  _^ 

(b)  Make  a  guess  about  |]aV6||  and  ,|lal|  -h      in  case^andTare" 
non-0  vectors  such  that  6  4\ja\^. 
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-       ■;.  •    .  •    ■  ■    -  A  ■ 

'   ,        '  *Tc  5U2}  ^  : 

A     we  r  s  f o  r  ■  Ex e  r ^7  i  H_e  s   [  c  o  nt .  ]    •      ^  £.» 

.4.      Proof  of  Theorem  Suppoyc  that  a  9^.0/  ThcrC  i:onip-^'(b) 

(a)    Assume.   H^at,  that  a       5.    Suppose  that  b  €  (  a  j.  Then^ 
b  -•    d,  '    6  cor^ip-/  (h)       a  comp-*  (b).    Thus,  b  €  [a  ]  =>  b 


a  conip-;  (b),    Suppose  that  ^       a  cornp  *  (b).     Then,  since 
a  a 


coinp/  (b)  -    0  €  i^,  b  £  [a  ],    Thua,   b  --    a  coftip-  ^b)  b  e  [a 

a  ^ 

Hence,   5(a)  is  proved  in  ca5;ie  a  (5. 

AssutTie,  then,  that  a  t   (5.    Supposie  that  Ij  £  [  a  j.  ThVn; 
b       ah,  for  some  b.    Smca  b*  •  a       (a  •  a}b,  it  follows  that 
b   •    (b.a)/{a.a).     So,   b       a  eorri^*  (b).     Thus,   b  6  [a  ]  j=>  b 
^  a  eonip    (b).    Suppose  that  b  -   a  eorrjp  -  (b).  Since 
comp^*  (b)  €  a^.,   be  [a].    Thus,  h'^     a  t:onip^  (^)  =>  b  €  [  a  ].  ^ 
Ik'nce,  the  theorem  holds  in  any.  c;ase. 
(b)    Suppo-se,that  b  t  (a)*.     It  follows  that  a  ^  '6  and  th^t  b   -  ab 
for  some  hi   >  OV   ^^y*part^  (a)  b  -    a  coinp:*  (b*).    So.  sinCe 
*      0.  comp^*  (b)  -  b    >  0.    Suppose^  on  the  bf^civhand,  that 
comp,^*  (b)    »  0.    It  follows  at  once  by  part  (a)  that  be  [a]*. 

(iih^   Suppose^thAt  b€[a*]*.    Then  b.      a*b',  for  some   b    >  0,  So, 
■         llbll-    llallb  and          ^         ■  .  , 

11  a  +  b*H       ffa  +  Sbll      -  /  ■ 

-  +  b)l|  [Post.  4] 

.       =  +  b)  [1  +  b    >  (^]  ^ 

ll^ll  +   lla'll  b      [Post.  5]  . 


\ 
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Answer  to  que  stion  in  text:    U  the  re  we  re  twp-  such  points  X,  then 
projj^j  (b)  is  not  a  function,'  But,  we  havt^  already  seen  that,  on  ^ 
.intuitive  grounds,  projf  -*,  (S)  is  a  translation,  and  translations  are 
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*  In  Section  llj02'we  introduced  the  nption  ofthe  orthogonal  projec- 
tion of  a  vector  6- ir\ttie. direction  df  a  vector  cL  This  projection  was  de- 


■R  +  b 


m  ■  P  la] ' 


~.  ;   .  p  'c'-^ 

^  ^  P  ^  proji^iib)  ■  proj^(P  +  b) 

*  ^  Fig.  11-15  ^ 

scribed  as  the  mapping  of  ^  into  itself  under  wliich  the  in^ge  of  any 
point  P  is  the  projection  of  F  6  on  the  line  through  P  whose  direction 
is  [c].  It  tumeii  out  that  this  mapping  is,  itself,  a  translation.  JjL^Sec- 
tion  1^1.06  we  reworked  this  description  into  a  form  making  use  of 
orthogonal  complements  rather  than  orthogonal  projections  of  points 
on  lines,  Briefly,  the  image  of  P  undef  pJ*oj|^]  (6)  is  the  pointof  intersec- 

tion  of  the  line>P[a]  and  the  plane  (P  +  ,6)[aJ-^.  So,  our  intiiitive;notion 
is^that  -  '  . 

,     •  ■    P  +  proj,-,  (6)  =  Q     *     ^'  . 


Q; F€  [al  and  (/^  +  fe)  -  Q  e  [aV.  . ; 
Since  (J?  +  6j  -  Q  =  6  -  (Q    P)  it  seems  reasonable  to  adopt: 
Definition  1U2  \,  :     ^  ,        .  ' 

.  .  P^  proj|-j(?)  =  Q 


Q  ^  PjE[a]  andT-- (Q -^P)€faP  . 

But,  before  \ve  can  safely  adopt  this  definition  in  our  formal  develop- 
ment, we  must  fnake  sure  tha<;,  given  [a],  6,  ^nd"?*,  thei^  is  one  and 
bnly  one  point  X  such  that  . 

•  X~P€[a]andV-(X-P)€[3^. 


[Why  do  we  neesfJ  to  make  certain  of  this?]  Fortiinately,^e  )iave  al- 
,  ready  seen  that  tibere  is  one  and  only  one  translation  x  sudi  that, 
given  (3  and  V,  .  *•  , 
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(^)  ^     ^  X€la]  and  6  ^  X€[a]\ 

an^  that  this  translation  is,  in  fact,  a  d)mp^{6).  So,  the, point  X  in 
question  is  •  ^ 

.  ^  P.  +  ac^mp-^Cb). 

It  follows  that  Definition  11-2  does  define  a  mapping  and  that,  for  any 
point  P, 

^  '  P  +  proj|-j  ib)  =  P  ^  a  comii-  (7?). 

So,  since  each  point  has  the  same  image  under  the  mapping  proj|  j|  (b] 
as  it  does  under  the  translation  a  comp^  {b)  we  have: 

.  II  Theorem  11-6  .  proj^^^j  (6*)  -  acomp-  (65 

tin  view  of  our  intuitive  description  of  components  in  Section  11,06, 
this  is,  of  course,  what  we  should  have  expected.  Explain.] 


Exercises  ' 

Part  A  y 

^^^^^  know  that  aae[aj;  for  any  a.  What^can  you  s^y  about 
o  comp^  (6)?  Justify  your  answer'  • 

(b)  Show  ti\atproj|^j  iV)e^:/, 

2.  (a)  Assume  that  c€{cl  and  b*  -  ~c€[qV.  What  cai\  you  conclude 

about  cV  ' 
^     (b)  Give    arguments   to   shoW    that  projj- ^  (b)  € \a]  and  that 
T  -  projj;|(6)€fa^^       ^  1,    _^  ' 

(c)  Prove;  projj (fel  =  7^  (c  €  [al  and  V  -  c*€  laV) 

3.  (a)  Describe  the  translations  6*such,that  proj|;;j  (ff)  =     [Hint:  See 

Exercise  2{c).l  ^ 
<b>  Ate  any  of  tiie  translations  fe^ described  in  part  (a)  such  that 

(a*  fc^  is  linearly  independent?  Explain, 
(c)  Describe  tJi'e  translations Tsuch  that  proj^jj  iff)  =  V.  What  can 
^-  you  &ay  about  (a.  b).  in  this  case?    '       »  ' 

4.  Expr^^" '  proj|-^  (6^  in  terms  of     and  'V,  [Hint:  Use  Definition 

11-1  and  Theorem  11-6.]      ,  •  ^ 

6.  (a)  Can  you  find  two  nonzero  real  numbers  whose  product  is  zero? 
(fa)  Describe  two  non-0  translations  whose  dot  prddudt  ifi>^zero. 

f'rom  THeorem  11-6  and  the  fact  that^cx)mp-  (|)  is  the  only  solu- 
tion o(i%  we  obtained  two  results,  which  we  Ust  as: 
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Explanation  called  for  in  text:    In  seiifiion  11.06,  we  saw  that  *  ^ 
pj'ojj^  j  (b);a  was  the  orthogonal  component  of  S  with  respect  4p  a. 
This  gave  rise  to  our  intuitive  definition  *connp-*  (l>)  ^  projr i "^b)  :  a' 
which  is  equivalent  to -theorem  H-6. 


Answers^  for  Part  A 

1..    {a)r   a  comp:^  (b)  €  [  a  1,  for  oomp-^       €  R. 

a  a 


(b)    By  Theorem   11-6/  for  a  comp-+  '{b)  £  T. 
•         •  .  a 

(a)  ,   c  ^  a({b«- a)/(a  •  a))  =   a  comp-^  <S) 

(b)  That  projr:^  I  tS>  €  [a  1  follows  from  Theorem  li-6.    That  . 
■*  ^    s  J.,  •  •  *^  . 

b  -  projj^»j  (b)€  [a  J  'follows  from  Kxarciee -^(a);  and 

Theorem   11-6.,  *\ 

(c)  We  \ia\e  already  established  that  c  €  [a  ]  amkK  -  c  €  [a 
and  only  if  c  =  a  corpp^  (b).    Thus,  by  TheoreA^  1 -6,  ,^he 
theorem  in  ^c)  is  established.  , 

(a)  Thtse  are  all  of  the  translations  in  [aj^,  for  by  2(c )  we;/ have 
that  projj^^(S)  ^  CJ  c=>  (Se  [a]  and  5  -  ^  €  [a  f*);  •  since 

.3  €  [a  ]  and  S  -  5  =  S,  this  is  e^ivalent  to  saying  that  , 
proj^^*^  (b^l  =^  <5=>  S  €  [a  ]"^,    •  .  '  ^ 

(b)  Yes.;  All  sucri  translations  ^      '6,  for  a  ^  5,  are  such  that 
la,  b)  is  linearly  independent.    [Here  is  a  proof  of  this  result; 
By  Exercise  Given  that  (a,  b)  is  linearly 
dependent,  we  know  thaJ^  since  a  4  6*  ^  -   ab,  for*  ^ome 

bV   Now,  0  =  a-lD  =  a'(ab)  -  (a«a)b,  and  since  a»a  ^  0, 
h  ^  0.    So,  b  =  aO  =   6.    Thus,  if.  (a,       is  linearly  dependent, 
b-  =  3.  'Since  S  #        <a,       is  linearly  independent.  ] 
^c)    By  fixercljse  l{c),  \%e- have  that  proj|^|(S)  =  Sc=s>(S€[a} 
and  S  -  b  €  [  a  Since  8€|a}^,  "for  aily  a,  this  is  . 


the  same  as  s^y^g  that  projj^  J  (b)  =  b         b  e  [ a  ].    So^  the 
translation*^  ^  such  that  projj^|(S)  -  S  ^re  precisely  the 
translations  Sefa],    In  this  case,  {a,  S)  ila  linearly  dependent, 

4.  a»proj^^j(S)  =  a»acomp^(S)  =  ^'{a •  a)((S •  aV^a •  a))  S»a/ 

5.  (a)    r5o,  for  ab      0  if  and  only  if  (a  ^   0  or  b  -  0), 

(b)  Given  a  ^  0,  we  know  thai  [a  ia  a  proper  bidirection  . 
and  that,  fof' any  S.  -  a((S  •  a)/(a  •  aT)  €  {a  J^.  Choosing 
b  ff'fa  ],  we  know  that  a  and  S  -  a  comp;+  (S)  are  non^Sortho- 


gonal  vectors. 
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Corollary 

(a)  projj;,(6}6./^ 

(b)  proj,;,  (h)  =  c 


{c  e  la)  and  6  -  c  e  (ol^) 


Part  B 


Making  use  o(  Theorems  11-5  and  1 1  -  6,  it  is  easy  to  prove  state- 
qients  about  orthogonal  projections  which  are  analogous  to  the  state- 
ments about  orthogonal  compontints  in  Theorems  H-5(a)-*'(d).  Prove 
the  following;  ' 
J.  proji^i  (A^efal 
s  2.  proj|j|  (65  =  be  [al 

3.  proj|;|  (6)  ^  O**-*  h\  foV  _ 

4.  'Proj,;i  (6*  +  c]  -  proj,-j  ib)  +  proj,;,  (c1 

5-  proj|^  (6'6)  -  projf-|  {b)b  *       .  .  ' 


We  collect  the  results  proved  in  Part  B  for  easy  Reference  in: 

Theorem  11  -J  ^ 

(a)  projj-,  ib)  f  [a]  and  (proj^„'|  (6)  =     ^  b'e  [a]) 

(b)  proj,;,  (6')  =  0       6*6  iaV 
<c)  proj,-,  (6%     =  proj,-,  (6)  +  proj,^,  ic) 
id>  proj,„-j  (bh)  =  proj,-,  (6)6  * 


4»artC 


ERIC 


We  are  in  a^^^ion  to  make  use  of  some  of  our  knowledge  of  com- 
ponents and  projections  to  learn  more  about  doi  produ5ts  and  nomas. 
We  begin  to  do  this  in  these  exercises. 
!•  Suppose  that  5" €  [a]^. 

What  doe&  thi§^  teti  you 
about  proj|;|  (6^? 
(b>  What,    is    proj^^^  (b  -  a)? 

What  is  proj|;;j  (b  a)? 
(c)  Compute  the  norms  of  both 


2.  Show  ti 
»  ^  ^ 


b     a  and  6  +  a  in  terraS  of 
'a  and  '6.  What  can  you 
say  about  these  norms? 
(d)  Show  that  iT  +  oj^  « 
■  ^  Ijalp.Whiitisi^^  alp? 
thiit  a  •  6*  =  0  if  and  only 
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Answt-Ts  for  Part  B 

1,  ,  By  Theorem  11-6,  projf-«,(b)  ■■   a  comp-  ( b)  €  [  a  ). 

1.     By  Exercise  ^(c)  in  Part  A,  proj^^',  (b)  -  b  <t=S' {b  £  [a]'  and 

b  -  b  e  [a*  f).    Since  b  -  b  -   6  e  [a]-^-,  proj,  -  ,  (b)     b  <=>  H  C  la). 


5. 


By  KxcTcise  ^(c)  in  Part  A,  projf-|(b)  {S  e  [a  and 

b'  -  "d  €  [a  1"^).    So,  projr  -  ,  (S)  =   0  b  €  [  a  J^. 


4,  *   projr    ^{h  ¥  c)  -  a  comp->  (b     c  ) 

a(comp»  (b)  +  cornp/  (c)) 
a    ^  a 

-  a^comp  -  (b)  +  a  compile) 

a  a  ^  " 

-  projj  -  j  (b)  +  projj-j  (c) 

5,  projr ^  (bb)       a  comp-"  (Gb) 

^   a  comp^  <b)b         proj  ^ |  (b)b 
Answers  for  Part  -  *^ 

1,     {a)    (J,  by  Thtortun  11 -7(b). 

^b)    -a,^  for  projj-  ^  (0  -  a)  =  proj^- j  (b)  -  projj  ^  j  (a)  ^  (5  -  a  =  -a; 

a,  for  similar*  reasons. 
{c)     1 1  b  '  a  )  I    ^   Vb  •  b  +  -a  •  a,  for  (b  -  a)  •  (b  -  a)  -  '  b  •>     a  •  a 

"  Za  *  b,  and^  a  •  b  -   Oj    j  |  b  +  a  1 1    -  vb  •  b  +  'a  •  a,  for  similar 
reasons.    Clearly,    jlb-alj  = 
(d)    This  follows  from  ^c)  and  the.  facts  that  b-b  =^  and 
a.S  /'irklj^     lib  -alp-'  llail^' 

lia  f  b||  -b|j»  lla^bil?  .  Ila-Sjl^- 

a-a,-fb*bi2a»b=  a«a+b*b-2a«b 
>=:>a.b*  =  0     ■'    '   .  . 
^ ,  ■  '  ■  ■  ,        TC  5S      .    '  ■ 

3.     (a)    B^thehint,   |!Tl|'^.=  5^+12^  =169.    So,   HtH   =  13.,, 

(b)  Htlh"  =  Ji(c  +  (B  -  Al)  -  A|h-  =    |I(C  :  A)+  (B  -  A)i|^  ^ 

•iJc  -  AjJ^  +  llB  -  Ajjs  =        +  4^  ^  41..  Soj  'jltlL  =  xTU^^ 

(c)  Vll^il^  =:*}!b-:C|P  --'  H(B  -  A>+ (A -C)|j2  =  llB-Ajp- 

■  +  )|A  -.Cii=  =  6^  +  82  =100.    So,    lltii   =  10.   .  , 

(d)  ||t|p  =   jj(E'-,A^  +  (C-  A)2||2  =    IjlB  -  A)2|j,^  +  1 1  ( C  -  A)2lp 
=    1|b  -■A||^.4  +  Ifc  -  A||2.4  ^^6^'.4  +  32.4  =  45..4.  So, 

=  6«/5  [or,  n/TIO]. 
(£3)    Note  that  7  =  (c  +  (A  -  B))  -  (s.  MA  -  C))  =   (A  +  (C  =-  B)) 

-  (a  +  (B  -  Cj)  =  <C  -^B)2.    Since  C  -  B  ^  {A-  B)  +  (C  -  A)., 
IJtll^  HMA  -,B)  +  (C  -  A)jj2.4  =  {Ha  -  B||^  +  lie  -  a1|  =  }4 
.=  (5^  4-  122)4,'  So,    j|t||  =  26. 

Warn  students  to  remember  that  ||a  +  S||2  =   |jaj|2+  I i^l If  Only  if  a* 


11.10  Components  and  Projections  ' 
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3.  In  each  of  the  following,  you  are  given  the  nonns  of  two  orthogonal 
translations,  B  -  A  and  C  ~  A.  Compute  the  norm  of't*  which  is  a' 
trainalation  related  to  either  the  sum  or  the  difference  of  B  -  A  and 

C  ~  A.  ■ .     '        ■  ■  — 


B 
r 


12 


.S<  (C  -  4) 


Wint:  Note  that  (B  -  A) 
.+  (C  -  A).  'Since  B  -  yl  and 
C  -  ^  art  orthogbnal,  it  fol- 
lows from  1(d)  that  |]^  = 
lis- +  r 4IP  =  5*+  ..'.) 


Answers  for  Part  C   (cont.]  ^ 

4.  (a)    |.iprojj-j{S)|l^   \\t{{h't)/a^t))\\  •     .  ■ 

=  |(S.a)/(a.i:)| 
-   ||a||.|b,.S|./l|2|l,=  -      ■  \ 

.  ^  --    |S._a|/l|a||  ^  < 

=  S.S  +  (S.aK/a-^)  -.2{i.a)V(a5  3)  ^ 
=  S.^  -  (3.  a)2/(a.a) 
So.^llS  -  projj^^  =  -  {S-..a)V(a-a).       '     '         '  . 

-     ,(c)    By  (b),  and  the  fact  that   \\&\\^  ^  0,  we 'have 'that  ' 

S'.S  -  (^.Kp/(a.2)  ^  0.  •  ■  . 

•  .,    (d)    Since  S^S  =    )|^J|^  and  a«a  =   ||'a)|2,  it  follows  fr-om  (c)  that 

>  0.    Since  3  ^  3.  we  have  that 
>  ,{S'a)2.    This  last  result  holds  in  case  a  =  (J, 
for  then  '^|a||  =  0  and  S«a  =  0.    .  '  '  . 

5.  (a)    Using  4(d),  we. know  that  ( | |a  |  j  1 1 S  |  j  )2  ^  (S.a)^.    Since  both 

j|a||  and  are  nonnegative  and      •  aP  =  jS-aj^,  it  follows  that' 

,   l|a|t!.|«!|   >  |S.a|,     ■  ■  '  ■ 

ih)    Suppose  that  a  ^         Then,  by  Exercise^  4(a)  and  5(a),  we 
have  that 

,       \\prou^A%)\\  =    iS.ai/llall  ^ 

■'  ^  U|ai|!|S|I)/lial|  ■ 

=  lisil. 

So,  for. 2  #  d,  ||projj-j  ^  [This  also  holds  If  a  =  31] 

{<;)   S  6  [a]  c=;>prQjj2j  (b)  =  S     [Theorem  1 1 -7(a)] 

<=>J1S  -  proj^j^  (?)ji   =  0   ^  ,  . 

■     :.       »  nS|!='  '~=  iB.S')'vl|a||s '^  .[Exerci^^^^ 

S  €  [a]  4^=^^(2,2)  is  linearly  dependent   pfe  #  5j 
So,  for  a  1^       (a,  S)  is  linearly  dependent  if  and  only  if  ' 

•     llSiiliSII  =  la. SI..  •     ■  •  .  ■  ■■    ■  .: 

'   ■  For  a  =  t:  llail jiSlI  =  Q..>  \t.^  and/^lso.  (a.S)  is 
linearly  dgpendent.   So,  for  a  =  ^3,  (a,  S)  is  linearly  dependent 
if  and  only  il.j|a{|ljS)|  =  ..ja.S].    '  -  - 
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Part  D 


4.  'Suppose  that  a*  and  6* are  trans- 
lations [a     0\  as  shown  at  thfe 
right  By  Definition  11^1  and 
Theprem  11-6  we  know  that, 
proj|,;j  (6*)     a\ia    b)/{a  •  a)!,  ^ 

(a)  Compute    the     norm  of 
projj^-^  ( 6)  in  terms  of  a'  and 

(b)  Compute  the  norm  of  b* 


a  


proj|-j  (6l  in  terms  of  'a*  and  'h\ 

(c)  Use  the  Insult  in  part  (b)  and  the  fact  that  norms  of  trans- 
lations are  nonnegative  to  show  that  .   *  ^ 

6*  *  6*^  (a  '  ~b)V(a''  ~a)  ?  0. 

(d)  Show  that  \\aW^  >  {a  -  b'f.  Does  tjiis  still  hold  in  case  a  -  6? 
5,  Prove: 

(a)  ||al  Pli  ^  |a  •  V\  [Hint:  Use  the  result  in  Exercise  4(d).  Which 
theorems  about  square  roots  are  needed?) 

(b)  llprojj-j  {h\  ^  \lb]\   [a  ^  Ol  [Hint:  RVall  Exefcise  4{a).] 


(c) 


)  IIAl         '  *j  ^  is    linearly    dependent  [Hint: 

'  Hftlt  -  [a  •  b\  if  and  only  if  |0i^|f6l|^  =.(7  •  6>.  Explain/Now, 
make  use  of  Exercise  4(b)  and  Theoi^m  11  -"7(a).] 


6. 


Theorem  11-8 

(a)  glfli-  1^'  61  , 

(b)  (a,  h)  is  linearly  dependent  if  and 

qplynf|0|||6lU=  fa'-  6l  ^\  > 

[Theorem  11  -  8  is  called  Sckwarz's  Inequality.  It  follows  almost  at 
onte  from  earlier  parts  of  this  exercise.]  ^ 
Suppose  that  (a,  6^  c)  is  linearly  independent.  Since     is  3-dimen- 
sjonal  it  fbUows  that  ^y  translation  is  a  linear  c^nbination  of 
a,  V,  and  t\  _^  *  ;^  ' 

(a)  Suppose  that  pe  [a\  and  that  -  a  =  0.  What  can  you  conclude 
concerning     Justify  your  answer. 

(b)  Suppose  that  jp^^  aa  -f- amf  that  p  -  Q  andp  -  T^  Q. 
What  do  you^sus|)€ct  concerning  Show  that  -  Jp*  =  0  by 
simplifyiEg"'p*  -  (aa  -f  6^)\ 

(c)  Supfkjse  that     is  any  translation  such  that     -  cT- 
«  p  '*e  «  0,  Show  that  p  =50^  - 

Consider  the  equation: 


a  =  c. 


where  a  #  0  and  e  € 

!•  Find  a  translation  r€  [al  which  gatisfiet  (*)*  Is  there  more  thofi  one 
such  translation?  J 
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'  The  rather  trivial  case  of  the  preceding  proof  in  which  a 
makes  usiv  of  a  rather  trivial  type  of  inference: 


p  <=>q 

'This  cai\be  justified  by  using  two  applications  o^onditionalizing: 

^  .      '      .  .  p       -  q 


Aji&u^ers  jor  Part  C  [cont.] 

5.     id)    The  in^quality  is  proved  in  part  '(a)  and  the"  g^ualit^y  conditjbh 
is  efitablished  in  part  (d).       *  ' 

Schwarz's  In(?guality  [also  called  The  Cauchy-Schwarz  Inequality  1 
is  one  of  the  most^asic  theorems  concerning  innt^r  product  spaces. 
We  shall  make  much  use  of  it  and  shall  suggest  other  proots  for  it. 

h.     (a)    p  =  '6,  for  p  €  ( a  ]  and  p  €  [  a       and  [  a  ]       [a  j"^  = 
^       (h)   'p»(aa  ^  Sb)  =  p«aa  4^  p«Sb  =  (p/ a)a  +  (p*S)b  =  Oa  +  Ob  =  0. 
^     ^c)    Since  (a,  S,  c)  is  linearly  independent,  p  "^A*^  ^ 

some  a,  b,  and  c ,    So,  p*p  =  p«(aa  +  bb  +  ca)  -  p*{aa  +  Db) 

+  p.cc  ^  0  +^0c  =  0,    Thus,  by 'Theorem  11 -1(c),  p  =  ^. 
Answers  for  Part  D  '  •     .  ^ 

l\     ac/(a»a).    Suppose  that  a  re  [a],  and  that  r»a  =  c.  Then 

r  =  ar  for  s^rne  r,  so^hat  {ar)^«a^^  c.  Since  a  ^  (J,  a*a^  0  so 
that  r  -  c/(a*a).    So,  r  ~  ac/{a»a).    This  translatio5>  is  unique. 

{  '  .    7C57(t)  ' 


'2  "^1^1^  Ji  "  ^i)*  a  =  r3»a-r^*a=c-c=0, 

3;     Suppose  that  p  ^  t^^^t/i^^^)  ^      for  some  ?  €  {a  f'.  Then, 
'  p-a  -  ,({afi)/{^-a)  +t).a       '  ^.  ^  ^  ' 

=  ((ac}/(a*  a)) 'a ?•  a; 
=  {a»  a)c/(a  •  a) t*  a 

'  =N  c  f  0  . 


=■  -c 


So,  if  p  =  (ac)/(a«  a)  +  ?  for  some  [3]"^  then  p*  a  =  c  —  that 
is,  then  p  is  a  solvation  of 

Suppose,  next,'  that  p  is  a  solution  of  i^)  —  that  is,  that 
p*a  -  c*  Then,  for  any  q  such  that  ^-  a  =  c,  it*follows  that 
p-qeft]-^..  In  particular,  for  q  =  3)  as  in  Exercise 


) 
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s 

*  2.  Suppose  that  r]  and  r*  both  satisfy       What  can  you  say  about 
r*  -  r*?  [Hint  What  is  (r^  -  r*)  -  a*?l 

3.  Show  that  the  solutions  o{  C")  are  just  thfe  translations 

^  i  (ocVia  •■      -f  ^*  where  U  [aY. 

*  [Hinf*  It  should  follow  from  your  answers  for  Exercises  1  and  2  that 
each  solution  of  i"^)  is  such  a  translation.  And,  it's  easy  to  show  that 
each  such  translation  is  a  solution  of 

4.  Draw  a  line  0[a]  and  mark  on  it  a  point  P,  Assume  that  P  =  0 
t  {ac)/{a  '  a).  By  Exercise  1,  P  -  O  satisfies  UR  -  O  satisfies 
(  ' ),  what  do  you  know  about  i?  -  P?  What  does  this  tell  you  about 
the  location  of  R?  , 

5.  Describe,  in  ternls  of  *P'  and  laY,  the  set  of  all  points  which  satisfy 
the  equation: 

r*)  -  0)'a=  c 

and  picture  tViis  set  in  the  figure  you  drew  for  Exercise  4.  . 

6.  (a?  If  r,    and  a  are  real  numbers  suth  that  a  A  0  and  ra  ^  sa,  does 

it  follow  that  r  =  s? 
(b)  If  r,    and  a  are  translations  such  that  a  #  0  andr  -  a  =  s  *  a, 
does  it  follow  that  r  -  s? 

7.  In  Exercise  5  you  should'  have  found  that  the  points,  R,  which 
satisfy       are  just  those  of  the  plane  through  P  perpendicular  to 

Suppose,  now,  tha£  6  is  a  translation  such  that  (a,  b)  is  linearly 
independent  and  that  It  satisfies  both  C"^*)  and  the  equation: 

\R  -  O)   T=  d  ^ 

Describe  the  location  of 7?,  ,  *  " 

8.  (a)  Sup^pose  that  (o^  '6MsJinearly  independent  and  that  r  *  a 

-  s  '  a  and  r  -  b  -  s  -  b.  Does  it  follow  that  r  -  s? 
(b)  Suppose,  in  addition,  that  r*-      [a*,  6l»  Does  it  now  follow  that 
V=  's^  [Hmt  &e  Exercise  6(b)  of  Part  C4  '  . 

9.  Suppose  that  (a*,  6*,       linearly  independent  and  that  r  •  a*  =  /  • 
..,r  *  6  =  s    6,  and  r  -  c  -  s    e.  Does  it  follow  that  r  =  s?  • 


11*11  Bases 

You  learned  in  Chapter  10  that  a  basiB  for  a  vector  space  is  a  linearly 
independent  sequence  of  vectors  which  spans  the  spa(^.  You  also 
learned  that,  because     is  S-dimensional,  any  3-termed  linearly  in- 
dependent ^uence  of  translations  is  a  basis  for  5".  Analogously, 
^  since      when  viewed  as  a  vartor  space,  is  1-dimensional,  any  1- 
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Answers  for  Part  D  [cont,] 
we  have  that 

so  that  each  solution  p  of  i'^)  must  be  a  solution  of  Hence, 
p       (ac)/(a»a)  +  t,-  where  t  €  f  a  ]■*•.    So,   if  p  is  a  solution  of  {*) 
then  p      (ac)/{a-a)  +  t    for  some  t  €  [  a  j-*-.     ,  ^  • 


4.      Here  is  a  picture  for  Exercises  4  and  5j 


0 


Suppose  that  R  -  O  satisfies  Then  (R  -  0)»^  ^  c.    Since  , 

P  -  O  satisfies  {^)  and  (R  -  O)  -  (P  -  O)  =  R"-  P,  it  follfwa  by 
Exercise  2,  that  R  -  P  €  [a  f"^    This  telle  us  that  R  €  P(aX^. 

5.  The  set  pf  all  point^^i  R  which  satisfy  the  equation  *(R     O)  •  a  - 
consists  of  the  points  in  the  plane  P[af",  where   P  and  O  are  the 
points  described  in  Exercise  4.    This  is  the  plane  which  contains 
P  anB  is  perpendicular  to  0[  a  ], 

6.  {a)    Yes,  for  then  (r  -  s)a  =  0  in  which  case  either  r  -  s  =  0  or  ' 

.  a  =  0,    Since  a      0,  it  is  the  case  that  r  -  s  =  0,  so  that  r  =  ». 

(b)    No.    U  is  the  case,  hou?ever,  that  r  -  s  €  [a^]  . 

7..    To  satisfy  both  {^^)  and  '{R  -  0}»S  =  d\  R  must  be  on  both  the 

plane  through  P  and  perpendicular  to  0[a]  and  the  plane  through 

t'       T  perpendicular  to  0[S  ],  where  T  =  O  +  (Sd)/(S •  S).    Since  (a,b) 
Is  linearly  independent,  ■  the  planes  just  described  intersect  in  a  line 
and  R  is  on  this  line  of  intersection,  '\. 

8.  (a)    No,    By  Exercise  2,  r  -  s  €^a  j"^  and  r  -  »  €  [S]^.    Since  both 

[a]^  and  [S]^  are  proper  bidirections  and  [a]^  9^  [S]^,  it 
'  follows  that  [a  1^  ^  [b  T^-  is  a  proper  direction,    r  -  s  may  be 

any  naember  of  this  direction  an4   so,  r  need  not  be  ». 
n        (b)    Yes,    Since  r  -  s  e  [a  ]^ f",  (r  -  »)•  a  =^  0  and 

(r-s)'S  =  -0.    Now.  suppose  that  r  -  fl  €  [a.  Sj,    Then,  " 
?  -  s  ^  aa  +'Sb,  for  some  a  anci  b.    So,  (v  -  m)*(t  -  «) 
=  {?  -  ^)«<aa  +  Sb)  -  {?  -  B)'aa  +      -  B)'Sb  =  0.  Thm, 
by  Theorem  U-l(c),  r  -  «  =  U.    That  is,  r  =  «. 

9.  Yes,  for  r  -  s  €  [.a,  S,  c  )  so  that  r  -  «  =.  aa  +  Sb  +  cc,  for  some 
a,  b,  and  C    Thus,  |?  -  b )  •  {r  -  s )  =  (r  -  ■)  •  Jaa_+ +  cc) 

=  (r  -  8 ) •  (aa  +  Sb)  +  {?  -  s )  •  cc  =  0,  so  that  r  -  s  =  0.  That 

•  '  '  .  ■         131  '  ■ 
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.  .   Sample  Quiz 

Show  that  if   IJajj^-^    |t6i|  then  (a  +  S  f  ?)  •  (a'  -  B)  ^  a%  /  -     .  c. 

Ill  the  pictur*'  at  the  right,  a.  ^  p 

and  c  are  the  position  vectors", 
^iih  respect  to  P,  of  collinear 
pointii  A,  B,  and  C,   respHfctively » 
their  norms  are        4,  and  8  [as* 
indicated],  and  C  -  A  6  [  6  J"*-, 

(a)  Wha^t  is  projj^j{c)?  What 
in  projj  g  I  (a)? 

(b)  Find  a  •  S  and  c  •  .  < 

(c)  F'.xpre&s  eachj?f  A  -  B  and  C  -  B  as  linpa  r  combinations 
^        of  a,  S,  and  ^ 

(d)  Find 


termed  linearly  independent  seSquence  of  real  numbera  is  a  basis  for^. 
What  this  last  means  is  that  if  a  is  any  nonzero  real  number  then  each 
real  number  is  a  multiple  of  ^.  And,  the  linear  independence  of  the 
1-termed  sequence*  (a)  in  the  case  that  a  ^  0  implies  that 


if  ar  =  as  then  r  =  5, 


In  we  have  two  operations  an^^ous  to  multiplication  of  real 
numbers.  The  first  one  we  studied  is  multiplication  of  a  translation  by 
a  real  number.  For  ^is  operation  we  were  able  to  prove  a  statement 
very  much  like  (*): 


or 


as 


[a  05 


and      C  -  Bi 


3,     Show  that,  for  any  non-CT  vector  L*,  a  -  bj^-^l  £  f  S 

Vb '  b/     '  ' 

Answers  for  Sample  Quiz 

1.     Suppose  that  'I  |a  II   ^  .  1 1  b  1 1 .    Then  a  •  a      b*  •  b.    So,  (a^-fS+cj-^^ 
-  (a  +  S)  •  (a  -  ij)  +  c  •  (a  -  b)  ^  fa  •  a  ^.iJ •      +  (c  •  a\'  c  •  b) 
=  0  f  (a-c  -  b.c)  -  a -  c  -  S.c.    Hence,  if   |]a||  ^  then 
(a  +  b  +  c )  •  (a  -  b)      a*  •  c*  -  S  •  c  . 


The  second  analogue  of  multiplication  of  real  numbers  is  doi  multipli- 
cation of  a  translation  by  a  translation.  For  this  operation  the  simplest 
statement  analogous  to  (^)  is  false.  In  fact,  giv^n  1^  ^  it  is  not  diffi- 
cult to  £nd  translations  r'and  s  such  that 


a.  •  r  =  a  •  5,  but  r  9^  s. 


I. 


(a)  ^projj     J  (c)  -  S;    projjjjj{a)  ^"K  <; 

(b)  a  •  b       16   [for  comp^  (a)  =  (a«S)/(b»b)  and  comp^(a^  ,^  1 


(c) 


and  b  •  b 
=   16-1  ■- 
A  -  B  = 


>  16j 
16) 


c  .  b 


16  foi 


5;   g  -  P  .  c 


A  -  b'I 


=   3    [for  .||A  -  Bj|  - 
-  Zih.  b-  =        +  16  -  2  •  16]; 
1|C  -  .P||   ^  [for    |)C  -  B 

'      -  2?.S.  ^  64  +  16  -  I  .  16] 

3.*   Note  that 


{b  •  b)  compr*  (c ) 


(a  -  S)  •  (a  -  -S)  =  a  •  a  +.S  *  S 


lor  any  non-'fl  vector  S,  a  -  ^(^"^]  ^  [  ^  ]"^« 


So, 


[Find  two  such  translatipns  r  and  given  that  o^^^  OL  You  have  done 
this  several  times  in  earlier  exercises.]  In  spite  of  this,  it  is  still  pos- 

^;  sible  that  there  is  a  theorem  about  dojt  multiplication  which  is  anal- 
ogous to  The  reason  for  this  ppssibilky  is  thatthe  restriction  'a  ^  0' 
has  tw^  analogues,  Qne  is  ''a'  7^  Q\  The  other  is  '(aX^  is  a  basis  for  J^' 
[or,  equivalently,  since  ^  is  3-dimensional,  ■  ^(a,  ^    is  linearly  inde- 

j3endent'l,  - 

:  To.  get  a  thwreHh  about  ^  which  is  analogous  to  (*)  we  first  state  as  a 
lemma  a  result  which      established  in  Exercise  6(c)  on  page  56. 

I  Lemma    ^^^f%^J^  iinearlyjndependent  then 

For  the  record,  we  sketch  the  proof  of  this  lemma.  Given  that  (a*  ^Tifis 
a  basis  for  ST,  therq  are  numbers-say,  a,  6^  and  c-such  that 7^-^ 
+  66  +  cc.  It  follows  that 


=  im)  •  r  +  ibb)  •  r  +  ice)j_r 


[Why?] 
CWhy?3 

So,  given  that  a'  •  T,V'1%  ami  c*-  rare  all  0,  it  follows  that  r*-  T=  0. 
Thus,  r  =  p.  [Explain.] 
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We  are  now  in  a  position  to  state  the  following  theorem  about  ::T 
which  IS  aaaiqgous  to  (^): 

»* 

Theorem  11-9      If  (a, IT,  c)  is  linearly  independent  then 

*  (a  ♦  r  ^  a .  •  .s,  6  •  r  =  6  •  s,  and  c  -     =  c  •  s)  — ♦  r  =  ^. 

The  proof  is  left  as  an  exercise. 

Exerciser  ^  ^       ,  . 

1.  Answer  the  questions  in  the  proof  of  the  lemma  given  above. 

2.  Prove^  Theorem  11-9.  [Hint:  Note  that  a*  -  ~r  =  'a  •  i*"^ implies  that 
a  '  (/^  s)  =  0.)  ■  V 

3.  Suppose  that  a.  7?,  and  c  are  non-^  translations  and  that  o*-^ 
~  6  ■  c  =  r  ■  a  ^  0.  Show  that  (a*  K     is  linearly  independent. 

•  |//i>2^:  Suppose  that  oa  ^  6*6     cc  =  0.  Tht  multiply  on  both  sides, 
with  v.]  \  H 

4.  Let  r  =  aa     bb     cc,  where  a,  6,  and  c  are  non-^ translations  as 
describe^  in  Exercise  3. '  '  . 

[         (a)  Show  that  a     (F^-  aV(a*  -  o^.  Obtain  similar  results  for  '6*  and 

(b)  Show  that       projj^,  (r!  4-  projij^j  (71  +  proj^/j  (rl.  . 

-Any  3-termed  sequence  of  linearly  independent  translations  is  a 
basis  for So,  .what  has  just  been  established  in  Exercise  3,  above,  is: 

m 

4*^)0"^  c*-  o'^.O  — (a,"6!cl  is  a  basis'  (a,X~c'y^~^ 

In  our  earlier  work,  we  said  that  a  and  are  orthogonal  if  their  dot 
product  is  zero.  §0,  (**)  tfeUs  us  that  any  3-termed  sequence  of  rion^ 
translations  which  are  pairwise  orthogon'cU  is  a  basis  for  Such  bases 
-those  who^  terms  are  pairwise  orthogonal  -  are  called  orthogdrial 
biides.  -     -  ■  -  ^      .    '  

-       Definition  11-6      (a,  6^    is  an  ort.hogonaj  basis 


(a,  6,  and  c  are  ndn-0  and  a  •  6  -  6  •  c  =  c  •  a  0) 

Using  this  definition  and  the  r^uits'in  Exercise  4,  above,  we  have: ; 

Theorem  11-10      (a,6^cjisan  orthogonal  basis 
*-*7-  projj-j  ir)  +  proj^^j  (P)  +  proj|-j  (r)  ^ 
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The  exert'ises  on  pagi^^^   together  with  those  on  page  60 
'provide  important  illustrations  of  the  use.of  orthogonal  bases.  We 
recommend  that  these  exercises  be  us^^d  as  i  basltifor  class  discus- 
sion.   Students  should  then  be  well  prep^ired  to  treat  Piirts  A  and  B 
(pp,  61-62)  for  homework.         *  ^ 

Ansv>'ers  for  Exe^cist's  '  •   *  . 

1.  The  answersno  the  questfons  in  the  proof  of  the  lenmia  are„>>in  ' 
turn:  Replaeement  rule  for  equations;  Postulate  4,,,;  Postulate 
4^^;    Theorem  ll-i(c).  -  ^ 


Suppose  that  (a,b,^c)^  is  Uneariy  independent  and  that  a*  r  -:  a«'fi 
K  -jr  '  ^  S  •  s ,  aijd  e  •  r       e  •  s .    Then,   a  -  ( r  -  s )  =  B  •  ( r  -  s ) 
-  T-ir  -  s)       0  g<¥:>  that,  by  the  lemma,   r  -  s  ^   6.    Thus.'  r 
Hence,  Theorem'  11-9. 

Follov^'ing  the*' hint,  we  sec  that  (a-  a)a   ^   0.    Since  a  ^  '6,  it 
^follows  that  ^-^   -    0,    Dot  multiplying  tht«  given  equation  on  both 
sides  with  'b^  and,^in  turn,  with  we  see  that  b       0  and   '  ' 

c   =  0.    So,  (a,  S^e)  is  linearly  independent* 

(a)  r«Q  =   {a*a)a,   r-b  -  (b*'b)b,  and  r^c  =  {c*c)c.  So, 

a  -  <r-a)/(a-a).  b  ^  <r-S)/(B»S),  and  c  {r'c)/(c*e). 

(b)  This  follows  f^om  (a),   and  Theorem  U  ^fflf  and  Definition 
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Exerciser  -  •  ^ 

Assume  that  (a\  V,  c1  is  an  orth6|?onaI  basis. 
^   N    1.  Let       a5  f  62  +       -3  and    =  a  — 2     6*6  ck, 

(a)  What  are  projj^j  (rl  projj^j  (>t  and  pro^j  (75?  Answer  simile 
.        .   questions  regarding      ^  sh  and  A  ^  s3. 

(b)  Compute    r*-       [Hint:    r-  s  ^  Cab     62  f  r*-  -3)  •  (a*  -  -2 
+  66  ^  c4).  Expand'and  simplify,  remembering  that;  (a*  6*  c)  is 

^  orthogonal]      ^  ^ 

(c)  Find  values  for  'a  •  a'/T  •  6^,  and  V*-  V  for  which  r  and  ^j'are 
orthogonal.  Is  there  niore  tha^t  one  such  set  of  values? 

^        (d)  Compute  r  '  r  and  s^'  C 

(e)  Oiven  that  Ijajl  =  2,  ill  =  I  and  \U  =  1,  what'  are  ^^ijri 
and  101?  ■  • 

2*  (a)  Give  the  <x)mponents  of  both  unit  vectors  in  the  direction  of 
r\  where  r  -  a5  v  -  -3.  Which  of  these  unit  vectors 

is  in  the  sense  of  r>  [Hint:  Fpr  a  #  6^.  a/Jfej]f  is  a  unit  vector.] 
Sb)  Express  the  unit  vector  in  the  sejjse  of 'sjde^cribed  in  Exer- 
\   cise  1]  as  a  linear  combination  of  the  basis  vectojis^^ 
.  3,  Let  f[  =  a4  +  c-  --3  and'f*     6*  •  -2  +  c3.       ^  / 

(a)  What  is  4j  '  X?  Are  there  values  of  1ia]r,  llSlf,  and^H'  such  that 
*     and    are  orthogonal?  •  ( 

(b)  Let  i.^  =  aa  ^  bb  ^  ct\.  for  some  a,  6,  and  c.  Shiw  that  f  *  and . 
,  are  orthogonal  if  a     (c*-  c1/4  and  c     (a*  -  a^/3.  Describe 

other  values  for  'a'  and  'c*  for  which  and  ^3  are  orthogonal. 
D^ribe  the  values  for  '6'  for  which,  /  J"  and  7^  are  orthogonal. 

(c)  Describe  values  for  'a\  *b\  and  V  for  which 7^  and  L  are  ortho- 
^      .     gonai.  '       ^  *  ^ 

'  (d)  Given  tha^  a,  6*  and    are  unit  vectors,  compute  \\Q\  and  0|. 
'    (e>  Given  that  a.  6.  and  c  are  unit  vectors,- and  7^  =  a  a  +  6))  -f  cc, 
describe      in  terms  of  *a\  *b\  and  V.  , 
4-  Given  that  a,  6^  and  Tare  unit  vectoi^  [and  that  (a^VCci  is  an  ortho- 
gonal basis),  as5i|me  that  r*  =^  a*3,T  =  62,  andT=    *  -5.  Compute 
y  each  of  the  following  norms.. 

 JtajnB-^  -  -   ^44^  --^  .^  --<c>#----.....- 

.     <d)|lrH-sj    4?  (e)11s\-fl||  "  (f) 

■  •     ^      •-  •    '  ■  '  '  ' 

From  the  exercises  just  wmpleted,  we  see  that  much  information 
*  about  i^articular  vectors  caii  be  obtaitted  in  terms  of  the  colnponents  of 
these  vectors  with  respect  to  an  orthogonal  basis.  As  a  matter  of  fact, 
when  the  basis  vectors  are  also  unit  vectors  —  in  addition  to  being  pair- 
wise  orthogonal— we  are  abl£^  to  ejtprass  the  norm  of  any  vector  in 
terms  of  just  its  i^mpdnents  and,  further,  we  are^able  to  express  the 
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A  n     c  r  &  1  o  r '  Ex  t-  r  c  i  s  s 

1,     (a)    aS,    b^,    c»-i;    Since  rl  i  aO  -f  b34  +  cl4  it  follows,  by 

Thforrm  11-10,  ^thnt  thv  projections  ofrZ  +  "sS  on  [  a  ],  [  K  ], 
and  [c  )  art-   d,  t)i4,   and  cl4,   re Hpectiv^t'ly ,    Also,  since 
r4  ^  si  -   ai4  I  l)<26  4  cO,  it  follow^  that  the  projections  of 
r4  +  s3  on  [a],  and  (c  ]  a're  al4,  Hz6,  and 

respectivt\ly 

(b)    Since'(a,     c  )  is  .orthogonal,   r«s   -   (a«a')«-|'0  i  (Ij-b)!^ 

+  {c .  T)*  -iz,  IS  .. 

(cj    r  and  s  are  orthogonal  if  and  only  if  r  -  s  =  0.    By  (b),  this 

is  the  case  if  and  only  if  (a  -  a)  •  -  1  0  +  4  {c  •  c)«  -12  =  0, 

The  latter  is  the  case  for  many       in  fact,  infinitely  many  — 
triples  (a- k*,  H'K,^c  »c).    To  find  a  particular  solution,  choose 
values  for,  say,   *a-a*  and       •       and  solve  for  'c»  c*, 

id)    r .  r  =   (fr.a)£S+  (b-b)4  f  |c'c)9;    "s'-s  -   (a  ^  2)4  i  (b -1^)36 

r  •  s*  =   4  .  -10  f  I  •  IZ  +  1  .  -12  ^    :^49;  - 

|jr  j!'^  ■  '4.  2S  +  i-4  +  1  •  9  =    110  so  th^  4i^H  ^  n/TTO; 

||sj|*      4  •  4  ^  i  •  36  +  1  .  16  -   41' so  that   Ijsj)  -n/4T, 

^^"i    ^Vlk'N  -'ire  the  unit  vectors  in  [  V  ]  and 

^Vllril  €  ■  Note  that 

•  r-r  ^  4a''a)25  +  (b'b)4  +  {c-c}9 
,  so  that    jjrjt    "  \/^{a  -  a)Z5  4  (b  •  b)4  +  (c  •  c  )9 .    The  componentfi 
of  rVIJr'l)  are  {^/\\t\\,   Z/H  r  ||     -i/j  j/li  )-and  those  of  ■ ' 
-V/llr'!!   Hre  {-V!|r|i.   -^/\\r\\,  fy\\r\[h       -  '  - 

(b)  ,By   ild),  \^^e  kiW  that   |  j  "s  j  |   -   N/{a-a)4  I  (b-b)36  +  (?.c)16. 

^      '    .      sVllsll    .  ,aV-2/j|W!!  i.bVIJsl!  +c4/il«|h 
3,     (a)    't\-Vp  .  (a4     c  •  -3).  (b. -2     c3)  =:^c*?)«-9.    Since  c 

||c||  ^  0  so  that  tl^e  re  are  no  values  for  *  1 1 a  ||  \  '  1 1 S  j and 
'||c||*  for  which  t^-.7p       0,  ■      '  ' 

(t>)  7^  -t^  ^       rv--3j.:|3^  ^  BB'^  ciTj^ —      r  ;     ■       ~^  :.. 

=  (a  •  a)4a  ^  (c  •  ?)  •  -3c  .  • 

So,  tj-t:^  -  0  if  and  only  if.  (a  •  a)4a  -  (c«c)3c^  -  0.  Clearly, 
^  if  a      (c -clA  and  c  =  {a-a^/B  then  t^'V^      0,  TF^e'values 
for  'a*  and        for  which       and  tg  arc  orthogonal  aj'f  sych  « 
that  '  ,  •  . 

U,  c)  =  {t(c»c)/4,  t(a*  a|/3).  for  #oinc  %. 
The  orthogonality  of  t^  and  tg  ^do^s  tiot  depend  on  value «  for 
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3%     (c)    4 -t^ '^^         -4  +  ?3).  (aa  +  b'b  i  ?c)      ,  ' 

so  that  -  t^  -  0  if  aod  only  if  (S.S)2b  -  (c  •  c )ic  -  0,  The 
values  for  *b*  and  'c'^  for  which  the  latter  is  true  ar^  such 
that 

(b,c)  =   (t{?-?)/2,  t(S.  g)/3K  for  some  t.  - 
The  orthogonality  of  t^  and  ^3  does  not  depend  on  values  for 

(d)    tj-Tj      (a. a)l6. +..(?. c)9.    If  a-a  ^  C'C,  then  t^-T^  -  25, 

,       -So.    |.|tMl    ^   S.  -   "  •  .  , 

Tj,  -Tp  ^  ■(S.g)4  +  {c-c)9  so  that  if  S.S  =   I   =  c'C,  tp  -t^  13. 

So,  '|r4||   --  ■vT3.  '  ,  , 

ie)    lltjl    =  ^Tb^i'P  ^  ' 

4.     (a)    3  (b)   2  (c)    5      ,  . 

(d)    ^^l  (e)   «/l9  .<f)  ' 

<g,)  >rn  .  <h)  \pi8  (i)  ^/l8 
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dot  product  of  any  two  vectors  in  terms  of  their  components  alone. 
Thus,  a  most  useful  and  convenient  orthogonal  basis  is  oAe  whose  * 
terras  are  unit  vectors.  Such  a  basig  is  called  an  orthonormal  basis  and 
i^defined  formally  in:  ^ 

Definition  11-4   (a,  %lc)  is  an  orthonormal  basis 

(a,  6,  and  care  unit  vectors  anda*-T=  6*-  g*=  c*-^=  0) 

Recall  that,'  for  a  ^  0,  proj,-j  (r^  =  a*cpmp-  (7^  =  ~a\{r  •  'a)/(a  •  a)]. 
Now,  if  |]al|  =  1,  we  have  that  pn?j|-.  (r)  =  a(/-  [Explain.]  Making 
use  of  this  we  obtain  a  most  userfUl  special  case  of  Theorem  11-10, 
which  we  state  in:  . 

Theorem  ll^-rll  is  an^rthonormal  basis 

■       r  ^  air  'li)  +  V(r  •  b)  +  c(/^» 


Exercises 


Part  A 


B 


Of-- 


In  these  exercise,  let  UljlV)  be  an  orthoaonnal  basis  for  ^. 
I.  Suppose  that  a  =72  -^T'  -2 /fTand  thatT  =  l2        +  5. 

(a)  ComputeT/^  Iffy  7  X^^^'^         ^  ^ 

(b)  WhM  are  a  X  a        and  What  are  ft'-X 
andT-T?  »7 

(c)  Itetemune  whether    and  V  are  orthogonal, 

(d)  'C6i^u'le|]^andil5lt.  ^  ^ 

(e)  Express  the  unit  vectors  in  the  senses  of  a  and  respectively, 
as  linear  combinations  of  the  giy^  basis  vector^. 

2*  Assume  that  A  ^  O  -hT+7|, 

^3,  and  D  ^  A         as  pic- 
tured at  tixe  righi 
[  Ca)  Show  that  I?  -  >t  is  ortho-  ~ 
gohal  to  both  B  -  C  and 

.   (b)  Compute  jjC  ^Al^^  Al 

and-ED  ■  ^"        ■  ■    :  .    _  ■  .  . 

3.  Assume  thi^t?>* la,  -f7»j-+      and  that  iT-T!?^  -f-J^  +  Tft^. 

(a)  Expr^  11^  and  1^  in  terms  of  the  components  of  a  and  re- 
spective^. 

(b)  Expit^  u  \  Tin  terms  of  the  components  of  V  and  % 

(c)  Give  the  compdn^ts  of  a  unit  vector  in  [ai,  in  terms  of  the 
^     components  erf  flT,  when  ^  IP*  1^  / 
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Explanation  called  fdr  in  text*    If  |ia)j  =  1,  we  have  a^a  =  1  so  that 
projj.^jir)  =  a[rr 'a^/^a*  a)]  =  al{r.a)/l)  =  a(r'a). 

Answers  for  Part  A 

'i.     (a)   0.  0.  I.  0,  I      '    '  .  • 

•(b)    3,  -2,  and  1;    3.   I,  and  -6 
(c)    a  •  b  =  ,  3  •  3  +  -2  •  Z  +  1^'  -  5  =  0.    So,  a  and  S  are  orthogonal . 
*       (d)    |ja||^  r  9  +  4  +  I   .   14,   so  that  vT4; 

llb'll'"      9  +  4  +  2«i       38,  so  that   ||bj|   =  VTS.  .  . 

■  •    {e>    a/|ia'|1    -  T3/n/T4  f  j'.  +  S/n/T?; 

S/ !  I  b*  1 1    ^  r3 />r38  +  XZ />/3a  +     .  -  5 /VII . 
I.     (a)    D  -  A  --   k3,  B  -  C  --   T-  -1  and  A  -  O  =  t  +  j2.    So,  ^ 

<D  r  A).(B  -  C)  -   ^3.  (r-  -1  +  j2)  =  0 

and 

(D  -  A)'  (A  -  0)  =   1^3  .  (T  f  Id  --  0. 
So,   D  -  A  is  orthogonal  to  both  B  -  C  and  A  -  O. 
.     (b)    C  -'A  =  k'3  -  Jz.    SoV  lie- -  A|)  =    1 1 1^3  -  jZ  1 1  =  =  a/TS. 

B  -  A      k3  -  T.    S*. -|'|B  -  All  =   |jk'3  -  Til  =  WTT  -  VTo. 
D  -  O  =  ?  + jZ  +  JJ3.    So,    IId  -  oil  =  11^472  +t3j|   =  Vl4. 

3,     (a)    ||a||   -  VSj^  +  a^^  +  a^^,  for  t'^k  -         +  a^^  +  ag^. 

IISII  =  sfb/  f  b/  +.b/  ,  ' 

ic)    a/||a^||   hag  componJlBfca'j/j|a|| ,  ap/||aH,  a^/jjalj),  where 
'■'  jjajj  i«  given  in  (a),^B"'^a/j|ai|  hag  components  (-aj/i|a|j, 

-a^/ll^ll,  -a3/ii^-ii»).  .  - 
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Answers  for  Part  A  (tont;| 

4.     (a)  (i)   19         (ii)   5\IT        (in)  '/Z9         (iv)  n/TT?     .  (v)  ^f4l 

(b)  {i)   -S9       (ii)   s/b9         (iii)  (iv)  0  (v)  2^/59 

.  Jc)  (i)   76    ■     ^ii)   ^fJs         (iii)  2n/38       (iv)  .3s/38       (v)  -v/H 

(d)  (i)   121        (ii)  ^/T94       (iii)"  Nfm       (iv)   3>/70  (v) 
Answers  for  Part  B 

1.  (a)  U,3,5)  »■  ^ 

(b)  ■</35   (for,    ||P-0|f  =  Vl^'  +  5'"  ] 

(c)  {/V35,  3/n/36,  5/V35)  and  (-yV35,  -3/>/35,  -  ) 

2.  (a)  (2,  -4;  -6)  / 
(b)  2n/T4     [or,  VIS] 

(c>  (/>m,  -2/>A4,  -3/^^4)  and  (-/^^,  l/^J^4,  and  3/NrR) 

3.  (a)  Components  of  P  '  Q  are  (-1,7,11);    (P  -  Q)«  (P  -  Q)  =  .171 
(b)  Since   ||P-Q||   =  S-s/T?    [or,  VrTl],  the  unit  vectors  in 

(P  -  Q]  have  components  (-/(3's/T9),  7/(3^/79),  ll/(3«/T9)) 
and  (/(3VT9),  -7/(3VT9).  -11/(3n/T9)). 

4.  (a)    (sj  -  r^,  Bj,  -  r^,  s^  -  r^)   '  .  " 
(b)    V(8,  -  r^F'+  (sp  -  r^)^'  +  (B3  -  r^^ 

.     (c)    ({s,  -  r,)/ns  -  R||.  Js^  -  r^)/||s  -  Rjt.  (S3  -  r^)/\\s  -  r\\)  and 

((r,  -  s,)/ns  -  R||.  (r^  -  s^)/||S  -  r||,  {t^  -  b^)/\\s  -  R||), 
where   j|s  -  R||  is  given  in  part  (b).  . 

5.  '   (a)    (1,  -9.4) 

(b)  (3/2,  1/2,  5),  for  since  M  =  A  +  (B  -  A)L  the  coordinate*  of 
M  are  (I  +  I'L  5  f  *9  •  i  3     4  •  i), 

(c)  M  -  C  has  components  {"l/Z,  l/2,  5).  So, 

IjM  -  cj|^  ^/|TyT7i  ^  sfTOZ/Z. 

(d)  N  has  coordinates  (2.  -2,  7/2).    Thus,  the-  components  of 

-         N  -  A  are  (1,-7,   1 /a -8Q  that  ||N  -  A|[      >/25I/2.  - 

(y,     (a)    Making  use  of  the  hint,  the  coordinates  of  D  are  (1,  1,  10). 

(b)  E  is  such  that  E  ^  A  4  (C  -  B).    So.  E  ha«  coordinates 
<l,9,-4).  -  ^ 

(c)  D  -  C  .has  components  {-I,  1, 10)  .so  that  )jD  *  c}{  =  's/TSZ'  , 
E  -  B  ha$  components         13.  -Ii)  so  that  |j£  -  Bit  «  Vf9T. 


INNER  PRODUCT  SPACES  ' 


4.  In  each  of  the  following  parts,  you  are  given  a  and  fc*as  linear  com- 
binations of  the  terms  of        k).  Yovi  are  to  compute  (i)  a  •  b, 

(ii)  !|al  (iii)  |(6l|.  (iv)  \\a  +  ill,  and  ("v)  \\a  -  6||. 
'    (a)  a'-  A  +}S  +  r5. 'A*=  <S         -3  +T4   .    .  \ 
(b)  'a  =  ^  +  f  ■       +  kS,  S  =  I  ■  -5  +  Js  +  T  ■  -5 

(d)  o' -  l3  +  j4  +  klZ,  b  =  ri2  +  j5  +  Ts 

/  ■ 

\ 

In  these  exercises,  all  coordinates  of  points  ifre  given  in  tonns  of  the 
coordinate  system  with  origin  Q  determined  by  the  orthonormal 
basis  {I,  J,  k).  ,  * 

1.  Suppose  that  P  has  coordinates  (1,  3,^). 

(a)  What  are  the  components  of  P  i  01  .  ' 

(b)  Compute  IIP  -  0\i 

(c)  Determine  the  components  ofeachofthe  unit  vectors  in  [P  -  O]. 

2.  Suppose  that  Q  has  coordinates  (2,  -4,  —6). 
(a)  What  are  the  components  of  Q  -  01 

;   (b)  Compute  1^  Oj] 

(c)  Determine  the  components  of  each  of  the  unit  vectors  in 

[Q  -  qj. 

3.  Considenthe  points  P  and  Q  described  in  Exercises  1  and  2. 

(a)  Determine    the    components    of    P     Q    and  compute 
iP  -  Q)    iP  -  Q).  * 

^  (b)  Give  tile  components  of  eqch  of  the  unit  vectors  in  [P  -  Q]. 

4.  Suppose  that  R  and  S  have  coordinates  (r^,  r^)  and  (Sj,  s^,  S3), 
respectively.  Determine  each  of ^the  following  in  terms  of  these 
coordinates, 

la)  the  components  of  S  -  /?  *  « 

•  (b)  \^  -  R\\ 

(c)  the  components  of  each  unit  vector  in  [S  -  R],  when  R  ¥^ 

5.  Suppose  that  A,  B,  and  C  have  coordinates  (1,  5,  3),  (2,-4,  7),  and 
(2,  0,  0),  respectively.  Compute  each  of  the  following. 

<a>  thetx>inponent»0rB -4  ^  ^ 

(b)  the  coordinates  o^M,  the  midpoint  of  AB 

(d)  iiW  -  ^11,  wheKe  N  is  the  midpoint  of  BC 

&  Given  A.  B,  and  G  described  in  Exenrise  5,  detennine  the  following. 

(a)  the  coordinates  of  D,  where  ^CBD  is  a  parallelogram  [Hint: 
D  -  ^  ^  (B  -  C).] 

(b)  the  coordinates  of     where  ABCE  is  a  par4]lekigram 
<c)  |l£)'-€!iandji£;  -  B\\  ^-  . 
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Sample  Quiz^ 

Suppose  that  (t,^,       is  an  orthonormal  basis  for  T,  and  that 
a  =  t2  -  7Z  +  CS,       S  -   -I2  -  j2-  +  g3. 

Complete  the  following.    Show  all  of  your  work. 

1;  a.s  -  ,2,  ?.a  =  

3.      lie  II  '      '  4.   1|a  +  Si|.=  _ 

orthogonal  to  b  because,,. 


5.  a 

6.  c 


(is/isnotj 


orthogonal  to  b  because, . . 


(is/is  not) 

7^  The  com^nents  of  a  unit  vector  in  [  a  ]  are 
Answers  foi^  Sample  Qujg 


2,    -36   [3  •  0  -  3.  12  +  0^  5) 


1,  15    [2  r  -2  -  2.  --2  +  3-3) 

3.  3Nrz   (n/3^  +  3"^) 

5.  is  not,  because  a«b  ^  0, 

6.  ^  is,  because  c«lj  ^  0,  ^ 

7.  UAM,   '-Z/\fJ3.   5/>/33),  for'||a||  =  V4  +  4  ^  25  and  a/|jrj|  is  a 
unit  vector'in  [  a  ).    An  alternate  answer  is       Z/\f33,  Z/*sJT%,  ^^/V33), 

"  fc^r  -aVjjajl   is  another  unit  vector  in  [a]. 
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We  conclude  this  section  by  summarizing  two  of  •the  results  rori- 
<^ming  components  of  vectors  and  coordinates  of  points  proved  in 
the  exercises  just  completed. 


Theorem^l  1  -12   Given  an  orthonormal  basis 
if  a  =      -i^  Ja.^  ^  ka^  and  b  =  Tb      *  ~^ 


ia)  a    b  ^  a^b^  ^  a^b. 


J  -f-  Jb^  +  '^^a  ^^^^ 
and  . 


11.12  Chapter  Summary 
Vocabulary  Summary 


perpendicular 

orthogonal 

projection  of  a  point 
projection  of  a  vector 
compl^ent  of  a  direction 
vectors 
basis  for 

coordinate  system  for 
orthonormal  basis  for  J 


(listance 
norm 

unit  vector 

dot  multiprication 

inner  product  space 

perpendjpilar  biseHor 

equidistant  ^' 

altitude 


PoMtulates 


1.  (a)        ^  c.r 

2.  (a)  A  ^  {B  -  A)^  B 

3.  {B  '  A)  ^  iC  -  B)  -  C  -  A 
4'.   ./  is^a_3'dimensional  vector  space  over 
40,   ie)  a  •  b^Jjf   •  ^  . 

4u.  a  -  ~a.>  0      f«V  61      "  , 
4ia,  {a  ^  ^  '  c  ^  a  '        b*  *  c  » 
4n«  iaa)  -  b  ^  {a  -  V)a 
4i4*  a  '  b  ^  b  '  a 

4.  :7'  is  a  3-dimensional  inner  product  spac^  qver 


(b)  A  ^  a%K 
(b)  "a  =  {A     a)  "  A 


IhiimUom 


;    (b)  faV  «  ix  :  '^,i;jS*-y*«  0} 


11-3.  in,  c^  is  an  orthogonal  basis  ^  (a*  V,  and  V  are  non-0*  and 
a  *  h  -     '  c     c' '  a  =  0)  *  i 

,1 1-4.  (a,  6,  c\  is  an  orthonormal  bgisis  ^  (a,%  and  c*are  unit  vectors 
and  a  ♦  6  =  6*  •  t*=  c  '  a  -  0)  . 


Oilier  Theorems 


U-1.    (a)     '  (66)  ^  (a  -  6)6  j[b)     -  a  =  0  ^=  a  •  0 

(e)  V;  -(a  •  b\=-Q"'t(f)  -a  — V=~a  •  6" 

(g)  Xq*  -  "6)  ■  c*=  a  •  c'-  6"  -  T(h)     '(T  -     =  a  ■       T  •  V 
(i)   (a*  +  £)  •  (a  ^  V)  =  a*  •  a*  -  6*  • 
U)  (a MaV  6*)  ^  ~£ 
J  (k)  (a  -  61  •  (a  ^  ~b\  =  a  •  a  +  6  •  6  -  2(7  •  6*)  ^ 

11-2.    6€{aV^  6  •  0*=  0 
^  11-3.    (a)  liajc.^  •  (b)aVo'-*0>O 

(c)  1^4  -  101  |a|      •  (d)  Q  ^  6*€  fa  -  '61^       Ij^j  = 

^  (e)  aV=  ►         ^  i  and  0*-  '   faV  61. 

Lemma  1.  (a)  [Ol^  =  J 

(b)  a*-T((a  •  6V(V- 

(c)  j6;  ci  e  TaV [6:  c]  c  ra> 

l«mma  2.  (a)  J  •       1  v"  '  [fu}  =  1  =  f^] 

11-4.    (a)  0V  is  a  ,proj3er  bidirection      ( a*  #  05 
(b)  [a]  n        =  iO*} 

(d)  Iap>-*  a  6  (6j-^ 
11-5.    ForaVa  _  _  *^ 

(a)  comp (a)  e  ^  and  (6* €  [a*]  — ♦  comp;  (6*)  =.T :  "* 
,   Jb)  comp^g)  =  0  *         _  _   

.  (c)  coinp-;(fe*+  c1  =  comp^  (6)  +  comp-{c1  : 

(d)  «>pip-(r6)  -  compjt^6,  and 

(e)  comp-„,J6*)  =  cQmp-(S)/a      [a  ^  ^] 
11-6,   proj,-j(6^=ira)inp-('S^  - 
CoroUiry.  (a)  erojf^,  (53 1 

(b)  pro],-,  (53  ^  7^  (7*6  [o^  aqd  T  -  [ol^) 

H     11-7.  (a)  proj,-,  {63  €  \^  and  (proj,-,  (63,  «  6**-*Te  fo^)  . 

(b)  proj,-,  i(6}  ==  0'*-*6'€[^i 
<c)  proj|-j  (T  + "^3  =  p^oj|S^  (63  +  projj-j  (c3 

^  W)  projj-,(B)  «;proj|-,  (5)6  1*^  5 


11.12  Chapter  Smmnai^  65 

n^.    (a)  tgi|6||^  1^;  ;  ^  _ 

Cb)  (a, '6)  is  linearly  dependent  if  and  only  if  Hall  \\S^  =  (a*  •  6] 
Lemma.  If  la.  6.  c)  is  linearly  independent  then  [a-r==b  r='c-r 
=  0  —  r  =  01 

11-9.    If  (a.  6,  c)  is  linearly  independent  then  [(a  -  r  =  a    s,  b  '  r 

-  h  '  s,  and  c*  ^  r  -  c*  -  s)       r*  =  ^« 
U-10.  ia,  6,     is  an  orthogonal  basis  — ♦       P^Jjai  P^Jf^i 

11-11.  (a,  6,  c)  is  an  orthononnal  basis  — ♦  a(r*-  a)  ^  Si/-  V) 
•  ♦  • 

^  cir  '  c)    ,  ^  * 

— -»  — #     — ♦  — -»      -  ^  — ♦ 

11-12.  Oiven  an  orthonormal  basis  (ij,  k),  if  a  =  ia^  -f  ja^  +  and 
6  =       f      "f  then 
(a)  a    6  -  a, 61  4  0^6^  f  03^,  and 


(b)  i|a|!  =  \  a  «  +  a,.^  +  a 


2 


3 


Test 

L  Prove  that  if  a  and  6  are  proper  vectors  and  5  e  [aV  then      ff)  is , 
linearly  independent. 

2.  Suppose  that  {a,  6,  cS  is  an  orthogonal  basi§  for  .T ,  oTj  4-  ^r^ 
y  '  ^  cr^.  qjid  .s  =  6s cs^.  Complete  these  sentences. 

(a)  proji^j  (r^  :  a  ^  J,.^ — _ 

(b)  proji^i  uVe  _   . 

(c)  projj^i  {r  ^  si  — „ — 

(d)  The  unit  vector  in  the  sense  of  — r  is  — ^ — 

— —  — ^ — 

3.  Suppose  that  ABC  is  a  plane,  that  Si  ABC,  and  that  d{A,  S) 
(a)  Draw  a  picture  of  these  a>nditions. 


(b)  proj|^v_s|      -  B)  =  

(c)  Given  tJjat  the  point  23  ^  S,  is  equidistant  from  A,  S,  andC, 
then  [S  -  Dh  ^  .  

(d)  Describe  the  set  of  points  equidistant  from  Ai  B,  and  C. 

4t  For  each  of  the  foliowmg  isentencee,  (1)  give  a  counterexample  to 
ahow  that,  as  stated,  the  sentence  is  not  true  for  all  translations 
and,  (2)  state  a  restriction  under  which  the  sentence  should  be  a 
nontrivial  t|jeorem/ 

5.  Assume  that^'^ii^JTi^^  i^  an  orthonormal  basis  for  3^.  Suppose  that 

(a)  Compute  ^  %  »  ^ 

(b)  ComputejlT  -  all.  ^ 

(c)  Express  6  / 1^  as  a  linear  combination  ofX JT  arid  T. 


Answers  for  Chapter  Test 

1,     Suppose  that  a  an4  b  are  proper  vector3  and  that  be  [a  J  . .  L,et  a 

^  *■  'I 

and  b  be  numbers  such  that  aa  i  Sb  -  3,    Since  S€[aj,  S*a  =  0. 

So,  0  =  h'lS  -  S»(aa     Sb)  =  (S«  a)a  +  (b  •  S)b  -       •  S)b.  Since 

S  b  =   0.    So,  aa  =  3  and,  since  a  #  d,  a  =   0.    Thus,  both 

a  and  b  are  zero.    Hence,  {a,b)  is  linearly  independent. 

,  [Here  is  an  alternate,  and  shorter,  proof:    Suppose  that  a  and  S 
are -proper  vectors  and  that  (^i^)  ^®  linearly  dependent.  Then, 
b  =   ab  for  $ome  b  #  0,    So,   b»a  =   fab)«a,=   (a«a)b.  Since 
neither  a«a  nor  b  is  0,  ta»a)b  #  0  ai]Jd,  so,'.  ^*a  ^  0,  Thus, 
S^fa]*^.    Hence,  if  (a,S)  Is  linearly  dependent  then  S^[a]^, 
By  contraposition,  we  obtain  the  required  result. 

I.     (a)    r,  . 


S  is  the  point  of  AE^C  whi^ch  is 
commQn  to  the^g^i^pendicular 
bisectors  of  AB  and  BC,  ■ 


(b)  (C  -  B)i   .      ,    .  .  • 

(c)  [B  «  A,  C  -  A]     [or:    [  AIbC  ]  ] 

(d)  The  set  of  points  equidistant  from  A,        and  O  consists , of  the 
line  which  contains  S  and  is  perpendicular  to 

4,  (a)    (1)   Not  true  wh'en  t  -  t,  *  '  .  -  . 

(Z)    (a,  S)  is  linearly  independent. 

(b)  H)    Not  true  unless,  (h,  b)  is  linearly  dependent;    so,  any  pair 

of  linearly  independent  vectors  with  the  same  norM^^i^ 
yield  a  counterexample,  '  • 

il)    ^a,      in  linearly  dependent.  «       _  . 

(c)  (1.)    Choosi^  any  linearly  dependent  vectors  a  and  b.  • 
(l)    (a,  S)  is  lihearly  independent.  V  ' 

5.  {a)   a.S      (tf  1-^2  +  J^  -f-  1J3)  =  i  -  4  >  3  ^  0 

(b)   IIS  -  3!1  =  1174  +  tz\\     NfTTTT  =  2>/?^  V 
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.  (d)  Assume  that  c  «  ic,  +  >^^^  kc^  Describe  the  values  of  'c/, 
'c/,  and  'Cj'  for  which  (g,         is  an  orthogonal  basis  for  .T. 
fc  Suppose  that,  with  respect  to  a  coordinate  system  with  origin  O 
determined  by  an  orthonormal  basis,  the  coordinates  of  the  points 
A.      and  C  are  (3,  -1,  4),  (2,  2,  0),  and  HI,  3,  respectively, 
(a)  The  components  of  B  -  C  are 

\h)  The  coordinates  of  X)  su^h  that  ABCD  is  a  par^lelogram  are 

(c)  Determine  whether  or  not  B  -  A  is  orthogonal  to  B  -  C. 

(d)  Show  that  for  M,  the  midpoint  of  !aC,  B  -  Af  €  [C  -  A]\  ' 


Background  Topic 


Recall  that,  given  an  origin  O  ^  ^\  each  point  X  has  a^jposition  vec- 
tor, X  -  O,  with  respect  to  O.  It  will  be  convenient  to  use  torrespond- 
•  ing  letters,  'A'  and  and  >\  etc.,  to  refer  to  a  point  and  its  posi- 

tion vector  with  respect  to  O.  So,  for  each  ^int  X,7  =^  X  -  O,  and 
X  -  O  :f  X.  Given,  in  addition,  a  basis  (V,,  u*,  U3)  for  ^f,  each  vector 
X  has  component^  (Xj,  x^,  x^)  with  respect  to  this  basis; 

and  these  components  are,  by  definition,  the  coordinates  of  the  point 
X  whose  position  ve^^.  is  jct  So,  the  point  X  whose  coordinates  are 
(i,.  Xj,  JC3)  is  given  by;  ^  .  «  ^ 


Pig,  11-^16 


^  Thefigijre  indicate  a  coordinate  system  with  origin  O  and basi^  (u^, 
ttj,       and  shows,  to^ng  othera>  the  pint  A  whrae  cooi^iinates  are 
(2.  1,  3/2),  The  lines  OlU,l  O[u^l  aiid^iij  are  t^e  first,  second,  and 
third  cooMinate  axes.  The  planes  Olu^Sj,  Otu^^u.l  and  OST,,  V,]  i 
^         the  first,  second^  mxd  third  coordioat©  planes. 
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Answers  for  Chapter  Test  [coat.] 

\ 

5.     (d)    Frorn  part  <a),  we  know  that  a  and  b  are  orthogonal.  mFor 
and  c,  and  K  and  c,  to  be  orthogonal,  we  must  have 
^1  "^^^3  =  0  and        +  Zc^  +  3C3  =  0.    So,  jiny  triple 

(c^f  4Cj.  ^2^3^),  for  somjB  c^^,  will  be  such  that  a  is  ortho- 
gonal  to  c  and  B  is  orthogonal  to  c. 

(a)  (3.  -1,4).  ,        '  -     .  ■ 

(b)  (0,0,0) 

(c)  B  ^  A  has  components  (-1,  3,  -4).    So,  (B  -  A)-  (B  -  C) 

-1  .  3  +  3.  -1  f  --4.4  =   --^14  0.    So/  (B  "  A)  /.(B  -  C), 

(d)  B  -  M  has  components  (1,1,0)  and  C  -  A  has  componem*-- 
(^4.4,  -8).  So.  (B.-  M)-{C  -  A)  ^  1  •  -4  +  1  .  4  +  0  ^-B  =  0, 
Thus,  by  definition,  B  -  M' €  [C  -  Aj^, 
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PartA 

The  foiiowing  que8tions|fefer  to  Fig.  11-16.  The  coordinates  of  A 
^  are  (2,  1,  3/2).  .  .  . 

!•  <a)  What  are  the  coordinates 'df  i^,?  Of  E? 

What  can  you  say  about  the  coordinates  of  any  pomt  of  the  first 

#  coordinate  axis?       .  . 

(c)  What  can  you  say  about  the  location  of  any  point^whose  first 
V   and  third  coordinates  are  0?  ' 
2.  (a)  What  are  the  coordinates  of  B?  Of  C?  Of  D?      ^  \' 
4b)  What  can  you  say  about  the  coordinates  of  any  point  in  the 
third  coordinate  plane?    .  ' 

•  (c)'^W7Tat^can  you  say  about  the  location  of  any  point  whose  third 
.  coordinate  is  3/2?  [Hmi:  The  figure  contains  notation  which 

you  can  use'in  giving  a  quick  answer*] 


\ 


(d)  Explain  why  it  is  reasonable  to  consider  the  equation '^ig  3/2* 
to  be  ap  equati^^n  of  the  plan^^AfiC.  f 
3."  The  bidirection  of  the  plane  containiag  the  points  A,  f/j,  and  U.^  is 
l^,      where  p*-^         A  and^=  U^-  A,  So,  the  plane-AI/^f/^  is 

Alp,  q).  Hence,  a  point  X  belongs  to  this'plane  if  and  only  if  there 
are  numbers  rands  such  that X  =  i4  -l-^V  +  gsA[Explain.] 
^  (a)  What  are  the  componei^ts  of  p?  Of  V? 
(b)  Explain  why  tiie  equations: 


2  ^  r  -  2s 

=  1  r 


are  ^id  to  be  parametric  equations  for 
*     "        4.  We  are  dealing  with  a^''bi^'' a><Minate  systan,  for  all  of^',  de- 
termines by  O  and  (u,,  H^,  a^).  fut,  the  ec[uatioEis  in  Exercise  3  sug- 
gest a  '*smair  coordinate  system  (orAU^U^,  determineci  by  U3ingVi 

•  as  the  oiigin  and  (p,  q)  as  a  basis. 

(a)  What  values  for  V  and 's'  give  the  coordinates  of     the  origin 
-    .    r      -  _     of  the  "«nmH^  a>orditm^^^^ 

. .  (b)  There  is  a  point  of  MfjJl  whose  awrdinates  in  the  *'smair  a>- 

'   I       ordinate  system  are  (2,  -3).  What^lfe  the  coordinates  of  this 
point  in  the  "large*'  doordiiiate  system? . 

•  ic)  The  point  *with  otordinates  i—t^  2,  0)  happens  to  belong  io 

Use  Ihe  equations  in  Exerdse  3(b)  to  show  that  it  do^ 
and  to  find  its  coordinates  in  the  "smafr*  system.  ^  ^ 

<d)  Detehnine  which  o£  the  points^  whose  <x>ordinate8  are^ven 
,  *  ^  here  belong  to  Al/fi^.  For  those  which  belong  to.  Al/^U^^  find 

tHfeir  coordinates  in  the  "smair  system, 
etfi  2,  3),  .  >  .     ("-4,  -1,  -9),  ,  M, -1,  H) 

^  \.  (2,1,  i),  (6,2,1),        '  (-5,2,3) 


TP670) 

Answers  for  Part  A  .  . 

1,     (a)    Uj^  -   0  +  Uj^;    so,  the  coordinates  of  U^^  fire  (1,0,0), 

E  =  0  +  projf-^   ]  (  a  );    so,  the  coordinates  of  E  are  (2,  0,  O}, 

{b>    The  coordinate^  are  (a,  0,  0),  for  some  a  €  ft-       *         »  . 
»     (c)    It  is  on  the  second  coordinate  axis.  * 
I.     (a)    B  ^  O  f  projj.^   j  (a)  4-  projj^   j  (a);    so  the  coordii^tes  of  B 
are  (0,1,3/2)^^  '  .  > 

C      O  +  projj^   j  (a)  +  projj^   j  (aj;    so  the  coordinates  of  C 

(2,0,  3/2).  ^  ^  ' 

D  =  O  +  projr-*  ^  (a)  +  projr-^  so  the  coordinates  of  D 

.  ,       are  (2,  1,  0),  '  * 

"(b)    The  coordinates  are  {p,  q,  0)  for  some  p  and  q.. 
*•  (c)    If  the  coordinates \)f  appoint  P  are  *{p,q,  3/2),  for  some  p 

and  q,  then  .P  €  ABC.  ^  ' 

(d)    A^  fs  the  set  ol  all  points  with  third  coordinate' 3/2,    That  >' 
;s,  given  that  P  has  coordinates  (p^'P^^'Pa)*         ABC  if^nd 
only  if  P3  ^  3/2.    So,  in  this  sense,  th^  equation         =  3/2] 
is  an  equation  of  the  plane  ABC. 

3,  (a)   Since  A,  U^,  and  ^U^  have  coordinates^  (2,  1,  3/2),  (1,0,0), 

and  (0,1/0),  respectively,  p  has  components  (-1,-1,-3/2)^ 
q  iias  components  (-2,  0,  -3/E), 

(b)    The  numbers  x^,  x^,  and        are  coordinates  of  a<point^f. 

AU^^Up  if  and  only  if  they  are  obtainable  from  these  cquatiian,s 

for  ]^operly  chosen  values  of  'r'  and  's\    |X  €  AU^^U^  Af  arid 

^    only  if  X  ,=  A  +  pr  -i-  qs  for  some  r  and  s,  and  this  is  the  case 

if  and  only  if  x^  ^  "^^  ^  p^r  +  q^s,  etc.  —  that  i^,  if  and  only 

if  X3.  =  2  4-' -2s,  etc.]  .  .1  ; 

4.  (a)       =  0  and  s  =  0   [for,  then,  %^  =%  2,  x^  =  ^,  and  3/2];  , 

r  -  1  and  s  =  0   [for,  then,  x.  =  1,  Xp  =  0,  and  x^  ^  0]j    «  ^ 

V  -  r  =  0  and  >e  =  I  fCor,  then,        -  i),  x^  >  J,  and  x^"=  Oj^ 

(b)    The  ^iven  point  is  such  that  r  =  2  and  s  ^  ---3.    So,  x^  =  - 
=   -1,  and  K3  =  3,    So,  the  given  point  has  coordinates 
'  \  g  (b,       3)^^in  the  large  coordinate  syatem.  * 

i&i  The  poVsit  with  coordinates  (-T,  2,  0)  belongs  to  AuTul  if  andl 
■  '   ■•  "  *    -3     3  3- 

only  if  -1      2     i:  -  2s,  2  -  1  ^  r,  and  0-  J"  "2^"?^*' 

soma  r  and  s.  The  latter  equations  are  satisfied  if^ and  only 
if  r  =  -i  and  8=2.    So,  there  aire  numbers  r  and  s  which 

satisfy  the  required  equations  and  this' shows  that  (••iiZ,  0)  are  * 

•   ^  ,  .'f 

the  coordi^nates  of  a  point  ih  AlfTul.    Al«o,  this  point  has 
coordinate*  <-l,2)  inthe  •*small  system. 
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Answers  for  Part  A  {cont.l 

4.   '(d)    {i.l.i)  —Yes    [t'hoose  p       -1  and 


(-4,  -1.  -9) 


(-4,  -1.  -2' 

(2,1,5/2) 


=   0];  (-1.0) 

—  No     (fQr  the  equation^  '-4  -  2  -  r.  -  2s', 

•-1,=  1  -  r'fand  ' -9  -  |  -  |r'-  |s' 
have  no  common  solution], 

—  Ves    (choo>sf  r   -    2  and  s       2];    (2,  2) 

—  Ycss    [choose  j*  ,=   0  and  s  -  0];    (0,  0) 

—  Yt's  Jchoosf  r    •    -I  and  s       -  i  ];  (-1,-1) 

—  No      [for  the  equations  '-5       2  -  r  -  2s', 


'  Z  -  1  -  r'>,  and  *  3  = 
no  common^ solution ], 
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s'  have 


5*  The  equations  in  Exercise  3(b)  can  be  used  to  find  coordinates  of  as 
^  many  points  as  you  wish  in-AL/^.  [How?]  They  can  also  be  us^  to 
find  a  single  equation  in  'x^\  \*/and  V^'  [but  not  V  an^  'si  which  is 
satisfied  by  the  coordinates  of  just  those  points  which  belong  to 
AlfjT^.  Find  such  an,  equation.  [Hint:  Your  work  in  Exercise  4(c) 
may  suggest  how.] 
fi.  In  Volume  1  you  learned  that  any  equation  like: 

a,x,  4^  QjjXg  =  c      [(a„  a,,  a^)  ^  (0,  0,  0)] 

is  a^  equation  of  some  plane.  i 

(a)  Use  what  you  know  about  th6  representation  of  planes  by 
parametric  equations  to  show  that  for  ^  0,  (*)  represents  a 
plane.  [Hint:  Solve  {*)  for  'x^'  and  take  and  m  param- 
eters.] 

(b)  From  your  work  in  (a),  obtain  the  coordinates  of  a  point  on  the 
'    first  coordinate  axis  which  belongs  to  the  plane  tt  which  is 

represented  by  {*).  Also^  obtain  the  components  of  vectors 
p  and  q  such  that  [tt]  =  Ip,^* 

(c)  Here  is  an  equation  like  {*):  < 


5.     Th&  solutions  to  the  equations  in  3(b)  for  any  chosen  pair  (r,  s)  are 

the  coordinates  o£  a  point  in  Al/^U., .  '  Noting  that  the  second  of 
those  equations  is  equivalent  to  'r  -■   1  "  x.,\  and  using  this  with 
the  otht^r  equations,  we  obtain  the  equivalent  system: 


2x. 


-is 


"3        ^*I>    -  V 

Solving  thc!  second  of  these  equations*- for  *s*  and  substituting  in  the  ' 
first  of  the  equations  yields  the  equivalent  equation: 

1  -  i(x^  -  JX3) 


^1 


Simplifying  the  latter  we  obtain: 


which  is  somewhat  spedaL  Still,  since  it 4s  like  C^),  it  repre- 
sents a  plane.  What  is  special  about  this  plane?  [Hint:  The 
plane  is  related  special  way  to  one  of  t>ie  coordinate  axes. 
It  may  help  you  tp  note  that  just  four  of  the  labeled  points  in 
Fig.  11  - 16  belong  to  this  plane.  Which  four?] 

(d)  Make  a  coiyecture  concerning  planes  represented  by  equations 
like  (*)  in  which  =  0.  Verify  your  coiyecture.  [Hint:  A  point 
belongs  to  the  thini  coordinate  axis  just  if  its  first  and  second 
coordinates  are  both  0.  Which  of  th^  points  S3tisfy  an  equa- 
tion  like  'a^x^  c'  if  the  value  of  *c'  is  not  0?  If  the  value 
ofVisO?] 

(e)  What  can  you  say  about  a  plane  represented  by  an  equation 
like(*)  in  which  03  =^  0?  In  which  both     ^^andag  =  0? 

(f )  Write  at  least  six  ^uaHons  like     in  each  of  wfiicSi  either  one 
-  or  two  of  'a/,  'a/,  and  'Cg'  has  the  value  0  [but  not  all  thr§e 

have  the  value  0].  Tot  each  equation^  nanie  the  coordinate 
^axes  and  the  coordinate  planes  fif  any]  which  are  parallel  to 
the  plane  represented  by  that  eq^iation. 
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In  choosipg  a  coordinate_^steni^  it  is  often  -hut  not  always  -  pre- 
ferable to  choosfe  the  basis  iu^,'u^,'u^)  to  be  orthononnal.  We  shall  fre- 
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Answers  for  Part  A  [cont,] 

6.     (a)    For        ^  0,.  (*)  is  equivalent  to; 

and,  so,  to  the  system: 

V.  ^ 

Since  the  latter  system  is  a  [parametric]  representation  of  a 
plane  it  foUoNv^>  that,  for  a^  ^  0,  (*)  represents  a  ^lane. 

(b)  (c/a^,  0,  oy  (for,  any  point  on  the  first  coordinate  axis  has 

coordinates  (p,  0,  0),  for  some  p] 

Let  p  and  q  be  vectors  whose  conr>ponents  are  {-a^/a^.l^O) 
and  (-a3/a^.  0,  1),   respectively.    Then  [w]  =  [p,  q]. 

■  ♦ 

(c)  It  is  parallel  to  the  third  coordinate  axis.    [Looking  at 

F  igure   11-16,  the*"  points  in  question  are  E,  Ug,  R,  and  C.] 

(d)  Arty  such  plane  has  an  equation  like: 

4 

a^x^  +  a^x^  =  c      ((a^.a^)  (0,0)] 

This  plane  is  parallel  to  the  third  Coordinate  axis.    If  c  =  0 
then  the  plane  contains  each  point  of  the  third  coordinate  axis; 
if  c  i6  0  then  the  plane  contains  no  point  of  the  third  coordinate 
axis.    In  tMther  case  the  plane  ts  parallel  to  the  third  coordi-  ^ 
nate  axi  s , 

{c)    Parallel  to  the  second  coordinate  axis;    parallel  to  both  the 
second  and  third  coordinate  axes       and,  so,  to  the  first 
coordinate  plane. 

(f)    (There  is  obviously  a  great  Variety  of  answers p    We  give  but 
a  few.  ]  .  , 

^  ^  x^  -  S;   parallel  to  the  first  coordinate  axis,  does  not  " 

contain  the  origin,  and  is  not  parallel  to  a 
coordii}at^  plane  , 

^2  ^  ^3  ^  ^>   P^r*^nel  to  the  first  coordinate  axis,  contains 
the  origin,  and  is  not  parallel  to  a  coordinate 
*  plane 

V  i 

parallel  to  both  the  first  and  third  coordinate  ' 
axes  and,         ia  parallel  ta  the  ae^wd  c^rdi^  - 
nate  plane  •  \j 

parallel  to  both  the  second  and  third  coordinate 
axes  andf  so,  is  parallel  to  th^  first  coordinate 
plane   [In  fact,  this  equation  describes  the  Hrst. 
coordinate  plane.  ]  * 
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"  quently  have  occasion  to  do  this,  and  make  appropriate  drawings. 
In  making  such  drawings  you  wili  find  it  helpful  to  use  squared  pdper 
[r  squares  are  about  right].  Also,  the  following  conventions  are 
helpful: 

(1)  Represent  the  first  coordinate  axis  by  a  line  along  the  diag- 
onal^ of  the  squares,  from  lower  left  to  upper  right. 

(2)  Represent  the  second  and  third  coordinate  axes  by  a  horizontal 
line  and  a  vertical  line,  respectively. 


Fig,  11-17 

In  the  resulting  drawing  you  are  seeing  the  first  coordinate  plane 
'*head  on",  but  the  first  coordinate  axis  is  pointingbelowandtoyour  1^ 
and,  so,  ypur^ew  of  rt  is  foreshortened.  So,  since  u^,  u.^,  andu^  have  the 
same  norm^u^  and  should^  b^  represented  by  arrows  of  the  ^ame 
length  and     should  be  pictured  by  a  shorter  arrow: 

(3)  If  you  use^  times  the  side  of  a  square  as  the  length  of  the 
arrows  for  u^^  and  u^,  use  n/2Jime§  ^e  diagonal^of  a  square  as 
the  length  of  the  arrow  fbr^u^  [In  the  figure,  we  hav^  chosen 
n  =  2.] 

In  the  figure,  we  have  indicated  the  point  whose  coordinates  are 
(2,  2,  i).  Note  the  use  of  dashed  lines  to  help  show  what  point  is  meant 
The  point  with  (wrdinat^  (1,  f,  1)  could  be  represented  by  the  same 
dot.  G|ve  the  coordinates  of  another  point  represented  by  this  dot 
What  are  titte  coordinate  of  apoiiit  iii  th6  first  oxsrfis^  plan§  which 
is  represented  by  this  dot?  Of  such  a  point  in  the  third  coordinate 
plane?  This  same  dot  can  b^  used  to  represent  any  point  on  a  certain 
line.  [You  are  a^ii^  the  line  *'^d  on**J  Try  to  find  parametric  equa-' 
tions  for  this  line.  [Hint:  Find  ooordinat^  of  several  points  on  tkkB 
JiQe,  and  look  for  a  pattern.] 

r  With  reference  to  the  figure,  a  point  whosie  roordinates  are  all  posi-^ 
tive  can  be  described  as  beii^  in  ih^nt  of  th%  first  coordina^  plane,  to 
the  right  of  ^e  secx)nd,  and  pibove  the  third.  Where  is  a  point  whose 
third  coordinate  is  negative?  Whose  first  and  second  coordinates  are 
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Drawing  other  dashed  lines  to  end  at  the  same  dot  one  finds  that 
(2.  2;  3/2),  (1,3/2,1)    <0  1.1/2),  and  {-l.l/2,0)  are  all  represented 
by  the.sanie  dot.    The  fairly  obvious  pattern  suggests  that  all  p6ints 
olihe  line  whose  parametric  equations  are: 


X- 


2  -  r/i 

i-  r/2 


are  represented  by  this  same  dot.^  Generalizing,  each  possible  dot 
represents  all  points  on  the  line  whose  equations,  for  some  values  of 


areu 


-•r/2 
-  r/2 


*3    '  **3 

A  point  whose  third  coordinate  is  n^^^tive  is  below  the  third  coordi 
nate  plane;   one  whose  first  and  second  coordinates  are  negative  is 
behind  the  first  coordinate  plane  aH^  to  the  left  of  the  second  coordinate 
plane. 

You  might  remark  that  the  eight  regions  into  which  a  set  of  coordi- 
nate plan&s  divides  S  are  called  octants.  ] 
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Answers  for  Part  B 

i,  «  Here  is  an  appropriate 
picture  for  Exercise  X: 
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both  negative?  Choose  three  numbers  at  random  iind  d^cribe  the 
location  of  a  poii|t  whose  coordinates  are  these  numbers,  in  the  order 
chosen.  While  doing  this,  look  at  the  figure  and  imagine  where  the 
corresponding  dot  should  be  placed.  Repeat  this  ^'exercise*'  until  you 
feel  quite  familiar  with  this  way  of  picturing  points. 

PartB 

1,  Draw  an  ortl^ononaial  cooniinate  system  and  mark  and  l^bel  a  dot 
fiar  each  of  the  points  whose  coordinates!  are  given  below.  Draw 
dashed  lines  to  help  **bring  out"  the  picture.  [As  a  help  in  choosing 
the  scale  for  your  picture,  note  first  all  the  numbers  given  as  co- 
ordinates J  ' 

A:  (1,  2,  -1)  B:  (-2,  3,  0)  C:  (-1,  -1,  1)  . 
D:  (2,  0,  -1)      E:  (4,  1,  0)        F:  HI.  -2.  -1) 

2.  (a)  Draw  an  orthonormal  coordinate  system  and,  on  your  draw- 

ing, plot  the  points /i:  (3,  0, 0).fl:  (0, 1, 0),  and  C:  (0, 0^  2).  Draw 
AABC. 

<b)  As  you  did  in  Exercise  3  of  Part  A,  find  parametric  equations 
for.4Sc: 

(c)  As  in  Exercise  5  of  Part  A,  find  a  single  equation  for  A^C. 

{d)The  nonzero  coordinates  of  the  points  in  which  a  plane  inter- 
sects  the  coordinate  axes  are  called  tfie  inteixepts  of  the  plane, 
with  respect  to  the  coordinate  system.  For  example,  the  first 
intercept  of  i4^C  is  3.  What  are  its  other  intercepts? 

(e)  IVahsform  the  equation  you  obtained  jn  part  (c)  into  the  form; 


Make  a  coiyecture  as  to  how  to  obtain  an  equation  for  a  plane 
whose  intercepts  you  know.  Verify  your  conjecture,  [//mi:  You 
know  from  Volume  1  that  finy  equation  like  with  nonzero 
Values  of  'a\  ■  6\  and  V,  represent  a  plane  You  also  know  that 
a  pl  ane  is  determined  by  any  t  j;iree  of  its  pointg  which m^miir  ^ 
collinear.] 

3*  (a)  On  the  picture  you  drew  for  Exercise  2,  plot  the  points  D\ 
^  <5, 0,  Q\E:  (0. 3, 0>,  andF;  (0, 0, 3),  and  <toaw  AZ)£F. 
lb)  y^whafayop  learned  m  Exennse  55  to  write  an^ expiation  for 

TheSrfimpIify  it  by  Rearing  of  fractions'*.' 
(c)  Draw  the  line  in  which  ABC  and  D^F  intersect.  [Hint:  The  line 
in  which  a  given  plane  int^isects  a  coordinate  plane  is  called 
the  trace  of  the  given  plane  on  that  coordinate  plane.  A  point 
which  is  common  to  the  trai^  of  two  planes  some  coordinate^ 
plane  belongs,  of  course^  to  the  iistersecticm  of  the  given 
irfanM.] 
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Answer^  (gr  Pj^/t.  R    [c o nt ,  ] 


I.  (a) 


(0,0,2) 


lb)    Wf  know  that  X  €  ABC  if  and 
only  if  X  ^-   A  +  (B-  A)r 
^  (C  -  A^s,  for  some  r  and  s. 
So,  parametric  equations  ior 


ABC  a T,^ : 


r 


(c)    From   (bj         see  that 
ecjuation  for  APC  is; 


5  -  3x.,  -  3»x„/2.    So,  a  single 


(d)    1   and  2 

X,        X.     "  X^i 


1 


Given  that  the  plarie  is  known  to  have  intercepts  a,  b,  and  c, 
respectively,  th^n  an  equation  for  the.  plane       (^)»    To  verify 
this,   simply  note  that  {a,  0,  0),   {0,b,C),   and  (0,O;c)  satisfy 
(^)  and  are  tht/ coordinates  of  three  noncollinear  points. 


(a),   (c),  id) 


(b)    Since  the  intercepts  of 
this  plane  is: 


are       3,  and  3  an  equation  for 


5  ^    3  ^    3  ^ 


which  simplifies  to:    ^^^  .^  + 
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AnsNvers  for  Part  B   [cont.}        ,  . 

4.     Since  i  is  fn  both  ABC  and  DEF,.  the  coordinates  of  the^points  of  i 
must  satisfy  the  equations  for  ABC  and  for  D^T,    And,  the  points 
corhmon  to  ABC  and  d£f  must  be  precisely  those  y.'hose  coordi- 
nates satisfy  both  equations,  ^ 

(a)  Suppose  that  (x^^.x^.Xgi-  satisfies  both  of  the  given  equations. 
Then,  +  bx^  +  =  6  and  3x^  +  Sx^  +  6X3  =  15,  so  that 
(1%^  +  ^*^2  ,t  ^^3)^  =        and  Px^  4^  5x^  +  5x3)b 15b;    Thus;  " 

(2x,  +  6xp  +  3x^)a  +  <3x^  f  Sx^  +  3x3)b  =  jba  +  1  5b. 

*  (b)  '^he  equation  of  part  (a)  represents  a  plane  unless  2a  +  3b' =  0, 
6a  +  5b  -  0,  and  ,3a  +  5b  =^  0.    It  is  obvious  that  the  last  two 
^  0  equations  are  equivalent  to  *a  =  0  and  b  =  0*,    So,  unless  a 

and  b  are  both  0  the  equation  of  part  (a)  represents  a  plane. 
In  any  case  i  is  ^  subset  of  the  set  represented  by  the  eqfuation 
of  part  (a).  -  ,    •  * 

(c)  An    equation 'for  such  a  plan^e  is  obtained  by  choosing  a  an.d  b 
not  both  0  and  so  that  3a  +  5b  =  0.    The  most  obvious  choice 

,  V  is  a  =   5,  b  =   -3.    The  resulting  equation  is  iSx^  ~  -15' 

Oljher  choices  of  a  and  b  yield  other  equations  for  the  same, 
plane.  .  * 

(d)  Since  the  given  coordinate  systepi  is -orthoiiormal,  any  such 
plane  is  perpendicular  to  the  third  coordinate  plan^. 

(e)  The  plane  which  contains  i  and  is  perpendicular  to  the  second 
coordinate  plane  is  such  that  6a  4  5b  =  0,  for  some  npnzero 

a  and  b.    Using  this  and  the  equation  from  4(b),  we  see  that 
an  appropriate  e^^uation  is: 

8x^  +  iSx^  60 

(f)  ;  Using  the  equation  from  4ib)  and  the  fact  that  *a*  and  'b*  must 

be  chosen  so  that/ 2a  +  3b  =  0,  we  see  that  an  appropriate  equa 
tion  isi 

^  -  X3  =  -1.2 

Answers  for/Part  C 

i.     Here  is  an  appropriate  picture  for  Exercises  i  and  2(e)» 


Parte 
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(d)  Draw  the  orthogonal  projection  in  the  thini  coordinate  plane, 
of  the  line  of  ii^rsectipn  of  A^C  and  DEF  [Hint:  Locate  the 
orthogonal  projections  of  two  points  of  ABC  D  D^F  ] 

4,  In  Exercises  2  and  3  ydu  should  have  found  equations  equiva,lent 
to: 

•       2x,  t  Sx,  ^  3x,  -  6        [for  ABC]  ^  . 

ic,  >  at,  ^  5jt3  -  15      [for  DEF] 


The  line  /  in  which  i4B(iP^nd  DEF  intersect  .consists  of  just  those 
points  whose  coordinates  satisfy  both  these  equations.  [Explain.) 
There  ^re^  of  course,  many  other  planes  which  contain  /, 

(a)  Show  that,  for  any  values  of  a'  and  'b'  the  equation: 

a(2x,  V  at,  ^  at^)  ^'b(&c^  ^  5x,  +  6X3)  =  60+156 

is  satisfied  by  all  cqordmates  (jt,,  x^,  x^)  which  satisfy  both  the 
given  equation  for  ABC  and  tke  given  equation  fc«*  DEF. 

(b)  Show  that  unless  one  chooses  the  value  0  for  botl^  V  and  *b\ 
the  equation  of  part  (a)  represents  a  plane  which  contains  /. 
[Hint:  The  equation  of  part  (a)  is  ^equivalent  to: 

{2«  +  3h)x^  +  (6g  +  56k.^  +  (3a  +  5b)x^  =  6«  +  156 

Under  what  conditions  would  such  an  equation  not  represent  a 
plane?  Can  these  conditions  be  satisfied  for  nonzero  values  of 
,  Vi*  and  '6? -s^ssuming  that  they  could  be,,  what  would  this  tell 
you  about  the  vectors  with  components  (2,  6,  3)  and  (3,  5,  5)?] 

(c)  Find  an  equation  for  the  plane  which  contains  /  and  is  parallel 
-  to  the  third  coordinate  axis,  [Hint:  Recall  Exercise  6  of  Part  A.] 

(d)  How  would  you  describe  the  relation  of  the  plane  of  part  (c)  and 
the  third  coordinate  plane? 

(e)  Find  an  equation  for  the  plane  which  contains  /  and  is  per- 
pendicular to  the  second  coordinate  pla^e. 

(f)  Find  an  equation  for  the  plane  whicii  projects  /  orthogonally 
into  the  firgt  coordinate  plane* 


The  coordinate  systewi  referred  to  in  these  exercises  is  an  ortho- 
normal  one  with  origin  O  and  orthonormal  basis  (u\,  u^).  Use  as 
many  drawings  of  such  a  coordinate  system  as  you  need  to  in  order  to 
iUustrate  your  answers. 

1.  Draw  an  orthonormai  (xx)rdinate  system  and  mark  and  lal^l  a  dot 
for  each  of  the  points  whose  coordinates  are  given  below. 

A:  a,  I,  2)        a:  (2,  2,0)        C:  (0,  6,  0) 
i   '    •  Z);|0, 0, 4)        E:  (6, 2,  1)  .     FS  {~4,  0,  3) 
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Answers  for  Part  C  [cont.] 


2.  (a) 

'  (b) 
(c) 
(d) 

V) 

3.  (a) 

(b) 
(c) 


-  2  '-  2r  -  2a 
Xo  -  2.+  4r  -  2s 
x«  =  ,  4s 

3x^  =  12 


12;    No,  for  4  •  6  +  2  •  Z  +  3  .  1  ^  12. 


+  2J^, 

Yes,  1  f  ^.  i  ^  3'  2 

Let  P  be  the  required  point.    Then  P  has  coordinates  (p,  0/0), 
for  some  p.,  Using  the  equation  in  2(b),  we  see  that  p  =  3. 
^o,   P  has'^coorflinates  (3,  0,  0). 

[See  picture  tor  Exercise   i,]  ^ 

Yes,  the  secor>d  coordinate  plane; 

Yes,  the  first  and  third  coordinate  axes^ 

Yes;    to  the  first  an'd  third  coordinate  planes, 

(i)    x^-  -   2  ^  '(ii) 


6  +  r 


-     1   +  S 


For  these  eqiaations, 
p  and  q  were  chosen 
with  components 
41,0,  0)  and;  (0,  0,  i)/ 


4.     (a)  Equations  for  BCD  and  ^  are: 


4x^  4-  2X2  +  3X3 


12 


\ 


(c) 


x^  ^  2  >  V 

So,  foss  any  a  and  b  such  that  (a,  b)      (0,0),  the  equation:  * 

(4x^  +  1%^      3x3)a  4  Xgb  =   12a  +  2b 
is  an  eguation  for  a  plane  which  "contains 

Substituting  the  coordinates  {1,  2,  3)  into  the  equation  obtained 
in  part  (a)  gives  us  'ITa  ^  Z\>  ~   1  2a  +  2b\    This  is  satisfied 
if  and  only  if '  a  -   0.    Hence,  taking  b  -   1  for  simplicity,  the 
plane  in  question  has  the  equation  'x^  =  2\  . 

Yes.  For  appropriate  values  fo^  "a*  and  '*b'  can  be  found  by 
substituting  the  coordinates  of  any  poiiit  which  is  on  the  giyen 
plane  and  is  not  on  f.  [Substituting  the  coordinates  pf  a  point 
on  i  would  yield  the  equation  *  1  2a  +  2b  =  1  2a  f  2b' .  ] 
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2.  (a)  Find  parametric  equations  for  B^D. 

(b)  Find  a  single  equation  for  sdo.  {When  you  have  foUnd  the 
equation,  check  ta  make  sure  that  it  is  satisfied  by  the  coor- 
dinates of  B,  C,  and  D.]        ,  *  \ 

(c)  Does  the  point  A  beIo!ig  to  B?/>?  How  about  E? 

id)  Find  the  coordinates  of  the  point  in  which  BCD  inter 

first  cooi;dinate  axis, 
(e)  On  your  figure  for  Exercise  1,  draw  the  hnes  in  which 

intersects  the  three  coordinate  planes. 
3-  Let  7r  be  the  plane  which  contains  E  and  is  perpendicular  to 
second  (xx)rdinate  axis. 

(a)  Is  n  parallel  to  any  of  the  coordinate  planes?  To  any  of  the  co  \ 
ordinate  axes? 

(b)  Do  you  think  that  n  is  perpendicular  to  any  of  the  coordinate 
planes?  If  so,  to  which? 

(c)  Find  (i)  a  single  equation  for  tt,  and  (ii)  parametric  equations 
for  7r,  [Hint:  Whichever  of  (i)  and  (ii)  you  do  first  should  help 
you  do  the  other,) 

4.  Let  /  be  the  line  of  intersection  of  B^D  and  n, 

(a)  Write  an  equation  which  you  can  use  to  find  equations  of  many 
planes  which  contain  /.  IHint:  See  Exercise  4  of  Part  BJ 

(b)  Up  your  answer  for  part  (a)  to  find  an  equation  for  the  plane 
which  contains  /  and  the  point  whose  cxwrdinates  are  (1,  2,  3). 

(c)  Your  answer  for  part  (a)  contains  two  parameters.  [In  Exercise 
4(a)  of  Part  B,  the  parameters  are  *a'  and  '&M  Do  you  think  that 
each  plane  which  contains  /  has  an  equation  which  can  be  o^ 
tained  from  yc^rs  by  cho<®ing  appropriate  values  for  the  two 
parameters?  Explain. 

5,  (a)  What  plane  containing  /  |s  parallel  to  the  first  coordinate 

axis?  [Remember  that  /    BCD  D  7r\  where  n  is  the  plane  of 
^%    Exercise  3J  , 

(b)  What  plane  containing  /  is  perpendicular  to  the  first  coordi- 
nate plane?  To  the  third  coordinate  plane? 

(c)  Find  an  equation  for  the  plane  which  contains  /  and  i 
pendicular  to  the  second  coordinate  plane.  [Hint:  Use 
answer  for  Exercise  4(a)  and  recall  Exercise  6  of  Part  A  J 

(d)  Give  the  intercepts  af  b6d.  How  many  ihtercepts  (&>es 
plane  of  part  (c)  have?  How  many  does  it  have? 

&  (a)  Show  that^the  points  A,     and  F  are  rollinear. 

(b)  Find  a  single  equation  for  the  plane  APo.  lO  Ur  of  course,  the 
origin.] 

(c)  Find  a  single  equation  for 

(d)  Find  an  equation  for  the  plane  which  contains  and  is  per- 
pendicular to  the  first  ooprdinate  plana. 
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Ans^^ers  for  Part  C    [cont.]  ' 
!>.     (a)    Thi?  plane  If.  . 

(c)    The  equation  in  the  answer  for  Exercise  4(a)  irs  equivalent  to: 

4ax^  +  (2a  +  b)x2  +  Saxg  ^   12a  +  2b 

An  ^guation  for  the  required  plane  is  obtained. by  choosing  a 
ajid  b,  not  both  0,   such  that  2a  +  b  -    0,    Taking  a 
b  =   -2  we  obtain  '4x^      Sxg  =  8*.  ^ 

(d}    Since  an  equation  for  BCD  is:. 


1  and 


the  intercepts  of  BCD  are  3,  6,  and  4'/  the  plane  of  part  (c) 
has  two  intercepts,  2  and  8/3;    y  *  has  one  inte  rcept,  namely, 

E  -  A  and  F  -  A  have  components  (5,  1,  -1)  and  (^-5,  -1,  1) 
respectively,  ^  Clearly,  then  E  -  A  =   ~(F  -  A)  so  that  • 
(E  -  A,   F  -  A)  is  Linearly  dependent.    Hence,  {A,  E,  F)  is 
coliinear.  , 


2, 


(b)    Parametric  equations  for  AFO  =  OAF'  are: 


So,  a  single  equation  for  A?0  is: 


4s 


=  2r  +  3« 


3x, 


iixg  +  4x3  =  0 


(c)    Parametric  equations  for  AFC  are: 


Xj^  -  r  -  4s 
x«  =  Zr  +  3« 


6s 


So,  a  single  equation  for  AFC  isj 

3xj  +  llx^  +-26x3  ^  66  . 

'is  the  intersection  of  AFO  and  AFC.    So,  any  plane  Which 

contains  AF  has  an  equation  like:  . 

(3a  +  3b)x^  4  (-Ua  +  llb)x^  +  (4a  +  lbh)K^,  ^  66^  ,      ^  - 

i      So,  the  reqtjireti  plane  mtist  be  such  that  35  f.  3t>  =^0.  ^<$s:^ 
equation)  for  the  required  plane  is:  .  J  *  ^ 

x^  +  x^  ='  3  ■  ■  '  '   ^  y-'  ■  '-^^r'  ■ 
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Here  are  the  equations  for  planes  tt,,  tt.^,  and  n^: 

7T^:       ^  4x,  +  .4x.^  =  12  . 

1.  (a)  Make  sketches  of  tT^  and  n.^  on  thcvsame  picture  of  an  orthog- 

onal coordinate  system. 

(b)  Draw  the  1  ine  of  intersection  of     and  n^. " 

(c)  Write  an  equation  for  the  plane  N%hich  contains      D  ttJ  and  is 
perpendicular  to  the  first  coordinate  plane,  r 

2.  la^)  M^e  sketches  of  ir^  and  ir^  on  the  same  picture  of  an  orthog- 

onal coordinate  system.  [Us^  a  different  picture  o^"  the  coordi- 
nate system  than  the  one  drawn'for  Exercise  1.] 
.  (b)  Draw  the  line  of  intersection  of     and  n^. 
(c)  Write  an  equation  for  the  plane  which  contains  ^r,  n  tt^  and  is 
Vji^^rpendicular  to  th^seoon^  coordinate  pl^ne. 
JTiil^jow  many  planes  contain  7r,.n  tt^  and  are  perpendicular  to 

the  third  (coordinate  plafte?  ' 
(e)  Find  an  equation  for  the  plane  which  contains      H  tr^  and 
the  point  whose  coordinates  are  (3,  -2,  3).*  »• 

3.  Kepeat  Exercise  1  for  ir^  and  tTg.  ' 
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Answers  far  Part  D 
1.     (a),  (b) 


(c)    A  plane  containing  Wp  has  an  equation  of  the  form: 


so  that 


(x^  f  5^3^^.+  Ux^  +  3xp.)b  =  a  +  6b 
(a'+  lb)x.  +  3bx^  +  ax^  =  a  +  6b, 


Such  a  plane  is  perpendicular  to  the  first  coordinate  plane  if 
a      Zb       0,    In  this  event,  an  equation  of  such  a  plane  is: 


3x. 


(a),  (b) 


(c>    The  plane  which  contains       r>       and  is  perpendicular  to  the 
secohd  coordinate  plane  is  tiich  that  * 

(a  +  3b)x^  +  4bxg  4-  (a  +  4b)x3  ^  a  ■¥  IZh 

where  4b  =  0.    So,  an  equation  for  this  plane  is: 


^1  + 


I 


[That  such  a  plane  would  have  an  equation  the  same  as  that 
given  for  miy  occur  to  some  students  prior  to  w^orking 
the  problem.  ] 
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Answers  for  Rirt  D  [cont.J 


2-  id) 


Any.  plant*  whic h  contains  and  is  pe rpcndicuia r  to  thv 

xthird  coordinate-  plane  is  such  that 

f  5b)Xj  +  4bx.,  •I'  {a  f  4b)x^  ^  a  +  i2b 
whe  rv  a  +  4b  ^   0;  hvnct' 


-8. 


Jheri  lorf  thrrt-  is  one  and  only  one  plane. 

An  equation  of  the  desired  plane  is  to  be  obtained  from  • 
M.^x^  f -^x^,  )a  -f  {^x^  +  4x^,  f  4x^)b  ~  ba  I  ,1  Zb\  Substituting 
the  given  coorldinates  we"  obtain.  /  Hb  -  6a      lib'  and.  so, 
'ba  -  b  =   0'.     Choosing  a  -   1   and  b  -   6  and  simplifying  we 
obtain  'ZQx^  f  2  7x.,  f  Z4x,^       7H'  as  an  equation  of  thv 
dt'sired  plane. 

(b) 


(c)    The  plane  which  contains        ^  tt^  and  is  pe  rpendiqu^la r  to*the 
firsr  coordinate  plane  is  such  that  (Za  +  3b}x^  +  4b)x^ 

+  4bx3  ^  6a  +  lib  where  Za  +  ib  -  0.  So,  an  equation  of'lhis 
plane  is:    '        .    .      ^  »  .  , 


-  8x, 


-6 
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Answer  to  quest  tons      Yes>  the  converse  of  (3)  is  a  theorem.    As  ^ 
matter  of  fact,  it  is  a  principle       logic*    Here  is  a  paragraph  proof  of 
thi»  converse  of  43):  ^ 

Suppose  that  [m]  -   [Ij.    Thvn>  since  [m]^  =   [m]*^,  it'    ^  ' 

follows  by  the  replatemer;t  rule  for  equations  that  [rhf  -  [i]"^. 

Henci:,  if  (m|      (I]  then  ^  [if. 

'Yes,  the  converse  of  {4)'is  a  theorem.   Jn  fact,  the  converse  of 
,(41  follows  directly  from ^4)  by  substitutioh*  '  , 
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Chapter  Twelve 
Perpendicularity 


12.01   ^Perpendicularity  Between  Planes  and  Lines 

In  the  preceding  chapter  we  inves£igated  some  intuitive  notions  con- 
cerning the  perpendicularity  of  planes  to  lines  and  the  distance  be- 
tween points.  This  investigation  eventually  led  us  to  the  operation  of 
dot  multiplication  of  translations  and  to  new  Postulates  4^(6)  and 
4,, -4,^  concerning  this  operation.  Our  investigation  had  also  led  us 
to  the  idea  of  the  orthogonal  complement  of  a  direction.  On  the  basis 
of  Notions  1-4  concerning  peipendicularity  we  were  able  to  show  that 

(1)  [/]^  is  a  proper  bidirection, 

(2)  [/]  C 


(3)  ImJ^  =  [/p  —  [ml  =  II], 

(4)  [I]  C  [mji  ~*  [m]  C  m\  and 

(*)     IT  ll         M  = 


^ 


{Is  the  converse  of  (3)  a  theorem?  If  so,  prove  it;  if  not,  explain.  Ans\)ver 
a  similar  question  regarding  (4).]  Conversely,  we  were  able  to  show 
[in  Section  11.01]  that  if  we  adopted  (*)  as  a  definition  then  we  could 
derive  Notions  1-4  from  sentences  (l)-(4)  and  earlier  theorems.  Fi- 
nally, after  adopting  our  new  postulates  we  were  able  to  define  orthog- 
ona^l  complements  [in  terms  of  dot  multipHcation]  in  such  a,  way  that 
(l)-(4)  are  now-theorems.  [See  Theorem  11-4.J  So,  Notions  1-4  are 
theorems,  also,  once  we  adopt  (*)  as.  a  definition.  In  this  sfection  we 
shall  adopt  this  definition  and  shall  both  review  and  extend  our  knowl- 
edge concerning  perpendicularity.  First,  the  definition: 

I  Definition  12-1  (a)    x  l^  iw}  =  ii]^  ^  '  -  ' 
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[Part  (b)  is  introduced  merely  to  give  us  freedom  to  speak  of  a  iine  as 
being  perpendicular  to  a  plane,  as  well  as  of  a  plane  as  being  per^ 
pendicular  to  a  line.) 

To  begirt  with  we  tftte  that,  since  /  H  n  if  and  only  if  1/|  Q  {nl  and 
in  view  of  Definition  12^  lla),  the  theorem  (2)  amounts  to  the  state- 
ment that  if  IT  1.  I  then  '/ 1|  tt.  This  is  Notion  1  of  Section  11.01.  Since 
^  is  3-dimensional  we  can  reformulate  this  as: 

I!  Th€forem  12-1    n  l  i  a  transversal  of  tt 

Since  parallel  planes  are  planes  which  have  the  same  bidirection, 
and  parallel  lines  are  lines  which  have^he  same  direction/ Defini- 
tion 12-1  yields: 

II  Theorem  12-2   {it  \\  n  and  m  ||  /)  ^  [a  l  nil] 

As  a  special  case  of  Theorem  12-2  we  have: 

Corollary    Parallel  , planes  are  perpendicular  t<^he  same 
lines  and  parallel  lines  are  perpendicular  to  the  same 
planes. 

The  proof  of  Theorem  12-2  depends  on  the  converse  of  the  theorem 
(3)  — but,  this  is  a- principle  of  logic.  Using  both  it  and  (3),  Definition 
12-1  yields: 

Theorem  12-3    (a  l  m  and  77  1  /)  ^  [rr  j|  tt       rn  \\  I] 
in  words: 

Corollary    Planes  perpendicular  to  parallel  lines  are 
parallel  and  lines  perpendicular  to  parallel  planes  are 
parallel,  >  y 

Note  that  by  combining  the  second  parts  of  these  two  corollaries  we 
obtain  Notion  3  of  Section  11,01:.  - 

Notion  4  of  Section  11.01  amounts- as shown  there- to  the 
theorem  (4)  on  page  74.  The  latter  can  be  restated  in  a  theorem  like 
Theorem  12^3: 

•»  ^>    fl  Theorem  l'2-4  (;p  i^<r  and  /  i.  tt)      1/ 11  tj  *^  m  ||  tt] 

■  \  ■  ■  .  ■ 
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The  four  preceding  theorems  tell  us  something  of  what  results  if 
given  lines  and  planes  are  perpendicular.  Th^y  leave  open  two  im- 
portant questions; 

Given. a  line,  are  there  any  planes  perpendicular  to  it? 
Given  a  plane,  are  there  any  lines  perp^dicular  to  it? 

As  we  know  from  Section  11,01  we  have  good  intuitive  evidence  that 
the  answer  to  each  of  these  questions  is  *Yes.'.  The  problem,  no^^  is 
whether  our  postulates  are  ad^uate  to  show  this.  The  key  to  the  first 
is  the  theorem  (1)  on  page  74.  Using  this.  Theorem  9- 11(a),  and 
Definition  12-1,  it  is  easy  to  prove: 

Theorem  12 --5,  P[l]^  is  the  plane  which  contains  P 

and  is  perpendicular  to  /. 
Corollary   There  is  one  and  only  one  plane  which 
contains  a  given  point  and  is  perpendicoilar  to  a; 
given  line. 

Note  that  the  cx)rollary  is  Notion  2  of  Section  11.01.  So,  we  have  ac- 
counted for  all  four, of  our  initial  intuitions  about  perpendicularity. 
The  second  question  is  answered  affirmatively  by; 

T^ieorem  12-6   Planes  which  are  perpendicular  to  ' 
two  intersecting  lines  intellect  in  lines  which 
^re  perpendicular  to  the  plane  of  the  two  lines. 

Since  the  argument  given  for  this  statement  (see  (5)  on  page  15]  jn 
Section  ILOl  is  based  onNotions2,  3,  and  4  [and  theorems  which  ^yere 
proved  in  Volume  1],  this  argument  is,  now,  a  proof  of  Theorem  12^-6. 

Exercisks 

Part  A  ^  / 

1*  (a)  By  referrin^to  Theorem  11-4,  show  that  (l^-(4)  on  pogiJ 74 
'are  theorems.  [For  one  of  these,  you  will        to  make  use  of 
part  of  Lemma  1  on  page  49  as  well] 
(b)  Shbw  that: 

[/]  Q  lmV^[m}  C 
is  a  theorem.  •  '  ^  . 

m 

.  .      2.  What  theorem  from  Qhaptar  10  is  needed  fdr,  the  proof  of  Theorem 
12-1?         .    ■  * 


1 S9  . 


} 
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Answers  for  Part  A  ^ 

^'      *li         prove  (i):    Let  I  bo  any  lin;.^.    Then,  there  is  a  non-3 
translation  —  iJay.  a  —  such  that  \i]       [  a  j.    By  Theorem 
11 -4(a),  (  a       is  a  propor  biciircction.    So,  by  the  replace- 
ment rult  for  equations,   (i|     is  a  proper  bidirection. 
To  prove   (2):    Given  a  Hue  i,  thert!  is  a  non-d  translation  ^ 
say,   a  —  in  (I).    By  Theorem   11 -4{b).   [i]       [i]"^  ^   {3}.  So. 
a  €  [i]  and  a  ^  [i]^ .    Since  there  is  a  membo.r  of  [i],  namely  a, 
which  IS  not  in  [1)^,   it  follows  that  [t]  i    [1]*^.  * 
To  provf  U):    This  follows  directly  from  Theuren\  U-4(c). 
To  prove  (4):    Suppose  that  (f)  C   [m  l"*^.     Assume  that  be  [m]. 
We  must  show  that  b  6  {t\^  [for,  then  it  will  be  the  case  that 
["^]  *  ^^hich  is  vl^at  we  wish  to  show].    Clearly,  for 

b  -    (5,   b  6  (/I  .    So,   assume  that  b  ^  d.     Let  a  be  any  non^d 
member  of  Then,  [I]   -   [a]  and   [m]   "    (Sj.    Also,  ^ 

(a)       [mj^  so  that  a  €  [m  ]^   -         t .    Now,  by  Theorem  1  1 -4<d), 
a  €  ib  f  if  and  only  if  b,-€  [a         So,   b  €  [  a       -   {if.    Thus,  in 
any  case,   if  b  €  [m )  then  b  C  {if ,    He^jce,  if  [i]  C    \xuf  then 
[m] 

[Note  to  the  teacher.    Writing  out  sufficiently  detailed  paragi^ph  proofs 
for  theorems  which  so  obviously  follow  from  corresponding  parts  of  a 
previously  proved  theorem  is  a  time -consum ing  chore.    By  discussing 
the  details  of  such  theorems  in  class,  one  can  allow  the  student  to  move 
quickly  through  parts  of  the  exe  rc  i  ses.  while  practicing  and  strengthening 
his  verbal  skills  and,   at  the  same  time,  uncover  specific  weaknesses  in 
these  skills.    Also,   such  a  practice  will  enable  the  student  to  spend  his 
^homework'*  tinie  on  some  of  the  harder  exercises.    All  of  the  exer- 
cises in  Part   A  can  be  thoroughly  covered  during  one  class  period 
which  is  devoted  to  the  reading  ft^iX  discussion  of  text  pp,  74-76.  A 
reasona^?5e  honiework  assignment  following  suCh  a  session  is  Part  £ 
on  pp,  77-78. ]   .  "  ^ 

1,      (b)    The<given  biconditional  is  equivalent  to  (4)  and  its  converse. 

We  proved  (4)  in  part  (a).    Its  converse  is  an  instance  of  (4) 
and.  ^o,  is  a  theorem.    Hence,  the  given  biconditional  is  a 
theorem.  , 

l\.      Theorem  J  0-4,  which  says  that  a  line  and  a  plane  which  are  not 
parallel  inter>^ct  at  a  single  point.  ,v 

^  TC77n) 

3.      (a)    The  instance  referred  to  in  the  hint  is: 

((T  |[  TT  and  f  II  i)  ==>Ic?  X  ;r  1  I] 

This  is  clearly  equivalent  to: 
^  a  II      ===^  [ff  1  A  i) 

In  word*,  the  latter  is  the  first  part  of  the  corollary. 


Part  B 
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3.  (a)  Show  that  the  first  part  of  the  corollary  to  Theorem  12-2  is 

a  special  case  of  this  theorem.  \mni:  In  the  theorem,  substi- 
tute Tfor 'm'.) 
(b)  Do  the  same  for  the  second  part  of  the  corollary. 

4.  Use  rule$  of  logic  to  show  that  the  sentence: 


is  valid. 


/ 


5.  (a)  The  first  part  of  the  corollary  to  Theorem  12-3  can  be  re- 

formulatai  as  follows: 

(o-  1  m  and  rt  1  /  and  m  J|  /)  — ^  n 

How  does  this  follow  from  Theorem  12-3?  ' 
(b)  Repeat  part  (a)  for  the  second  part  of  the  same  corollary. 

6,  Explain  why  (**)  on  page  76  is  equivalent  to  the  coiyuqction  of: 


(*,) 


and 


I 


{tt  1  I  and  it  ±  m)       m  ||  / 


(tt  1  /  and  m  ||  /)  — •  n  l  m 


7.  Show  that  (*,)  and  (%)  follow  from  the  corollaries  to  Theorems 
12-3  and  12-2,  respectively. 

8.  (a)  Use  (4)  on  page  74  to  prove  Theorem  12-4. 

(b)  Use  (1)  on  page  74  and  Theorem  12-4  to  prove  (4). 

9.  (a)  ProveTh«)rem  12-5. 

(b)  Prove  the  corollary  to  Theorem  12-5. 

10.  Check  that  the  argument  given  for  (5)  on  page  15  is,  now,  a  proof 
of  Theorein  12-6.  ' 

1 1.  By      on  page  75  and  Definition  12-l(b)  it  follows  that 


(a) 

Show  that 
(b) 


^   - 


Justify  each  of  the  following  statements  by  referring  either  to 
TIjeorem  12-6,  or  to  one  of  the  two  parts  of  one  pf  the  corollaries,  or 
to  statements  in  this  part  which  prec«ie  it 

1.  There  are  lin^  which  are  perpeiuficular  to  any  given  plane  ir. 

2.  All  such  lines  are  parallel.  fThat  is,  all  lin^  which  are  perpeadicu- 
lar  to  a  given  plane  ir  are  parallel.] 
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Answers  for  Part  A  [cont,) 

.  (b)    Consider  this  infitanc«  of  Theorem  12-2: 

iw  11  w  and  m  ||  I)  =>[ir  i  m  <=^7r  1  ij 

This  is  equivalent  to: 

rn  1 1  I  [t  X  m  <=>  ^  J.  i] 

In  words,  the  latter  is  the  second  part  of  the  corollary, 

4.     Ot^  TC  74,  we  wrote  a  paragraph  proof  for  the  given  sentence. 
Here  is  a  tree-diagram  of  this  proof: 

Im)*    [I]           [mr"  ^  Im]-' 
>   ,  (RRE) 


[m]       [I]  ^[mf  [if 

5.     (a)    Here  is  a  tree  ^diagram  which  shows  how  the  given  sentence 
-  follows  from  Theorem  12-3:  ? 

<T  ±  m  and  tt  X  i  and  m  11  i 


o  1  m  and  t  X  i 


Theorem  lZ-3 


ff  -L  m  and  it  ±  t  and  rn  jj  I 


m 


m 


(a  X  m  and  w  X  i  and  m  1 1  i)         ^  1 1  ^ 
(b)    The  formalization  of  the  second  part  of  the  corollary  is: 


(<T  X  m  and  Tf  X  i  and  c 


A  tree-diagram  which  shows  how  this  sentence  follows  from 
Theorem  12-3  is: 

cr  X  rn  and  r  X  I  and  ff  11  ^ 


ff  X  m  and  n  X  t  and^  o"  [[ 


o"  X  m  and  7  X  i 


Theorem  12-3 


-11 


m 


(cr  X  m  and  y  X 


1  and  tr  li  t) 


'  m 


r 
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Answers  for  Part  A  (c ont. ]  ^ 

6.     One  way  to  see  that  {*^*)  is  equivalent  to  the  conjunction  of.  (^3^) 
and  (^p)  is  to  note  that  {^^)  is  equivalent  to: 

X  i  =>  [it  X  m         m  II  i] 

and  (^2)       equivalent  .to:  ^ 

^  X  i  =>|m  !j  i  =:>  ?NX  m] 

And,  the  conjunction  of  these  sentences  is  equivalent  to: 

'     ;r  X  I  ==>  [tt  X  m  <=^m  II  I] 

which  is  (^*). 

To  formally  establish  the  above -tnentioned  equivalence,  we 
should  derive  eg^^h  from  the  other.    We  do  this  as  fc^Uows: 

To  derive  from  the  conjunction  of  {^^)  and^f*^)- 

{^^)  and  {%)  .         («^)  and  / 


TT  X  i       ^  X  I  =>[m  11  i=:i>^7r  X  mj       ir  X  I       tt  X  i       [tt  X  m  ||  i] 

 ^  —   V^TT^  , 

•;m  1 1  i         T  X  m  -J  X  m  =>  m  |  j  i      ^  7 
■        ^       -      -p-  ^  /\ 
.  TT  X  m  <    >  m      l  \ 
 -.t  \ 

(**)  \ 

To  derive  the  conjunction  of  (^j)  and  (^)  from  {«*): 

^  X  i  and  ^  X  m  ^  ^  4  ^         ^  I M 

T  X  i  '        7  X  i 

t    tr^   — 

^  X  i  and  )r  X  m  j  X  m<=>m  ||  i    '    '^X  i  and  m  !|  i         jr  X  m 


^     m  7  X  m       m'^jjl  mjji*  mjli  =rc>  T  X  m 


m  11  i         *                        •                   y  X  m  ' 
—          t        ,  ^    tt 

■    *  (»^) 

-  {*^)  and       )  ^ 

\ 

follows  from  the  second  oart  of  the  corollary  to  Theprem  12-3 

anO-t^  fact  that  #  |j  jr,    fit  cA  be  derived  directly  from  Theorem 

12-3  by  considering  one  of  the  iriatances  of  the  theorem  in  which 

^  -  ^.  J 

■ ,  ■  *^  ^ 

(^2)  follows  directly  from  the  second  part  of  the  corollary  to 

Theorem  12-E,  as  it' is  a  formalization  of  thi«  part  of  the  coroHary. 
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Answers  for  Part  A  [Qont.l, 

8.  (a)    Suppose  that  m  J.  ij  and  lis.    Then,  [m]"^       [a]  and 
•  .     ['f  ^   {^1.    Thus,  f  ij  a  if  and  only  if  [t]  c.  [a]  -   [m f  ai^ 

m  II  ?r  if  and  only  if  [m]  C  [y]  -   [if  .    By  (4),  we  know  that" 
'■  '    [f]   .    [m]     if  and  only  if  {m  ]  C   [tf.    Thus,  by  the  replace- 
ment rule  tor  biconditionais,  f  j  |  c  if  and  only  if  m  1 1  ^. 
•    \         Ht-nce'.  TheX^em  12-4. 

lb)    Suppost*  that  [Ij  (    (rn  j"^.    Since  each  of  I  and  m  are  lineB^^it 
\     follows  by  (1)  that  [if'  and  [mf'  are  proper  bidirections.  ,  I^et 
,    7  and  a  be  planes  such  that  [n]    •   [i]    and  [cr]  -    [m  Then, 
■  m  -L -a   and  i  1  ir  so  that,  by  Theorenn   12-4,  We  know  that. 
I  II  (T  if  and  only  if  m  j|  tt.    The  latter  is  equivalent,  by 
definit^ion,  to  saying  that  [l]  C  [ff]  if  and  only  if  [m]  C  [,7r]. 
So,   [1]^   -    [n^f  if  and  only  if  {m  ]  C   [Ij^,    Thus,   (m  ]  C  [if. 
Hence,   if -(£]  C   [m  f  then  [m )  C.   [1]^,  which  is  (4). 

9,  (a)    theorem  9''l'l{b)  tells  us  that  P[ir]  is  the  plane  through  P 

.with  the  direction  of  sr.    Consider  any  line  l»    By  {!),  [if  is 
a  proper  bidirection.    So,   P[lj^  is  the  plane  through   P  with  * 
the  bidirection  [I]  .    By  Definition   12-l(a)  it  is.  the  n,  the 
plane  which  contains  P  and  is  perpendicular  to  I, 


Answers  for  Part^B-' 

1.      Let  ir  be  any  plane.   ^  contains  three  noncollinear  points  —  say, 

B,  and  Let  f      AB  and*  m  ^   BC.    Then,  for  any  point  P, 

P[lj     and   P[m|^  ^re  planes  which  are  perpendicular  to  i  and  m, 
respectively.    By  Theorem   12-6,  these  planes  intersect  in  a  line  ■ 
say,  n  —  which  is  perpendicular  to  ;r,  ^ 


2. 

3, 
4. 

6. 
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By  the  second  part  of  the  corollary  to  Theorem   12-3.  lines  per- 
pendicular to  a  given  plane  are  paralieU 

This  follows  from  the  second  part  of  the  corollary  to  Theorem  1^-2. 
By  Exercises   1,  2,  and  3,  ^ 

3y  the  first  part  of  the  corollary  to  Theorem  lZ-2. 
y  the  second  part  of  the  corollary  to  Theorem  12-3/ 


{b)    Since  no  two  planes  with  the  same  direction  can  have  a  point  in 
common,  and  sinct',  by  Tht^orem  12-5,  there  is  a  plane  which 
contains  a  given.point  and  is  perpendicular  to  a  given  line, 
there  c^n  be  only  one  such  plane.    Hence,  the  corollary?- 

10.  (it  is  best  to  have  the*  students  turn  back  to  page  IS  and  read 
through  the  argument.    Clear  up  any  questions  as  they  arise,  ] 

11.  Suppose  that  n  X  t    Thvn,  by  Definition  1 2- Ma),   [t]  -  [if.  Now, 

1  I  if  and  only  if  [ff]  =  [tt]. 

^,  we  ha^ve  that  a  1  i  H  and  only 


(7  X  f  if  and  only  if  [cr]^^  [if.    So,  all  if  and  only  if  [cr]  =  [k]. 
Since   [(f  ]  -    [n]  if  and  only  if  <r 
if  <r  f }  IT.     Ht^nce,  fb). 


Here  is  a  tree --diag ram  of  this  proof: 


V  1  t 


M  --  m 


i.  !■ 


•kJ  =  [at. 


alt' 


0-  i.  I 


1 7-1 
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3.  AH  lines  which  are  paralie!  to  such  lin^  are  perpendicular  to  tt. 
4*  There  is  a  proper  direction  such  that  a  line  is  perpendicular  to  n 
if  and  only  if  it  has  this  direction. 

5.  The  direction  referred  to  in  Exercise  4  depends  onl^  on  the  bidir^ 
tion  of  7r. 

6.  If  TT  ahd  <T  have  different  b^jiw'tH.'tions  then  the  direction  of  lines 
/      perpendicuiar  toV  is  difl^i^^from  the  direction  of  lines  per- 

'  pendicular  to  (t. 

It  will  be  convenient  to  have  a  notation  for  the  proper  direction  re- 
ferred toun  Exercise  4  of  Part  B.  Previous  experience,  and  Exercise  5, 
suggests  that  we  might  call  this  direction  the  orthogonal  complement 
ofln]  and  denote  it  by  '[tt]^*.  This  will  turn  out  to  be  a  good  idea  but, 
to  make  use  of  it  we  need  a  suitable  definition.  'Suitable',  here,  means 
that  we  should  be  ab}e  to  prove: 

II  Theorem  12-7   I  i  n^ll]^  [rr]^ 

What  the  definition  should  b^  is 'suggested  by  Theorem  12-6,  Ac- 
cording to  this  theorem,  if  m  and  n  are  two  intersectii^g  lines  in  tt 
then  the  direction  which  we  wish  to  refer  to  as  Itt]^'  is  Im]^  fl  [n]^, 
Kljn]  =  la]  and^ln]  -  [b]  then,  assuming  that  m  and  n  are  two  inter- 
secting lines,  (n,  6)  is  linearly  independent  So,  assuming  that  m  and 
n  are  subsets  of  tt,  it  follows  that  [tt]  =  [a\  b].  Our  problem,  then,  is  to 
define  *la,  ^1^,  so  that 

(5>  .    [aVbh  -  [aV  n  16V.  ' 

If  this  is  a  theorem  then,  by  theM||||ding  ar^ment,  so  is  Theorem 
12-- 7,  Since  '[a\  bV  shoufd  beJfflprain  terms  of  la*,^]',  (5)  is  not  suit- 
able as  a  definition.  But,  U  te]S|i^  that  the  definition  should  be  such 
tha^t  cfla,  b]^  ^[j^  only  if  c€{a]^  arid  e  [6]^ --that  is,  if  and  only 
ifc  '  a  -  0  and  c  •  b  ^  0.  Since  it  is  easily ^hown  that 

(*)  iv  '  a  =^  Q  ^dc  ^        0)  f^V 

this  suggests  that  the  following  is  suitable  for  the  definition  we  have 
been  seeking:  * 

'  II  Definititfn  12-2       6V  =     v-,j-,^j7- 0}  ^ 

^Note  that,  since  [a]  a)  =  la\  Djefinition  12-^2  includes  Definition 
ll-Kb).]  By  {♦)  and  Definition  lJ^-2,  (5)  is  a  theorem  and  hence,  as 
previously  noted,  so  is  Theorem  1'2-  7.  By  Theorem  12-6  and  the  first 
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After  the  discussion  on  pages  78-79,  we  recommend  that. Parts  B 
and  C  (pages  79-80)  be  used  ^or  class  discussion  and  demonstrationr. 
Part  A  can  be  used  as  one  homework  assignment  and  Part  D  will^o- 
vide  more  stimulating  discussion  for  the  following  class  period. 

Answers  forepart  A  ♦  »  ^  * 

1,     Wc  prove   (iSf  )  in  two  parts:  *  *  . 

only  if;    Suppose  that  c-^  =   0  and  c«b       0,  Assumv 
tha^  ,p  €^[a^8  ].    Thcn^  p_-   aa     Sb,  for  sorne  a  and  b,  and 
c  •  p  ^  c  •  (aa  +'Sb)  =  c  •  (aa)  f  c  •  (Sb)  -   (c  •  a)a  >  (c  •  S)b  -  0, 
So,  for  each  y  in*  (a,  B],  c^y  =  0,    Hence,  the  only  if-part 
of  {<t).  .  /  > 

if:    Suppose  that  ^y^j^   |Jj^«y  -  0,    Since  both  a  and 

 S  are, in  |a,  S J,  c*a  -  0  and  c*S  =  0.    Hence,  the  if-part 

of  (^).  '  ,. 

We  have,  by  Theorem   lZ-7.  that  [i]  ^  [tt]^  if  and  only  if  I  J.  ^, 
And,  by  Definition  iZ-i,   if  ±  i  ii  and  only  if  [i^  -  Hence,  by 

the  replacement  rule  for  biconditionals,,  [i]  -  lir]-^  if  and  only  if 

['^l  =  w^-  .  •  • 

3,  Since  [i]^  is  a  proper  bidirectiop  and  [tt]"^  is  a  proper  direction, 
it  follows,  by  P:xercise  2,  that  [I]  =  [1]^  <=;>  [i}^  =  [i]^  and 

[tt]^  ^  i7r]-^<==>[7r]  =  [n]^-^^  And.  since  [l]-^  =  [l]^  and  [)f^  -  [tt]^ 
we  have  that  [l]^-^  ^   [1]  and  [tt]-^  -  (^]. 

4,  {a)    In  case  (a,  1?)  is  linearly  independent,  [  a,  b  ]  is  a  proper 

bidirection  by  definition.    In  case  (a,  6)  is  linearly  dependent, 
^  [  a,  b  ]  is  either  a  proper  direction  Jin  case  at  least  one  of  a 

and       is  non-^  )  or  is  0}   [in  cage  both  a  and  S  are  ^  ]. 

(b)    A  reasonable  definition  is:  ^        -  {3}.* 

5,  By  (6),  each  of  [a-J^  and  [ir]^  is  a  proper  direction^  Let 
[m]  =  {g  j't^and  [i]  ^   [^l"^.    By  Exercrse  2y  we  have  that 

[m]-*-  =  [a]  and  [i]^  '  [tt]*  Also,  from  Exercise  1(b)  on  page  76, 
we  know  that  [m]  C  [i]-^  if  and  only  if  [i]  C  [m]-^.  So,  it  fpUows 
that  i^}^  C  [tt]  if  and  only  if  [ir]^  C  [tj]. 

6,  (a-)  ^  Let  p,e  [  a,  S  ]  ^  [  a,  S  f*".    Since  'p  €  [a,  T]^  ,  p  •  a  =  p  •  S  ^  0. 

^ince  p£  [a,         it  follows,  by  that  p«p  =  0/  Thus, 

p'  =  ^.         la,  Si      [a,  Sj;^  C  {6}.  clearly,;, 

C  ^  [a,        ,    Hence,  (a,  S]  ^  [a,  tf  =  {^} . 

.     (b)    By  (a),  [Trf"  r>  [tt]  =  {d}.    Since  [nf  c  ontains  at  least  one 

non-lJ  translation,  it  follows  that  there  is  at;  least  one  transla- 
tion in  [^]^  which  is  not  in  far].    HenQe,  [n]    ^  [v]. 
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part  of  the  ^rolla^y  to  Theorem  12-3;  respectively,  we  have: 
•     »         /   Itt]^  is  a  proper  direction, 


tnV>  UtV  -^[tr]  -  [a] 


By  (6)  awi  Theorenj  12»&vwe  have: 

Theorem  12^8   PIttI^  is  the  line  which  contains  P 
and  is  perpendicular  to  tt^ 
^.  Coroliary    There  is  one  ancl  only  onei^ine  which 

?N  contains  a  given  point  and  is  perpendicular  to 

a  given  plane. 


fExertfi^es 
Part  A 


1,  Prove  - 

2.  -Show  that  [/]  =  In]' 


Pait  B 


3.  Showt  that  1/]^^  =  HI  and  that  {  tt]"  =  Itt).  [Hint:  By  (1)  on  page 
.74,  it  is  permissible  to  replace  '{ttY  in  Exercise  2  by  W*-] 

4.  (a)  In  case  (a,  6^  la  linearly  independent  [a^  fel  is  a  prcJper  bidirec- 

tion.  [Why?]  What  is  la\V\  inca3e  (a*,  6^  is  linearly  dependent? 
[Consider  two  cases.  1 '  •  ^ 

{b>  What  would  be  a  reasonable  definition  for  [In'answiering, 
^  consider  Exei^ise  3  and  Lemma  1(a)  on  page  49;  also,  consider 
Definitions  12-2  and  ifr  Kb)  and  the  corollary  tp  Theorem 
12~8.F 

5,  Prove:  ItrV  Q  Ijfr]  ^  Q  [a]  [Hint:  iExercise  1(b)'  of  Part  A 
on  page  76  and  Exercise  2,  above,  will  be  helpful.  And,  recall  the 
hint  for  Exerciser's.)  '  \ 

Show  that       _       -     .  . 

,       .  V  '       >  V-  ' 

Make""  use  of  your  classroom  to  locate  ynodels  of  the  foliowng: 
^  1.  two  plan^  which  intersect  IWhat  must  the  intersec^on  be?] 

•  2,  two  parallel  planes.       >     [   ^  .     .         '  • 

•  3,  two  lines  which  intersect 

iSH^f^  conCufrent  lines.     ^  ^  • 

!•  two  skew  lines.  * 

6,  t^iirdiipargllel  lin^.  . 
lines  which  are  m)V  contained  in  a^  single  plane. 
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With  Exercise  4  of  Part  A  we  complete  the  die-£inition.  of  orthogonal 
complementing. for  subspaces  of  T  . —  that  is,  for  {u};  .for  proper  direc 
tions  or  bidirections,  and  for  T.    Note  that  the  orthog(%nai  xomplement 
of  any  subspace  is  a  subspace  whose  dimension  is  that  of  T  n^inus  that 
of  the  given  subspace.    If  v^e  use  •X*.  with  or  without  subscripts,  as  a 
variable  ranging  over  subspaces  of  T*'  we  can  define  orthogonal-  comple- 
menting'by:  ,  " 

Aside  from  the  results  previously  m^htioned: 

^X"^  is  a  subsejt  of  T  and:   dim(X"^)  =  3  r  dtim{X) 
the  important  ^operties  x>f  this  ope r>ation  are  given  by; 

X^  ='X  ^nd:    X^  C.X^^X/  C 
From  the  first  of  these  w^  can  derive; 

X^  ^  Xg     --^  X2  ~  X j 


X"'=    {x;    V;.^y  x.y-  0} 


and  from  both  we  can 


derive:\^  / 
^1   ^  ^"'^=>Xg   c  X^ 


Answers  for  Part  B  .  *  > 

[This  set  of  exercises  is  probably  best  done  as  a  class  exercise. 
There  are  obvipusly  many  answers  for  each  exercise,  ]        x  •  % 

Answer  to  questions;     i.  Aline. 

8..   They  are  paraller. 
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&  a  plane  and  four  !ini»  perpendicular  to  it.  [What  do  you  observe 

about  these  lines?) 
9.  one  line  which  is  perpendicular  to  each  of  two  intersecting  lines. 

[Find  one  such  line  which  intersects  the  given  lines  and  one  such 

line,  which  doesn^t  intersect  the  given  lines.) 

10.  two  pfai^ies  which  are  perpendicular  to  the  sanfe  line.^^hat  do 
you  observe  about. these  pianss?) 

11.  two  plan^  which  are  perpendicular  to  the  same  plane. 

12.  three  planes,  each  two  of  which  are  perpendicular.  ^ 

13.  one  plane  which  is  perpendicular  to  each  of  two  given  planes. 
'  [What  do, you  observe  about  the  intersection  of  the  given  planes?] 

14.  ijwo  planes  whose  line^of  intersection  is  perpendicular  to  a  given 
plane.  (What  do  you  observe  about  the  given  plane  atid  either  of 
the  two  planes?) 


Part  C 


Answer  the  following  questions  and  be  prepared  to  illustrate  your 
answers  with  objects  in  the  classroom,  if  possible. 

1,  Are  each  two  lines  coplanar?  * 

2.  Do  each  two  nonparlallel  liA^s  intersect? 


3.  Are  there  four  noncoplanar  points?^ 


i 


PartD 


4.  Will  a  table  with  three  legs  always  stand  firmly  on  a  floor?  How 
about  a  table  with  four  legs? 

5.  How  many  lines  are  there  which  are  perfiendicu^r  to  a  given 
plane  and  through  a  ^iven  point?  How  many  such  planes  are 
there?  '  , 

6.  Af:e  all  lines  ^hich  are  perpendicular  to  a  horizontal  line  vertical 
lings?     '  ,  ^ 

7.  Are  all  planes  which  are  perpendicular  to  a  horizontal  line  verti- 
cal planes? 

8. .  Can  a  Hne  be  perpendicular  to  each  of  two  intersecting  line|^and 
not  intersect  these  lines?  '     "  7 

1^  9.  If  two  lines  ar^  parallel  to  the, same  line,  must  they  be  parallel? 
10.  If  two  planes  are  parallel  to  the  same  line,  must  thejs^  parallel? 
I L  If  a  line  is  parallel  to  a  plane,  is  that  line  parallel  to  e^ch  line  in 
the  plane? 

12.  If  a  line  is  perpendicular  to    plane,  is  that  line  perpendicul^  to 
each  line  in  the  plan^?  ^ 

1.  Here  is  a  picture  of  a  horizontal 
Hne  /  and  a  vertical  line  m.  It 
seems  reasonable  to  pay  that  . 
,  m  is  perpendicular  to  l-fov  ^ 
short:  m  X  I:  Suppose  that  rr  is 
perpendicular  to  /.  What  is  the 
relation  between  m  and  ;r? 


m 


erJc 
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Answers  for  Part^  [cont.] 


10.      They  are  parallel, 

13.  It  is  empty  or  a  line  perpendicular  to  the  third  plane. 

14.  They  are  perpendicular. 
Answers  for  Part  C 


I. 

I. 

4. 

6, 
7. 
8. 

9. 


11. 
12. 


No.    [See  Exer.cise  5,  Part  B.  ] 


Yes.     \  a  ^ 

Yes.  [Provided  that  the  f^et  of  the  legs  are  noncoUinear.);  Just  if 
the  ieet  of  the  legs  are  cOpla^iar.  ^     *  , 

One.    Infinitely  many.  .        .  ' 

No.  .  '  '. 

Yes.  '   '  \ 


Yes.  [This  is  so  provided  that  *perpen'Sicular'  is  defined  ^^uch 
a  way  as  not  to  restrict  sHew  lines  from  being  perpendicuta^Bf 

Yes.*  * 


10.  No. 


No. 

Yes. 


Exercises  8  and   \l  of  Part  C  bring    up  the  question  of  whether 
perpendicular  lines  should  be  required  to  intersect.    Exercise   2  of  ' 
Part  D  brings  up  the  same  question.    Exercise  3  of  ^art  D  should 
incline  students  to  ^ur  point  of  view  —  that  it  is  convenient  to  ntake  . 
perpendicularity  of  lines  depend  only  on  their  directions.    OUr  definition 
of  perpendicularity  of  lines  [^nd  of  planes]  is  giveii  in  words  with  the 
first  paragraph  pf^section  11,01,  and  in  symbols  in  jDefinition  lZ-3,  4 

Answers  for  Pa|-t  D  * 
i*    m  II  ir 


1' 
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2.  Suppose?  that  the  line  «  is  parallel  to  m.  Do  you  think  that  nit? 

^  If  you  answered  'No.'  to  Exercise  2  it  may  be  because,  as  the  picture 
shows,  n  does  not  appear  t^)  intersect  /.  As  with  any  definition,  we 
have  a  choice  One  thing  to  consider  in  making  this  choice  is  that, 
so  far,  it  has  been  a  convenience  that  whether  things  are  parallel 
or  perpendicular  depends  only  on  their  directions.  Now,  how  do  you 
fee!  about  Exercise  2? 

4.  Suppose  that  the  line  p  is  parallel  to  n  but  is  not,  like  w,  a  vertical 
Hne.-.Thus,  [ph  Q  |/h  ljust  as  \m\  C  Do  you  think  that 
p  1  R 

5.  Here  is  a  picture  of  a  building. 
It  IS  not  unreasonable  to  say 
that  the  pianesj  coritainin^  the  .     fF"!  r 
walls  of  the  fc^uilding  are  per- 
pendicular to  the  plane  contain-        D  | 
ing  the  first  fltx)f  of  the  building.       ^  L 
ta)  De^icnbe  some  othef  planes  to  which  the  planes  of  the  walls 

are  perpendicular.  What  is  the  relation  between  each  of  these 
planes  and  the  plane  of  the  first  floor? 

(b)  Describe  some  obvjous  lines  in  the  planes  of  the  walls  which 
are  perpendicular  to  the  planed  the  first  floor.  Are  there  other 
such  lines?  Try  to  make  use  of  some  of  these  lines  tp  describe 
other  planes  which  are  perpejidicuiar  to  the  plane  of  the  first 
fioo^. 

(c)  Consider  the  plane  of  the  awning  on  the  side  of  the  building. 
Is  this  plane  perpendicular  to  the  plane  of  the  first  floor?  Is 
there  a  line  in  the  plane  of  the  awning  which^s  perpendicular 
to  the  p}ane*of  the  first  floor? 

6.  Suppose  that  there  is  a  flag  pole  in  front  of  the  building  described 
in  Exercise  5  which  is  perpendicular  to  the  plane  of  theTirst  floor. 

(a)  What  can  you  say  abo^t  the  flag  pole  and  any  of  the  .planes 
which  are  perpendicular  to  the  first  floor? 

(b)  What  can  you  say  about  the  flag'^pole  ar\d  any  plane  which  i^ 
parallel  to  the  first  floor?  ^  ' 

7.  In  the  building  described  in  Ex-        ^  '  , 
ercise  5,  there  m  a  circular  staii^- 
way,  part  of  which  is  pictured 
at  the  rigKt. 

(a)  l^t  7T  be  the  plane  of  the 
first  floor.  Describe  some 

*  planes  which  are  perpen-  ^ 
dicuiar  to  tt.  \yhat  is  the 
bidirection  of  any  one  of 
thes^  planes? 

(b)  Let  {/  be.  any  one  of  the  planes  you  descrited  in  part  {^).  Is 
there  a  line  in  a  wj^ich  is  perpendicular  to  ir?  If  you  thiqk  so, 

>  ^       what  is  \is  direction?  If  not^  explain.  -  , 


^T^^"^  treads 


risers 


TG81(1} 


Answers  for  Part  D  [cont.) 


4. 


Ye's^,    [Some  students  may  ftu?l»that  the  answer  is  'No.*.    We  have 
no  real  basis  for  argument  until  we  a,tiopt  a  dcfini^on.    W^^en  we  do 
so.   wc  will  try  to  give  a  reasonable  justification  for  having  ^"kew 
perpondicular  lines.  )  » 

[Some  may  still  not  wish  to  change  their  answer.    But,   at  least  we 
have  reminded  th^m  that  definitions  are  somewhat  arbitraryv  ) 

Yes.  '  ^ 

The  plane  of  any  floon  is  [presumably]  such  that^the  walls  of 
the  building  nrt;  perpendicular  to  it.'   Any  such  plane  is  parallel 
to  the  plane  of. the  first  flo^r. 

The  lines  of  intersection  of  any  two  walls  are  perpendicular  to 
the  plane  of  the  first  floor.i  ^Yes,;   Any  linp  which  is  parallel  to 
one  of  these  lines  is  also  pwrp^endicular  to  the  plane  of  the  first 
floor.    Any  t^'o  of  these  lii^^fi^s  determine    a  plane,  and  any 
plane  so  determined  U^erpendicuiar  to  ^he  plane  of  the  first, 
floor,  >  .      "  •  , 

(c)    No.;  No.  '  ^  :  ' 


(a) 


(b) 


(a) 

(b) 

(b) 
(a) 
<b) 


They  are  p&rallel.^ 

It       perpendicular  to  that  plan^'. 


The  plane  of  any  riser  in  the  circular  staircase  is  perpendicuia: 
w     n.uJ^r.     i;..^  #  [/]^^$*t4le  hixiiVection  of  a  plane  per 


to  TT.    Givt^n  a  line  1  in 
pe*ndicular  to  ;r. 

Yes,    Its  .direction  is  [ir]^ 

No.  , 

No. 
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Sample  Qui^.  ^ 
1.      W,hich  ot  the  following  sentence «  is  a  reformulation  oi: 
^  (^)   Para  lit;!  planes  ^rt^  pt^rpcnditula  r  to  the  «ame  lines, 

"^^4^        I!  <^  ^^r^fi  n  X  i  and  <r  X  m)         I   •  m 
(b)  \  Ij  cr  X  ?  <=>  cr  ±  /) 

i'PrQve  the  re f p rmulat ion  of  (       thai  yoii  selected  in  Kxerci^e  I. 
•    3.    ikeformuf4te  the  sentence:  *  ^ 

U  *        Lintis  perpendicular  to  parallel  planes  are  parallel. 

\in  a  (condii^onal  )  sentence  in  '  i\  *rn',   *  tt",  and  *g\  * 
4.      Write  a  paT^vgraph  prodf<(or  the  sentence  you  wrote-  in  Exercise.  3, 
Key  to  SitYiple  CXn^  '  *  ' 


Siu|ipo^e  that   n /\\  o,     I!hen,   [tt]  -    [crj  so  that  \it\  -  if  tknd  only 

it   ftr]     ,1^1^.     Ihus,   TT-X  i  it  and  only  if  a  X  £.  Hence, 


*i  II  ni    [There  are,  of  course,' 


f  {i  X  7T  and  m  X  a  arid       1 1  ff) 

pther  correct  answers,  j 

..    ■      .      '  *  •  .  '  »  . 

Suppose  that  i  X  TT,  m  X^ ,   and   n  |  ^  q .    Ther>>   (^p  ^  [Tr],   [rn  p  -1^^*^ 
«nU  [n^  -    [a  j  so  that  [^|-^  -   (m  )"^.  ■  The  latter  is  the  case  i(  and  o my 
if  [1]  -   [m|,  that  is. [|         -Hence,  if  i  X  tt  and  m  X  a  and  Tf  1 1  cJ" 
then  i  il' m,  .  ' 


8.  Suppose  that  there  is  a  ramp  at 
the  rear  of  the  building,  as  is 
pictured  at  the  right. 

(a)  Is  the  plane  of  the  ramp  per- 
pendicular to  th^  plane  of 
the  first  floor?  i 

(b)  Are  therjB  lines  in  the  plane 
of  the  ramp  which  are  per- 
pendicular lo  the  plane  of 
the  first  floor? 


1 2.02  Perpendicularity  of  Lines  and  of  Planes 

As  suggested  by  the  preceding  exercises,  we  shall  say  that  one  line 
is  perpendicular  to  another  if  the  first  is  parallel  to  a  pl^ne  which  is 
perpendicular  to  the  second  line.  Similarly,  we  shal}  say  that  one  plane 


m  ±  I 


i    TT.  ^ 

Fig.  12-1 


13  perpendicular  to  another  if  the  filat^  iSsgarallel  jto  a  line  which  is  per- 
pendicular to  the  second  pla^LWe^'W  this  ^form^  ini; 


Definition  a) /n  i  sC  I/B 

'    >  (b)  a  ITT^  [itV  Q  M 


In.Ej^rcis^  l(b>of  Part  A  on  page  76,  it  was  established  that 

•        *  ■  •  I  ■  ■  ■     k  ■  *  . 

Making  use  of  this  result  toptiier  with  Definition  12^3(a),  it  is  not 
•  difficult  to  establish\^at  the  relation  of  perjies«iieularity  among  lines 
is  symmetric- that  is,.that  {  f  ^ 

^'  ^  ■  ■  ' '  ■       y    .  ..  '^  ^  \  .  '  ■■       ■  • 
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iDo  so^l  And,  making  use  of  Exercise  5  of  Part  A  on  page  79 -that 

-  it  is  not  difficult  tcr  establish  that     '  \  * 

(*^')    ,       ■.  '  (J  1  TT^TT  1  (J. 

[Do  so.)  We  summarize  JJie  results  in  {*)  and  in: 


Theorem  12^9   (a)  /  i  m    *  m  i  / 

(b)  n  1  (T  ^^47  1  7T 


*  Since  perpendicular  planes  are  not  fiaraUel  [Whv?]  and  perpendicu- 
lar lines  are  not  parallel  (Why*^)  we  have,  in  antilogy  with  Theorem 
12^1:  •  . 


Theorem  12-10   (a)  cr  l  tt  — ^  cr  n  tt  is  a  line 

(b)  Coplanar  perpendicular  lines  intersect 

f  [Can  you  imagine  two  perpendicular  lines  which  have  no  point  in 
^v---  common?] 

In  analogy  with  the  corollary  to  Theorem  12-2  we  have: 

■    .      ■  ^  ■  ■  .  |- 

Theorem  12-11    Parallel  lines  are  perpendicular  to  the  ^ 
s^nie  lines  a^d  parallel  planes  are  perpendicular  to  the 
same  planes. 

.  ^       r,      ■       '   '  i 

[Explain.)  Must  hnes.  which  are  perpendicular  to  the  same  line  be 
parallel?  Hpw  about  planes  whiqh  are  perpendicular  to  the  sam^ 
plane?  How  about  lines  which  are  perpendicular  to  the  same  plane? 
How  about  planes  which  are  perpendicular  to  the  same  lineV 

What  can  you^say  about  a  plane  and  a  line  which  are  perpendicular 
to  the  s^me  Hfle?  About  a  plane  anda  Une  which jl^e  peri^ndicular  to 
the  same  plane?  Your  answers  to  th^e  questions  may  suggest: 


/ 

/ 


{"Theorem  12^2        tt  ll  ^{m  L  rnWir] 
(b)  /  X  ^  — ♦[cr.l  TT^cr  II/] 
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Answers  to  Questions 

Tb  establish  {*)  from  t^e  result  of  Exercise  l{b)  in  Part  A  on 
page  76,  an4  Defi^4Bft>"  ii"3(a)  requires  only  two  replacements  in  the 
former  of  instanc^§ilf  the  latter.    Thus,  according  to  Definition  12-3(a}, 
^  ^  i<=5>  [m]  C  and  li  m  <==>[l]  C  [m]^.    So,  since 

[i]  C  [m]-^<^[m]  C  [ir,  we  have  that  J  1  m<=>m  J.  i.    (**)  follows 
from  Exercise  5i  Part  A,  page  79,  and  Definition  U-3{b)  in  the  same 
maViner. 

Suppose  that  ^  and  (t  arc  perpendicular  planes.    Since  [w]  and  [<r] 
are  prope r  bidirections,   [^]^  is  a  proper  direction,  and  since,  by 
Definition   l2-3(b),   [w]^  C  [a],  it  follows  that  [^T  coAains  a 

non^  translation.    Now,  suppose  that  ty.    Then  [w]  ^  [^j,  'and,  by 

replacement,   [t}^  r>  [^],  contains  a  non-3  translation.    But,  by  Exercise 
6{a),  Pa^t  A,  page  79,  [irj^  ^  [^j  ^   {3},    Hence,  if  jr  ±  a'then  v  ^  (t. 
In  a  similar  manneV,  using  Definition  lZ^3(a)  and  the  fact  that 
W      [^1^  =  {^}^  it  may  be  shown  that  perpendicular  lines  are  not 
parallel.'  »  ,  \ 

Yes,  two  skew  lines  may  be  perpendicular  and  do  not  intersect. 

Theorem  12-11   states  that  if  line  i  is  perpendicular  fo  lines  m^, 
,        then  any  line  parallel  to  I  will  be  perpendicular  to  m^, 
.  ,  ,  .    Similarly,  if  plane  y  is  perf^sndicular  to  plan^  ff^.  <r^, 
then  any  plane  parallel  to  ^  will  be  perpendicular  to  cr^^,  o-g, 
>^^,  -    It  is  not  the  case  that  lines  which  are  perpendicular  to  the 
sameHrie  must  be  parallel,  nor  is  it  the  case  that  planes  which  are  per- 
pendicular to  the  same  plane  must  be  parallel,    (Students  ^hoixld  be  able, 
to  suggest  models  for  counterexamples  which  are  in  the  classroom^]  • 
Planes  which  are  perpendicular  to  the  same  line  are  parallel. 

^     A  plane  and  a^line  which  are  perpendicular  to  the  same  line  are  - 
parallel.    A  plane  and  a  line  perpendicular  to  the  s^me  plane  ar^ 
parallel.  «  \ 
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Part^  A-D  contain  too  many  exercises  for  one  homework  assign- 
ment.   Part  A  can  be  used  as  supervised  class  exercises  or  for  class  * 
discussion.    If  you  permit  stuSents  to  teaiVi  up.  Part  ^  can  be  used  for 
homework.    Pa^t  C  is  go&d  for^lass  discussion  and  Rart  D  gives  a 
second  homework  assigiihl»nt.         -  t    ^       r         Y  f  \ 
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.  S4 '  PEBPENDICUMtRITY 


'Fig.  12-2 

iParts  (a)  and  (b)  differ  vgry  little  from  the  corresponding  parts  ofbefi- 
nition  12-3.  lExplain.J  Compare  these  with  (a)  and  (b)  in  Exercise  11 
of  Part  A  on  page  77.  ^ 


Exercutes 

Part  A 

^  Prove: 

\.  Theorem  12- 10(a). 
3.  Theorem  12 -U 


2.  Theorem  12- 10(b) 
^     4.  Theorem  12-12 


PartB 


ERIC 


5.  Cm  X  o"  and  n  l^l  — ♦  [cr  1  tt  ml/] 


1.  Show  that  '  ^ 

(a)  >a  line  is  perpendicular  to  /  if  and  pnly  if  it  is  contained  in  a 
plane  which  is  perpeadicular  to  I,  an^ 

(b)  a  plane  is  perperidicular  to  tt  if  and  only  if  it  contains  a  line 
which  i^perpendicular  to  W . 

2.  i^ve: 


*  Theorem  12-13   If  / 1  tt  then  , 

(a)  /  is  perpendicular  to  each  line  contained  in  tt, 
^     and  \  $ 

(b)  each  plane  which  cqntains  /  is  perpendiciilar 

to  TT.  - 


3,  Prove  the  fbIlowinjg[  corollary  of  Theorem  1?-13: 
II  Corollary  {/  Q  ^  anJo- 1  /)  — ^  ((r  n  77)  i  / 


is  8 
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Answers  for  Part  A 

1,  Suppose  that  d  J.  ^.    Since  or  ||       by  Theorem  10-2,'  (r  r>  ^  is  a 
line.    Hence,  Theorem'  U-10{a).  - 

2.  Suppose  that  i  and  m  are  coplanar  perpendicular  lines.    Then  f 

and  m  are  coplanar  nonparallel  lines  and,  by  Theorem  9-7,  i  and 

m  intersect. .  Hence,  Theorem  12-10{b). 

■» 

3,  W*^  will  prove  that  parallel  lines  are  perpendicular  to  the  same  ^ 
lines.    Suppose  that  the  line  i  is  perpendicular  to  each  of  the  lines 
"^1'   '  •    Then,  for  i  and  any  of  thes^  lines,  &ay 

1^1^-  [^k]  '  fc>y  Definition  l2-3(a).    Now  suppose  that  each  of 
the*  lines  i^.  i^,  i  is  parallel  to  i.    Then,  for  any  of 

these  lines,  say^i.,  [f •  f  r   [i]^  and  so  [/;]  C  [m^]^.    Thus  L  ±  mj,. 
Hence,  the  first  part  6£  Theorem  IZ-U.    The  "second  part  of  the 
theorem  la  proved  in  a  similar  way,  using  Definition  12-3(b)  and 
the  fact  that  parallel  planes  hav.e  the  same  bidirections, 

4.  Here  is  a  tree-diagram  of  a  proof  of  Theorem  12-I2(a): 

JT  ±  i  ,mXl  7f  X  i   '  mllir 


5* 


M  -  [if   '  [m]  C  [if        [n]  ^[if      [m]  C  [w] 


4 

[n^l  C  [it] 

rn  II  T 
 * 

 _®  , 

m  X  i 



1  fw  ==>  m  -1.  i 

• 

m  X  i  <=S  m  j  1 

— ^-  . 



7^  1  i         [m  ±  i 
Here<?^8  a  tree-diagram  of  a  proof  of  Theorem  i2-12(b): 

i  Xw  (TX^  i  X  t  O-jli 


-4 


X  7 


IT  X  ^  =^     I  M  ^  (T  1 1  i   =>  <r  .X  ?r 


cr  ±  ft 


i  X  t  =>  [ff  X  TT  <==>  cr  I J  i  ] 

Suppose  that  m  X  c  and  :r  X  /.    K  follows  that  [mj  =  [crf^  and 
[^J  -  It  foHows  that  if  cr  X     —  that  isr  if  Icr|-^  Q  [x]  -^en 

W    C  [i^  and,  so.  [m]  C  [i]-^  —  that  is,  m  X  i.    Hence,  if  a  X 
then  m  X  i.    On  the  other  hand,  it  follows  that  if  m  ii  i  ~  that  is,* 
«  if  [m]  Q  [i]^      then  [m]  Q  [if]  and,  so,  (a]^  Q  [^]  —  that  is,  tr  X  n 
Hence,  if  m  X  i  then  cr  X  ^r.         *  — 

So.  assuming  that,  m  X  cr  and  ;j  X  i,  it  follows  that  cr  X  m  <=>  m  X  i. 
Hence,  Exercise  5.  ^{it  is  easy,  if  yon  have  enough  horizoittal  space 
to  put  this  ar^fument  in  tree -form.  ] 
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Anjiwer,s  tor  F^*  rt  B         ,  '  < 

^  ■       ■  i 

i,      (a)    'I'o  establish  tht'^oiily  if-p.trt  of  this  thcorrm,   suppoht.'  that  n\ 
i»  pATpendiculir  tu  I  hcn  [m )       [Ip  and,   for  P€m, 

is  a  plaru-  clntaining  nj   and  pv  rpfruli4:ular  to  i.  HiMict*, 
*        if  a  hnt-  IS  pvrpt-nc^^i  ular  to      line   i  then  there  is  a  plane 
ptTpt'fuiicular  to  i'  ^vhich  contains  the  line. 

Here  iti  a  t  rer -dia^  r  am  of  the  prooi  bf  the  il^part: 
m  ■    Tf  and  tt  i.  |  '       and  tt  -L  I 


1  I 


m  X 


7T  and      X  I)  — >  m  X  I 


■Let; 


3^  (m        7f  and  rr  X  I)  ni  X  T  " 

(b)    SuppoS;^;^  that  cr   is  perpendicular  to   tt.     J"^^^;!^!!^ -'f^l^  I* 
P  €  ^/  Since  [tt]^  is  a  proper  di  rec:tkont  '^(ir]^.  vsl^ 

^  is  contained  in  o,  and  P(7t]^  is  pc"rpendicuV|i^r;tbj  -  Th\is^^ 
plarne  is  perpendicular  to  Tf  itl^en  it  contains'ii  Une  whktfiis 
j^rpendicular  to  S".  ^      '    /    »   ■   '  '    •  ♦'h^i 

Suppose,   now,  that\tf  c.ontains  a  lint"  —  say^*4*^  which 
V»  J  *n  5| '\  *cO  /  p^-rpt  ndieular  to  77.  . 'I'hert,   {t\  (     {a  )■  and^  [I]      ^.^.j^yr^So^^^b^.  s 

rX-""  i,- S'""'^.^-.    \        replacement,  {-n^       fcr  ],  whic  h  me  ans  that '  o  x::f-,  \^hus,   if  S 

-^iiV^**^^      i/i-^  ^^^^  ^    '        planr  cofftains  a  line  which  is  perpendicular  to  it  ^m?n  that 
A^iV  '  .  "V/'-.  i»^iV  plane       perpendicular  to  7r.  ^  !,      .  \  ■  '  ■  ' 

.-Vv\  \.  ■■  ■      .  ■  '  '  ^     '   .  .■        ,  ■'  .    .  • 

^  -  '  '  ^  \  >^  ri'si^ults  in  the  preceding  two  paragrapfc^,  ir^iply  tht' 

f^**s  '.'  biconditional  in  (b),  .  i-  '    .      .  ,^  '    '  » 


*      li    U)    Suppose  that  I  X  yt.     Then  [I]    ■  (rr. 

'  [^'j       i^J-    ^^^^^^  [^f  it  foUoN 

."^  l^M'^'"  f^]"**.  which  means  tl^^at  .m  X  I. 


Given  that  ni  l^^rr, 
follows  that  [i]^  =■   [tt].  So, 
Thus,  i  1  m.  '  Hence, 
Theorem   i3»-13(a).  ^  , 

(b)    Suppose  that  (  ±  ^.    Then  [?|      [nf',    GiV^en  that  f  0,  cr, 

[i]  C.  [a].  So,  [nf  C  [o],  which  means  that  a  X  tt.  Hence, 
Theo;-em  i2-li(b). 

Suppose  that  I  C.  5r  and  ^  X  f .    Then  [I]  C  [tt]  and  [0:]  =  [1]-^^. 
Since  .[cr  ]  =  {fp,  it  follows  that  [a      -  [l]  C  f^L    So,  aincr 

cr, TT  is 
,  pendicul 


ERIC 


• 

••     •  ■  )' 
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AnBwtTs  for  Part  B    (cont.)      '       .  ■ 

~  "    ~    .  .         ,  «.  %     -  ^ 

4.     (a)    Suppose  that  m  and  n  aiu^tt- rsectin«.  lijit-s  an<i  that' f  is  •  '■. 

pt.-rpt>ndicu!ar  to  both  m  anj  n.    Ttit<  by.  Kxl?r<;i»5i^  1  (.^)  / 

IS  c  onjairu-d  in  a  plnru^  -  say,   n  —which  i*  pc rpc'fWicular  ' 

to  nn.and  I  is  contained  in  a  plane  —  say,  a  —  which  ifi 

perpendicular  to  n.    Since  m  ^        ^  M- <f  so  that  ir       a  'Ti     *  ' 

Hy  Theorem   12-6,  f  is  pe rpendicular  to  the  plane  comaminc  ' 
nt   and  n.  ,  .    .   .  & 

-   (M    Suppose  that        and  o,,  are  intersecting  jjlanes  and  that'  t  is 
_         .perpendicular  to  each  of  them.    Then,  there  is  a  lirie  in  — 
•V,  '     .  .   ..f^X'  'i  —  which  is  perpendicular  to  <j^,  andi^ere  is  a  lin,e  •  ' 
•      in  n  ~  say,  /.,  —  which  is  perpendicula'r  to  o?^   Since  a ,  \A  a  . 
i/]  t,   so  that  I     and  (..  are  intersecting  lines  in  jr..  By 
Theorei-n   iZ-liCa),         and  i,   are  pc  rpendicular  <o  the  Une  of 

V  intt.rsection  of  <r ^  and  <j,,.    So,  by  Theorem  12-14(a).  tt  is 
^     perpendicular  to  the  line  of  intersection  of  o\  and  a^. 

(aj    A  line  is  parallel       tt  if  and  only  if  it  is  contained  i-n  a  plane 
"■^    .  which  is  parallel  to  s.   '  — ^ 

(b)    A  plane  is  parallel  to  /  if  aj,d  only  if  it  .cojitains 'I  Uine  which* 
.^ij  parallel  to  ,  "  

6.     (a)    No.    For  if  o  X  f  and  o  \\  n  then  [l]  .  '{^f  and  (a]  =  {,t)  so"  ^  ' 
^   ^  ^"^^  if  nil  57  and  m         tl;t<n  ,|*]-^  and .' (m  j  ■  J  [i] 

-•v-  ,:;;,vs^.thau[ij  -  i^f.     -f'  y  ■:■/':[■■:/:'■.:  v.;.o-..:-:.v.. 

V  ^^^«'r'^J*^«P*r'4$<^V:=e^tiorxi^,.it%llows  that  {f]-^v%Jff^^  . 

-.    -  ■  ^    ■  Prop«r.^,|i:ectitf.^i :  ..4^-.rn  bo  any  line  which  contains'  R  is  per-  ' 

:«        :-dJrt..t.io.v.    m}  -  M^  r>.|^].    So.  any  lin^  wHic^h  contains  P.  is 
perpenriu^ular  td  /.  and  iii  parall»-l  to      ]ias  direction  [iF/^  I 
Thus,  t  u»re  .s  at  most  one  such  line.    Sincf.-  there  is  ai  least 
^       one  such  hne,  naniely  the  line  through  P  in  tht^  direction  ' 
I'r       inU  the  theorem  is  proved.  .  . 

(b)'-  Suppose  that  i/^.    then,   (i]^  ^  [^]  so  that  [/]  V  fir]^.  '  Lc-f' a  ' 
•rt  ''"^     u"'"  ^  P'7Pf  "dicular  to      and  parallel  to  /. 

,      V         rhen^  i^J^  c    [a)  and  [I]  c    [a].    Now,   both  (ij  and  h^-  are     ,  ■  - 

'   P;:?P^l  dirc-ctions.    Let  a  €  ii J  aud^S  £     j-k,:.*.^^^: . 

-    -Uhen   s.inc^-  [II  ^  [.*  J  \  ^  id.  linearly  i«4epJ,iiacfmvfS;t^  V 

>*  '  ^ Thus,  any  plane  which  is  perFMindlculi*-' to  r  and'^  ^ 

pijraHel  t«  f  hps^  bidirection  [2,  S  ],  so  that^il.^^uch.y^/.  ' 
arTs  partner.    Sifice  no  two  parillol  planes^-contaih  a  give*,  point"  '  ' 
,      •  there  ;8  at  most  one  plant?. through'^P  Which  lSH)erpcmiicular*"-:vv 

...  4--'^^':-*»?<^:*i>*«'5'  iia.pJaSe  through  P 

•     whose  bidtrcetion  18  fa,  S).  S  Are  a.  described 

above,  the  theorem  is  proyud.     ^  ^  .    '  ^ 

8.  Suppose  that  t  ,    ^ 'and  P  €  ff.'    Then.  <  j|  ;:\so  thtit  i  /  ^.    So.'  •  '  ' 

by  .Theorem  l2-l'>(a),  tHere  is  one  and  only  one- Line  through  P 
.         which  IS  perpt^ndicular  to  t  and  pate^lel  to         Since  anjr  ifrie ' 

U^'proved    *  '^---^^^^^^^^ 
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12.02   Perpendicularity  of  Lines  e^d  of. Planes^  85 


Theorem  12-14  .  ; 

(a)  A  line  which  is  perperidicular  to  eacji  of  two 
intersecting  lines  is ,.jper]^^drciilar  to  the  plane 

^      containing  them,  ^ 

(b)  A  plane  which  ife^  perpendicular  to  each  of  two'^ 
intersecting  planes  is  .perpendicular  to  their  ' 
line  of  inters^ion. 

[flint:  For^^art  (a),  use  Exercise  1  (a)  ted  Theorem  12-6J 
5*^  Use  your  knowledge  of  parallejism  oftines  and  planes  to  complete 
the  foilowing^alogues  *f  (a)  and  (b)  in  Exercise  1/ 

(a)  A  liBe  is^  parallel  to  tt  if  and  onjy  if  it  ...  . 

(b)  A  plahe  is  parallel  to  Z  if  and  only  if  it  .* .  .  . 
6.  Suppose  that  /  1  tt.  , 

(a)  Is  there  a  plane  a  such  ^at  a  ±  I  and  o-  ||  tt?  ^ 
^  (b)  Is  there  a  line  m  such  that  m  1  tt  and  m\\  17 . 
?•  Prove: 

Theorem  12-^15^  /  X:  tt  then 
(a)  there4fi-<ffie  and  only  one  line  througK  P  w]|iich 

is  perpendicular  to  (  and  parallel  to  it,  and 
Cb)^  there  is  one  and  only  one  plane  through  P 
which  is  perpendicular  to  tt  and  parallel  to  /. 

8.  PnJVe  the  follo^y^hg  corollaries  of  Theorem  12-15: 

(a)  Jf  I  C  Tr.^nii' P.eTT  then  there  is  one  and  only  one  line  in  rr 
whicli  contmns and  is  perpendicular  to  /. 

(b)  1{  P  ^  I  then  there  is  one  and  only  one  line  whiph  contains 
intersects  1,  and  is  perpendicular  to  /.  ^  ^ 
Coplanar  lines  which  are  perpendicular  to  a  given  line  of  the 
same  pl^eare  parallel. 

'(d)  If  /  X    then  there  is  one  and  ©nly  one  plane  which  contains 
./  and  is  perpendicular  to  tt.  - 
»•  Suppose  that      and  .cr.^  are  two  /intersecting  planes  and  that 

/  1  cTj,  Q  TT,  aii^  tt;  1  or.y  Show  that  (tt  H-ct^)  1  (o-j  H  a,^). 
10.  Suppose  that  /  is  clique  to  tt  — that  is,  i  is  neither  parallel  nor 
perpendiculai;  to  tt.  Suppose  that  J  f)  tt  -  {P)  and  that  n  is  the 
line  through  P  which  is  perpendicular     I  and  contained  in  n, 
'  [How  do  you  kn5w  that  there  is.sueh  a  line?]  Finally,  suppose  that 
•  cr  is  a  plane  which  contains  /.  Show  that  o^  1  tt  if  and  only  if 
(o*  n  jt)  1  it,  [Hint:  If  cr  1  rr  Uien  the  line  through  P  and  perpen- 
^'dicul^4o  cj  is  ^  subset  of  it.  Show  that  this  line  is 
Vk.  Suppose  that     and  o-^  are  perpendicul^'to  tt.  Show  that  o*,  i 
,  f    if  girid  only  if  (a,  n  it)  1  {cr^  tt). 
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Answers  for  Part  H  [cent. 


8.  (b)    Suppose  that  P    I,     Lrt   tt  bi»  the  plane  which  contains       an^  I. 

Siru'f  i  C  TTf  i  X         By  Theorem   iZ-iSla),  tht're  ds  one  and 
only  on('  line  — ^^"say,  m  , —  through  P  which  its  perpendicular  ^ 
to  I  and  parallel  to  irr    Thus,  m   C   tt  and  m  ^  i,   ao  that  ni 
intersects         Hence, ^  the  corollary, 

{c4    Su^po8<"  that      .   t,f   and  m  are  lines  of  a  plane  —  say,  tt  — 
an£  that  1^  Im   and%Xm.    Then  i^'/'Tf  and  i^'^  /  tt  ao  that, 
by  l*heorem   1  <i  -  H( b),  t he  re  ms  one  and  only  ont^  pla^e  —  say, 
t  CTj^  — "  through        €       which  is  perpendicular  to  if  and  patrallel 
to  i^,   and  one  and  only  one  plane  —  Sc^yi   ^ —  through  Pp  €  Ip 
whiclvia  perpendicular  to  tt  and  paraljel  to  1^.    Since         and  • 
o(.,   are  •perpendicular  to  m,         jf  a^.    Also,  1^       cr^  ^  ^  afid 

:        1,  =  ff^  r>  TT,  So,      II  ip,     ,  ■ 

(d)    wSuppgse  that  I      7f  and  that  P  €  i.    By  Theorem  12-^15<b),  there 
is  one  and  only  , one  plane  ^  aay,   o  —  through  P  which  is  per^ 
pe nd ie ul a r  to  ^  and  parallel  to  i.    Since    P  £  i  ^  a  and  i  |f  a, 
g  containB  i.    Hence,  the  corollary.  * 

9.  Since  u ^  and         are  tWo  4nte  r secting  planes,        ^  0"^   is  a  line. 
Also,  TT  -i-  ffp  so  that  ^  r'^  <J.,       a  line.    Since  i  1.    ^  and  i  C  tt,  we 
have  that  TT  J>  ff^.    So,  by  Theorem  iZ-14(b),   tt  is  perpendicular  to 

^0.,.    This  means  thiU  a         cr./ is  pe  rpendicular  to  ir^  so  that, 
by  Theorem   1 2 -  i 3(a|,»ff  ^  ^  ff^  is  perpendicular  to  each  line  con- 
tained in  tt'    Since   it  r\  a ^  is  such  a  line,  we-'have  that  ' 
{it       cTp)  1  (ff^  r>  (r^).  y 

10,  Suppose  'that  a -L  tt.    By  Theorem    lZ-15(a),  the  re  is  one  and  only 
one  line  through   P  which  is  perpendicular  to  i  and  parallel  to^  tt/ 
Since   P  €  tt,  thia  line  is  contained  in         Now,   n  is  one  such  line 
and  the  theorem  tells  us  that  there  is  no  other.    So,  n  J-  O",  By 
Theorem  l'Z-n(a),  (a  r\  ^)  X  n.    Suppose,   next,  that  (a  4  Vi, 
Since  n  (    TT  and  n  ^^s  perpendicular  to  each  of  two  intersecting 
linets,   TT       a  and  I,  of  a   it  follows  that  n  is  perpendicular  to'ff. 
So,  by  Exercise    i(b),  a  -L  ??. 

11.  Suppose  that        1  ^  and        X  ^,  'Assume  thlit  ff^  -I  a.,.    By  Theorem 
12-14(b),'  we  have  that  cr,/i  (ff^  ^  So,^  c  ^  r\  -n  is  perpendicular 
to  each  line  in  ff^.    Since  ffp       ^  is  a  line  in  u^.,  (cr^  r>  jr)  -L  (ffp  o 

,    Thus,  if     ,  ^  ff^^*"then  (cr^  r>  ^)  ±  (0^  r>  tt).    Next,  assume  that 
{(T.  >^  ^)  -L  t<Jp  ^  Then,  (0-^  rs  -n)  |4  (ffpW-S^^)  and,  since  ff^  ^  ^ 

and  cJp       ^  art  coplanar  lineis,  they  intersect  in  a  point  —  say,  P, 
By  Theorem   12-i5(b)',  ff;^  is  the  only  plaJ>e  through  P  which  is, 
perpendicular  to  ^  and  parallel  to  tf^^       tt;   and,  ffp  is  the  only  ^ 
plane  through  P  which  is^perpendicular  to  t  and  parallel  to  0^  r\  77. 
Since  (a^  ^  ^)  j/f  (ir^  o  [/|  o^p  so  that  ff^.  ^        i®     line.  Also, 

.  ?r  -i  (ff^  ^  ap).    So,         r\  If)  ±  (ff^  r>  ff^)  and  (tr^  o  ^)  X  {^p  /-^  s^) 
which  means  that  a  line  of         namely        rs  ^,   jg  perpendicular  to 
each  of  two  iiitersecting  lines  oisG^,  namely        ^  cip  and  dp  ^  t. 
'  So,  0-^  X  0-^.    Thus,  if  {cTj       tt)  X  (a,;  <^  ^)  then        X  ffp.  Hence, 
the  biconditional  is  e stablished a '  * 
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•  Sample  Quiz^  ^  *  ^ 

(a)    Given  a  line  I,  describe  [i].  '  %  , 

(ii)    Give  the  details  in  explaining  that  [I],  under  function  compo- 
sition, is  a  vector  space  over  the  real  ni^bers. 
(c)    What  is  the  dimension  of  the  vector  spacer  described  in  (b)? 

(a)  Suppose  that  i  \]  n\.    Sf^n  i  be  pe^rpendicular  to  m?    Explain.*  . 

(b)  Can  the  set  of  pointsiconsisting  of  the  union  of  two  parallel 
line,^  be  associated  %vith  the  vector  spaoe  in  Mb)  in  the  same 
way  that  we  associate  £  arid  T?  Explain". 

V  to  Sample  Quiz  ^ 

(a)  [I]  =  {x:   3^^/3y^|  ^  =  Y  -  X}.    [There  ara  other  ec^ually 

adequate  answers.  ]  •  . 

(b)  [It  is  easy  to  chetk  that  [I]  under  function  composition  satisfies 
'all  of* the  postulates  for  a  vector  space  over  the  real  numbers,  j 

(c)  its  dimension  is  1.  . 

(a)  No-    Here  is  a  '"brute  force''  demonstration:    l.et  7e  [ij^c^nd 
m  £  [m]  such  t?iat  T     '(5      in.    Then    sinie  I  |1  m,  7  -  ma 

*    for  some  nonzero  a.    So,  given  that  f-^na  ^  0.  (m -jifi)a  ^  0 
■and,  since  a  #  0,  m  =  0.    But,  m  so  that  /•  m  #  0.  ^ 

Hence,  i/m  when.^  II  ^ 

(b)  No     Choose  oiie  point  from  each  of  the  two  lines!    The  transla- 
tion from  one  to  the  other  of  those  points  is  not  in  the  direction 
of;  the  lines.    So,  "the  counteriSart  of  Postulate   1  i's  not  satisfied 
for  the  given  scJt  of  points. 
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,  *       1.  (a)  We  know  that  * 

l±(T 


Ifa  lTT  and  /  II  77  does  it  follow  that  I  1  or? 
(b)  Suppose  that  ^  and  a  are  two  int€rsecti|^g_£|pies.  We  know 
that  . 

« 

i  X  o-  — ^  /  1  (tt  n  cr).  JExplain,] 

If  /  1  (tt  n  a)  does  it  follow  that  I  1  a? 
(e).  Does  it  follow  that  I  1  a 
^  (i)  if  a  1  TT  and  /  1  (tt  n  a)? 
(ii)  if  2 1!  TT  and  f  1  .(tt  n  a)? 
2.  Suppose  that  tt  and  a-  are  two  intersectiBg  planes,  that  I  j]  tti  and 
that  /  1  (tt  n  a).     *  . 

(a)  Explain  why  it  follows  that  [I]  Q  M  n  [v  O  a]\ 

(b)  What  assumption  tells  you-.that  Itt^H  p-]^  is  a  proper  bkii- 
,  rectiop? 

.    (c)  Can  [tt]  and  [rr  f)       be  the  same  set?  Explain  your  answer. 

(d)  ^^What  kind  of  set  is  [tt]  n  [tt  n  a]^?  Eiqylain  your  answer. 

(e)  Bom  it  follows  that  [I]  -  [tt]  fl  [tt  n  ah?  Why? 
3..  Suppose  that  a  1  ttJWtt,  and  I  Utt  n  a-).  ' 

(a)  Should  it  follow  that  /  ±  o-?  # 

(b)  In  view  of  Exemse  2  and.Theorem  11  -4,  what  might  we  do  to 
show  that  I  1  €r?  * 

(c)  Why  do  we  know  that  [crV  Q  M?  That  [orV  Q  In  n  o-]^? 

(d)  Why  do  we  know  that  [aV  =  M  n  [tt  n  aV? 

(e)  Show^hat  I  ±  a.  . 
4.  Prove;      I  . 

i]  Theore^  12-16  {a  1.  tt  audi  i  in  n  <r)) 

I*/  '   .  ^[ill^^l  X(t] 

[You  may,  of  course,  use  results  proved  in  the  preceding  exercises.] 
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If  I  and  m  are  two^  intersecting  lines  then,  in  ai|y  giW  direction, 
there  is  a  Mne  which  iat|^"sects  both  I  and  m.  If  the  given  direction  is 
not  contained  in  th^idirection  of  the  plane  containing  /  and  m  then 
there  is  at  most  onisuch  line-  [Explain.]  Suppi^^ now,  that  /  and  m 
are  skew  Un^. 

1,  Imagine  various  lines  which  intersect  both  /  and^  m,  apd  make  a 
'conjecture  as  to  the  possible  directions  of  such  lines. 

2.  Are  there  any  directions  in  which  ther^  certainly  are  no^  lines 
which  intersect  both  t  and  nt?  Explain.  ' 
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Answers  for  Part  G 

No.    For       easy  counts' rexam pie,  ^et  i  \7r  ^(y. 

No.    For /a  counterexample,  choose   P  €  T^?^  and  let  i  be^he 
line  through  P  w^ich  is  perpendicular  to      ^  ^  and  parallel 

to  1^.    I      *  .  ;         ^  ■ 

(c)     (i)  No, 
(ii)  Yei. 

2.  (a)    Since  i  \\,k  and  l±  {k  r>  tr),  [1]  C  [if]  and  [i]  C       ^  erf:.  So, 

ty  definition,  [i]  C.  [^J  ^       ^  cr]*^. 
/  f 

(b)  Givei|  that  tt  and       are  two  intersecting  planes,  we  know  that 
K      ^  is  a  line  so  that  [tt  r\  ff]  ie  a  proper  direction. 

(c)  No,  /for  [y]  is  the  bidirection  of  planes  parallel  t&  ^  and 
[n  rS  (r]-*-  is  the  bidirection  of  planes  perpendicular  to  >  ^ 
which  is  a  line  parallel  to  T,  ^so  that  [t  ^  bidirection 
of  a  class  of  planes  perpendicular  to  tt, 

(d)  A  proper  direction,  for  T'  is  3-dimensional. 

•    (er)    Yes.    We  know  t^at  (1}  C  [n]  ^  [tt  ^ and  that  [tJ^^V^^I^j^ 
is  a  proper  direction.    If  3  is  a  non-0  member  of  [yj^^l^'^cr 
which *is  not  in  {ij,  then  there  are  [at  least]  two  independent 
*    members  of  [t]  ^  [j  ^,^]^.    But,  a  proper  direction  cannot 
^      contain  two  independent  Inembers.    So,  each  non-0  member  of 
[if]  n\  [ir  r\  trp-  belongs  to  [i].    Since  0  belongs  to  both  sets  in 
question,  they  are  equal.  ^ 

3.  (k)  .Yes.'   •  •  * 

(b)  We  might  try  to  show  that  [o"]"^  =  [?f]  o  [t  rs  cf". 

(c)  \(rf  C  [tt],  for  cr  X        Since       ^  cr]  £  [ir],   [cr]     Q       rs  af 

(d)  As  we  argued  in  Exercise  2,    since  [cr]^  and  M  r\  [tt  r\ 
are  proper  directj^na  and  [tr]^  C  [ir]      [i      <r}^,  it  follow 

*  that  [err  =  [^1.'^      ^  ^]^- 

(e)  By  the  results  in  Exercises  2{e)  and  3(d),  we  see  that 
[i]  =  [fs]\    Soi/l^  ff.       ^  .  - 

4.  Suppose  that  c  J.  ir'anfi  I  x      ^  c).    Assume,  first,  that  i  || 
Then,  by  Exercise^  3,  we  know  that  i  i-  cr.    Assume^,  next,  trfat 
iX  <r.    Then,  fJf]      {^f  and.  since      1  w,  [^r  C  [r^    So.,  by 
replacement,  L^]  ^  [tt].    By  definition,  then,'  J  |1         Thus,  i  || 
if  and  only  if  i  X  ^.    Hence,  Theorem.  12-16,  ^ 

Answei^s  for  Part  D 

—  '  "     -  -  .  ^     ^  ^  # 

♦l^    No  two  of  these  lines  have  the  same  direction.    [If  you  could 

manage  to  find  two  such  lines  with  the  same  direction,  then  lin^s 
and  m  gtre  coplanar.  Since  I  and  m  are  given  to  be  skew  linegf, 
the  stated  conjecture  is  a  correct  one.  ]  '  ^ 

2.     Yes.    Suppoie  that  n  is  a  line  whose  direction  is  contained  in  the 
'  *     Uidirection  which  contaitis  [i]  anti  [m].    Suppose,  also',  t^iat 
'    n      i  =  (P)  and  no  m  ='  {Q)-    The*  plane  through  P  in  the 
specified  bidirection  will  contain  I  and^'n  and,  so,  will  cbntain 
Q  and,  hey:e,  tn.   -O&ui  J  and  m  are  noncoplanar.    Hence  n  does 
not  intersect  both  i  and  m. 

,  ■  ■  •  .         •     196  . 
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3.  Is  therfe  any  direction  in  which  there  are  two  lines  which  intersect 
both  /  and  ml  [Hint  It hcAh  I  and  m  were  intersected  by  each  of 
two  parallfi  lines,  what  conclusion  could  you  draw  concerning 
♦/  ^nd  ml] 

4.  Imagine  all  lines  through  a  given  jjoint  Q  m  which  intersect  /. 
What  can'Vou  say  about  the  directions  these  lines?  [Hint  How 
man;;^  planes  contain  both  Q  and  11]  ' 

5.  Repeat  Exercise  4  with  another  poiart  — say,  R  —  of  m. 

&  Is  there  ^ny  aJane  containing  /  which  contains  nq  line  intersecting 

both  /  and  ml  How  many  such  plan^  are  thefe? 
7.  Prove;  _  '  , 

Theorem  12 --17   If  /,  m,  and    are  not  all  parallel^ 
to  the  same  plane  then  there  is  one  and  only  one  i 
line  which  is  piarallel  tb  'j^  , and  intersects  both  /  • 
^        1    and  m.  ^      .  » 

&  Prove!  . 

I  Corolla/y   If  /  H  m  iheh  there  is  one  and  only  one 
line.^vhich  is  pferpendicular  to  both  /  and  m  and 
"    intersects  both  /  and  m. 


12.03  Orthogonal  Projections 

We  have  proved  that,  ^nveijt  a  point  P  and  a. line  U  there  is  one  and 
only  one  plane -the  plane  Pl/J^- which  contains  P  and  is  perpendicu- 
lar to  t.  We  have  also  proved  that -this  plane  intersects  /  in  a  single 
point.  [What  theorems  justify  the  preceding  statements?]  Previously 
we  have  called  the  point  of  intersection  of  P[/l^  and  /  ^/le  oHkogo,nal 
projection  of  P  on  I.  *  '  ' 

We  have  also  proved  that,  given  a  point  P  and  a  plane  tt,  there  is  one 
and  only  one  .line -the  lin^  ^T^F- which  contains,  P  and  is  perpen- 
<ficular  to  tt.  We  have  also  proved  that  this  line  intersects  tt  in  a  single 
poifit.  JAgain,  what  theorems?]  We  shall  call  the  point  of  intersection 
of  PItt]^  ^d  IT  the  orthogonal  projection  of  P  on  it. 

*  i  ' 

Defimtion  12-4  .  ,  -  ' 

<a)  proj,  {P)  p  t^e  point  of  intersection  of  /  and  P\cV 

(b)  pi^y  (P)  =  the  point  of  intersection  of  tt  and  PItt]^  ' 

I,     .  .     IT  .«  . 

In  Section  11.02  we  studiedL/oi"  a  given  proper  direction  [/]  and 
translatioiiX  a  mapping  proj|„  (b)  of  ^  onto  itself.  Under  this  mapping, 
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Answers  for  P<irt  D  [cont.j 

3.  No,  ■  for  tbf n'  i  and'm  would  bo  coplanar  lin^^s. 

4.  The  dircctions'of  the  given  lines  are  in  the^bidirection  of  the  plane 
of  Q  and  I.  * -  .  ^ 

5.  The  directions  of  the  given  lines  are  in  tfte  bidirection  of  the  plane  , 
,  of,H  and  f. 

6.  Yes,  the  plane  whose  bi4.irection  contaim?  the  directions  of  f  *and 
m.    There  is  exactly  one  such  plane. 

r 

7.  Suppose  that  i,  m,  and  n  are  lines  which  arc  not  all  parallel^ to  the 
same  plane.    Then,  no  two  of  tht  lines  are  parallel,   for  then  the 
plant'  through  one  of  them  which  is  parallel  to  the  third  line  would  ^ 
be  paralUa  to  all  three  lines.    Let  «^^^be  the  plane  which  contains  i 
and  is  parallel  to  n  and  let  o*.,  be  the  plane  which  contains  m  and 
is  parallel  to  n;    cr^  intersects  m  in  a  point  — ,  say/  R  —  and  ff^ 

■  intersects  I  in  a  point  —  say,  S.    (t ^  ^        so  that  cr ^       ff^  ^ 
line  whfth  is  parallel  to  n,    Sincfe  both  R^and  S  are  points  of 
(j^       c,,,   5^  «^  ^1  ^  ^p-  ^  ^®  ^  ^^"^  which  is  parallel  to  n 

ar^  intersects  both  i  and  m.    If  there, were  a  second  such  line 
then  i  and  T#would  he  coplanar  lines  with  n  parallel  to  the  plane 
h        which  contains  them  so  that  aU three  would  be  parallel  to^hu  same 
plane/   Since  thi§^is  ^oi  t^e  case,  there  is  o^ly  one  such  line,  and 
tht'  theorem  is  proved. 

8.  Suppose  that  I  H       ''^^  ^^^^  "       perpendicular  to  the  plape  con-  ^ 
taining  I  and  pa  ralleT  to  rn.    By^Theorem   IZ-L?  there  isoneand 
only  one  line  parallel  to  n  and  intersecting  both  i  and  m. 

Antewers  to  questions;  ;*  , 

Theorem   12-5  and  Theorem  12-1;  ^       .\  V. 
Theorem   12-8,  Definition   I  2- l(b),^  and  theorern  '  1  Z  -  1 . 

.  '  ■ 
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th^.  image  of  any  point  P  is  the  projection  of  P  +  b  on  Pf/'l  — the  line 
m-in  Fig.  12-3.  Similarly,  for  a  given  proper  bidirection  l^r]  and  trans- 


P|f  b 


nr 


P  +  proj,„(b^ 

^   -  proj„  [P  +  ay 


/\  .ji-.P  +  b'  / 


lation  6*,  proj,,^)^)  i&  the  mapping  of 'S'  into  itseiY  for  which  the  image 
'of  any  point  P  on  the  projection  of  P  +  6  on  i^7r]  — the  plane  tr  in 
Fig.  12.- 3.  •  « 

Using  Definition  12 -4(a)  it  follows  that 

P  +  proj,,,  (b)  fQ 


Fig.  12-3 


{Q-Peil}:. 


and  iP  +.6)  -  Qeli] 

Tliis  [with  'iP  +  T)  -  Q'  replaced  by  'b  -  (Q  -  P)']  was  adopted  in 
Section  11-10  as  the  definition  of  'proj,,,  ibY.  A  similar  use  of  Defini- 
tion 12 -4(b)  suggest^: 


Definitidn  12-5  P  +  proj.^j  ib)  =  Q 


\ 


(q  -  PeM  and^  -  iQ  -  P)e[7r]^) 


To  justify  accepting  this  definition  we  need  to  show  that,  given  [tt],  - 
67  and  P,  there  is  one  and  only  one  point  X  such  that 

-----------  "  '  '  ■  CV  ■  - 

X  -  ^eMandV- iX  -  P.)e[7rV. 

Now,  [ttV^  is  a  proi^r  direction -say,  [/]-and     [ttV  =  [/]  then*  [tt] 
'  =  {11^.  So,  what  we  have  to  show  is  that  there  is  one  and  only  one  poirjt 
^#  ,X  such  that  ' . 

•  *    .     •     ■  X  -  Pe[l¥  axidt-  iX  -  P)e[ll  ,  . 

Since  we  have  previously  shown  [see  (*)  on  page  ^Lmat  vi^m  ib)  is 
Jthe  only  translation  x  such  that 


b  -  xk[l]^  and;e;€[/l 


12.03/ Orthogonal  Projections 


89 


it  follows  that  b  -  proj,n  (&)  is  the  only  translation  y  such  that 
i  -       '        ^  •  ' 

i  .  '     ye[lV  and  b  -  7eill  ■    ,    ■  , 

In  othe^  words,  b     proj|^|^  (6)  is  the  onjy  translation  y  such  that 

(*)  ^  y  e  [ttI  and  6  -  y  €  [tt]-^. 

It^ojlows  that  Q  ^  Pe  Itt]  and {Q  -  P)€  [ttY  if'and  only  if  Q  -  P 
^  (b  -  proj|^ji  (6^):  This  result  justifies  adopting  Definition  12^5  and, 
at  the  same,  time,  proves: 

II  Theorem  12-18  .projj^|(6)  =  6*-  proj^^ji 

From  this,  together 'with  the  fact  that  -  proji^^i  (6^  is  the  only  solu- 
tion of  (^)/  we  have:  ^ 

CorolVary  1  * 

(a)  prbji^j  (S^^I^  , 

(b)  proj.  J  ib)  =  c       (c€  l7r]  and  b  -  C€[7rH) 


Using  Theorem  11-10  we  obtaio^  another: 

I Corollary  2    {a.V}  is*ortnogonal 


definition  12-5  and  the  first  corollary  to  Theorem  12-18  are  analo- 
gous to  Definition  11-2  and  the  corollary  to  Theoi^em  11-6.  Naturally 
enough,  the#e  is  an  analogue  to  Theorem  11*- 7:  ^ 
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TheoM 

*    (a)|proj|^i       W  and^roj{^|  (b)  =  6^*^  6  €  [tt] 
(b)lproj|^jJ^6)^  bein]^ 
* (c)/projj,j     +  c)  -  projj^  (b)  I'  pxpj^^j  (7)  - 
(d/projj^j  (66)  -  projj^j  (6)6  ,  t 

^This  follofc^s  easily  from  Theorem  12-18  and  Theorem- 11-7.  [For 
part'(^)Jfse  Corollary  1(b)  of  Theorem  12-18.]  In  addition,  we  have: 

^  .  i, ,  • 

Theorem  12-20  /  l  tt-  — ♦  6  =  proj,,,  (b)  +  pnij;^,  (b)  ; 

This  th^rem  tells  us  that. if  a  line  is  perpendicular  to  a  plSne  then 
each  vector  is  the  sum  of  its  orUiogonal  projections  on  the  directions  of 
the  line  and  the  plane.  Fig.  12 -4' pictures  this.  '  _ 
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■ ; 


-  /  4,  TT  and  so 


I  y  7T  ar}6  so 
b*^  proj„|  (b)  +  prQjj.^j  {b) 


Fig.  12-4 


In  Section  11.02  \Mb  ^tablished  a  cdhnection  between  proj,  and  proj,;, 
which  can  be  stfited  as  part  (a)  of: 


Theorem  12-2 .  '  ^ 

(a)  proj,  (P  +  ^  -  proi,  iP)  +  proj|„  {b)^> 

(b)  prpj'^  (P  +  6)  =  proj^  (P)  +  proj|^j  ib) 


The  arguihent  given  ip  Section  J.  1.02' to  show  that 

proji^j  (fc*)  =  proj;  (P  +  6)  -  proj^  (P) 

can,  now,  serve  as  a  proof  of  part  (a).  Another  proof  of  part  (a)  can  be 
carried  out  along  th|  Unes  of  that  sugges^  for  part  (b)  in  the  exer- 
cises which  follow, 

•Recall  that  for  any  set  of  points  and  mapping  f  of  ^  into  itself,  f  (JT) 
is  the  set  whose  members  are  the  images  under  f6{  the  membere  of^. 
Using  Theorem  12 -21(b)  and  a  rauple  of  parts  of  Theorem  12-- 19  it  is 
eas^  to  prove;  • 


Theorem  12  "-.22  •    ^  . 

•  (a)  proj^  {I)  is  a  line  if  ^and  only  if  ^  /  tt/ 
(b)  If  /  and     ate  parallel  lines  which  are  not  per- 
pendicular to  77  then  proj^  KD  II  pit>j^  (m). 


In  the  same  order  of  ideas,  we  have: 


Theorem  12-- 23  If  I  X  tt  then  proj^  {/)  is  j;he  Tni^ 
section  with  ir  of  the  plane  which  contains  /  and  ( 
*  is  perpendicular  to  ^r. 
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Sample  Qui:a 


True  or  False? 


1.  Givt-'n  that  both  i  and  m  are  perpendicular  to  a,  it  follows  that 

2,  Give^that  botfs*  I  and  ni  are  paTaUei  to  O",  it  fbllow"B  that  I  ||  m. 

3,  If  both  ft  and  <r  are  parallel  to  i,   tt  jj  cr,  ' 

4.  If  both  V  and*  c  are  perpendicular  to  i,  V  X  o". 

5,.    Given  that  ;r      cr  and  i  J.  tt,  it  follows  that  i  X      rN  or).  ^ 

6.  Given, that  <r  and  i  ^  if,  it  foUoNvs  that  i  /      ^  ff).  - 

7.  Given  that  both  i  and  m  are  |>c  rpendicular  to'       it  follows  that 

i  II  rn,  .         .  ,  ■       •     .  , 

8.  Given  that  both  i  and  xn  ari^  parallel  to  o",  it  follows  that, I  X 

9.  If  i  is  pe rprendiculaj*  to  ^  where  7f..[^j c,  I  is  perpendicular 
to  both  TT  and  cr. 

0,     If  i  is  perpendicular  to  tt  '^V\  where  <r,  then  either  i  X  ir  or 

i  X  • 

I<eY  to  jarnple  Qujg 

1..  False,'  2.  False,  3.  :^a^e.  4.  False,  True. 
6^^Faise,         7,    Tru^.    ^     8,    F^lak.         9.    False^         10.  False 


t 

* 


0 


'^0 
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Exercises 


1.  Prove  Theorem-E^- 19.  •  ... 

2.  To  prove  Jheorem  12i^lQ))  it  is  suffipient  to  show  t^at 

'  *  ■  * 

proj,,,.(6^  =,proj„'(P -  prcS^(P).  .    •  ■ 

.  '  Ammling  to  Corollary  1(1^)  of -Theorem  12- 1,8,  this  cati  be  estab- 
lished by  proving;  ,  ,     .  ' 
•  •    (i)  -prej,      +        proj,  (P)  e  Itt]  ' '  - 

:  ,   Cii),?  -,  (proj^  (P  +  "S,    pro],  (P))  6{7r]^      ^     ■  -  ■  .  , 

'Use  Definition  12-4(t>)  to  prove  (i)  and  (ii).. 

3.  What  is  proj,  (l)  in  case  I  'LttS.         '  .      -         '    .  • 
4..  (a)  Use  Theorem  12-21(b)  to  prove  llieorem  12-22(at  . 

(b)  Prove  Theorem  12 -22(b).  ** 
5. ''if 

P^Jir     il  P^i^  ^^^^^        it  follow  tha^t  r|[  m?^  , 
&^{a)  If i  a  m,*does  it  follow  th^t  pPcrj;-(0  1  prq^  (m)?  '  ; 

'  (b)  If  proj^  (I)  •!  proj^  tm),.does  it  follow  that  r±  rttR 
7.  (a)  Show  tha!  if  /  1  m  and  /  jjV  and  m  I  tt  then  ^ 

(jp*  Make  a  corgeqture:  ^ 

M  proj^  (/)  X  proj^  (;72.Jsthen  /  1  m  if  and  only  if ...  . 

Prove  Thebrem  12-23. 


Part  B 


1.  Suppose  that  /  iand  m  are  par- 
allel lines  which  are  not  per- 
pendicular to  77,  ^  Uiat"  I  r\  n 

=  {P}  and  m  n  TT  =  {Q},  and 
»  — »         ,  — » 

that  a  €  [/]  and  6  e  [m],  ^  shown 
/  in  the  picture  at  the  right.  ^ 

(4)  What  is  proj^  (P  -h  c5  -  P?   proj^  (Q  -f  fe5  -  Q? 

(b)  Is  either  of  the  trai^lations  given  in  part  (a)     Explain  your 

answer.  *\  ' 

tc)  Are  the  translations  given  in  part  (a)  linearly  dependent  or 
^•independent?  Explain.  "  ^ 

2.  Show  that  ^f     =      and  16]  ^  W  then     -  . 

pn)jj^j  (a)  :  proj^^j.  (S)  =  ^ :  J 

'  ■  .203;'  ■/ 
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We  recommend  that  Part  A  be  used  as  supervise^;?  cl^ss  exercises. 
This  will  ensure  that  sttidei^s  IqarnXo  apply  the  prope.rtie«  Introduced 
in  this  section.    Parts  B  and  C  are  appropriate  for  homework  or  in- 
dependent study  but  tHis  should  be  followed  by  cjass  discussion  of  the    •  ♦  ' 
exercises.  •         '  * 

An  swers  for  Part  A        '  .* 

~ — ~^  '    ^  * 

I'i     Proof  of  Theorem  11-19'.  ^  . 

(^)    By  Corollary  1  to  Theorenn   12-18,  we  know  that*  if 

projj^^lb)  =  projj^j(S^  then  {projj^j  (^Mj^]  ^nd 

.     S  T  proj|^]*(S)  e  [Trn.    Since  proj^^j  (b)  =  projj^j  (b),  4t  foliows  . 

^byTOodus  ponena  and  a  rule  for^conjunction  sentences  that 

prdjjj^j  (£)  €  X'w].    It -also  follows -^rom  Cfbyollary"  1  that  , 

projr  j  (b)  =  b  if  Wnd  only  if       €  [^]  and  S  -  S  e  [^f")-    Since  ^ 

*     S     b  =  ^  £  [?]^,  it  loUows  that  P^oif^}        ^  ^ 

t  t\if\.'  ■  *  '  . 

^       [\^)  'By  Corollary  j{h),  projr^j  (S)  =  U  if  and  only  if  ,    ^  ^  ^ 

^  {3  ^  f^l  and  S  -     €  (7Tf"K    Since  0  €  [irj*and  S  -  "5  =  S,  we  have,  ^ 
rtiat  pi"'Oj[^]  (^)  '  ^  ^f  and  only  if  S  €  [^]  s  ,     ^  * 

(c)    By  Tlv^orems  IZrlS  and  U we  have  that 
^  P^°-j[^]      "^^^^  ^  {b  +       -  (projj^ji  (S  +  c)) 

'       ,  /     ^  .     ;         {%  +  c)  -  -^(projf^ji  (^)  +  proj^^jx  (c)) 

=  (b*  -  proj|^jX  iS))     (c  -  projj^^jJ.  (c')) 
I:  =  projj^j  (b)     prpjj^j.  (c).  .       .  *  * 

*  (d)    By  Theorems  12-lg  and  ll -7,  we  have  tha^  ' 
proj^^j^Sb)  =  Sb  -  projj^jx  (Sb) 
•     ,  =:'^b  -  projj^jx  (S)b  ^  . 

^  =  (S  -  projj^^  {S))b  ^ 

■  ,  '=  proj[^]ib)b..  / 

2*^     (i).  By  I>efinition  12-4(b),  both  proj^  {P  +  ^)^d  proj^^  (P)  are 

points  of         So  Ay  Definition  9-4.  proj^.{Pi       -  proj^  (£)€  [^] 
Hi)  Note  that  S  -  (proj^  (P  +  S)  '  proj,^  |P))  =  (proj^  <PU  S)^  ^ 
.    "    -  P^j^r      ^         Now.  by  definition  12-4(b);  pr)^^  (P  +  b)  is 
oh  the  line  (P  \  %)[lfY\   Furthermore,  proj^  (P)  (P  +  ^) 

^  +  <proj^  (P)  -  P)  and  proj^'  (P)  -  P^€  f^];^.    So^profJ^P)  +  ^  / 

is  on  the  41^  {'p  +  Thus,  (proj^  (P)  +  ^ 

-  P^*!il^rW^      ^  Hence,  by  what  we  noted  first,  , 

^  -  (p^oj^  (P  +  S)  -  proj^  (P))  €  [^r^.  .   •  >         ^    .  .1^ 

^.     In  case  i  X       proj^  {ij  =  the  point  of -intersection  of  I  and  ^.  / 

[This  follows  from  Definition  lZ-4(b)'and  Theorem  12-l«^bh]  - 
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Answers  ior  Part  A  ■«[cont.]  »  ,  • 

4.     (a)    Suppose  that  A  £  i  and  '6      1  €  [f].    It  follows  that  I  =   A[a  ]. 


5.' 
6. 


b  —  such  that  P  - 
^   proj^  (A)  +  projf  , 


pro; 


(b) 


ijjj^ber  —  s^y» 
\  +  ab).    Now,  proj    (A  +  ab) 
(a)b.  bf  Theorems   12-Zl{b)  and  lZ-19{d). 
^Tlence,   proj    (i)  ^  pro]    (A)fprojr  ,  (a)l  and  is  a  line  if  and 
only  if  projj^i  (a)  #  3,    So,  by  Theorem  ZI-19(b),  proj^  (i) 
'is  a*Une  if  and  only  if  a  ^  [n]^  —  that  is  ,  if  and  o;ily  if  I  /  tt. 
By  Ihe  aorgunient  just  given,   if  /  and  m  are  parallel  lin^^^s^not  ^ 


porpendicul^V  td .  7T  then  proj^  (I)  aVid  proj^  (m)  are  line^  , 

WTiose  direction  is  that  of  projr'  i  (a*)  where  a' ^ is,  any  non-lJ 

vector  in  the  common^di rection  of  I  and  m,^ 

Noi    For  a  counterexample    take  £  and  m  not  perpendicular  to  'IT 
but  in  planes  whic  h\  re  perpendicular  td  ir. 

(a)  No.    For^a  counterexample    take   I  and  m  perpendicular  but 
neither  parallel  to  tt.  '  *  ' 

(b)  Nor.  Sam^e  counte re;camrples         in^art  (a). 

(a)    [We  prove,  more  generally,  that  if  llm  and  neither  is  per- 
,  pendicular  to  tt  then  pj'oj^^i  (i)  J-  Proj^^^  (m)  if  and  only  if 
(I  II  Tf  or  m  j|  ?r).  ]   Suppose  [f]  -  [a  ]  and  [m]  =  [S].  Suppose^! 
that  i±m       that  is,  that  a*b  =   0.    By  Theorem  IZ-IB, 


proj^^j  (a)  =.  a  -  prqjj^ji. 


-  (a*projj^j±  (S)  b^projj^ji 
that  projj^  J  (a)  •  proj j^j  (b)  0 


a)  ^nd  projj^j  (b)  -  S  -  projj^jX  (b). 


So,  projf^^  (a)»proj^^^  (b)  ^  a  •  b  +  projj^  j.i  (a)  •  projj^^± 


a)).    Since  a  •  b 
th^t  is ,  that 


0  it  follows 
! 


Proj^  (i)  i  Pi'oj^  (ni)  —  if  a'nd  only  if  projj^|±  (a )  •  proj j^jj.  t.b) 
=  ai^prQjj^jX.(i))  4  projj^jx  (a)/  This,  last  is  the  case  if  and 
•  ^ only  if  projj^jx  (a)  •  (projj^ (S)  "  b')  =  ir»proj|^jX  {^)  T-  that 
■  *  is,  if  and  only  if  -proj  jj.  (a)  •  proj  ^  (S)  +  a'.projj^^^x  (b)  =  0. 
This  is  the  case  if  and. only  if  a*proj|^x  (b)  0  —  that  is,  if 
and  only  iL(^€  [t]  or  iJ  £  [tt]):  H'ence,  P^oj[;y]  ) '  P^^J  J^] 
=  6^—  that  is,  proj    (1)  -L  proj^  (m)  —  if  arid  only  if- 

.  it  " 


Answe'rs  for  Part  A   [c o'nt *  ]  < 

■  ,  •  * 

8,     Suppose  that  i  /  tt.    Then,  proj^  (i)  is  a"  line.    Let  P  and  Q  be 
two  points  of  ^,    Then  proj^  (P)  and  proj^  (Q)  are  two  points  of 
proj^  (f)  which  are  by  Definition  lZ-4(b),  tl^e  poii^ts  of  intersection 
of  TT  and'P[?r]^  and  Q[^]^,  respectively.    The  lines  P[ir]\  and 
Q{7r|    are'  parallel  and,  so,  are  contained  in  a  plane  —  say,  cr, 
Sinc^  P,'Q.  pi'oj-  (P)»  and  proj    (Q)  are  points  of  cr,  both  t  and 
prbj^  (i)  are  contaihed  in  of    Furthermore',  tjhe  Une  P[7r]  is 
^contained  in  o"  and  is  .peivp^ndicular  to.  tt,  .So,         tt.    Thus,  i 
proj^  (i)  is" the  intersection  of  7  dnd  a,  a'nd       is  the  pl^e  which 
contains  i  and  is  perpendicular  to.  ?r.  ^  ,     ^  ♦  , 

Answ^erd  for  Part  B  -  " 

1,     (a)    proj^^j^a);    pToj|-^j(0).  . 

(b)  .   No,  for  neither  i  nor  m  is  p« rpendicular  to  ^, 

(c)  Linearly  dependent,  for  both  belong  to  the  common  direction^ 
of  proj     (I)  and  proj^  (m).    [See  answer  for  Kxercise  4{t), 

^     Part'A^]'  ■      .  •  , 

^ince  [^]  =  [S]  ff'  [^]^»  ^«         that  neither^'a  nor  S  is      and  that 
a  -  "Sa,  for  s^ome   a.=^  0/    So,  a  =   a:S.    Also,  ne^ither  projj^^j  (a) 
nor  projj^j  (S)  is   d  so  that 

=  projj^^j  (S)a  :projj^j  (S) 
=  .  (proj^^j  (S)  :  proj[^j  (S))a 
=  a  .  =  a  : 

Hence,  if  [2]*-=  [S]       [i^y  then  proj (a) :  proj^^j  (S)  =  a;S. 


2. 


TT  or  m 


(b) 


If  pn>jj^  (i)  X  proj^  (m) -then  i  J.  m  if  and  only  if  at  le&st  one 
of  2  and  m  ^is^  parallel  to         [The  proof  is  like  th^t  in  (a).  ] 
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3.  Prove:  '  - ,  ^ 

Theorem  .12-24  '     ,  * 

Xa)  if  AB  and  CD  are  nondegenei'ate  parallel  intervals 
which  are  not  perpendicular  to  77  then  , 
^_groj,  {CD)  :  proj,  (AB)  =  GD'^  AB, 
(b)  If  AS  is  a  nondegenarate  interval  *^diich  is  not  p^r- 
pt^ndicular  to  tt  and    ||  n  then  ' 

p^j,  (AB)  :  proj,  {AB)  -  1,  ^ 

4.  :(a)  Given  that  AB\\DB  and 

that  AC  is  the  projection  of  * 
AB  gn  TT  ^d  DF  is  the'prot 
^ection -of       on  it/ make 
use  of  the  infoniiation  in 
the  picture  at  the  right  to 
compute  the  value  of  V. 
(b)  Given  that  AB  ||  EF  and 
( that  CD  is  the  projection  of 
'  AB  on  TT  and  GH  is  the  pro- 
jection of  EF  on  TT,  use  the 
ixlfonnation  given  in  the 
picture  at  the  Hght  to  com- 
pute the  value  of  V-     

5.  (a)  In  Exercise  4(a),  compute  a  value  ot  'p'  given  that  AB  :  DE 

.=  landAB  :  AC  =      Also,  what  is.^F  f  flC  under  these  con - 
^  ditions?  '  ^    

(b)  In  Exercise  4(b),  compute  the  value  pf  'g[  given  that  HG  :  CD 
/     =  I  and  CD  :  AS  =  f.    ;  ^ 

(c)  Is  it  possible'to  compute  5/)  :  £(3  with  tjie  information  given 
*  '  in  Es^n^cise  4(b)?  Hoyv  about  with  the  information  given  in 

Exercise  5(b)?  Ea^plaih  your  answers. 

(d)  it  possible  to  compute  SC  :  £P  with  the  information  gi^en 
in  Exercise  4(a)?  How  about  with*  the  information  given  in 
Exercise  5(a)?  Explain  your  answers. 


Parte 


Qiven  points  O,  A,  and  S,  with 
bM  O,  let^A  -0>Vaiidfl-0 
/T.  Suppose  that  PcSs.  So,  P 
=  O  4-  66  for  some  real  number  6. 
1.  Express  A  -  P  as  a  linear  ci>mbination  of  a  and  6. 
•2L  For  what  value  of  '6*  does  A  -  P  belong  to  f^^?  . 
3« )  Compute  \\A  -  P\f  wfien  '6'  has  the  value  obtained  in  Exercise  2. 
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Ansv^ers  for  Part  B  [cont«] 

3.     Ui)    Given  that  AB  and  CD  are  nondegene rate  parallel  intervals, 
/hich  are  not  perpendicular  to        so  are  proj    (AB)  and 


proj^  (CB).    So.  p<"6j^  (CD) :  proj^  (Sb)  -^p.rojj^j  (D  -  C) : 
^rojj^j  (B  -  A)l   =   |(^  -  C):(B'-  A)l   =  C^:  S^.  ■. 
(b)    Given  that  AB  is  a  non<ieg9nferate<interval  which  is  not  perpen- 
dicular  to  it  and^cr.jj  ir  then         /  ff.    flirthe rmore, 

proj^lAB^^.proj^  (AB)  -  jprpjj^j  (B  ^•A):proj^^j  IB  -  A  ^ 
'     f<  Tprojf^j  (B  -  A):projj^j  (B  -  A)^^^ 

4,  ,  (a)    By  The<)rem '  1 Z -Z4fa),  p/3  -  4/§^    So,  p  =  12/5/      .      .  , 

(b)    By  Theorem-  12-Z4{a),  q/4  =  s'/ Z'.    So,  q  =   10.  , 

5.  (a)    p/9'=  '10/14  so  that  p  =  45/7;    EF:BC  ^  5/7. 

(b)    q/4  ^  9/S  teothat  q.  =   36/5.  ■       ^  '  ^ 

^^  (c)    No,     No.    ni  e^ichcasei   it  is  possible  to  satisfy  the  conditions 
in  the  problem  for  any  choices  whatever  for   [jB  -  Dj[  and 

||e  -  G||.  ^    ^  .    .  . . 

(d)    Yes,     Yes.    In  each  case,        are  dealing  v^ith  triangles  whose 
cbr responding  sides  are  parallel,  ^  ^ 

^  '  •  •  /  I      0'       .  /  ' 

Answers  fpr  Part  C 

1.     A  -  P  =  2  +  S..-b    [or:    a  -  Sb] 

Z.     A  -  P€  [fef"  if  ind  only  if  (A  -  P)-S  ^.  0,  that  is,  if  anS  only  if 

(a  -  Sb)«S  ^  0.    The  latter  is  the  case  if  and  only  if  b  =  (a  •  b)/(^'.  B). 

.3.      II A  -  Pjp  =  (a  -  W^^.t)/(t*^*{t  -  S(a.S)/^K*S)) 

=  a*S  -  {a.S)7(S.S)  '       ^  '  i 
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,  4.  Compute  HP  -  0\f  for  the  same  value^of  'b\  f 
5.  Comp'are  ^  -  P|p  +  IIP  -  Of  and  |!U P)     (P  -  0)|p. 
6^  What  theorems  in  this  section  have  as  a  <x>nsequence: 

7.  Returnin^g  to  the  ekpreasion  you  found  in  Exercise  1,  find  the  value 
of  for  which' Ipl  -•P||  is  as  ^all  a  number  as  poseible  whe^iP  is 
restricted  to  OS.  U^irU:  Note  tiiat' 

^d  use  the  resiCHs  obtained  in  Exercises  2  and  6.]  ' 

8,  fiec^ling  that  w,e  shall  eventually  define- the  ^distance' between' 
two  points  tg  be  the  norm  of  their  difference -Gf(i4^  B)  -  |1B  - 

—  Exercise  5  [or  6]  nray  suggest  a  theorem  abou^  triangles  of  a  spe- 
cial kind;  and  Exercises  3  and  7  may  suggest  results  concerning 
the  shortest  distance  between  a  point  and  a  line.  Can  you  figure' 
\   out  some  of  these  thepreras?  < 


Answers  for  Part  C  [cont*] 


•  5. 


6. 
7. 


8. 


i  1  P  -  ^  11 2  ~-  (S{ a* .  S)/(S .  %))  t  (S<a  .  S)) 

=  {a-S)2/{S.g)'  •  . 

1!a'-  p1|2  +*ijP-  o|)2  t  ^.r-  (a.S)V{S.^)  +  (a.^)V(S.S) 
=  T.a\    jJ(A  -  P)+  (P  -,0)||?       llA  jl^il^  ='a.:. 

Hence,  for  the  value  of*  *b*  obtained  in  Exercise  2^ 
jjA  -  P|j2  +  ||p-  ol!^  =    lltA  .  P)  +  (P  -  0)ji^. 
Theoreais   12^18  and  iZ^-ZO.  .  / 

II A  -  Plj2  ^  (b.b)b2  -  2(S.S)b  +  a*a.    So,  the  least ivaiue  oi 
i|A  -  P||-  is  the  l^sf 'v^aluq'of  (^•S)b^  -  2(a*S]yD  +  a»a.    Noting ^that 
(S*S)b^  -  2(a^)b  +  a-a  =  (S-b}(b2  -  Zb(a.S)/(S*S))  ♦S-a 
^      '  ^  -  (S-S.)(b  -  {a.6)/(SiS))  2  +  a.a  '  (a.S}^ /(^.g)  . 

we  see  that  j|A  -  P[|   is  ajs  small  as  it  can  be' when  b  =  {a»^)/(?»S). 
[As  a  matter  of  fact,  we  can  see  that  the  least  value  for  '')|a  -  p||* 
■  is  sll^t  -  (avS)V(S.S).  J 

E?fercises   5  and  6  suggest  the  Pythagbrean  theorem;  Exercises  3 
and  7  suggest  that  the  shortest  distance  from  a  point  to  a.  line  is 
along  the  |>€rj>endicular  fromtbe  point  to  the  line. 
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12.04  Orthogonality 

As  we  saw  earlier,  a*e  if  and  only  if  a  -  6  =  0.  Now,  when 
XI  €       it  is  customary  to  say  that  a  is  orthojonal  to  6.  Ih  these  terms, 


then, "a  is  orthogonal ^oT if  and  onlyjf  a,-  6  =  0.  As  amatter^f  fact, 

'  a  =  a 


4ince^  •  0*=  a'  ■  X  it  follows  that  if  a  is  ortho^oiial  to  6  then  b  is  Dr- 
thogohal  to  a  So,  it  is  also  customary,  when  a  •  6  =  0,  to  say  that  a  > 

and  6  are  orthogonal.  ^       _»  \  -*  -* 

Suppose,  now,  that  a  and  b  are  orthogonal  and  that  P^J-j^)  and 
'q  e      It  is  not  difficult  to  show  th^tp^and^are  otthogonal.  [Do.  so.] 
Under  these  conditions,  it  is  customary  to  say  that  [ol  ts  orthogonal  to 
,  LW,  or  that  (a\  and  W\  are  orthogonal. 

'  These  notions  suggest  the  following  definitions  for  orthogonality 
of  vectors  and  of  directions  of  vectors.' 


DlfinltionJ2-6^ 
(a)  a  J.  6     *■  a 


•6  =  0      _  _^ 


[Read  "a  l"?  as  you  wouldja  is  orthogonal  to  6';  read  '[a]  lJ.bV.  as 
you  would  'the.direction  of  a  is  orthogonal  to  the  direction  of  6'.  J 


209 


Suppose  that 
and  that  S 

picture  at  the  rig*ht.* 


Sample  Quiz 
?>roj     (Q),  as  shown, in  the 


1. 


2. 

3-,. 

4* 


Give  each  of  the  following  in  tertna  of  A,  P,  R,  B,  Q,  S. 
,U)    Proj^j^]  (P  -  A)  =  (b)  projj^j(S  -  Q)  = 


Given  tixat  '^f^'^^  "  S  -  B,  what  can  you  say  about  P  -  A  and  Q  - 


Given  tha^  A  =  (Q.-  B)2,  what  cAn  you  say  about  proir  i  (P" 
and  proj^^jfQ  -  B)?  " 

Given  that  P -'A  =  (Q  -  B)3,  what  can  you  »^  about          '  ^ 

A)  and  (Q  -  B)-proij^jTQ  '  B)?  * 


B? 
A) 


,  Key  to  Sample  Quiz 

1.  (a)    R  -  A 

2.  They  are  equal. 

3.  The  fosmer  is  twice' the  latter 
=  P'°j[m]^Q  -  BJ.2.  ]  ^ 

4.  The  former  is  9  times  the  latter. 


(b)  S  *  S  [oi^:  '$] 

[I.  e. 


proj 


(c)  B-  -  S 

(P  -  A} 


(d)  B  -  S 
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PERPENDICULARITY 


) 


An  immediate  wnseqiuence  of  Definition  J2-6  is: 
11  Theorem  12 '25  (a)  i  [h)  *-*  a  i~b 


2 


\  [Prove  this  theorem.]  Now,  that  we  are  able  to  talk  in  formal  terms 
about  orthogonal  directions,  we  can  make  use  of  \yhat  wfe  have  so  far 
to  obtainta  useful  criterion  for  perpendicularity  of  lines  in  terms  of 
thear  directions.  We  do  this  as  follows:  • 

\  ^  Given  Jines  /  and jn,  there  are  proper  translations— say,  a  and 
»    ^  — such  that  l^j  -  [a]  and  [m]  -  [ftL^Now^/  1  m  if  and  only 'if 
[I]  Q  ,[mV:  *So,       m  if  and  only  if  l&l^         Since  ["^3  C  16]^  Jf. 
■  aiidj:)nly  if  a  -  6  <=\0,  it  follows  that  [a]^C  [bV  if  antjjonly  if  [a] 
-    a  i^.  Thus,  /  X  m  iT  and  only  if.&d]  ±  [T].  Since  \l]  =  [al  and  [m] . 
=  16],  we  havet  *  •    '    -  ^ 

II  Theorem  12-26  I  L  m^ll]  L{m\ 

In  order  to  show  that  two  proper  directions  — say ^  [a^  and  [6l  — are 
orthogonal,  ali  we  need  do  is  to  show  that  the  dot  product  of  some 
non-0  member  of  [a]  by  some  pon-0  member  of  [61  is  0.  So,  to  determine 
\yhether  two  lines  — say,  /  and  m-are  perpei^c^cular,  all  we  need  do 
is  to  compute  the  dot  product  ^f  any  non-0  member  of  [/]  by  any 
non-0  member  of  [m].  The  lines  are  perpe^icular  if  and  only  if  this 
dot  product  is  0. 

As  an  example,  suppose  that  iu^ 
u^)  isjinearly  independent,  that  a, 
and  a,,  are,  unit  vectors  such  that  . 

^1,  ^2  =  ^^^^  Ay  Bf  C,  ^and 

D  are  points  such  that  C  -  A  ^ 
«  i£^5  +         and     D  —  B  =  u^2 
-  u^A,  as  shown  in  the  picture  at  ' 
^e  right  To  determine  whether 
/i^T^BD,  We  compute: 

,    '    "     ■  '    '     ^   ■  Fig,  12-5 

=={^5  •  H^noi  +       •  'u^)  '  -4.  +      •  u^)  •  -18 
-  10  -h  -4  ^  I  -  -IS 


So,  AC  1 

ERiC 


BD. 


=  0 
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Giveh  that  a  and  S  are  orthogonal  *and  that  p  €  [a  ]  and  q  6  fb  j, 
it  follows  that  p  =  ap  and  q  =  Sq  fof  some  p  and  q  so  that 
p»a  =  (ap)*fSq)  =  .{2^'^)f^=  0 '(pq)  =  ,  0,    Thus,  p  and  q  are  orthogonal. 

Proof  of  Theorem  l^^i^.    Only-if  part;   Suppose  that  [a]-L[3],  ^ 
Then',  since  a  €  J'a  ]  and        [S]  it  follows,  by  Definition  lZ-6(b)  that 
a  -L  ^  *  a  ' 

If  part:    Suppose  that  a  X  S.    We  have^just  proved  that  if  p  €  [a  ]  ^ 

and  q  €       ]  then  p -L  q.    S5,  by  Definition  lZ-6(b),  [a]-L[S]. 

Note  that  in  Theorem  12-25  both  '-L's -^re  read  as  *is  orthogonal 
to\  .  In  Theorem   12-26,  however,  the  left  hand  *  1'   is  read  as  *is 
perpendicxxlar  to*  and  the  right  hand         k&  'is  orthogonal  to'. 

Note  that  just  as  in  TC  79(2),  Definition  12-6*  can  be  generalized  * 
to  apply  to  any  two  subsp^ices        and        of  T;  ^ 

±  K^<^  V-V-  [(x  eX^  and  y.e  K^)=>%  x  y] 

Alternatively,       _  ^  ' 
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Exercises 

#  ■ 

Part^ 


Suppose  that  (i/p  IT^,  u*^)  is  a  linearly  independent  sequence  of  unit 
vectors,  an^  that      -  u.^  =  ~      u.^  *  "3  =  ^  and      •      =  \Ai\  each 


»  4 — ♦  4 — + 

determine  whether  AB  1  CD. 
\.  E  -  A  =  «*4  +  u!^  •  -3 
Z?  -  C  =  7,5 


V 


3 


Part  B 


->4  andi)  - 

C.  You  are  to 

2.,  B  ~  A  = 

5  5 

D  -  e  = 

A.B  -  A^ 

D  -  C  ^ 

Suppose  that  (u^,  u^,  u^)  is  a  bksis  for  ,  that  u,.  u^,  and  are  unit 
vectors,  and  that  IT,  -  zT^  r=  i  u*^  •  =^  0,  and  "3  '  =  Given  the 
coordinates  of 'points  A,  C,  and  D  with  respect  to  a  cdordin^te  sys- 
tem determined  by  the  given  basis:    ^  ^ 

Ad.  3,  4).    ^B(3,-4,-l)      C(-4,  3,  2)    .  0(3,2,4) 
answer  these  questions. 

1.  Express  the  vectors  B  -  A,  C  --^A,  D  -  A,  and  D  -  C  as  hnear 
combinations  of  the  given  basis  vectors/ 

2.  What  are  the  orthogonal  comj^nents  of  fl  -  A,  C  -  A,  D  -  A, 

and    D  -  C    with   respect   to    u^7    [Hint:    comp-Xfi  -  A)  - 

\  — +  — »  -  ♦  — ^    ^ »  * 

{B  -  A)  •  u^Ku^  '  u^)  ^  (B-  -  A)  •  u^,  since      -  L] 

3.  Compute  the  following. 

(a)  {B  -  A)  r  (C  ~  A)  •  '  / 

(b)  (i)  -  A)  •  CD  -.0  ,  \ 

(c)  (B  ~  A)  '  0  ^  C)  ^ 

4.  Ar^  any  pairs  #  vectors  whose  dot  products  you  computed  in  Ex- 
ercise 3  orthogonal?  Explain. 

5.  (a)  What  is  the  orthogonal  a)mpon^nt  of ^  -  A  with  respect  to 
.    *c    C  -  A?[kik  compjCF)  =  (V-  a)/(a  '  ^T)] 

(b)  Make  use  of  the  results  in  part  (a)  to  a)mpute  the  cxwrdinates 
of  thu  point  P  such  that  P  e  AC  a^hd  BP  1  AC.^ 
JB.  (a)  Give  the  ownJinates  of  ,a  point,  ^ay  E,  such  that  E  and 
B  -  E  is  orthogonal  to  C     A,  [I^int:  See  Exercise  5(b)  or, 
better,  Exercise^(c).] 

(b)  Describe,  in  "geom^c''  tprms,  the  set  of  all  points  £  which 
satisfy  the  conditions  in  part  (a).  ' 

(c)  Describe,  in  algebraic  terms,  the  set  of  all  points  E  which 
^tisfy  the  (jpnditions  in  part  (a).  [Hint:  Given  that  £  has 
coordinates* (e J,  ^3^»  obtain  an  equation  in  V/,  %\  and  V 
from  \C  -  A)  -  (B  -  B)  =  OM  ^ 

'  (d)  Give  the  £XX)rdinates  of  the  point  of  intersection  of  AC  with  the 
r  '      plane  which  contains  B  and  is  perpendicular  to  AC. 
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* 

Parts' A;C  are  adequate  for  one  class  and  one  homework  assi^-     •    ^  i 
"ment.    In  this  case  we  recommend  selecting  eJ^emplary  exercis?ss  from 
each  part  for  your  class  Work,  with  the  remaining  exercises  assj^ned 
as  homework.  .  '  ' 

^'  •  .  * 

Answer H  for  Part  A     ^  -  ' 

i;     (B-A)-(D-C)   -  {U3^4  +       .•^-3)- {u^  •  ^3       +  (u^  .  U3  )  •  -  1  5 
^'  IZ  +  -il  ^   0.    So,  AB  X  ^  ^  \ 

-Tup-u^)  -    -7/10  f  1  -  3/5 '-M/5       -11/10  9fe  0*.--  S6^  AB  /  CD;  ' 

3.  "   (B  -  A)*  (D  -  Cl  -  {n^l  r  U3).  (u^Z  +  U3 )  -   (u^  .  n^)4  '  ^r^  "'/^  "  A 

-  3      0.    So,  AB  /  Ed,  *>%Sjf  •     '  *  * 

4.  -  A)»|D  -  C)      (Ui^  +  Up^)*(Ui.  • -4  +  U32)  -         'Up)' '12 

+  (u^;u^)-  -20  +  (u^-U3)6  ^  (U2-U3)I0  =  42/5  +  -20  i  18/^  +  8=0. 
.    So,  AB  X  CD.        .  *  i' 

Answers  for  Part  B 

1.  B  -  A      u^2  +  u^^  •  -7  i  ^3  .  -5;         C  -  A  ^       •  -5  +  U3  •  -Z; 
D  -  A  ^  u^2  •  -1;  ,D  -  C  ^  u^?  +       •  ''^ 

2.  comp^    (B  -  A)  =  (B  -  A)*Ui  -  (u^^  *  Ui)2  +  (u^  .^^)-  -7  +  (U3  •  u^}- 

comp^  ^  (C^-  A)  =  (C  -  A)*      ^  (u\  •  u^)  •  -5  +  (u^  •113-)'  -2  ^  -4. 

comp-    (D^-  A)  =  (D  -  A)-  u\  =  (u^  •      )2  +  (u^»u^)»  -1  =  3/2. 

comp-    (D  -  C)  ^  {D  -  C)*U3^.^  (u^^  -u^)?  +  (u^  •  u^)-  -1  +  (ug 
=  11"/^. 

3.  (a)'  (B  -  A)-(C  -  A)  -  (u^l  +  u^^-  --7  +  u3»-5)»{u^-  ^^+^3  '  ^^^  ^  ' 

(b)  (D  -  X)-  (D  C)  ^  {u^2  +  5^  .  (u\7  +       •  -1  +  U32)  =  17/2 

(c)  (B  -  A)*  in/-  C)  -  (3^2  f       •  -7     U3  •  -5).  {u  J  •    1  +  n^l) 

■4.      No, /for  none  of  the  computed  dot  products  ai-e  zero.  .      "    ;  . 

5.  "  (a)    comp^^-  .  ^y^B  -  A)  =  [(B  -  A)  -  fC  -  A)]/[(C  (C  -  A)].       "  ,/ 

Sinpe  (B  -  A)-(C  -  A)  -   7  and  (C  -  A)-{C  -  AT^K^g, 
comp^C  .^5  (B  -  A)  =  7/19.  'f-       '    --,  ■ 

(b)    From  our  work  in  Part  C  on  page   111,  wf  see  that 

P  -   A  +  {C  -  A)p,  where  p  -    [(B  -  A)  •  (C  ,t  A)]/[{C  -  A).(C  -  A)]., 
From  part  (a),  we  have  that  p  =  7/l9.    So,  P.  has  eooi^Sinates 
{-16/19,   3,,.  62/19).    [The  computatij^ne  are  {1  -  5.  7/19,  3  4  0  - 7/19, 
4 -  2.  7/19).'] 
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^  TC  95  (2)  * 

Answers  for  P&rt  B   [cont,]  ^ 

6.     ta)    Let  {e./eg^eg)  be  the  coordinate  A^,^  E,  where  E  ^  B  and 
•   B  -  E  IS  orthogonal  to  C  -  A.    TJieVi  p  -  E  =  Uj{3  -  c ^) 
+  U2(-4  -  e^)  +  Saf-l  -  eg)  so  that  ^ 

(B-E)MC-A)  =  {u^.a^)[5{e^-3)]+  {u^.Up)[5(4  +  e^)] 

'  .  +  (u,-U3)[S(l.+  C3)]+(3^.a3)[Z(e^-3)]  - 

+  {32.ir3)[Z(4+  c^)l^  (3^-U3)[2(l  +  63)] 

A     \^     \l  1 

'  *    Thus,  (B  -  E)  '  (C  -  A)  =  0  if  and  only  if  8e^  +  5ep  -€3  =  5. 
Hence,  any  point  E  wKose  cpordinates  (e ^,       €3)  are  such 
that  8e,(,  +  5e^  -  63  -    5  satisfies  the  condition  that 
'{B  -  E)  X  (C  -  A).         '  ^ 

(b)  The  points  E  such  that  (B  -  E)  J-  (C  -  A)  are  the  points,  which 
'  are  contained  in  the  plane  through  B  and  perpendicular  to  AC, 

(c)  See  part  (a). 

(d)  A  point  whose  coordinates  are  (p^,  p^,  P3)  is  on  AC  if  and  only 
if  p^  =  1  -  5t>  p^  -  3,  and  pg       4  -  Zt.  for  some  t.  There- 
fore, the  coordinates  of  the  point  in  question  are  such  that,  for 
some  t,  8(1  -  5t)  f  5  .  3  -  (4  -  it)  ^   ^.    So,  t  ^  7/19.  There- 

'  fore,  the  coordinates  of  the  point  in- question  are  (-16/19,3, 
6Z/19).    [This  answer  should  agree  with  that  in^  5(b)       for  we- 
are  talking  about  the  sarpe  point!] 
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1 


Parte  .    _»  _^ 

Suppc^e  thkt  (IT,,  u,,  Ug)  is  an  orthonormal' basis  for  .'T  and  that 
^     '  A,  B,  C'and  D  have  coordinates  with  respect  to  a  coordinate  system 
determined  by  this  basis  as  follows: 

yi(12,  1,  -2)      B(l.  1,-1)      C{5,  0,  1)    ■  Z)(6,-3,8)^ 
Ai^wer  these  qutetions.  ^ 

!•  Give  the  component^  of  thq  Vectors  B  -  A,  C  -  B,     -  C,  and 
•  A  -  i>  withVespect  to  the  given  basis* 

2*  Compute  th6  following.  ^0 

(a)  (B  -  A)  •  (C-  B)    '  ^         (b)  (C -/B)  •  (D  -  C) 

(c)^  (C  -  B)  ■  (A  -  b) .  id)  (D  -  C)  ■  (B 

3.  Using  ;the  results  in  Exercise  2,  tell  which  of  the  lines  ^B^  BC, 

and  AD  ar^  perpendicular, 

4.  (a)  What  is  the  orthogonal  component  of  B  ^  A  with  respect  to 

C  -  B?  *  ^  '  ^ 

(h)  Compute  the  coordinates,  of  the  point  P  such  that  P  €  AB  and 
^  pP  i  AB,  '  ' 

(c)  Write  an  equation  which  describes  the  set  of  all  points  X  such 

that       1  AS. 

(d)  What  are  the  coordinates  of  the  point  of  intersection  of  the 
set  described  in  part  (c)  and  AB?  / 
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Vocabulary  Summary 

perpendicularity 
of  j)lane  to  line 
of  line  to  line 
^'     of  plane  to  plane 
obliqujB, 


orthogonal  projection ' 
of  a  point  on  a  line  . 
of  a  point  on  a  plane 
of    vector  on  a  direction 

orthogonal  xe^rtors 
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DeHniUons 


12- 1)^)  n  M  l*^  _  _ 

12-2.  =  (x:  V;.  j-    «  •  0} 

12-3.  (a)  ml  l'^[m]Q  [l]^"  (b)  a  b]-'  £  W 

12'i4.,  (a)  -proj/  (P)  =  the  point  of  intersectioh  of  /  and  P[t]-^. 
(b)  proj,  (P)  =  the  poipt  of  intersection  of  tr  aijd  P[it]^. 

12-6.  P  +  proj,,,  (b)  ^<i^{Q  -  P€  [ir]   and ,  T  -  (Q  -  P)  €  [ttp) 

42-6,  (a)  "a  ±  T*-*  0*-^=  0^  _^      _^  _^ 

(b)  {a5  -i-  tfel'. ♦-^  V ;;V ; E{x*6  [a]  andy" « IW)  — ►  «  i,  yJ 
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B:  (4,-1,2) 
D:,  (6.4.  -10) 

(b)   21    [4  -  1+  -1-  -3-  +  2. .7] 
(d)   -4  [1  .  -11  +  -3-  0  +  7.  1] 


Answers  for  Part  C  * 

1.  B  -  A:  {-11,0,  1)  '  '  C 
"  '  *  D  -  C:   (1,  -3,  7)               ^  A 

2.  (a)    -42    [-11 -4  +  0. -1  +  i -2]' 
(c)    0  [4  .  6  +  -1  •  4  +  2.  -10] 

3.  BCJ.AD    [Exercise  2(c)] 

4.  (a)'  comp'j^-  BjIB  -  A)  =  (B  -  A)' (C 

'    =    -42/21       -2  i. 

The  point  P  is  such  that  P  ^  A  +  (B\/ A')[corap(B  .       (C  -  A)] 
Since  comp^B  '.  a)  (C  -  A)  =  (C  -  A)"-  (B  -  A)/(B  -  A)  •  (B  -  A) 
=   80/122  =  40/6l.i>P  =  A  +  (B  -  ^)^-    So,  the  coordinates  of 
p  are  (^.  1,  -|y).    [As  a  check,  jiote  that  the  componentB  of 
C 


(b) 


B)/(C  -  B)-(C 

J. 


B) 


/ 


p  are  -1,  and  the  components  of  B  -  A  are 

(-11.0,1)..  So,  (C  -  P).(B  -  A)  =  5y--n  +  -1-0  +  ^.1 


0.] 


(d) 


be  any  point  ^hose  ^coordinates  are  (p^,  p^.Pg)  and 
at  CP  ±  AB.    Then,  C  -  P  has  component* 
-pg,   1  -  pg)  so  that  ,  * 

).(B  -  A)  =  (5  -  Pi)'  -n  +  -P2-0  +  (1  -  Pg)-  1  , 

='  np,  -  P3  -  54  ^  ' 

P).  (B  -  A)  ='0  if  and  only'if  llp^  -  P3  =N&4.  Hence, 
thTset  of  an  points  X  such  that  CX  1  ArB  are  those  which 
have  coordinates  (Xi.Xg.Xg)  which  satisfy  the  equation 

'llx,'-  X3  =  54-.      ,  ^  •      .  ^  00  ■ 

,292    ,  82. 
By  part  (b),  the  coordinates  are  {-^<  ^> 


[As  a  check-. 


note  that  parametric  equationt  for  AB  are:  j. 

x^  =   12  -  llf,    x^  =   1,    X3»='  -2  +  r  § 
Using  these  and  the  equation  from  part  (c),  we  see"  that  the 
value  of  the  paramttter  'r'  which  yields  the  coordinates  of  the  ,  . 
poiftt  in  question  is  such  that  11(12  -  llr)  -  (-2  + 
So,  r  =  40/61.    Hence,  the  point  has  coordinates  (-gy,  l.-^T^-l 


poi 
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Other  Theorem^  .  " 

f  ■         '  ■ 

V  kW.   V  1  I  — ^  /  is  a  transversal  of  tt  ' 

"  12-^   (cr  11  TT  and     II  D  -—^  [o-  X  m      TT  1  f| 
Corollary,  Parallel  planes  are  perpendicular  to  the  same  lin^  and 

parallel  lines  are  perpendicular  to  the  same  planes. 
12*8.    (orlmandtrl/)  — ♦[cr||7r^/n|j/] 
^  Corollary.  Planes  perpendicul^  to  parallel  lines  are  parallel  and 
lines  perpendicular -to  pafSailel  planes  are  parallel. 
^  '  12-4.   (m  1  cr  and  /  1  tt)  — ♦  {/  j)  cr  ^  m  i  tt] 

.   12^5.  is  the  plane  which  contains  P  and  is  perpendicular  to  L 

Corollary.  There  is  one  and  only  one  plane  which  coi^tain^  a  given 
4  4  p^int  and  is  perpendicular  to  a  given  lin^- 

12*^  Planes  which  are  perpei^cular  to  two  intersectii^  lined  in- 
tersect in  lines  which  are  perpendicular  to  the  plane  of  the  two 
lipes,    ^.   ,      '  ,        '  ' 

12-7.   I  l.iT^il]     [ttV  ^        ^  ' 

12-8.  is  the  line  which  contains  P  and  is  perpendiculv  to  7t. 

Corollary.  There  is  one  and  only  one  line  w^ch  contains  a  given 

point  and  is  perpeiidicular  to  .a  given  plane. 
12-0.   la)  I  ±  m  X  I  ,  (b)  tt  ±  o-*-^  a  1  tt 

12-10.  (a)     X  ir       cr  H  tt  is  a  line  ^  ^ 

(b)  Coplanar  perpendicular  lines  intersect  • 
12*11.  Parallel  ling  are  perj)endicular  to  the  same  lines  and  parallel 

planes  are  perpendicular  to  the  same  planes. 
12-12.       n  ll^iml  l^m\\7T]  : 

(b)  /  J.  — ♦^[or  X  TT^o-li/]-  ^ 
1^13.  If  /  1  TT  then  (a)  /  is  perpendicular  to  each  line  contained  in 
TT,  and  (b)  each  plane  which  contains  /  is  |>erpendicuiar  to  tt. 
.Corollary.  (/  £  5r  and  o- 1  0  — ^  (o^  H  tt)  X 7 
12-14*  (a)  A. line  which  is  perpendicular  to  each  of  two  intersecting 
lines  is  perpendicular  to  the  plane  a>ntaining  them. 
*    (b^  A  plane  which  is  perpendicular  to  each  of  two  intmectxx^ 
planes  is  perpendicular  to  tiieir  line  of  intersection. 
12-15*  If  i  X  TT  then  (a)  there  is  one  and  only  one  line  through  P 
which  is  perpendicular  to  I  and  parallel  to  tt,  and  (b)  there  is 
one  and  only  one  plaM  throu^  P  whidx  is  perpendicular  to  ir 
and  paraHel  to  ^.      '  ^  . 

CoroQary  1.  If  /  C     ^d  Peir  then  there  is  one  and  only  one  line 
in  ^  vfhich  oontainiS  P  and  is  perpejddicular  to /. 
■  ^  Corollary  2.  If  P  ^  then  there  is  one  andonly  one  line  which  con- 
tmns  P,  intersects  i,  and  is  perpendicmlj^ 
Corollary  3.  Coplanar  lines  which  are  perpendiealar  to  a  given  line 
are  parallel.  .  *  ^ 

^  Corollary  4«  If  I  X/tr  then  tl^re  is  one  and  oaly  one  plaine  wjiich 
^  contains  I  aod  is  p^^4iii^ar  to  ^. 
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-  (    12-16.  (o-  X  TT  and  /  X  (tt  n  or))         1/ 1|  tt^^nU.  tj] 

12-17.  If  /,  m,  and  n  are  not  all  parallel  to  the  same  plane  then  there 
is  one  and  only  one  line  which  is  parallel  to  n  and^intersects 
bothland-m, 

Corolihry.  If  /  jj  m  then  there  is  one  and  only  one  line  which  is  per^ 
^    pendicular  to  both  /  and  m  and  intersects  both, i  and  m.  ^* 

12-i8.  proj|^^  (£0  =  ^  -  P£oi|w)^  (6) 
Corollary  1.  (a)  projj^  {6)c^ 

(b)  proj^j  (T)  ^€[7r]  and"? -TcItt]^) 

Con^Uary  2.  (^6)  is  orthogonal  '  / 

12-19,  (a)  proj^^j  (?)  c  '[tt]  and^roj^^i  (6)  =  6  ^  6  €  [tt]  ^ 

'  -  (b)  proj|^j  (?)  ^^'^^^^^^  ^ 

'  (C)  pioj^j  {?  +  cj  «  proj|,3  ib)  +  projj,|  (c)  ^ 

.     4  (d)  prqj^  (Sfe)  =  vproj^^)6   -  ^  '  ^  ' 

12-20.  I  X  TT  — ^"6  =-jrq3^,j  (b)  +  proj^^j  (S)  ^ 
12^21.  <a)  ppoj^  (P  +  ^  =  projf  (P)  +  t>roj|, j  ib)^ 
,  (b)  pmj,  (P  +  «  «  proj^  (P)  ^  prpjj^j  (6)  * 

'  12-22.  (a)  proj^  (/)  is  a  line  if  and  only  if  I  I  tt} 

(b)  If  /  and  m  are  parallel  lines  which  are  not  perpendicular 
to  TT  then  proj,  it)  \\  prpj^  (ml  || 
12-23.  If  /  X  TT  then  proi,  (D  is  the  inters^ion  with  tt  of  the  plane 
which  contains  7  and  is  perpendicular  to  ?r.  ^ 

12-24.  (a)  If      andCD  ar^nondegenerateparalleUnterv^^ 

^are^t  perpendicular  to  <then  proj^  iCD)  :  proj,  (AB) 

(b)  If  AS  is  a  nondegenerate  intervfJ  whidb  is  not  perpendicu- 
■  I  lar  to  9r  and  a  ||  tt  then  prqj^  (AB)  :  proj^  (A3)  =  1. 

12-25.      X  [^♦^^X  6^ 

-  —  i  X  m^^^     

Cka^terTest 

h  Complete  eadi  of  the  foHowingwitJi  either  *direction',l)idir€^ 
liiie*,  or  'plaM*/ 

(a)  Given  t^iat  I  is  a  line,  [/]^  is  a,  

(b)  Given  that  tt  is  a  plane,  [tt]^  is  a  ^ 


(c)  Gij^en  that^and  cMre  ioonparaliel  planes,  7t  n  p-  is  a :  ^ 

(d)  Given  ^i^ojs^a  proper  translation,  [al  is^^^^l— — ^ 

ie)  Given  that  C^T)  is  linearly  indep<Sndent,  [a,  61A  is  a  _  ^. 

2*  True  or  false? 

\.  (a)  Lines  which  are  perpendicular  to  parallel  lines  are  parallel 
(b)  Lin^  which  are  perpeiidicular  to  parallel  plan^  are  par^dlel 

■  219 
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(c)  Given  that  /  is  oblique  to  ir,  it  follows  that  [/]  Q  [nV. 

(d)  Lines  which  are  parallel 'te  the  same  plane  are  parallel  lines. 
,  (e)  Planes  which  are  parallel  tq  the  same  line  are  parallel  planes. 

(f)  Planes  which  are  perpendicular  to  the  same  line  are  parallel 
planes. 

(g)  Planes  which  are  perpendicular  to  the  same  plane  ar% parallel, 
planes.  , 

(h)  Given  that  rr  1  a,  if  I  1:  tt  and  m  1  a  then  I  ±  m, 

(l)  ^Given  a  line  I  and  a  plane  tt,  ther€^is  a  plane  which  is  parallel 
*        to  7  land  perpendicular  to  tt, 

(j)  Given  a  point  P  dnd  a  plane  it,  ^ere  is  a  plane  which  contains 
P  and  is  perpendicular  to  ^.  ' 
3*  In  each  of  the  following,  assume  thatPQ  ||  RS^d  that  i4B  and  CD 

are  the  projections  on  tt  of  PQ  and  RS,  respectively.  Make  use  of 

the  information  given  in  the  pictures  to  answer  the  <}uestions. 


What  is  the  vaiue  of  '6'?    .  '     What  is  the  value  of  '9? 

'  Of  ,'c7 


4.  Given  a  coordinate  sys^m  with  respect  to  the  orthonormal  basis. 
(Til      suppose  that  A,B,  C.  and  D  have  coordinates  as  follows: 

^:  (1,-3,  5)      B:  (2,-4,6)  •    '     •  " 

C:  (4,  a  -3)      D:  (0,  3,  4) 

(a)  Give  the  copponents  of  B        j3^-^C,  and  C  -  A. 

(b)  Determine  whether  or  not>l5  l  Ci). 
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Key  to  Chapter  Test 


(a) 

p^per  bidirectibn 

♦ 

t 

(b) 

proper' direction 

(c) 

line 

id) 

proper  direction 

(e) 

proper  direction 

♦ 

• 

2. 

(a) 

False. 

'{h)  True. 

'{c) 

False. 

\a;  ifaise. 

\e  J 

(f)  True.* 

(g) 

False, 

(h)  True. 

L-True. 

(j)  True. 

3. 

(a; 

)    33/5  [a/3  =  11/5] 

(b)   16/3  [p/16 

'3/93 

(c' 

2;    3   lb/4  =  1/2  = 

c/6  3 

.(d)  72/7    [q/12  =  6/7] 

4. 

(a- 

)  *B  -  A:   (l.'l.l);  D  -  C: 

(-4.3.7);   C  -  A: 

(3,3,-8)  : 

(b 

)    AB  1  CD,  since 

Z  A)- 

(D  -  C)  =  l  i  -4  + 

-1.3  +  1.7=  0. 

(c 

)   coipap^g  ^  ^j,  {C  '  A] 

=  (C 

-  A).(B  -  A)/(B  - 

A).(B  -  A) 

•1  + 1. 1) 


-  -8/3 


(d) 


+ 


8e, 


=  36   [or:   (ej-4)3  +  (e2-0). 34(63  +  3). -8  =  0] 
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The  background  topic  deals  with  quadratic  functions.    The  most 
important  point  dealt  with  is  the  use  of  "completing  the  square"  to 
obtain  a  "standard'forin,"  for  the  defining  exprespipn  of  such  a  function. 
[See  (3)  on  page  103.  ]  Vou  will  recognize  this  as  a  step  toward  ofaUin- 
ine  the  usual  formula  for  solving  a  quadratic  equation.   It  is.  however, 

a  step  Toward  many  other  re«uit» —  «ec,  for  example  the  theorem  

following  .(3)  —  and,  so,  is  of  much  greater  importance  than  is  the 
quadratic  formula.  .  ^ 
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(c)  Compute  bomp^^^^jtC  -  A).  - 

(d)  Let  (e^  e^,  ^e^)  be  the  coordinates  of  a  point  £  such  that  (E  -  C) 
1  iC  -  A).  Write  an  equation  in  V/,  and  which  de- 
scribea  all  such  points  E'J  j 

^  Background  Topic  ^  ^ 

^  ^-  In  Chaptei'  1  you  reviewed  the  notion  of  function,  paying  special 

'   .  attention  to  hnear  mappings  of     These  are  the  mappings  of/;?  into 

01  which  can  be  described  by  equations  of  the  form: 

y  ^  ax  ^  b      [a  7^  0] 

Such  mappings  are  also  called  linear  functions.  Precisely: 

f  is  a  linear  function  [on  0S] 

From  your  earlier  work  in  algebra  you  are  also  acquainted  with  quad- 
ratic functions— those  mappings  of  ^  into  itself  which  can  de- 
scribe by  equations  of  the  form:     >  ^ 

=  i2x2  -f  6x  4-  c      [a¥^  0] 
f.  '  »  *  ■ 

Precisely:  .  ^        *  - 

^  is  a  quadratic  function  [on  Bl]  f 

lii  the  following  exercises  you  will  review,  and  eietend,  yoyr  knowl- 
edge of  these  functions* 
Just  as  the  simplest  linear  function  is  the  identity  jnapping  on  ^ 
;       which  is^describ^i  by  the  equation  'y  V  x',  ^  simj^t  quadratic 
function  is  the  squaring  mappjng  whicS^is  described  by  the  equation 

^i>art  A  . 

!♦  (a)  Draw  coordinate  axes  on  a  sheet  of  aoss-section  paper  and 
draw  graphs  of  the  equations  *y  =  x'  and  'y         [Plot  the  ori- 
gin, (0,  0),  about  one-third  of  tihe  way  up  from  the  foot  of  your 
0  paper  and  use  a  scale  of  about  1  inch.  Pay  particular  attention 
to  tiie  shape  of  the  graph  of  "y  the  origin.? 

(b)  Using  the  same  cooniiniate  axes  as  in  part  (a),  draw  graphs  of 
'y  ^  Zx"'  Qjdy  ^l^'. 
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2.'  Tell  wljich  of  the  folldwing  equations  describe  linear  functions  and 
which  describe  quadratic  functions. 

<a)  X  -  y  «  1  (b)     -j/-=  1 

(c)      ^  3^*  =  1,  .  (d)  X  ^  2y  =  3 

ie)      ^y^^O      '  .  if)  =  l 

(g)  X*     2xy  +     -  0  (h)  3^  +V  =  4tx  -  1) 

(i)  2(x  +  1)  -  x(x  ^  1)  <i)  2  -  y  -^2(x  -  ly 

(k)  2(y  ^  1)  -  x{x  +  1)     .  0)  y  -  V3f_    _  - 

(m)  >^  =  U    .3)(x  +  2)  •  (X  +  IKx  -  4)      <n)  3^  «  V(i  ^  l)^ 
8.  (a)  Although  six  of  the  sets  referred  to  in  Ejtercise  2  are  neither 

linear  nor  quadratic  functions,  two  of  these  six  are,  neverthe- 

less,  functions.  Which  six,  and  which  twc^ 

(b)  Sketfeh  graphs  of  ^se  two  functions;  using  the  same  coor- 
dinate axes  for  both  graphs. 

(c)  After  having  sketched  one  of  the  graphs  asked  for  in  part  (b), 
how  tiould  you  have  predicted  what  the  other  would  be?  [Hint: 
Could  you  have  made  some  use  of  a  transition  of  ^  and  pf 

*  function  composition?]  ^ 
4,  (a)  Draw  graphs  of  the  sets  described  in  (e)  ^d  (iX  [Hint,  Factor- 
ing will  help.  Recall  that  a6  ^=  0      (a  =  0  or  6  =  0).] 
*{b)  Draw  graphs  of  the  sets  describe  in  (c)  and  (f). 


1.  (a)  On  cross-section  paper,  dtaw  a  graph  of  the  function  /such  that, 

for  each  x,  fix)  «=  2xs 
(b),  Use  your  graph  to  estimate  fii),      I),  and^  A2). 
^  (c)  Suppose  that,  for  each  oc,       =  2(x  -  1).  Use  your  graph  of /to 

estimate  ^1),  ^(-i),  and  ^3). 
'  (d)  Use^  your  graph  of  f  to  construct  a  gfaph  of  g. 

(e)  Suppose,  that,  for  each  x,  h{x)  -  2{x  4-  |).  Use  your  graph  of/to 
instruct  a  graph  of  h. 

(f )  Suppose  that  you  are  given  a  number  p.  Tell  how  to  use  your 
graph  of /to  construct  ajH^aph  ofja  function  k,  where,  for  each  ^, 

' '  kix)  ^  2(x  -  pl  ~     '  ^  '   "  ^ 

2.  Repeat  Exercise  t  for  the  functions  /,  g,  h,  ahd  k  such  thai,  for  each 
X,  f(x)  «      ^(x)  =  (x  ^  1)2,  hlx)  ^  (X  +  f)*.  and  kix)  =  {x  pf. 

3.  Suppose  that  you  are  given  a  function  /  and  a  nlimber  p.  Suppose, 
also,  that  you  have  drawn  a  graph  of/. 

(a)  Tell  how  you  could  ixse  this  graph  to  construct  a  graph  of  ^, 

where  g(x)  =  f(x  -  p).  ,  ^ 

*(b)  Instead  of  draw|ng  a  new  graph  for  g,  you  could  make  a  simple 
change  ih  your  drawing,  which  would  turn  what  was  a  graph  of 
/into  a  graph  of  ^,  Explain,  * 
4«  (a)  On  OTMS-section  paper  draw  a  graph  of  /,  where  /(x)  =  ix. 


TC  101  (1) 


Answers  for  Part  A   [cont.]  *  ^ 

2.  {a),  (d),  ig),  (m)  are  equatione  which  describe  linear  functions; 
(b),  (h),  ij),  (k)  are  equations  which  describe  quadratic  functfons. 

3.  (a)    The  six  equations  which  describe  neither  linear  nor  quadratic 

functions  are  (c),  (e),  (f),  U),  (I),  and  (n),    The.two,  of  these 
^  six,'  which  describe  functions  are  (1)  and  (n). 

(b) 


(c)    Consider  the  translation  —  say,  t  —  of  R  such  that,  for  any  a, 
\     t  .maps  a  on  a  -  1.    Thus,  t  is  a  linear  function  on  R  wl^ich 
>    m*aps  0  on  -1  and  ha1i  slope  1^    That  it,  tk  =  {{x,y)t  y  =  x  •  1}. 

Let  *f      {(x,y):   y  =  ^/^}•    Then,  for  any  a,  [f  o t3(a)  =  f(t<a)) 

^  f{a  •  1)  =  V{a  -  1)2.    So,  £<'t  =  {(x,y):  y  ^=  n/(x  -  IF), 

Thus,  gi^en  that  we  ha,ve  drawn  the  grapft  of  {(x,  y):  y  =  ^/x2}, 

all  that  you  need  to  dp  to  obtain  the  graph  of  {(x,y):  y  =  n/{x-  I J 

is  to  **flhift*'  each  point  q/  the  graph  one  unit  to  the  right*  ^ 

4.     (a)    The  set  of  points  described  by  (e).is 

{(x,y):  y  =  n/x^  or  y  =  -n/x^}, 

and  by  (i)  is  ,  ^ 

{(x,y):   X  =  2   or  3^  =  -!}• 

[In  the  case  of  (e),  another  »et  description  im; 

{(x,y)t  y  =r,  X  or  y  =  -x}  ) 

s         Here  is  a  graph rfor  (e).  Here  is  a  graph  for  (i). 


> 

# 
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Answers  for  Part  A  [cont,l 

4«     (b)    Here  is  a  graph  for  ,(c).» 


Here  is  a  graph  for  (f). 


.Answers  for -Part  B 


1-  (a) 


u  I  I  i  . 


(b)    Estimates  are: 

f(-|)  ^  *-3 
f(2)  =  4 


(c) 


As  in  the  case  of  Exercise-  3(c)  of  Part  A,  "sliding"  each 
point  of  the  graph  of  f  one  unit  to  the  right  will  yield  the  graph 
of  g.    It  is  easy  to  show  that  the  translation  which  maps  a  on 
a  +  1  maps  each  point  of  f  on  a  point  of  g.    To  do  so,  let 
(a,b)€  f.    Th^n  b  =  Ea.    Now,- g(a  +  1)  =  2({a  +  1)  -  1)  =  2a  =  b, 

so  that  {a  +  1,  b)  e  g,   So,  g(|)  =  f(|)  =  x",  g{-~)  =  £{-|)  ^  -3} 

•and  g(3)  i  f{2)  i  4.  . 

(d)    One  obtains  the  graph  of  ~g  frpm  the  graph  of  f  by  the  "sliding" 
w.each  point  of  f  onestmit  to  the  right,  as.  described  in  Mc),  above. 

-  ^-ije  graph  of  h  caB  b«  obtained  from-that  of  X  i»y  "sliding" 
each  point  of  f  3/2  units  to Jhe  left.  / 


2. 


(f)    The  graph  of  k  is  obtained  from  that  of  f  by  "sliding"  each 
point  (a.b)  of  f  to  the  point  <a  +  p,  b). 

(^)   Tbe  graph^of  Qx)  =        Ha«  been  given  in  Exercise  1(a)  of 
.Part  A.  '  ■ 


(b)  £(!■)  4-2.8:  f(-|)  ^^^^i  fi2) 


<dj,  |e);  (f)    The  eesponiieji  to  these  exercises  are  those  given  in 
Exercise*  i(d),  !{«)'  H^^'  respectively. 
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Answer^  for  < Part  B   [cont.]  > 

3,     (a)    By  '*sUding*Sthe  graph  of  f  p  ilnits  in  the  s.ense  of  p.  [By 
"sliding'*  eaih  point  {a,  f(a))  of  f  to  (a  +  p,  f(a)),  ] 

^(b)    In  the  exe rcistes -'above,  the  graphs  of  g,  h,  and  k  were 

obtained  from  the  graph  of  f  by  ••sliding'*  the  graph  of  f  to 
the  left  or  to  the  right  p  units  in  the  sense  of  p,    A  simple 
way  to  change  the  graph  of  f  to  the  graph  of  the  others  would 
be  to  erase  the  second  coordinate  axis  and  to  redraw  it  p 
units  to  the  left  or  xiight  of  its  original  position  in  the  opposite 
sense  of  *p.  Thus,  for  the  graph  of  g,  redraw  the  second 
coordinate  axis  one  unit  to  the  left  of  its  original  location. 
[Such  an     act     has  the  effect  of  increasing  the  first  coordi-  < 
nate  of  each  point  by  one,  ]  , 
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(b)-  Use  your  graph  of  /'to  construct  a  graph  of  g,  where  gix)  = 
+  3.  [Hint:  You  could  note  that^jc)  =      +  6)  and  pnxjeed  as 
in  Exercise  1,  Find  a  dilferent  way.]  , 
(p)  Use  your  ^aph  of  /"  to  construct  a  graph  of  h,  where 
•     h{x)  ^ix  -  I.  i  - 

(d)  Suppose  that  you  are  given  a  number  q.  Teil  how  to  use  your 
graph  of  /■  to  construct  a  graph  of  a  function  k,  where 
•    kix)  ^  f{x)  + q. 
5-  Repeat  Exercise  4  for  the  functions  f,  g,  h,  and  k  such  that,  for 
each  ' 

fix)  =  3^,  gix)  =     +  3,  h(x)  -  «^  -  1.  and  Hx)  =  ^  +  9- 

6.  Draw  anoUiei*  graph  of  the  squaring  fun^ion  [that  is,  the  function 
f  of  Exercise  5],  and  use  it  to  construct  a  graph  of 

(a)  g^,  where  V,  g^ix)  =  ix  -  If  +  2 

(b)  g^,  where  V^^^Cx)  =  («  +  2)*  -  1 

(c)  where  V^gjW  = -ac*  ' 

(d)  g^,  where  V,g,(:e)  =  ~<x  -  2F  +1  ' 


Parte 
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U  Your  work  in  Part  B  has  illustrated  the  fact  that,  for  any  p  and  g, 
a  graph  of  the  function  /  such  that 


(*) 


/Xx)  =  (:e  -  p)«  +     for  all  ;ts 


has  a  lowest  point,  and  t^at  this  lowest  point  is  the  graph  of  the 
ordered  pair  {p,  q).  Talking  about  the  function  f—  rather  ,^an  about 
its  graph -this  means  j;hat  f{p)  ^  q  and,  for  each  x,  fix)  >  g. 

(a)  This  result copcemxng  a  function  f  with  a  definition  like  (*)  can 
'    be  proved  very  easily  by  using  two  properties  of  the  squaring 

operation.  What  properties? 

(b)  Tell  how  the  discussion  preceding  part  (a)  should  be  changed  if 
(*)  is  replaced  by: 


f(x)  ==  —ix  -  pf  +  g,  for  all  x 


2*  The  property  we  have  noted  of  functions  with  definitions  like  or 
(**)  can  be  stated  as  follows: 
A  function  f  which  has  a  definition  like  !*)  or  (**)  has  an  ex- 
treme caliie  at  the  argxunent  p.  This  extreme  value  is  g.  It  is 
a  minimum  value  of  f  in  the  case  of  (*)  and  is  a  mcmmum 
'  value  of  in  the  case  of 

(a)  Using  the  preceding  statement  as  a  pattern,  complete  the  fol- 
lowing:      ^  ' 

For  any  a  7^  0,  and  any  p  and  g,  the  function  f  such  that 

*  *  ^  ■    '  '  • 

.  .  /U)  =  aix  -  pY  ^  q 

•  ■ 

has  an  extreme  value  at .  .  . 

(b)  Justify  your  answer  for  part-^a). 
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4.  (b)    A  different  way  of  obtaining  the  graph  of  g  from  the'^raph  6f  f 

'  ,       [from  that  of  Exercise  1]  is  to  note  tha^  g(a)  -  f(a)  ^  3.  Thus^ 
the  translation  which  maps  b  on  b  +  3  may  b©  composed  with  f 
so  that  a  point  (a.b)  of  £  maps  onto  the  point  (a,  b  f  3)..  The 
effect  of  this  cortiposition  is  to  **slide**  the  points  Of  £  upward 
3  units.    Thus  to  conetriict  the  graph  of  g  from  that  of  f  this 
way,  one  ueed-only  construct  a  line  parallel  to  the  graph  of  f  - 
containing  the  point  (0,3).  * 

(c)  Since  h(3c)  ~  f{x)  -  1,  by  the  procedure  for  construction  sug- 
gested in  4(b),  construct  a  line  parallel  to  the  graph  of  f  and 
containing  the  point  (0,  ^1).  ^  .  ^ 

v{d)    Construct  a  line  parallel  to  the  graph  of  f  and  containing  the 
\      point  (0,  q).; 

5,  (a),  (b),  (c),  {d)    Given  the  graph  of  f(x)  -  xS  as  drawn  ior 

Exercise  1(a)  in  Part  A,  the  graphs  of  each  of  g,  h,  and  k, 
0'       call' be  obtained,  (constructed)  by  ''sliding'*  the  graph  of  f  tip 
or  down  th>s  second  coordinate  axis  as  many  distance  units  and 
in  the  sense  of  q«    [The  students  may  wish  to  sav^tmie^by 
\  cutting  'out  a  template  for  th^  graph  of  f  and  .tTacixTd  the  graphs^ 

of  g,  h,  and  k  with  the  template.    Perhaps  they  shpuld  be 
*  encouraged,  instead,  to  plot  a  sufficient  •nimiber  jOT  images  of 
points  on  the  graph  of  f  to  better  understand  what  the  translia- 
t^n  at  hand  /*does''  to  tJ^P  graph  of  f.  ]  Some  student  may 
suggest  that  he  can  •'construct*'  the  graph  of  k  from  tfie  graph 
g-iraph  of  f  by  ei'asing  the  first  coordinate  axis  and  redrawing 
it  so  many  distance  units  above  (St  below  the  original  position 
according  to  th^  ^alue  of  ^q'.    If  such  a  suggestion  is  made,  the 
class  should  be  given  an  opportunity  to  examine  what  change  is 
made  in  the  second  coordinate  of  each  point,    Similarly,  if  the 
second  coordinate  axis  is  •*moved"  in  suph  a  manner,  the 
students  should  be  a/ble  to  describe  the  change  thatj^j^urs  in 
the  first  coorkinatefof  each  point,  ^ 


With  this  as  the  grapk 
of  *y  -         thr  related 
graphs  of  (a),  <b),  {c), 
and  (d)  are  givdn  below. 
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Answers  for  Part  B  [contj        •  * 
6,    (a),  grlph  of  *y  5      -  1)2  ^  V 


(c)    graph  of  > 


(d)  graph  of  'y  =  -<x  -  ZP  +  r 


^  ^Answers  for  Part  C 

Iv"   ia)    The  pYoperties  o^  squa^ng  which  are  referred^o  are: 

'      \   .  >  0  %and        *  0  if  and  only  if  a  =  0  * 

?        -/'  (b)    Given  (,**),  for  each  k,  f{5»)  ^  q. 

2.     U)    Complete  the  statement  as  follows:  the  argument  p,  and  this 
extreme  vaiuie  is  q.    This  extreme,  value  q  ie  a  minimum  if. 
,  a  >  0  and  is  a  maximum  if  a  <  0. 

V  (bV  For  -a  >  0  and  b  a(b  -  pP  >  0^   Since 'f(p)  =_.q,  we  see 

that,  for  any  b,  f(b)  =  aCb  -  p)2  ^  q  >  0  ^  q  ^  f|p).  Sp^ln 
\ase  a  >  0/ q  is  a  miJiimum  ^Mlue  of  f.  * 

*    *  For  a  <  0  and  *b  ^  p.  a{b  -  p)^  <  0  so  that,  for  any  b, 

.     f(b)  ^  4(b  -  •p)2  4-  q  ^  0  4.  q  =  fCp).   ThuSr  in  case  a  <  0, 
4  i«  a- maximum  value  of  f. ' 
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In^he  preening  exQfcises-you  have  noted  an  import^t  property  of 
a  quadratic  function  f  such  that,  for  each  3C, 

(1)  fix)^a{x-  p)^  +  q      [a  9^  01 

* 

You  have  also  seen  how  to  obtain  a  graph  of  f  by,  first,  drawing  a  graph 
of  *y  =  ax^\  [Explain.]  In  iact,  a  descriptiofiX^e  (1)  tells  us  several 
things  about  the  function  it  describes  which  are  not  immediately  ob- 
vious from  a  description  like: 


(2) 


fix)  =  0^  +      +  c      [a  ^  0] 


So,  it  is  natural  to  ask  whether,  >frhen  we  are  given  a  description  like 
(2),  we  can  find  an  eqlUivalent  one  like  (!)•  To  answer  this  question, 
note  that  (1)  is  equivalent  to:  ^ 


(3) 


f{$)     ax^  -  2apx  +  (ap^  +  q) 


CJomparing  (2)  and  (3)  we  that  (1)  will  be  equivalent  to  (2)  ifp  and  q 
are  chosen  so  that 

— 2ap  =  6  and      +  g  =  c. 

Since  a  5^  0  we  can  satisfy  the  first  of  these  two  requirements  by 
choosing  ^  ' 

■  b  "    ■     '  ■ 

The  secopd  will  be  satisfied  by  taking  g  to  be  c  -  ap^.  With  the  choice 
already  determined  for  p  this  means  thdt 


4ae  ~  6^ 
4a 


[Explain.] 


So,  for  any  a  9^  0  and  any  b  and  c,  (2)  is  equivalent  to: 


(4) 


4a 


-'  Eyplaaitioa' called  for-in  textt  Yo«  may  obtain  a  graph  of  f  i roai  a 
.  •       g^apb  of  'y  =  ax*'  by  t:i^slatiiig  the  latt^lr  parallel  to  the  x-axis  • 
.      units  in  the  sense  of.  p  axid  then  translating  parallel  to  th«  y-axif  q 
units  in  the  »ense' of  q^,  / 

'X-'"'-'  Eatpianation  called  for  in  the  tevtt  Sit^e  p  =  .'-b/Ua).  and  aii® ,+  q  =  c, 
;  .,  ,we  hive  th*t  q  =  q^ap^'^c^I^fl'***)].^  «  -  ^V^^a)  =  (4ac  -b2)/(4a). 


As  ian  immediate  a)nse<quence  of  this  and  Exemse  2  of  Part  C  we 
have:  ' 

The  4uadratriclrunctioh /denned  iQf:  ,  ' 

fix)  «  ax*  -f     +  e,  for  all  :r  ' 
has  an  extreme  value  at  the  argument  — 6/(2c).  This 
value  is  {4ac  -  6*)/<4a).  It  is  a  mininauito  if  a  >  0 
knd  is  a  ma>amum  if  c  <  0,  ' 
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Each  of  the  following  expressions  could  be  used  to  define  a  quadratic 
fiinction.  In  each  case,^ compute  the  extregie  value  of  the  function  an4 
tell  whether  it  is  a  maximum  or  a  minimtim.  {Hint:  In  any  case,  you 
can  transform  the  given  expression  into  an  equivalent  one  of  the 
form  'ai»  +  bx  +.  c*-if  it  is  not  already  in  this  form -and  then  com- 
pute the  corr^ponding  value  of '(4cc  -  b^)l(4a)'.  But,  it  will  pay  you 
to  look  for  short  cuts -for  even  the  simplest  looking  ones.] 

4.  -      +  7  2.  3*  -  6  -  4^"  " 
3.  4  -  U  -  IXx  +  2)     •  4.      -  2:t  +  1 

5.  x*  +  4i  +  4  e.x*-2x  +  3 
.7.      +  4x  +  5  8..:^  ^  2x 

9.  x(4  -  x)  '  10.  7 

11.  at* -4* +  5  .12.  7  -*M^ 

.  13.  JC*  +  3*  +  I  14.  (X  +  i)»  -  2 

-/       ■       ■  ,    *  .,  • " 

I^you  were  asked  to  transform  the  quadratic  expression  in  Exercise 
11  of  Part  D  into  the  form  *a{x  -  pF  +  q\yo\i  might  reason  as  fol- 
lowst  In  this  case,  a  =  2,  6  «  -r4  and  c  =  5.  So,  — 6/(2a)  -  1  and  (4ac 
~  b^)K4a)  ^  3.   Hence,   the  given  expression  is  equivalebt  to 

In  working  Exercise  11  you  may,  however,  se^  another  way  of  d^ng 
this  problem:  The  given  expression  is  equivalent  to  *2(:t2  -  2^  ) 
+5*.  If  I  put  in  a  '4-1'  as  well  as  a  -2'^  Fli  get  the  equivalent  expres- 
sion  W  -  2x\  1).+  5  ^  2\  And,  this  is  equivalent  to  '2(:t  -  IF 
^-f  3'.  ^ 

When  using  the  first  of  these  two  methods  you  need  to  remember  the 
^  new  formulas:  • 

b      .  4qc  ^  i^ 
and: 


.  2a      '  4a 

In  the  sewnd  method  you  use  algebra  that  yon  already  ^ow-  mainly 
that  ,  ^ 

(5)  ijc^.- 2px +  _p)2^ 

The  object  of  this  second  method  is  to  use  the  left  side  of  (5)  as  a  model 
for  "completing'*  part  of  the  given  expression  so  as  to  obtain  someUiing 
whidi  can  be  replaced  by  an  expression  lik^  that  on  the  right  side  of  (5). 
For  this  reason,  the  method  is  called  ^completing  the  square".  You  will 
find  many  uses  for  this  proc^ure.  .  . 
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Angwers  for  Part  D  ^ 

1.  Extreme  value  is  59/12   {(4  •  3  •  7  -  5^)7(4  •  3)],  and  it  i 8  a  minimum 
[for  .3   >  0].         ,  *^  . 

2.  Extreme  value  is  -7l/l6  [{4  • -4 » -5  -  32)/(4  . -4)].  and  is  a 
maximum   [for  -4  <  0],  ' 

3.  Extreme  value  is  25/4    [{4  •  -  1  •  6  -  l^)/{4  •  - 1 )],  and  is  a  maxim\im 
[/or  --1  <  0],    [Alternate  solution;   Note  that  9/4  is  the  maximum 
value  for  '-(x^  +  x  -  So,  the  maximuni  value  for  '  4  •  (x^ -I- x  -  2)* 
is  4  4-  9/4  or  25/4.  ] 

4.  Since        -  2x  +  i  -  <x  -  1  )2  >  0,  the  extreme  value  occurs  when 
X  =  1  and  is  clearly  0,  and  is  a  minipnum.    Of  coUrse,  by  "brute 
force*',  the  extreme  value  is  (4  •  1  •  1  -  2^)/(4»  1)  =  0  and  is  a 
minimum  since  1    >  0, 

5.  Since  x^  +  4x  +  4  =  (x  +  2)^  >  0,  the  extrjgme  value  occurs  when 
X  '  -2  and  is  0.    The  extreme  value  is  a  minimiim^ 

6.  The  extreme  value  is  2  [(4  •  1  •  3  -  22)/H  •  I )].  and  is  a  minimum. 
[Alternate  solution:   Note  that  x^^  -  2x  +  3  =  (x^  -  2x  +  1)  +  2 

•  ^  (x  - 1)2  rn    -  :  ■ 

7.  Since       +  4x  +  5  =  (x^  +  4x  +  4)  +  1  =  (x  +  2P  +  1',  we  know  by 
Exercise  5  that  the  extreme  value  is  '1  and  It  a  minimuni.  - 
[Alternately,  since  (4  •  1  •  5  -  4^)/(4  •  1 )  =  I  and  1  >  0,  the 
extreni%  value  is  1  and  is  a  minimiim.  ] 

8.  Since  -  2x  ^  (x^  *  2x  -f  1)  ;  1  =  (x  -  I)^  -  1,  we  know,  by 
Exercise  4,  that  the  extreme  Value  is  "^1  and  is  a  minimum, 
[Alternately,  since  {4  •  I  •  0  -  22)/{4 .  1 )  =  -I  and  1  >  0,  ihc 
extreme  value  i^  -1  and  is  a. minimum.  ] 

9.  s\nce  x{4  -  x)  =  ^x^  +  4x,  the  extreme  value  is  4 

{^4^« -#*»0—  4^)/{4*  -i)]  and  is  STnaximtim.    [Alternate iy,--  ; 

x(4  -  sc)      4x  -  x2  =  -(x2  -  4k  +  4)  +  4  =  -(x  -  2)^+  4.  So, 
the  extreme  vAlue  is  4  and  is  a  maximum,  ]  ^ 

10.  The  extreme  value  is  -8  [(4*1  V  -7  -  2^)/(4  •  1)]  and  is  a^^ltnimum. 
[Alternately,  x^  -  2x  -  7  ^  (x^  -  2x  +  U  -  7  -  1  =  (x  -  1)2  -  8,  so 
that  the  extreme  value  is  -8  and  is  a  minimum.  ] 

11.  The  extreme  value  is  3   [(4  #  2  •  5  -  42)/(4 .  2)]  and  is  a  tninimum. 

'  [Alternately,  2x2  -  4x  +  5'  =  2{x2  -  2x)  +  5  =  2(x2  -  2x  Al)  +  5  -  2  . 
-  2(k  -  1)2  +  3,   Spt  the  esctreme  value  is  3  and  is  a  minimum.) 

12.  •  ^^ince  7  -  x*^  +"2x  =  •(x^  -  2x  -  7),  we  know  from  Exerc^e  10  tha^^ 

the  extreme  value  is  8  and  is  a  maximum.    [Alternately,  since    /  ^ 

<  0  and  (-^•  -1«7  -  22)/(4r -1)  =  8,  the  extreme  vaUie  is  8 
and  is  a  maxirVium.  ] 


The  extreme  value  is  -2  {f4»  1 -  3«)/{4*  1)]  ^d  is  a  minimum. 
[Alternately,  x^  +  3x  +  |  F  {x^  4  3x  4  |-)  +  i  -         {x  4  |)2  -  2  so 


that  the  extreme  value  is  -'2  and  is  a  minimum.  } 

3  '  1 

14,    Since  (x  4        -  2  =^  x^  4  3x  4  ^j-,  the  answers  are  those  of 

Exercise  13.  > 


233  ' 
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•PartE 


Practice  completing  the  square.  A  "program"  is  given  for  each  of  " 
the  first  six  exercises.  Before  filling  in  the  blanks,  study  the  program 
to  see  how  it  was  arrived  at.  You  may  find  it  helpful  to  write  sudh  pro- 
grams for  the  later  exercises;  doing  so  will  help  you  to«avoid  certain 
kinds  of  blunders.  A  solution  is  given  foj>ehe  first  exercise.  Be  surb  you 
understand  how  to  fimi  the  appropriate  value  for  'p.'  in  (5),  above. 

1.  2*"  -  ax  +  1  =  aCf"  -     +  )  +  1  -  2  •  =  2{x  -  F 

+  [Solution:  2^^  -  3x  +  I  =  2ix'  -  ix  +  im  +  1  -  ^  ■  (If 

=  2(x'-  IF  +  -i]  * 

2.  x'  ~  2x  +  3  =  ix^  ~  2x  +  )  +  3  -  =?  (*  -  ^  +  

3.  **  +  2*-3  =  (x«'+2«  +  .)  -'3  -         =  {x  +  +  - — 

4.  3C»  +  *  +  1  =  (Jt*  +  f  +  )  +  1  -  ^  ix  +  y  +  


S.23^-2x+l  =  2{;d^'-x  +  - 

=  20c  -  +  

a       +  4;^  +  3  =  -bc^  -  4a:  ^ 


.)  +  1  -  2 

+  3  +  - 


=  -ix- 


7.      -  8*  -  9 
9.  3**  -  18x  +  13 
H.  x«  +  7*  -  3 
13.  ir"  -  *  +  1 


8.  4x^  +  8x  +  4', 
10.  X*  +  5«  +  4  * 
12.  -3*^  +  21*  -  37 
14.  ir*  +  2x  -  i 


PartF 


1.  Suppose  that  f  is  defined  by: 

(*)  '  .      fix)  ^  as?  +  bx  +  c  /la  ^  0] 

■  ■  * 

Show  thatt  for  each  t. 


2a 


Answers  for  Part  E  * 

x2  l^2x  +  3  =  {x2  -  2k  +  i)  +  3  -  (x  -,  V)^  +2 

x2  +  2x  -  3  =  {x2  +  2x  +  i)  -  3  -         (x  +  IP+  z±  b^-       +        "  4] 

X2  +  X  +   1    =    (X2  +  X  +  j)  +  1  (X  +  jj^  +_£ 

2x2  -  2x  +  1  =  2(x2  -  X  +      +  1  -  ^ 

-x2  +  4x  +  3  =  -{x^  -  4x  +  4)  -t-  3  +  4  =  -(x  -  2)2  +  7 
x2  -  8x  -  9  =  (x^  -  8x  +  16)  -  9  -  1-6  -  <x  -  4)^  -  25 
4x2  .+  8x  +  4  =  4{x2  +  2x  +  1)  -  4tx  l)^ 
3x2  -  i8x  +  13  -  3(x2  -  6x  +  9)  +  13  -^Zl  =  3(x  -  3)g  -  14 

.  li  -  (X  +         -  .2,  V 
49  ■ 


2. 
3. 

4. 

5. 

6. 
7. 
8. 
9. 


10. 
II. 
12. 
13. 
14. 


+  5x  +  4  =  (x2  +  5x  + 
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xs  +  7x'-  3_=  {x2  +  7x  +  ~)  -  3 

49  . 

-3x2  +  21x  -  37  =  -3{x2  <r  7x  +  -^) 


4  ^  2^  4 


ix2  -  x  +  1 
|x2  +  2x 


2x  +  I )  +  1 


[Hin^  One  way  to  do  this  is  to  substitute  the  ioidicated  arguments 
for  V  in  (*).  We  hope  you  know  a  simpler  way.] 

2.  What  does  the  result  of  Exercise  1  fell  you  about  a  graph  of  the 
function/? 

3.  Two  of  the  easier  ways j|^jfetaining  a  graph  of  the  function  f 
which  is  defined  by  (*),  ^HP^V  ^  &^en  numerical 

'  values,  both  begin  by  getti^r )  into  the  &rm: 


Z  3' 
^.  Answers  for  Part  F 

I  1.     By  completing  the  square,  we  see  that,  for  each  x, 


3. 


f(x)  -  a(x  +  +  


So,  for  each  t,  £(-^+  t)  =  at^  +   ^  ■ 


and  -  t)  =  a{-t)£ 


4ac  -  b2 
4a 


Since       =  {-t)2,  it  follows  that,  for  each  t. 


It  telli  us  that  the  graph  is  eymmetric  about  the  graph  of  the  line 
whose  equation  is    x  = 

is}   Having  dr^wivthc  graph  of  'y  =  ax^',  locate  the  points  in  the 
graph  of  f  by  "shifting"  each  point  p  units  in  the  sense  of  p 
aiid  q  vmits  in  the  sense  of  q,  ► 


fix)  =  aix  -p)^  +  q 


ERJC 


and  then  drawing  a  graph  of  'y  «  ax^\ 

(a)  Tell  how  the  graph  just  mentibned  can  be  used  in  constructing 
agraph.of /i  ^  \ 
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(b)  Tell  how  to  regiraw  the  coordinate  axes  so  that  the  graph  of 

=  ox^'  beeomes  a  graph  off. 

(c)  Either  method  require  that  you  £ftart  with  a  graph  of =  o^*. 
Consider  the  case  in  which  a  !>  0  and  figure  out  how  a  graph  of 
the  aimpier  equation  'y  =  x^'  can  be  used  as  a  graph  of '3^  =  ox*' 
by 

(i)  recalibrating  the  y'-axis,  or  ' 
mH)  recalibrating  the  ^-axis,  or 
t^^(iii)  recalibrating  both  axes. 

Part  G  V  ^ — >         .  ^  ^ 

Consider  a  point  A  and  a  line  B[ai,  and  let  6  =  B  -  A. 


1.  Find  the  point  P  of  BI^  for  wfcdi  |1P  -  A|)  js  as  si^all  as  p<^H)le. 
[Intuitively,  find  the  point  of  B[aj  nearest  A.]  [Hint:  P  e  BU^  if  and 
only  if,  far  some  t,P  ^  B  ^'at.  Also,  P  >l  =  (B  -h /S)  •  A  =^ T 
-f  Finally,  ||P  -  Ajj  is  as  small  as  possible  ^Ictly  when  IIP  -  A\f 
is  as  small  as  possible.  Obtain  a  quadratic  function  in  *f  J 

2.  Show  that  IjP  -  Ajj  is.  as  small  as  possible  if  and  only  if) 
(P  -  A)  l  "^  ^  ^ 

3«  (a)  What  is  the  minimum  value  fpr  |iP  -  A|[  given  that  a  *  a  »  10^ 
ft"-^- 9,  andflT  T=  6?  ^  ^ 

(b)  What  is  the  minimum  value  of  IIP  -  A||  given  that  a  •  a  =  2, 
"6  ^  3,  anda'  -V^  i?  .  ' 
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Answeye  ^or  Part^F  [cont,.] 


3,     (b)    Having  drawn  the  graph  of  'y  =  ax^",  *'shift"  the  x- axis  p 

units  in  the  sense  of  -p  and  '•shift'*  the  y-Sxis  q  urtits  in  the 
sense  of  -q*    The  ♦graph  drawn  for  *y  =  ax^'  is  now,  with  ^ 
respect  to  the  newly  located  axes,  a  graph  for  f, 

(c)      (i)  Use  l/a  times  aa  long  as  the  original  unit  on  the 
y-axis, 

{it)  Use  a  unit  \fa^  tiixies  as  long  Vs  tAe  origixial  unit  on  the 
x-axie. 

{ilil  Use  units  a  times  as  long  as  the  original  units  on  both 
axes,    [y  -  ax^  if  and  only  if  (ay)  =  (ax)^,  ] 

Note  that  it  results  from  (iii)  that  the  graphs  of  any  two 
quadratic  ftinctions  are  similar  [in  the  strict  :sense  of 
^  'similar'  which ^you  are  accustomed  to  use  in  geometry]. 

Each  can  be  obtained  from  any  of  them  by  a  uniform 
stretching  and  a  translation. 

Answers  for  Part  G  '  , 

1.  By  the  hint  P  -  A  =  b  -f  at,  fo^  siome  t.  So, 

|jp  -  Ajj^  ^  (a»a)t2  +  2(S.S)t  + 

-  From  what  we  know  about  quadratic  functions,  it  follows  that 

[|p  "  AH  is  at  a  minimum  when  t  =  -(a  •  S)/|a  •  a).    So,  the^point 

P  of.  B[a  ]  for  which  ||  P  -  A||  is  as  small  as  possible  is  such  » 

,      that  P  =  B  -  a(a.S)/<a.  a). 

[Note  that,  since  the  minimtim  value  of  j|P  -  A  jj^  is  noniiegative, 
the  calculations  in  answer  to  Exercise  1  give  us  another  proof  of, 
the  important  Theorem  il-8(a).  ] 

2.  By  Exercise  1,  we  have  that  ||P  -  A[|  is  as  small  as  possible  if 
and  only  if  P  -  A  =  S  -  a(a  •         •  a).    Now,  since  (S  *  a(a»S)/{a»a))»a 
^  |S  .  a)  -  (a^^)      a,  il  ToHows  rha^^ 

possible  if  and  only  if  (P  -  A)»  a  =  Q,  that  is,  if  and  only  If^^ 
,    (P  -  A)  i-  a. 

3.  By  the  results  in  Exercise  1,  fhe  minimum  value  of  jlP  -  A|{  is 

-  ia.S)V(a.aK      /  '  ^ 

(a)  In  thip  case  the.  minimiun  value  for  H  P  -  Aj  (  is  ^'^^^  • 
[or:  n/^.    This  is  computed  as  foHows:  s/9  -  3^/10  J9 

(b)  In  this  case,  the  minimiun  valu^  is  [%/3  "  =  ]• 
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Chapter  Thirteen 

Qrthoriormal  Coordinate  Systems 


13.01  Coonimates  and  Perpendicularity 


In  the  work  on  coordinate  systems  in  Chapter  10  [of  Volume  1],  we 
have  considered  various  problems  concerning  tlie  description  of  planes 
and.  lines  by  means  of  equations  which  refer  to  a  given  coordinate  sys- 
tem. In  this  section  we  shall  see  that  the  results  we  obtained  appear  in 
a  new  light  in  the  special  case  in  which  the  given  coordinate  sptem^s 
an  orthonormal  one— that  is,  in  case  the  terms  of  the  basis  (Uj,  u^, 
of  the  coordinate  system  are  pairwise  orthogonal  unit  vectors.  Before 
discussing  this  special  case  it  will  be  helpful  to  sunimarize  the  results 
which  were  obtained  ii^Chagter  10^  for  a  coordinate  system  with  any 
origin  O  €  ^  and  any  basis  (r/,,  u^,  Ug)  for  ^  _^ 

We  bega^y  recalling  that,  for  any  point  A  and  any  vectore  p  and  q, 
the  setAljD^g^  is  described,  with  respec£  to  the  given  coordinate  system, 
by  the  parametric  equations: 


(1) 


X,  =  a,  +  p,r  +  q^s 
x^^  a^^  p.,r  +  q^s 


where  (a,,  a^,  a^)  are  the  coordinates  of  A,  and  (pj,  p^,  p^)  and  (g,,  q^,  q^) 
lare  the  components  of  p  and  q.  lt  follows  that  the  system  (1)  describes  a 
plane  if  and  only  if  (p^^  is  linearly  indei^ndent.  We  then  showed  that 
(p,  g5  is  linearly  independent  if  an^  only  if  the  veictor  m  whose  com- 
ponents im^^m^j  Wg)  are  given  by: 


(2) 


\P2PZ 

,  and  = 

Plp2 

m  ^3 

is  notU  Moreover,  we  showed  that  if  m  is  defined  by  (2)  ^d  is  non^ 
tlien  the  equation: 
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In  this  chapter  we  Bhall  draw  upon  many  of  the  results  derived  in 
Chapter  10  of  volume  1.    Before  beginning  this  chapter,  however,  it 
may  be  wise  to  quickly  review  the  material  presented  in  Chapter  10, 
One  way  to  do  this  is  to  use  the  chapter  test  (pp.  472-473,  volxame  1)  as 
a  combined  homework  and  class  discussion  assignment'.    During  the 
discussion  of  the  exercises,  the  teacher  can  quickly  present  those 
ideas  which  may  have  been  lost  in  the  meantime. 


To  expedite  the  review,  you  may  wish  to  ditto       Xerox  the  test 
items  for  the'^Chapter  10  test. 

Here  are  some  suggeste^^signments  for  section  13,01 
(i)   Part  A  is  best  used  for  class  discussion  to  continue  and  extend 

*  the  review  oi  <:hapter  10.    This  work  can  alternate  between  g^roup 
discussions  and  supervised  seat  work. 

(ii)  Parts  B  arid  C  constitute  one  reasonable  homework  assignment. 
It  may  be  more  efficient,  however,  to  permit  students  to  do  this 
assignment  in  teams.  *  \  ' 

(iii)  Part  D  lends  itself  best  tp  a  teacher  directed  class  project. 

(iv)  Part  E  and  the  discu^ion  that  follows  should  be  directed  by  the 
teacher  to  insure  that  students  do  nbt  miss  the  point  ^e  wish  to 
make. 

(v)   Parts  F  and  G  ar^  appropriate  for  homework,  but  together  are  a 
littl^  unreasonable  for  a  single  assignment.    It  is  recommended 
that  you  either  bre^k  the  material  into  two  assignments,  assign 
selected  exercises  to  particular  students,    or  permit  students  to 
work-in  teams.    Another  alternative  would  be  to4nclude  some  ex- 
erci,ses  of  Part  F  in  the  discussion  of  Part  E,  with  the  remainder 

•  t)f  Part  il  and  Part  F  as  a  homework  assignment. 
,(vi)   Part  H  (if  treated)  should  be  teapher  directed. 
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(3)  -  a,)mj  ^  ix^  -  a,^)m,^     {x^  —  ^3)^3  0 

— =ir^ 

describes  the  same  plane  A[p,  q]  as  does  the  system  (1).  This  showed 
that  any  plane  be  described  by  an  equation  lik^  (3).  And,  as  we  al- 
ready know,  for  any  vector  m  with  components  im^,  fn^,  nZg),  whether 
these  are  obtained  from  equations  like  (2)  or  not,  equation  (3)  describes 
a  plane  if  and  only  if  m  7^  0.  As  we  noted  at  the  time,  it  follows  that,  for 
any  m  and  c,  the  equation: 


(4) 


describes  a  plane  if  and  only  if  m  9^  0,  and  that  any  plane  can  be  de- 
scribed by  an  equation  like  (4). 
Next,  we  showed  that  (4)  and  a  similar  ^nation: 


(5) 


describe  nonparaUel  planes  if  and  only  if  (m,  n)is  linearly  independent. 
As  in  the  case  of  (p,  §),  (m,  n)  is  linearly  independent  if  and  only  if  the 
vector  r  whose  components  (r^,  r^,  r^)  are  given  by: 


(6) 


^1  = 


^3 

,  and  = 

^2 

n. 

«3 

is  not  0.  Moreover,- we  saw  that  if  r  is  defined  by  (6)  and  is  non-0  then 
the  line  of  intersection  of  the  planes  described  by  (4)  and  (5)  is,  itself, 
described  by  the  parametric  equations: 


(7) 


x,  ^  e,  +  r,t 

=  ^3  ^^3^ 


where  <Cj,  c^,  Cg)  are  the  coordinates  of  any  diosen  point  C  which  be- 
longs to  both  planes. 

Finally,  we  showed  that  the  equation  (4)  and  the  sysitem  (7)  describe 
a  plane  and.a  transversal  to  that  plane  if  and  only  if 


(8) 


r,mj     r^m^^  +  r^m^  ^  0; 


and  this  led  us  to  the  discovery  of  third  order  determinants  and  to  the 
result  that  (p,  9,  r)  is  linearly  independent  if  and  only  if 

24n 


(9) 


Pi  P2  Pb 
Qi  93 
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It  is  noteworthy  that  none  of  these  results  depends  in  any  amy  on 
perpenciicularity.  Each  qf  them  was  established  in  Volume  1  prior  to 
our  work  on  perpendicularity.  Nevertheless,  as  mentioned  at  the  be- 
ginning of  this  section,  bringing  in  the  notion  of  perpendicularity 
will  add  to  our  understanding  of  these  results. 

To  see  how  this  a)mes  about,  let's  consider  any  plane  tt,  a  ptfint 
AeTT,  and  a  line  m  Iv.  Su{Jpose, 
also,  that  m  is  a  non-0  vector  in  the 


direction  of  m.  It  follows  that  tt 

=ty  - 

=  yllmj-^  and  that 


Fig.  13-1 


X  g  77-  ♦-»■  proj„  iX)  =  proj^  (A ) 

— *  proj^  (X)  -  prqj^  (A)  =  "o, 

proj,-j  iX  -  A)  ='0 
(X  ~  A)  'm  =  0. 


Consequently,  the  plane  A[m]^  is  described  by  th6  equation: 
(10)         '  iX  -  A)  ■  m  =  0 


in  the  sense  that  a  point  X  belongs  to  A[m¥  if  and  only  if  it  satisfies 
(10).  If  we  now-  introduce  ait  origin  O  e  ^  and,  for  each  point  X,  lit 
X  be  the  position  vector  with  respect  to  O  of  X  we  see  that,  since    ' . 

X  ^  A^iX  ^0)     (A  -  O)  =7- a! 

equation  <  10)  is  equivalent  to: 

(11)         ^  (7- a)  •  m  0 


Equation  (11)  also  descril^  Aim]^  in  the  sense  that  a  point  X  belongs 
to  thj9  plane  if  and  only  if  its  position  vector  x  satisfies  (11), 

Although  we  have  not  as  yet  introduced  a  coordinate  system  [only 
an  origin],  equation  (11)  seems  to  bear  some  relation  to  equation  (3). 
[If  you  recall  a  theorem  from^hapter  U  you  may  see.  why  it  might*] 
Remember  that  a  basis  (Uj,  u^,  u^)  for  ^  is  said  to  be  orthonormal 
when  its  terms  are  pairwise  orthogonal  unit  vectors  — that  is,  when 

^  ^  ^  ^ 

*  u^^      '  Uj  ^      *      -  0  and     •         zT^  •  li^  ==      •      «  1 
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Recall  also  that  one  of  the  most  useful  properties  of  such  a  basis  is 
t^iat  if  . 

'p-  '^J>^  +  ^8  +  ttaPa  and  "J-  ^iQi  +  "2<?2  +  Ma 

then  P  •  V  =  P,9i  +  P2<lt  +  P2^r 

It  follows  that  if  we  do  introduce  aj»ordinate  system  with  origin  0 
using  an  orthononnal .basis  (u*,  u^,  u^)  for  ^  then,  with  respect  to  this 
coordinate^system,  ^nation  (11)  is  equivalent  to  (3): 

^  Of,  -  n^)m^  +  (x^  -  a^)m^  +  ix^  -  a^)m^  =  0 

So,  we^ve  a  new  proof  that  an  equation  like  C3)  for  whidi  (m^,  m^, 
m^)  ^  (0,  0,  0)  describes  a  plane,  and  that  any  plane  can  be  describe 
by  such  an  equation.  Unlike  our  earlier  proof  [see  Theorem  10-153 
this  one  applies  gnly  to  the  case  in  which  the  coordinate  system  is  an 
orthonormal  one.  But,  in  this  case,  we  now  have  extra  information 
about  the  numbers  (mj,  m^f  m^)\  They  are  the  components  of  a  ^pn^ 
-  vector  in  the  direction  of  a  line  m  which  ip  perpendicular  to  the  plane 
described  by  the  equation*  For  example,  given  that  the  equation: 

6x^  +  Bx^-  2x^=  -65 

is  an  equation  for  a  plane  tt  with  r^pect  to  an  orthonormal  (^ordinate 
system,  we  know  that  (6,  5,  --2)  are  the  components  of  a  v«rt»r  in  tiie 
direction  of  a  line  which  is  perpendicular  to  v.  ,With  this  information, 
it  is  a  simple  task  to  write  parametric  equations  for  the  line  through 
a  given  point  and  perpendicular  to  tt. 

A  line  which  is  perpendicular  to  ^lane  is  called  a  normal  to  the 
plane.  Also,  the  components  of  a  non-0  vector  in  the  direction  0(  a  line 
are  often  caiiled  direction  numbers  of  the  line.  Using  these  terms,  the 
results  of  this  disgUF^^T^      sutnynarizod  in:    ^  ,  

tl  Theorem  13-1   With  to  an  orthonom^  cx}ordin^te 

syst^n,  an  equation: 

(i)  %  -  ai)m^'^  {x^  -  03)^2  +  ^  ^  a^)mr,  =  0  , 
or:    ^  '  . 

(ii)  x^m^  •¥  x^m^  +  x^m^  =  c, 
where  (m^,  m^,  m^)  #  (0, 0, 0),  describes  ft  plane  whose 
nonnals  have  the  direction  numbers  Cmj,  m^,  mg);  and 

'  €my  such  plaiie  can  be  described  by  equations  like  (i)  and 
also,  by  equations  like  (ii). 

f 
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Notice  that,  sinc^  planes  are  parallel  if  and  only  if  they  lare  perpen-' 
dicular  to  parallel  lines,  the  corollaiy  of  Theorem  10-17  is,  for  ortho- 
normal  coordinate  systems,  a  corollary  of  ihe  present  theorem. 

Theorem  13-1  will  supply  new  insights  into  the  other  results  ob- 
tained in  Chapter  10  and  summarized  above.  More  precisely,  it  vwill 
improve  our  understandings  of  the  special  cases  ,  of  these  results  in 
which  the  coordinate  system  is  assume  to  be  4n  orthonormal  dne. 
Thus,  we  shall  adopt  this  assumption  throughout  the  remainde^f  this 
section  ' 


Ej^rcises  ^ 
I^art  A 

Supper  that  7T  and  0^  are  the  planes  described  by  the  ^uations: 

and:  x^n^  4-  x^n^  +  x^n^    d,  . 

where  (m,,  /n^,  m^)  and  tn,,  n^,  n^)  are  the  components  of  non-O  vectors 
m  and  n 

1.  According  to  Theorem  13-1,  tt  is  perpendicular  to  any  line 
whose  direction  is  [m].  What  does  this  tell  you  about  [^]?  About 
[mj? 

[Hint  Your  answers  should  consist  of  two  ^ort  equations,] 

2.  Show  that  r  €  [it]  if  and  tmly  if  r  •  /n  =  0. 

3«  Show  that,  for  any  point  C,  the  parametric  equations  (7)  on  page 
108  describe  a  line  which  is  parallel  to  tt  if  and  only  if  the  vector 
„      r  whose  components  are  ir^t  r^,  r^)  is  not  0  md  r^m,  +  r^m^  4-  r^m^ 

=  0'  .  ' 

4,  Show  that  ffor  any  point  Cl  tl^  system  <7)  describes  a  transversal 
of  TT  if  and  only  if  the  condition  (8)  on  page  108  is  satisfied* 

5.  Assume  that  (m,,  m^,  mg)  «^  (4,  9,  -S)  and  that  c  »  2-that'is,  as- 
sume that  TT  is  described  by  the  equation  — 

(a)  Let  R  and  S  be  points  wbx^  oi^rdinat^We  (6,  2,  hB)  md 
(8,  4,  0)^  respectively.  Give  the  components  of  S  -  12  and  de- 
t^^mine  whether  or  nat      is  paralkl  to  tt.  '  " 

(b)  Let  7  be  the  point  with  coordinates  (6,  5,  —13).  Qive  the  00m- 
ponents  of  T  -  i?  and  determine  whether  or  not  isparallei 

to  TT. 
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Answers  for  Part  A 
2,     By,  Exercise  1,  M 


3. 


4. 


It  follows 


5. 


[mf'.    So.  r  €  [^H^  and  only  if  r  €  [m]^. 
Since  r  £  [^S]-^  if  and  oxUy  if  r        =  0,  it  follows,  by  thg.  replace - 
xnent  rule. for  biconditional s,  that  r  €  kl      ^nrf  o^ly  if  r.m  =  0. 

If  7         and  rtm,     r^m^    ^s^^s      ^  f^^^  (7)  ^describee  a  line 
whose  direction  is  th^t  of  ?  and  f  €  [mr  =  bl-    So,  in;his  case, 
(7)  describes  a  line  which  is  parallel  to  ^.    On  the  otheis  hand, 
suppose  that  (7)  describes  a  lijie  wh^h  is  parallel  to  |r, 
that  r  ^      and  that  r  6  [tt]  =  [mr  -^hat  is,  r^m^^  4-  r^r 
If  condition  {S)  i»  satisfied  then:r  ^  ^.    It  follows  that  (7)  describ'es 
a  line  which,  by  the  cbntr^positlve  of  the  only  if-part  of  Exercise  3, 
is  nqt  parallel  to  ^r/'  Since  it  is  not  parallel  tq  ^,  the  line  is  a 
transversal  of  if.  .  On  the  other  hand,  if  (7)  describes  a  transversal 
to  t  then  r  #      and,  by  the  contrapositive  of^the.il-pa rt  of  Exer- 
cise 3,^(8)  is  satisfied.  * 
'{Exercise  3  and  4  are.  essentially,  Tke^irem  10:17  and  its  corollary^ 
on  page  457  of  volvune  1  and  students  may  cite  these  as  solutions,. 
Note  that  in  reproving  the  corollary  we  have,  as  in  the*  commentary 
fbr  page  457  of  volume  1,  taken  note  of  the  fact  that  it  is  not  merely 
th6  contrapositive  of  the  first  part  of  the  thfeorem.    The  phrase  •de- 
scribe a  plane  and  a  line  which  ar^  not  parallel'  is  not  equivalent  to 
*do  not  describe  a  plane  and  a  line,  which  are^parallel* .  ] 
(a)    The  components  of  S     R  are  i%,  Zft>)^    (S  -  R)'m  ^  3»'4 
^4  2»9>  6»  -5  =  e^.    So,  RS  [j  tr. 


(b)*  The  compoiients  of  T  -  R  are 


4  3*9  4-  -7.  -5 


^6 


0,  So 


m 


i  -^4 


(c)  \(^rite  parametric  equi^tions  for  the  line  m  which  is  .f^er- 
pendicular,  to  tt  and,  contains  the  point  with  cx>ordinates 
(3,  -1,  2).  Determine  the  pordinates  of  the  point  at  which  m 
intei^ts  TT.      '  I 


id)  IsRS  1  m?  Hcs»v  about        Explain  your  answers, 
(e)  One  of  the  lines  Ss  mid  RT  is  a  transversalof  tt.  Determine 
the  coordinatas  4)f  that  fine's  point  of  intersection  with  it. 

6*  To  say  that  r  €  [n]  f)  [a]  amounts  to  saying  ttet  the  components 
(rj,  ^*  ss^i^y  ^  certain  pair  of  equations.  What  equa- 

tions? "  _^  ^ 

7.  We  have  seen'  that  ^  and  or  are  nonparallel  if  and  only  if  (m,  n)  is 
linearly  independent.  Apply  what  you  know  about  determinants 
.  to  your  answeivfor  Exercise  6  toi6btain  a  description  of  the  vector 
which  belong  to  [tt]  n  la]  in  case  tt  $  (r. 

SL  Assuming  that  {m,,  m^,  m^)  (1,  -2,  2),  (n,,  n^,  Ji^)  =  (2/-!,  !)• 
c  =  3,  and  d  ^  4,  show  that  tt  jj  o-  and  wr^^e  parametric  equations 
which  describe  tt  H  o-.  *  n 


RartB 


/ 


Parte 


V- 


SuppMe  that  tt  is  the  plane  described  byvthe  system: 

'  .         .  *  '.  ■ 

'  =  a,  +  p,r +^9,s 

■  •   .  ■  \ 

where  ip^,  p^,  P3)  and  (g^.  9,,  93)  are  the  components  of  ^inearly  inde- 
pendent vectors  p  ah^  9.  \ 
1..  Since  [ir]  =  [pT  ?1  it  follows  that  m^M^  if  and  only  if  m  [not  its 

•  components]  satisfies  each  of  two  equations.  Whiait  ecjuations? 

2.  To  say  that  m  cIttP  amounts"  to  saying  that  the  components  (m,, 
m^,  m^)c^m  satisfy  a  certain  pair  of  eqiiations.  What  equations? 

3.  Apply  your  knowlecige  of  determinants  i»  your  answer  for  Exer- 
cise 2  to  obtain  the  components  of  a  non-0  vector  m  which  belongs 

.     tol^rp.  ^  '  ^  '  . 

4.  Theorem  13-1  and  your  answer  for  Exettnse  3  to  write  a  single 
^--equation  for  ir.  -     -        -  -z^n^ "  ;  " 

5.  (a)  Describe  in  two  ways  the  plane  Alp,  qi,  where  >i^has  coord^-^ 

nates  (3,  2,  ^5)  and  p*aAd  ^ha^e  components  (4,  -6,  3)  ^d 
(-2,  1,5).  ,  \  . 

(b)  Desari^  the  direction  5^  *'  % 

(c)  Would  any  of  5rour  answers  for  parts  f  aVand  (b)  remain  correct 
if  the  coordinate  sy^m  were  nOt  orthonorro^?       v  ^  ' 

■■-  ^  .  /  •  ■  ' 

Suppcbe  that  the  components  of  p,  9,  and  r  are  (p,,  p^,  Pg),  (q^,  q^, 
and  (r,,  r^,  r^).  Let's  mak^  use  of  the  fact  that  we  are  dealing  with  an 


\ 
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Answers  ior  Part  A  [cont.] 

♦    •      ■        ■  •■    .      .  * 

5,     (c)    Making  direct  use  of  <7)  and  tlie  given  equation 
equations  is: 


'4x^  +  9x2  -  5Kg  =  .2*  for  jr,  one  set  of  parametric 


3  +  4t" 
x^  -lA9t 

5t 


X     =  i'E 


'The  line  in  intersects  ?  at Ihe  point  Where  t  =  9/122. 
f4(3  +  4t)  4  9<'-l  +  9t)  -  5(2  -  5t)  =  2]  So,  the  coordiifiates  pf 
.  .     '  ■  ,201        41     199^  , 

the  point  of  inte r section  of  m  and  tt  are  i-^.  '"JJi*  Tj2'' 

(d)  -Yes,  because  {S  -R)-m  -  ,0.;   No,  becavSse  (T,  -  R)-ni  4  0. 

(e)  RT  is  a  transversal  of  ir  and  has  parametric  equations: 


(^1  = 

6  +  t 

5,+  3t 

-13  -  7t 

So,  RT  intersects      at  the  point  whereat  ^  -2[4{6  +  t) 
4  9{5  ■¥  3t)*-  5{-13  -  7t)  ^  2]  —.that  is,  ^  the  pdint  whose 
co0rdinate8  are  -1,1). 


The  equations  are: 


r^n,  4 


=  0 


,  In  case  ^  |^  .0*,'  /he,  vector s'^which  belong  to  [^]  [cr]  are  in  the 
direction  of  th^vector  who^e  components  are 


*2 


m 


3| 


From  the  ^ven  information,  equations  for  ^  and  are: 


r  2Xp  +^2X3  =  3 


Xg  4    X3  =  4 


2x, 


-2 

2 

a 

1 

1  -2 

(1 

1 

-1. 

1 

1 

2 

2  -1 

=  (0,.3,3)  St  {0,0,  OK 


Since/  {5/3,  -2/3,  0)  are  the  coordinates  of  a  point  in  tt  rs  cr, 
parametric  equations  for     A  0^  are:. 


5/3  - 
-2/3  +  3t 

3t  " 
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Answers  for  Part  B 

1 .     m  »  p  =  0  and  m  •  q  =  0 


3. 


Pa  P3 
«2 


Pa  Pi 
%  ^1 


Pi  Ps, 

1l  92 


(This  is  clearly  different  frorn 
^0,0,0)  since  (p,q)  is  linearly 
independent.  ]  ^ 


4.     (\i  "  a^) 


«l) 

P3 

+        -  ag) 

P3 

Pi 

+  (X3  -  83) 

Pi 

Pa 

^3 

^3 

^1 

^1 

Is 

5.     (a)    Here  are  parametric  equations  for  A[p,  q  ]: 


3  4  .4r  -  2s 


<  Xg  =      2  -  6r  4  s 

x«  =   -5  *4  3r  4  5s 
J   ^ — 


Here  is  a  single  equation  fbr  A[p,  q  ]: 
-  3) 


-6  .3 

3  4 

4  -6 

3) 

1  5' 

,+         -  2} 

5.  -2 

+  (X3.4  5) 

72  1 

which  simplifies  to: 

'  Jx^  -  3).  -33  4  {x^  -  2)v^26  4  (Xg  4  5)-  -8  =  0 

or: 

33x^  4  26xg  4  8x^  ^  111 

(b)  [p,  q]*^  =  [m],  wlxere  m  has  components  (33,26,8). 

(c)  Part  {a)  would  remain  correct*  but  the  answer  for  part  (b) 
would  not. 
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orthonprxnal  basis  to  give  an  altenxate  proof  for  the  condition  (9). 

1.  Show  that  if  (p^g*,r^  is  linearly  independent  thiOToonditioh  (9)  on« 
^,  pag^  108  is  sati^eA  Assuming  that  (p!      r5  is  linearly 

independent,  whatdo  kliow  about  p*and  Sujpposing  that 
Tis  a  non-C^  vector  in  what  follows  concerning  p  and  Can 

you  describe  one  such  vector^}  ? 

2.  Show  that  if  is  linearly  dependent  then  condition  (9)  is 
not  satisfied.  \liint\  Consider  two  cas«-  th^t  in  which  {^7^  is 
linearly  dependent  and  that  in  which  (g,^  is  Unearlyindependent. 
In  the  second  case,  wh^t  do  you  know  about  p  and  Ig,  r5?] 

3.  Eicplain  #hy  yoiir  results  in  Exercises  1  and  2  show  that  (p,  g,  r5  is 
linearly  independent  if  and  only  if  condition  (9)  is  satisfied. 


Part  D 


Part  E 


Prove: 


Theorem  13-2   If,  with  respect  to  an  orthononnal 
basis  for      the  components  of  the  linearly  inde- 
pendent v^rt»rsKand  q  are  (Pj,  Pg,  Pg)  and 
Sfiv      93)*  respectiv^y,  then  £"5-^  =  [m], 
where  m  is  the  vector  whose  components  are 


Pa 

Px 

Pi  P2 

^2  93 

9. 

91  % 

It  follows  fron^Theorem  13-1  that,  for  m  #     the  equation: 


X  •  m 


ERIC 


1 


describes  a  plane  which  is  perpendicular  to  the  line  m,  where 


In  the  following  exercises  you  will  establish  this  result  in  another 
way  and,  in  doing  so,  cSsMver  a  geonietrical  interpretation  for  the 
value  of  V  in  (*). 

1.  Find  the  position  vectorTof  a  point  C  which  belongs  both  to  m  ahd 
to  the  set  described  by.(*).  \Hini\  Since  0  is  the  origin,  c  «  C  O, 
What  does  this  tell  you  about  c*if  C  €  m?] 

=    where  c* is  the  vector  de- 


2.  Show  that  a:  *  m  =  c  m( 

scribed  in  Exercise  1,  p 

3.  Show  thM^"-  m  =  c*-^  proL  CJO  =  C-that  is,  show  that  (*)  de- 
scribes  the  plane  C5m]^/[//m^:  Since  X  =  O  *f  :i:,  what  is  proj^  (X)7] 
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Answers  for  Part  G 


1,     Answering  the  questions  in  the  hint,  we  have, that  p  4\^,  r  ]  and 
that  p*?  #  0«    One  such  vector  s  has  components 


^2  . 


^1 


1^1 


L    Since  p*5  ^  0  and  since  we  are 


'^dealing  with  an  orthonormal  basis,  we  have  th^t 


^2  ^3 

^3  ^1 

'■a  ^1 

*  Ps 

But,  this  means  that 
to  show. 


Pi  Pa  P3 
^1     %  ^3 


0. 


^  0,  which  is  what  we  wished 


2.     Suppose  that  (pT,  q,  r)  is  linearly  dependent.    Either  <q,  r)  ^ 

linearly  dependent  or  it  is  linearly  independent.    In  case  (q,  r)  is 


linearly  dependent,  then 


\  '•^  '•a 

1 

'3  '1 

* 

rj  tg 

j  =  (0.  0,  0). 


Since  we  are  dealing  with  an  orthonormal  basis  and  since  p*^.  =  0, 
for  any  p,  it  follows  that*^ 


(*)  Pi 


<5a  ^3 

^2 

Pi 

+  Pa 

+  Ps 

r^  r^ 

=  0. 


In  case  (q,  r)  is  linearly  independent^t  follows  tlMtt,  p  €  |q,  r  ]  and 


<i3  "ix 

) 

\  '•a  ^3 

^3  ^1 

1 

^1 

are  the  components  of  a  non* 


that 


Vector  —  say^  s  —  in  |q,  r  J^.  Since  p€  [q;  r],  p«»  =  0,  Thus, 
we  have  (*)  again.,  So,  in  either  case, 

Pi    P2  Ps 

^2  ^3 

for  the  left  hand  side  of  (*)  is  equal  to  the  given  third  order  . 
de  te  rminant .  ' 

3;     The  result  in  Exercise  2  is  equivalent,  by  contraposition,  to  the 
converse  of  the  result  in  Exexxise  1.    Hence,  we  have  established 
the  required  biconditional*  « 

Answer  lor  Part  D 

Since  {p,  q)  is  linearly  independent,  we  know  that  [p^  q]^  is  a*. 


proper  direction  and  that 


( 


Pal 

i  f 

P3  Pi 

Pi 

Ps 

^2 

^31 

%  «5i 

f 

qi 

^58 

are  the 


components  of  a  non*U  vector  —  fcay,  m  —  in  [p,  qj^.  Hence 
[p,  q  f  =  [m].  '  * 
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•   Answers  for  P^rt  E 

1,  , Given  that  c  Jielongs  to  both  txu  and  the^eet  described. by  i"^),  it 
foUows  that  c  =^nit,  f&r  some  t,  «ind_c*ni^  c.    So,  ^  ^ 

c  =  in  •  c      m  •  mt,  so  that  t  =  c/(m  •  m),  *  llhus,  c  =  nx{c/{in  •  m)). 

2,  Since  m' ^       m*m  ^  0.    So,  x*in  =  c  if  a^id  only  if 
{x'm)/{m'Tn)  -  c/(m»m),  and  the  latter  ii  the  case  if  and 
only  if  m(5»  m)/(m^i?i)  =  fJi{c/<m  ♦m))  =yC, 

^.     By  Exercise  2,  we  know  that  x«jn  =  c  if  and  orjly  if 

m  comi:^  (x)  ^  c.    Now,  m  comjSj^  ^x)  =  P^ojj^j  (x)  =  proj^^MX) 

-  proj^  (O)  =  projj^  (X)  -^O,  so  that  x-m  =  c  if  and  only  if 

projy^  (X)  -  ®  =         Since,  projj^  (X)'-  O  =  c'  if  and  only  if 

proj     (X)  =  Q     ?  =^  C,  we  have  that  x«in  =  c  if  and  only  if 

•  TC  114  ,  , 

4. 


a  unit  vector. 


6.,'  Frorft  Exercise  5,  the  number  jrjcj/jjmjj  is  the  iiiorm  of  the  vector 
.  froin  O  to  the  foot  of^the  perpendicular  from  O  to  the  given  plane. 
So,  this  number  is  [intuitively]  the  distance  f rom      to  the  given 
plane.    [The  notion  of  the  distance  between  a  point  and  a  plane  is 
developed  formally  in  section  14.03.]  y 
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;  4<  Draw  a  picture  which  illustrate  the  r^ult  obtained  in  Exercise  3. 
[Choose  a  case  in  whicl^  c  ?^  0.] 
5.  (a)  Show  that  |^=-!c|/|lm!l.  . 

(b)  Expr^is  'c/||mlf  as  a  r^tio  of  vectors,  one  of  which  is  a  unit 
vector.  ^ 
^         6.  On  the  basis  of  your  answers  for  Exercise  5,  interpret  the  numbers 
•  \c\ /llmll  and  c/\\m^.  [Hint  Recall  that7=  C  -  O  and  that  C  is  the 
intersection  of  the  plane  de^ribed  by  (*)  with  the  line  through  O 
^  which  is  perpendiciilar  to  this  plane*] 

In  the  preceding  exercises  you  have  seen  that  the  results  concerning 
planes  anil  lines  which  were  obtained  in  Scions  10«09  and  10.10  can, 
in  the  case  of  orthonormal  c^)ordinates,  be  derived  by  using  Theorems 
13-1  and  13  -  2.  And  you  have  seen  that,  in  this  case,  you  can  tell  quite 
a  bit  about  a  plane  from  a  single  ^nation  for  it.  Specifically,  for 
(/Wp  mg,  m^)  ^  (0,  0,  0),  the  equation:  { 

ix^  -  a^)m^  +  ^2  ^  a^)m^  -h  (x^  -  a^)m^  =  0  , 

describes  a  plane  which  contains  the  point  with  coordinates  (a,,  o^,  a^) 
and  has  for  its  normals  the  lines  whose  direction  numbers  are  (m^ 
m^,  m^).  And  the  equation:  - 

describes  a  plane  with  the  same  normals  whidi  is  at  the  distance 

.    .   ,      '  Ic|/Vm7  +  m^^  +^m^^ 

from  the  origin  of  the  coordinate  system.  {There  are  two  such  pl^es 
and,  by  Exercise  2  of  Part  E,  the  one  which  is  d^cribed  by  the  equation 
can  be  determined  by  observing  the  sense  of  mc,] 

As  is  summarized  in  Part  F  of  the  following  exercises,  descriptions 
of  planes  and  of  lines  by  equations  show  very  easily  whether  two 
planes,  two  lines,  or  a  plane  and  aline  are  parallel  smd  wHelhei^^ 
are  perpendicular.  -  ^ 

PartP 

Consider  planes    and  tr  and  lin^  k  and  I  which  a^  escribed  by: 


x^m^  4  x^m^  ^         "  ^    [for  tt], 
x^n^  -f  x^n^  4-  x^n^  «■  d    Ifor  or), 


\  x^^  a^i-  Tji  [for  k]. 


"4:     .  251  T 
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lit  follows,  of  course,  that  m,  n',  7^  and  Tare  non-^,  wjxere  m  is  the 
vector  whose  a>mponents  are  (m^,  rft^,  m^X  etc.  Explain.] 

Justify  each  of  the  following  criteria  for  parallelism  or  perpendicu- 
larity and  tell  which  of  them  reriiain  valid  in  case  the  coordinate 
system  is  not  orthdnonpal.  [Don't  m^e  a  big  deal  of  this.] 


1.  IT 


(0,  0,  0) 


{0,  0.  0) 


'3 


mo 


'I 


(0,  a.  0) 


7.  As  you  probably  recalled,  the  criterion  given  in  Exercise  3  is  valid 
whether  or  not  the  coordinate  system  is  ortlujnormaL  In  case  the 
coordinate  system  is  orthonormal  there  is  a  quick' justificaticm  of 
this  critfe^on  based  on  Theorem  13-1  and  a  theorem  from  Chapter 
1?,  What  th^rem? 


Parte 
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Given  any  origin  O  e ^  bx^  my  basis  (u^,^^, for  ,  the  resulting 
coordinate  system  hm  0{u^]  as|its  first  coordinate  axis  and  Olu^, 
as  its  first  coordinate  plane.  Since  the  coordinates  of  O  are  (0,  0,  0) 
and  the  components  of  zTj^;  ty/and  are,  respectively,  (1, 0,  Q\  (0, 1, 0), 
and  (0,  0,  1),  the  first  coojrainate  axis  can  be  described  by  the  para- 
metric equations:  / 


and  the  first  cooi^^ate  plane  can  be  described  by  the  paramet^ 


s  equations: 


[Explain,]  Wha/single  equation  describe  the  first  poordinataplane? 
[The  answer  ^u^d  be  obvious,  but,  for  practice,  check  by  using 
Theorem  10-15.] 

1.  Give  parametric  equations  for  ia)  the  second  and^b)  the  third  co- 
ordinate axis.  / 

2.  Give  a  single  equation  for  (a)  the  second  arid  (b)  the  third  coor- 
dinate plane. 
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Answers  for  Part  F  •        ' c'  ,  ' 

[If  any  of  m,  n,  r,.  and  ^  is  2,  then  the  corresponding  set  is  not,  . 
as  given,  a  plane  or  line,  ]  " 

1,  The  criterion  id  judtified  in  general  by  Corollary  1  to  Theorem 
iO-16  and  Theorem  10-14.    In  the  particular  case  of  an  ortipnor- 
mal  coordinate  system  the  criterion  is  justified  by  Theorems  13-1 
and  10-14  and  the  f^ct  that  piaijes  perpendicular  to  parallel  liniil. 
are  parallel.  .  ^ 

2,  The  criterion  is  justified,  for  any  cartesian  coordinate  system,  by 
T>ieorem  10-14, 

3,  The  criterion  is  justified  for  any  carte nian  coordinate  syetem,  by  - 
Theorem  10-17,    For  an  orthonormal  coordinate  system  it  is 
justified  by  Theorem  13-1,  Theorem  U-12,  and  Theorem.  12^1 2(a). 

4,  The  criterion  is  justified  by  Theorem  11-12,  but  only  for  ortho- 
normal  coordinate  systems. 

5,  The  criterion  is  justified  —  but  only  for  orthonormal  coordinate 
systems  —  by  Theorem  13-1,'  Exercise  4,  and  the  f^ct  that  planes 
are  perpendicular  if  and  only  if  their  normals  are  pe rpe^djcualr. 

6,  Thfe  criterion  is  valid,  but  only  for  orthonormal  coordinate  syKcms 
U^e  Theorem  13-1  and  Theorem  10-14.    [A  line  is  perppndictjfar 

to  a  plane  if  and  only  if-it  is  parallel  to*  a  normal  to  the  plane.  ] 

7,  Theorem  12-I2(a),    [See  answer  for  Exercise  3 ,  ] 


Answers  for  Psixt  G  . 

'   ^  •  • 

A  single  equation  for  the  first  coordinate  plane  is         =  0',  This 

may  be  obtained  by  simpiif'ying  the  following  equation: 


1. 
2. 


1  0 

■ 

0  0 

0  1 

+        -  0) 

+       -  0) 

0  1 

I  .  0 

0  0 

0)  +        -  0)  .+  (X3  -  0)  ^0 

'     •    0-    l|  11  .  0  I 

which  results  from  the  use  of  Theorem  10-15. 

^a)   x^  ~  0;  x^  =  r,  X3  =  0  (b)  x^  =  0,  x^  =  0,  Xg  =  r 


(a)  X. 


r 


(b)  Xa  =  0 


/ 

/ 
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3.  CoBsider  the  plane    described  by: 

.  x^m^^  +  f^m^  -f  x^m^  «  c      [{m^,  m^,  m^)  9^  (0,  0,  0)] 

Use  the  results  of  Part  F  to  determine  what  conditions  (m^,  m^,  m^) 

satisfy-if  and  only  if  ,      •  , 

(fl^  TT  is  parallel  to  the  first  coordinate  axis. 

(h)  TT  is  parallel  to  the  first  coordinate  plane. 

{<?)  7T  is  parallel  to  both  the  second  and  the  third  coordinate  axes. 

(d)  is  p^rpendiciiiar  to  the  first  coordinate  plane.  [In  parts  (d),  , 
(e),  §nd  (f )^assume  that  the  cx>ordinate  system  is  orthononnaij 

(e)  TT  is  perpendicular  to  the  first  coordinate  axis. 

if)  n  is  perpendicular  to  the  second  ax\d  third  coordinate  planes.' 

4.  Draw  six  picture  of  an  orthonormal  cwrdinate  system  and  com- 
plete them  to  illustrate  the  six  part^  of  Exercise  3.   >  ^<'\ 

5.  You  have  seen  that,  with  respect  to  an  orthoiM)nnal  coordinate 
gystenii  equatioi^  of  the  form: 

(i)  x^ml  +  x[m^     ^  ^ 

♦  d^cribe  planes  perpendicular  to  the  first  coordinate  plane  [for 

^    short:  the  ix^,  x^)'plan€],  and  that  equations  of  the  form:  » 

describe  plan^  pei^endicular  to  the  first  cooniinate  axis  [for  short: 
the  x^^ixis],  ^  ■  , 

(a)  Draw  a  picture  showing  two  intersecting  planes  with  equations 
f                like  (i)  and  showii^  their  line  of  intersection.  How  is  th^ir 

intersection  related  to  the  coordinate  planes?  To  the  coordinate 
4-  ax^?  [Hint  >To  picture  a  plane,  picture  its  intersections  with 
the  coordinate  plariea.  When  picturing  t^o  planes,  use  dashed 
lines  to  represent  lines  in  one  plane  which. are  hidden  by  the 
other.]  .  ' 

(b)  Repeat  part  (a)  for  a  first  plane  with  an  equation  like  (i)  and 
a  second  with  an  equation  like  (ii).  ^ 

*     ft,  Consider  the  plane  tt  whose  equation  with  respect  to  a  certain  or- 
^  7  thononaal  a?ordinate  system  Is:  ^  * 

'■  .  ■  '        ^  , 

(a)  Draw  a  picture  showing  the  coordinate  ax^  and  the  lines  in 
^     :     which  tr  intersects  the  ax)rdinate  planes.  [These  jines  are 

called  the  traces  of  tt  in  the  coordinate  pianes.1  s 

(b)  On  your  picture  locate  the  point  P  with  coordinate^  (0,  4/3, 1) 
and  draw  the  line  I  through  £his  point  parallel  to  the  :^j-a%is. 
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swers  for  Part  G  [coi;^,] 

fa)   tn^  -  0.    [Tht^iVSt  coordinatQikxis  has  direction  numbers 
(1,0,0),    Using*  Exercise  3  of s  Part  F,  the  condition 
{m^,  m^,  mg)  mUst  satisfy  is:  '  1  •  m^^  +  0  •       +  .0  •  rrig  =  0,  ] 

,  (b)  =  0  and         =  •O  y^By  Exercise  I  of  Part  1^,  the  condition 

which  must  be  satisfied  is:  , 


.=  (0,6,0)] 


(c)  ^m^  =  0  and         =  0.    [For  tt  to  be  parallel  to' the  second 
coordinate  axis,  m^,  ^  0,  /  For  t  to  be  parallel  tb  the  third 
coordinate  axis,        '  -  0.    Thus,  for  ^  to  be  parallel  to 


r 


( 

nig 

"^3 

% 

^1 

) 

0 

0 

t 

0  ' 

1 

1 

,1      '  0 

both  the  second  and  third  coordinate  axes, 


0  and 


=  0,] 


(d)  m^  =  0   [By  Exercise  5  in  Part  F,  m^^  •  1  +       •  0  +       •  0  =  0.] 

(e)  7  nig  =  0   [By  Exercise  6  in  Part  F,  the  condition  that 
must  be  satisfied  is:  *  ^ 


■I 


0  0 

V 

0  1, 

»■ 

1  .0 

f 

y=  (0,0,0) 

nig 

^3  ♦"^i 

m^ 

Hence,  (0,^3,^2)  =  (a,  O.d).] 

(f)   m^  -         ~  ^   t^V  Exercise  5  in  Part  F,  tt  is  perpendicular 
to  the  second  coordinate  plane  v/hen  Q^m^-^  ^'^2     ^'"^a  "  ^"^ 
that  is,  When         =  0.    Similarly,  t  is  perpendicular  to  the 
third  coordinate  plane  Nvh<e|t  mg  -  0.  •  So,  t  is' perpendicular 
to  both  the  second  and  third  coordinate  planes  when 


m^  -  0 


Here  are  appropriate  pictures  for  the  parts  of  Exercise  3: 

(a)^(d)  I    o*x,  ♦  m,x,  ♦  m.*,  •  c     <b},  (c) 

Heh  ii) 


The  intersection  of  the  given  . 
pls^nes  is  perpendicular  to ' 
the  first  coordinate  plane  and 
parallel  to  both  the  secon4 
and. third  coordinateuplanes. 
It  is  parallel'to  the  first 
-coordinate  axis  and  is  per- 
pendicular to  both  the  second 
and  thirc^coordinate  axes* 


.255 
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Answerg  for  Part  G  [cont.] 
5(b)'' 


The  intersection  of  th*J  given 
planes  is  parallel  to  the  first 
coordinate  plane.    It  is  per-* 
p>endicular  to  the  first 
coordifiate  axis. 


6, 


Here  is  a  picture  fo^*  parts  (a),  (b),  and  (c). 

A 
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P  £  T,  since  3  •  j  +  2 


1  =  6.    Each  point  of  i  beloi^gs  to  v. 


third  coordinate  ^lanc 
first  and  third 
firfet 


(b)   second  coordinate  plane 
(d)  first  and  second 
(f)  third 


(b) 
7.  (a) 
ic) 

Answers  for  Part  H  »  '  " 

Since  [t]  -  [m]"^,  if  we  can  compute  the  bidirection  {it]  in  temis 
of  the  orthonomial  components  of  m,  we  ^e^ill  hav^e^  calculated,  [m]  . 

The  value  of  *c'  is  irrelevant  since  m^^,  m^,  aAi         are  the 
direction  numbers  of  alf  lines  which  are  normals  to  each  Tplane  parallel 
to       *and  each  value  of  'c*  determines  one  of  these  planes.  ' 

Any-two  linearly  independent  members  of  [^]  provide  us  wi-th  ^ 
basis  for  [tt],   *'        ^  5^  / 


1.     Parametric  equations  for  7f  ar«: 


Q  -  Zi 


Components  of  p  and  q  such  that  [tt]  =  [pi  q]  are  (3/2,  I,  Of  and 
_        (-2,  0,1),  respectively. 

^5G   •  ^ 


7. 
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Does  the  point  P  belong  to  7r?  ls  there  any  point  on  I  which 
does  not  belong  to  TT?  *  ^  ^« 

(c)  Reprint  on  your  picture  the  plane  whose  equation  is     =  3*, 

and  draw  Uie  line  of  intersection  of  this  plane  with  it. 
Each  of  the  following  equations  describes  a.plane  which  is  perpen- 
dicular to  at  least  one  of  the  coordinate  planes  of  soine  orthonormal 
coordinate- system.  Which  a)ordinate  planes? 


(a)  x.^hx^^Z 
(d)     =  0 


(b)  X, 


,(e)  2x^^^^^l 


(f)      -f       =  15 


♦PartH 


Theorem^3-2  gives  an  easy  way  of  calculating  ^  in  case 
(p)^  ^'linearly  independent  and  one  knows  the  comi>onents  of  p  and 
V witt^  respect  to  some  orthonormal  basis.  It  is  sometim^  convenient 
to  be  able  to  calculate  [m]^  in  case  m  9*  0  in  terms  of  giveta  ortho- 
normal  components  of  m.  According  to  Theorena  13- 1,  we  can  do  this 
if  we  are  able  to  compute  the  bidirection  [Trj.of  the  plane  tr  described 
by  the  equation:  % 


(*) 


x^m^  +  x^m^  +  x^ni^     c      [(m,^^)  9*  (0,  0,  0)] 


[Explain.]  To  compute  [it]  means,  in  this  case,  to  fiiSd  a  way  of  describ- 
ing the  cxunponents  ail  members  of  [tt]  in  terms  of  the  ntimbers 
mi,  m^,  m^,  and  c  which  are  given  to  us  by  (*).  fWe  ckn  expect  that  the 
va\ue  of  'c*  is  irrelevant  to  this  problem.  Why?]  Tliis  we  can  do  if  ,we 
find  the  cx>mponents  of  two  linearly  independent  members  of  t^rl. 
[Exblain.]  .   ^  ^ 

1.  In  case  (*)  is  such  that,  say,  /n,  #  0  you  already  k3K>w  how  to  find 
components  of  vectors  p"  and  jj?  such  that  [ir]  =  [p,^^.  Do  so  in 
the  equation  for    is  *2?c,  -  3«g  rl-  ^x,  «  5\  [Hint.  Find  para- 
metric equations  for  tt,] 


If  you  followed  Uie  hint  for  Exercise  l,_^u  may  have  found  that 
bt]  =  [p,q\  where  the  comiwnents  of  ^and  q  are  (f ,  1, 0)  and  (—2, 0,  !)• 
ITo  obtain  this  result,  solvg  tiie  given  equation  for  ^x^  and  obtain 
parametric  equations  for  witii  \'  and  'Xj*  a&|)arameters,  by  acyoin- 
ing  the  trivial  equations  \  ^  x^'  and  \  =  x^.]  The  same  method 
works  for  any  equation  like  (*)  in.  xmse  9^  0;  and  similar  methods 
work  in  case  9^  0  and  in  case  ni^  ^  0,  So,  the  problem  of  6omputing 
[tt]  when  IT  is  given  by^  equation  like  (*)  can  always  be  solved.  THere 
are,  however,  advantages  to  having  a  solution  of  this  problem  which 
not  require  us  to  decide  among  three  cases. 
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;;;;7;;^;:7^^     solutions  of  arc  (m,.0.  m,) 

(m^.  -mi-  0)-  dependent  since  W  i8  a, 

3      Any  three  members  of  i^^l  are  iinea  y 

fwo-dimensional  vector  space. 


0, 


3.  Ead.  of  U,?  U.r^  noBtrW  "'"""^f ' three  vectors 

.     be  Itoe^ly  ,^„.i,hose  component  are  (0,  m  -m  ), 

4.  Let  p,.  p„  '^.r^^  urdeUrmm^te  to  sho»  that  the 

5.  Shovyi  that,  for  m  #  0,  (r,,  r^,  r,; 
are  numbew  r.  s,  and  f  such  that 

•     V    ■         \v  ■■' 
=         ->•-  mgS     m^f  ,^ 
r',  ^  ,  War  fn,t 
r  =^-^m^r  -^rm,s  ' ''      "  .<  ^  ' 


6.  Prove 


4. 


basis  for.^,  the  .copfponente  of  the  non^  v«to^ 
Ue  oomponent^ofK.K. 

■:.j:eLh.ofthef5..iw.n.^^^^^^ 

anon-0  vector  m.  Use  Theorem  i.^T^  9  ,  ^ 

, ;  'M.|.>  * '  ,  Vie)  (4,«.o, 

ISK  tines  anlPlankln  OrthpnwBialCoortfn^s  i     f  ^ 

sumption  that  the  »«>^>f«*tZlS^u7S3S.^ion  You  should,  how- 

ever,  try  tol«  ^^^S^l^Tj't?  hive  two  ways,9f  de?5iing-a  pven- 
Given,a  ¥oordiriate  system,  we  M  ^^^^c  equationsor  by 

plane-weW,des<jnbeiteitherbygmng,P,ar 


0  m. 


0 


.0 


-mil 


^  ^         n    o  )  is  linearly 

^  •„  n    tlie  sequence  iPi.Ps'Pa' 
Since  this  determinant  is  0,  tM  acq         .  \ 

dependent.  r    1^  S    {'^    v  ).  and  (P3.P1) 

consider  the  -bs^f -^'^^^/^i^.-.Si^L^^V'liU  aseoclated  With 
the  sequence  {p^,P2.P3^     ^  — 
tUse  subsequences  are 


^and 


0 
0 


0 
0 


a  ^ 


2  - 


:=  (main 1^2^3,1113  ) 

•=  (mima.m/.m^ma). 
2  =  0  and,  so, 


.6. 


x^inent  triples  .8  not  ^0,  0,  J'.  ^^'J^^^^^iy^i^dependent.  ■ 
Bubfeequences  of  lPi.P2.P3'  ♦v.p  vector  with  these 

Suppo.e  th.t  m  U  a  -°-| rli/rnTi"  S  component. 

^  /wl  m  ^     A  vectar  r  £  Lmj  ^   latter  is  the  case  \i 

'     7^'r"^;r^  satisfy  i^K  ^y^^'rf"  I     and  l^^avethe 
^*'L»^2*   S'^    f-»    zt    ^   1  where  Pn#  P2*  ^  n\ 
aftd  only  If  ret?,.  P^.  P3  J  o.m,  ).^^^ 

components  (O-J^s- r;^':  3^,, 
^       Respectively.    So.  [m]^  -  ^^^'^^  ^^5  0  -2)  and  (3.  E,  05,    .  . 
^      <,V  o  and  q  have  components  ^  1^  5  respectively.. 

'  .     '   £t>  U  Un.a.v.n.epen  -]    ^  ^ 
,   ,M  0      a„a  0,-4,.,,  re.pectlve.y. 

(o)  L,ot  p.i>»d  q.i«'=  "■"1'°"'""  '  ■ 


/ 
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or  not  two  such  d^Ss  I  j^t?.  whether 
are  two  ways  of  a  "'^"^  Similarly,  there 

-.Jtric  equations         a  Ite  J„f  t^^JT  ^''"l'"  "  P""' 
-ibes  one  ortwo-fionSr^^e:  thrSrh'Sr,^^^^^^ 
Exerciser 
Part  A 

'/'^  S;tt  llSr^^^'  "  ^^^'^  -dHion^  i« 

th.t       ^"^f that  4(3  and  5^  ar^  skew  line,  find 

7and7  A     '  "'^^     orthogonal  to  S 

ir  r  r  ^  thatVandThave  components 

i^"  ?'  respectively.]  "'mponents 

-  usual  VtS^^eS^  X^-f^ 
«       .       Consider  the  linea  /  and  ;„  describS  b^-  ^'  ^ 


^jc,  =  2  -  ^ 

^2  =  3  +  2f  [for  /j 

X,  =  1  +  3^ 


A,  =  -3  +  / 

=  3  -  3^  [for  m] 
=  -  1  -  2t. 


Part  B 


-  to  And  di^Sr„'^lC  rff  Imn  ' 

~7t^  d  :„       ^-f  s'^r 

parametric  equations  for  n.  (vi)  Check  t«      th.,*  V 
descrihofi     +V,  *^necK  to  See  that  the  line  vou  havp 

aescnbed  is  the  one  you  were  asked  to  findj  " 


Consider  the  system: 
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(  S  and       ^^^"^^^"'•i^  assignment. 

(-)   Part  F  can  be  a  second  homework  ^L^g^LLr"^  -amples. 
Answers  for  Part  A  '  • 

^Ms'  [Definition  7-5<a)J 

7^^^^  set  >B  a  Ime  if  and  only  if  ?  ^  5  ^ 

■  (r..,  is 

-assuming  that  t  i«  orth^o,onaui^^otV     Ld'^:";/rave  " 

and 

So, 


(ti, t^, tg) 


+ 

3  ~ 

0. 

t, 

'•a 

( 

''a 

^1 

for  dome  t  0. 


its  bidirt-ction  is         -g  ]  '  .""^     '  ^  J' 


+  (x. 


'■3  J' I 


Ji)   Direction  numbers  for  ?  ar.  (-l.Z,3)  and  for  m  are 

th;n  '       '^"•^'^ti'^n'numbcrs  for  n  are  (n,,n,.;n3) 


and 
So, 


2n. 


0 
0. 


i  Z  3 
-3  -2 


3  -1 

-2  li 


t,' 


T.i 
1 


# 


-  (^t,t,  t).  for  some  t.  ' 
Honce,  n  has  direction  numbers*(5,  1,  i ). 
(ii.)   Since  direction 

(3,1,1  ),  direction  n 
ing  ^  and  n  arc 


on  numbers  for  /  are  {-I,  2,  3)  "and  for  n  are- 

umbess  for  a  normal  to  the  pl^ne  contain- 


S  1 

13  -1 

-1  I 

) 

=  (i.  -16,11). 


^61 
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Ahgwers  for  ]^rt  A  [contj 

>  ■■     •  '     .      ■    •  . 

2.    (iii)  Any  plane  whose  normals  have  direction  numbers  (1,  -16,  iU 
has  an  equation  of  the  form  ^x^^  -  l^x^  +  l-^^g  =  t^.    Since  the 
plane  in  question  contains  I  and  the  point  whose  coordinates 
are  (E,  3,  1)  is  in  f,  t  -  -35.    So,  an  equation  fos  the 
required  i>lane  is: 

-  16x2  +  II5S3  =  -35  "  * 

.  (iv)  Using  the  equation  from  (iii)  and  the  parametric  equations  for 
m,  we  have  that  (-3  -ft)  -  16(3  -  3t)  +  11(-1  -  2t)  =  -35,  So, 
t  =  1,  Thus,  the  coo^^dinates  of  the  point  of  intersection  of  rt% 
witS  the  plane  containing  t  and  n  are  {-2,  0,  -3),  , 

'(v)  Since  n  contains  the  point  of  m  whose  coordinates  are 

(-2,  0,  -3)  and  has  direction  niinibers  (5,1,1),  parametric 
equations  for  n  are: 


fx  = 

1 

-z  +  5t 

s  - 

t 

-3  +  t' 

(vi)  To  check  that  the  line  described  by  thefse  parametric  equations 
is  perpendicular  to  both  i  and  m,  we  note  that  the  vectors 
whose  components  are  (-1,  2,  3),  fl,*^,-2),  and  (^,1,1)  are 
non^TJ  vectors  in  the  directions  of  i,  m,  and  n,  respectively, 
and  that  -1  •  5  +  2  •  1  +  3  •  1  =  0,  and  1  •  5  t  -3  •  1  f  -2  •  1  =  0. 
So,  i  JL  n    and  m  -L  n.    The  point  common  to  m  and  n  has 
coordinates  {-2,  0,  *-3),    The  point  common  to  i'and  n  is  such 
that,  for  some  Si^and  t, 

fl  -    t  =,-2  +.58 

!3^^t=-a 

1^1  +       =  -3  f  s. 

For  this  system,  t  =  -1  and  e      1 .    So,  the  coordinates  of 
the  point  common  to  i  and  n  are  (3,  1,  -2).    [Note  that  in 
finding  a  solution  of  this  last  system  one  solves  two  of  the  three 
equations  and  then  checks  to  see  that  t^eir  solution  satisfies  the 
remaining  equation.  ] 
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Answers  for  Part  B 

1.     <a)  ^The  system  {*)  describes  a  line  when 


2, 

3. 


4, 
5, 


m^ 

) 

"2 

"a' 

1 

ng  n^ 

f 

^  (0,  0,  0). 


(b)    The  system  (*)  describes  a  line  when  (nm,  n)  is  linearly 

independent,  where  m  and  n  are  vectors  whose  components 
^    are  {m^'m^>m3)  anS  {n^,n2.n3),  respectively. 

The  triple  of  determinants  given  in  i(a)  give  direction  numbers  of 
the  line. 

Suppose  that  X  has  coordinates  (Xj^jXg.x^)  and  that  these  coordi- 
nates §attsfy  (*).    Then,  for  any  a  and  b, 

(x^m^  +  x^mg  +  X3m3)a  =  ca  , 
and  ^2^2      ^^3^3^^  ^  db. 

so  that  (x^m^  +  x^'m^  4  X3mg)a  +  (x^n.  +  x^n^  +  'i«3n3)b  =  ca  +  db. 
&ut,^this  means  that  the  coordinates  ot  X  satisfy  {**),    Hence,  for 
any  'a  and  b,  they  satisfy 

x»^ma  +  nb)  =  ca  +  db 

From  Exercise  4/  p  =  ma  +  nb,    To  say  that  {*)  describes  a  line 
amounts  to  saying  that  (m,  n)  is  linearly  independent.    So,  ftsaiuning 
this,  p  =  C  if  and  only  if  a  and  b  are  both  0,    Hence,  (♦*) 
describes  a  plane  if  and  only  if  a  and  b  are  not  both  0, 

Equation^  (**)  will  describe  a  plane  containing  C  if  and  only  if  a 
and  b  are  not  both  0  and  (c  •  rfi  -  c )a  +  (c  •  H  -  d)b.  -  0.    An  obvious 
nontriviai  solution  for  this  equation  is  obtained  by  takiivg  a  "  ?*Ti-d 
and  b  -  c  -  S»rA.    [The  solution  is  nontriviai  because  C  does  not 
belong  to  I.  ]  * 

Any  plane, containing  i  can  be  described  by  specifying  one  of  its 
points  which  is  not  on  L    Once  this  is  done  an  equation  for  the 
plane  can  be  found  as  in  Exercise  6.  , 
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and  the  equation:  »  . 

0         .  ' 


1,  JJnder  what  conditipn  do^  the  system  (*)  describe  a  line?.  State 
l^s  condition  (a)iix^^rms  of  determiiilints  and  (b)  in  terms  of  the 
sectors  m  and  ^ whose  components  are  im^,  m^,  m^)  and  {/ij,  n^^  n^), 
r^pectively.  '  > 

1  Assuming  that  (♦)  describes  a  li^e,  What  is  thcf  significance  of  the 
.determinants  in  your  answer  for  Exercise  1? 

3.  Show  that,  for  any;values  of 'a*  and  if  the  coordinates  of  a  point 
X  satisfy  (*)  then  they  also  satisfy 

4.  The  system  (*).can  be  Rewritten  conveniently  as: 


X  '  n 


Rewrite  the  equation  (^*)  in  the  form  *i  •     — )  = 


5.  Your  answer  for  Exercise  4  should  be  an  equation  of  the  form 
y  •  p^k\  As  you  know,  such  an  equation  describe  a  plane  if  and 
only  if  p"?^  0!  Use  your  answers  for  Exercises  4  and  1(b)  to  show 
that  if  (*)  describes  a  line  then,  for  given  values  of  V  and  '6', 
describes  a  plane  if  and  only  if  these  given  values  are  not  both  0. 

6.  Assume  that  (*)  describes  a  lihfe  /.  Given  the  position  vector  c  of 
any  point  C  not  on  /,  show^^iow  to  find  values  of  Ind  such  that 
(**)  desfribes  a  plane  containing  C.  [Hint:  The  "equation  can 
be  rewritten  as  '(x  -  m  -  c)a^+  (x  •  n  -  d)b  -  0'.] 

7.  On  the  basis  of  the  results  you  have  obtained  show  that  if  {*)  de- 
scribes the  line  /  then  any  plane  tt  through  /  can  be  described  by 
the  equation  obtained  by  chocking  appropriate waliies  for  V  and 
'6'in{**). 

Parte  ♦  >; 

Let  i  be  the  line  described  by:  ^ 

+       -  23^3  =  — 5  - 
1.  Find  direction  numbers  for  L 

%  Find  an  equation  for  the  plane  through  /  which  contains  the 
Oirigin.  ^ 

8.  Find  an  equation  for  the  pkme  through  I  which  is  parallel  to  ja 
line  ^ith  direction  number?  (2,  —4,  3i 

4.  Find  an  equation  for  the  plane  v  which  contains  /  and  the  common 
.    perpendicular  to  /  and  the  line  m  described  by  the  equations: 
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Part  C 


By  ExercNe  2  of  Part  B,  direction  numbt^rs  of  i  can  be  found  by 


evaluafrnJ^p^f^priat^~dietT?^r^^  — The  nurn bo ro  obtain <^ci  in  this 
way  are  (1 , 

Using  the  procedureSjom  Exercise  6  of  Part  B,  we  must  choose  a 
and  b,  not  both  0,  soOs^t  8a  -  5b  -   0.      Taking  a  --   5  and  b  =  8 
will  do.    The  resulting  eqt^tion  is  'iSx^  +  Z^Xp  -  llx^  -  0\ 

In  order  that  M^a  i  h)x^  i  (-"V^  'ib)Xp  +  (a  -  Zh)%^  =:  8a  -  5b; 
describe  a  plane  parallel  to  a  linK^ith  direction  numbers  (2,  --4,  3) 
it  is,  by  Exercise  3  of  Part  F  on  p«^e  180,  necessary  and 
sufficient  that  2(2a  +  b)  -  4{-3a  -f  5b)>s3(a  -  2b)  =  0  [and  that 
{a,b)  #  (0,0)].    Simplifying  we  obtain  th>s^ation  M9a  -  24b  ^  0* 
whose  m^st  obvious  solution  is  given  by  *a^s^24  and  b  =  19\ 
The  required  equation  is,  then  *67x^  +  23x^  ^\^^3  7  • 
are  othe.r  ways  of  obtaining  an  equation  of  the  pl^^e  in  question, 
but  the  purpose  of  these  exercises  is  to  explore  th>s^se  of  equations 
like  of  Part  B.  ] 

Using  the  hint  and  the  equation,  mentioned  in  th^  solutioiS^f  Exercise 
3,  for  "the  family  of  planes  containing  r\  and  the  solutior 
Exercise  i,  it  follows  that  we  need  njumbers  a  ^nd  b  such 

a  -  2b 


2a  +b 
I 
1 


-3a  +  5b 
5 
1 


13 

3 


0  . 


Since  this  equation  reduces' to  *a  -  2b  =  0' ,  a  .  =  2  and  b  =  1  will 
do.    Substituting  in  the  equation  for  the  family  of  planes  we  obtain 


ir, 


\ 


2S 


r 
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[Hifit:  A  sector  in  the  direction  of  a  normai  to  tt  must  be  a  linear 
con^bination  of  vjectors  in  the  directions  of  I  and  m.  Recall  that  one 
way  of  saying  t^t  three  vectors  are  linearly  dependent  is  to  say 
that  a  certain  third  order  determinant  is  0.] 
^5.  Fiiid  parametric  equations  for  the  line  which  is  perpendicular  to 
bolih  /  and  m  and  intersects  both  lines. 

6.  Deiscribe  the  line  parallel  to  /  which  (Contains  the  point  whose  co- 
ordinates are  (1,  2,  3)  ^_ 

(a)  by  using  Exercise  1,  and 

(b)  by  using  the  original  description  of  /  to  find  a  similar  descrip- 
tion of  the  desired  line. 

7.  (a)  Find  an  equation  of  the  plane  through  I  which  is  perpen- 

dicular to  the  plane  described  by: 

2x,  -  4xj  -f       =3  6 
(b)  Compare' yoixr  answers  for  part  (a)  and  Exercise  3. 


PartD 


Consider  the  line  /  described  by: 


Us  »  ^3  +  r^t 

1.  The  given  equations  may  be  rewritten  in  vector  form  as: 

X  -  a  -  rt  ^ 

[Explain.]  Use  this  to  show  that  7  is  the  position  vector  of  a  point 
of  /  if  and  only       -    75  is  linearly  dependent 

2.  Use  Theorem  10  - 14  to  express  the  linear  dependence  of  ac  -  a  and 
T  in  terms  of  determinants  involving  the  components  of  th^ 
vectors, 

-   3»  From  your  answer  for  Exercise  2  you  can  obtain  three  equa^ons, 

*  each  of  which  is  satisfied  by  the  coordinates  of  any  point  on  /.  How 

.    -     many  of  these  equations  describe  planes 
;  (i)  if  no  component    r  is  zero? 

(ii)  if  just  one  Mmpon^t  of  r  is  zero? 
'  y  (iii)  if  just  two  -components  of  r  are  zero? 
4.  (a)  In       of  the  three  cases  of  Ei^ercise  3,  tell  how  many  different 
planes  are  desoibed  by  the  eduatipns, 
(b)  How  are  thej}lanes  in  case  (i)  related  to  the  coordinat^plan^s?^ 
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Answers  for  Part  C  [cont.j 


"5.      Proceeding  as  in  Exercise  2 
numbers  of  "the  line  In  question 
in  solving  Exercise  4)  are 

S^15]        13'  1 


of  F^^f  A  we  begin  by  finding  direction 
These  (which  wiJl  have  been  found 


I       3l       13  1 


1  .  1 


/ 

—  that  is,  U,  10,  -4)  or,  more  simply,  (1,      --2).    We  next  find  a 
point  of  the  line  in  question  by  finding  the  point  of  intersection  of  m 
and  the  plane  of  Exercise  4.    This  requires  us  to  solve 
•  1^^?  -fc  t)  -  (-1  +  t)  =   ir  which  we  find  is  satisfied  if  t  =  0.  So, 
the  point  of  inte  rsection  has  coordinates  (2,  --1,  5).    Hence.  th<? 
common  pe  rpimdicula r  is  given  by  the  parametric  equation^: 

x^       2  +  t,    Xp  =  . --1      5t,    X3  =^  -  2t 

As  a  ^eck,  this  line  intersects  I  at  the  point  at  which  t  =  4/l5  — 
that  is,  at  the  point  whose  coordinates  are  {34/1^,  1/3,67/15),  [The 
value  of  *t'  is  most  easily  found  by  substitutinj;  ivotn  the  parametric 
equations  into  each  of  the  two  equations  which  were  given  to 
describe  I.    Finding  that  the  same  value  of  't'  satisfies  both 
equations  shows  that  the  reputed  common  pe rpen<Jic\ila^r^does, 
indeed,  intersect  1.  ] 


6.  (a) 


(b) 


(b) 


Parametric  equations  for  the  desired  Hne  are:  \ 

,J  4  t,    Xp  ^  2  f  5t,         =  3  +  13t  \ 

The  line  in  question  is  the  intersection  of  planes  which  contain 
(1,2/3)  and  are  parallel  to  those  given  to  describe  i.  So.  the 
line  in  question  is  described  by: 


1^1  + 


-  3xo  ^ 


2x, 


=■  -I 

^  5 


Using  the  equation  of  the  family  of-planes  through  i,  which  is 
referred  to  in  the  answ^y  fotf  Exercise  2,  we  see  that 
2Ua  +  b)  -  4{-3a  4  5b)  +  3(a  -  2b)  =  0  in  the  case  of  the  plane 
through  I  which  is  perpendicular  to  the  one  given  in  the  pre- 
sent exercise,    Siolving,  we  find  ^  =  24  and  b  =  19. 
Substituting  in  the  equation  of  the  family  we  obtain 


23x. 


14x. 


9?'  as  an  equation  of  the  desired 


plane,  .  * 

The  equations  describe  the  same  plane.  They  shbuld,  since 
the  plane  through  i  parallel  to  the  nprmaM  of  the  given  plane 
is  the  plane  through  i  perpendicular  to  the  given  plaine. 


122       ORIHONORAtAL  COORDINATE  SYSTEMS 


In  Part  D  you  have  seen  how  to  obtain  equations  for  at  least  two 
planes  through  an;y  line  which  has  been  described  by  parametric  equa- 
tions. In  fact,  Yor  r  #  0,  the  system  of  parai^etric  equatiorfs: 


=  a. 

+ 

(1) 

4 

=  a, 

r,t 

=  «3 

+ 

19  equivalent  to  the  system 
(2)  • 


U3  -  a^)r^  -  ix,  -  a^)r^ 
Xx^  -  a^)r^  =  (Xg  -  a^)r^ 


In  case  none  of  r,,  r^,  and  is  zero,  each  of  these  equations  describes 
a  plane  ^hich  contains  /  and  is  perpendicular  to  one  of  the  three  co- 
ordinate  i)lanes.  In  case  say,  is  0— but  5^  0  r^  — the  first  two 
equations  describe  *the  same  plane.  [What  is  the  simplest  equation  for 
this  plane,  \and  what  can  you  say  about  /  in  this  case?]  In  case,  say, 

=  =  0  — but  #  0  — only  two  of  the  three  ^uations  describe 
planes.  [\yha^  are  the  simplest  equations  for  these  planes,  and  what 
can  you  say  about  I?]  Whenever  one  of  the  equations  in  (2)  describes 
a  plane  it  is  the  plane  which  contains  /  and  is  perpendicular  to  the 
first,  second,  or  third  coordinate  plane,  respectively.  These  planes  are 
called  projecting  planes  for  /—the  {x^,  X3)-{>rojecting  plane,  the  (^3,  x^y 
projecting  plane,  and  the  (x^,  •C2)-projecting  plane,  respectively.  In  case 
/  is  perpendicular  to  a  given  one  of  the  aK>rdinate  planes  fiien  so  is 
any  plane  whjdh  contains  /,  and  none  of  these  planes  is  called  a  pro- 
jecting plane  for  /  into  the  given  cx)oniinate  plane.  [However^  two  of 
them  are  the  project|lig  planes  for  /  into  the  oUier  two  coordinate 
planes.]  _^  ' 

In  case  none  of  the  components  of  r  is  0,  system  (2)  can  be  sum- 
marized in  the  form: 


rx  ^2  ''a "  " 


If,  say,  Tj  =  0,  but  r^^  Q  ¥^  r^,  (2)  is  eqvf^valent  to: 


Y 

if  r^y^rj^  =  0  and     #  0,  the  system  is  equivalent  to: 
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Answers  for  ]\tri  D 

I.     [A  first  vector  is  ihv  same  as  a  fcii»cond  vector  if  and  only  if  it  bus 
the  same  con-iponents  as  the  second  vector.*]   Since   r  #  0, 
(x  -  a,   r)  is  linearly  d<.*pendent  if  and  only  if  x  -  a  C  [V). 

Z.     Ry  Theorem  10-14,  (x  -  a,   r).  is  linearly  dependent  if  an<|  only  if 

=  (0,0,0). 


The  three  equations  rt»ferred  to  are; 


Jr..  -  0 


a,)r3  =  0 


(x^  -  a^)t^  -  <x^ 
(x^  -  a^)r.,  -  (Xp  -  ^,^^x  =  ^ 
(i)   All  three  equations  refer  to  pli^cs  if  no  component  of  r  is 


xe  ro. 


(ii)  All  three  equations  refer  to  planes  if  just  one  component  of 
^  is  ^ero, 

(iii)  ^.xaetly  two  of  the  equations^refer  to  planes  if  just  two 

iompont^nts  of  r  are  zero,  > 
case  (i)  there  are  three  planes;    in  cases  (ii)  and  (iii) 
«re  are  two, 

(b)    They  are  perpendicular  to  the  first,  sec«>nd,  and  third  cooydi- 
nate  planes,  respectively. 
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In  case  r^  =  0  and  r^       0  each  of  the  firiit  two  equations  in 

(Z)  describes  a  plane  whose  simplest  equation  is  *Xg  =        ^    ^  this 
case  i  is  parallel  to  .the  third  coordinate  plane  and,  so,  is  perpendicul 
to  the  thirdjcoordi  nate  axis.  \^ 

In  case        =   rp  =  0  and        #  0  the  first  two  equations  describe 
planes  whose  simplest  equatidns  are/x^  =  a^*  and  'X^^  =  a^*, 
resp(*ctivcly.    In  this  case  i  is  perpendicular  to  the  third  coordinate 
plane  and  parallel  to  the  third  coordinate  axis. 
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It  is  customary  in  such  cases  to  continue  tb  use  the  form  (3)  with  one  ov 
two  of  the  denominators  V/,  V^',  and  Vg*  replaced  by  !D'.  for  ex- 
ample, the  "system":  * 


'2  0-1 

is  to  be  interpreted'  as: 

-  1     ^3  -  3  * 

_  ^     -  2  —  0 

and,  so,  describes  the  lii\e  witH  direction  igjf^^l^rs  (2,  0,  —1)  which  con- 
tains the  point  with  coordinates  (1,  2,  3).  Wi0j  this  convention  any  line 
can  be  described  by  equations  like  (3).  Such  equations  are  said  to  be  m 
symmetric  form. 

It  is  easy  to  pass  from  parametric  equations  like  (1)  to  equatipns  in 
?  sjnmmetric  form  like  (3),  and  equally  easy  to  go  in  the  reverse  direction. 
And,  fi-om  equations  in  symmetric  form  it  is  easy  to  find  equations  of 
projecting  planes.  In  the  following  exercisfes  you  will  see  how,  when  a 
line  is  described  by  giving  the  equations  of  two  planes  through  it,  one 
can  easily  find  equations  of  the  projecting  planes  and,  so,  describe  the 
line  by  equations  like  (1)  or  (3). 

PartE 

Consider  the  line  I  describe  by:  w  , 

l2xj  +       -  X3  =  4 

Recall  that  atxy  plane  through  /  can  be  described  by  choosing  ap- 
;  propriate  values  for  'a*  and  '6'  in: 

(*)        (3a  -f  2b)x^  -  (2a  -  26k,  -f'  C4a  -  b)x^  =  5fl  +  46^ 

1.  Find  values  for  V  and  '6'  in  (*)  >^i2jj^|BlU}  give  an  equation  for  the 
Xj)-projecting  plane  for  L 

*2.  'Find  equations  for  the  X2)-pr|jecting  plane  and  for  the  (Xr^,  x^h 
projecting  plane  for  /. 

3.  Could, you  have  found  the  projectiAg  planes  for  /  without  writing 
down  (*)?  [Hint:  For  any  projecting  plane,  you  wish  to  "eliminate 
one  of  the  variables'*  from  the  given  equations  for  /.] 
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Answers  for  Part  E      ^  ^^^^^^X^  ^ 

1.  To  .obtain  an  equation  for  the  (^3^  x^)-prQjlgcting  plane  ,for  I,  yalueg 
for  *a'  andi'*bV  mus^  be  chosen  st>  ftiat  2a  -  ,2b  ^  0      that  is,  so 
that  a  =  h'.\  Choosing  a  = /h  =  1»  we  obta^a  *  5x^S:4^  3x^^ '9' . 

2.  Jo  obtain  an  equatioit fbrthe  (K^^Xjg)-J>roJecting  plah^*'^ 
values  for  'a'  and"^b'  auch  that  4a  .-  b  =  0. ,  Choosing  a- /=  1  and 
b  =  4,  we  obtain  'ilx'^  +^6x^  =  21\  .  .    ^  ,  \\ 

To  obtain  an  equation  for  the  (x^,  x^)** projecting  plane ckoo^e 
values  for  'Si'  and  *b'  ^uch  that  3a. +  2b  =  ,0;   Choosing  ^  ^  -2 
and  b  =  3,  \v,e  obtain  'lOx^  j-  Uxq      2'.        ^-     .    ,  '        ^    C  * 

•  ■        '^'"^  '  "    ■  „     '  ;  . 

3.  Yes.    For  example,  to  find  a^j  equation  for  t'iie  (x^^ ,  X3)-pro^ecUhg 
plane  '^eliminate*'  *X3'  from  the^ given'Systerti:    Multipiying  ot^  ^ 

'     both  sides  of  the  second  equation  by  4  and  *'ad^ing*> -the  ri^lilting^ 
equation  to  the  first,  "'we  obtain:  %  ...  %  t  .    \  " 

«Hx^  +  6x2  =  .21 

In  a  similar  manner,  ^x^*  can  be  eliminated  to  yieid  an\e^uation  ^ 
for  the  (x^.  X3)-projecting  plahe  anrf  ^Xj^'  can  be  eli5mina"ied  to 
yield  an  equation  for  the  {x^,  X3  )-pVojecting  plane.  ''fx, 
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Answers  for  Part  F  *  , ; 

1.      5x^  -  9x3  -    13    [Multiply  by  3 'on' both  sides  of , the  second 
equation  and  subtract  the  first  equation  frpm  the  resulting^, 
equation.  ]  ■       "  ■ '  "  • 

3.     Solving  '5x^  -  X3  "   17'  for  *x^\  wc  obtain  'x^ 

•     Solving  "  ^2  '  -^1*'  ^'^  obtain  x^ 

an  equation  for  m  in  symmetric  form  is:  ^ 


5 

-i^r  ^\  So, 


x^  -  0  j^x^.-f  28  ^  X3  -f  17 


1 


From  Exercise   3,  we  ^ee  that  (0,  -28,-17)  are  the  coordinates  of 
a  point  of  m.    Making  use  of  the  given  equaitions/  we  see  that  this 
is  the  case,  for  3  •  0  -  2  •  -28  4-  3  •  -ij       0  +  56  -  51  =   5  and  ^ 
0  -f  -28  -  2  •  '17  =   -28  4  34  =  6.        '  4b 


1 
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PartF 


•  Consider  the  line  m  dracribed  by.. 

1.  Without  writing  an  equation  like  (*)  of  Part  E,  £nd  an  equation 
for  the  (jCg,  ArjVprojecting  plane  for  m,  [Hint  With  a  little  practice, 
you  can  write  down^uch  equations  "at  sights.  Try  to  do  so  now.] 

2«  Find  equations  for  the^other'jprojecting  planes  for  rri.  "  "  ' 

3.  Solve  each  of^Jie  equations  you  found  in  Exercise  2  for'x^'  and  use 
the  result  tQ  write  equations  for  m  m  ssonmetric  form.  [Hint:  x^ 

4.  From  your  answer  for  Exercise  3  you  can  read  off  the  oxjrdinates 
"  of  a  point  of  nu  Check  this  much  of  your  answer  by  substituting  in 

"    the  given  equations  for  m. 

5.  From  your  answer  for  "Exercise  3  you  can  fead  off  direction  num- 
bers for  m.  You  can  also  use  determinants  to  find  direction  rmm- 
bers  for  m  directly  frora«€he  giv,en  equations.  Do  so  as  a  further 
check  on  your  answer  for  Exercise  3^ 

&  Repeat  Exercise  3  by  using  equations  of  two  other  projecting  planes 
for 

'  7.  Find*  §i'  system'of  equations  in  symmetric  form  for  each  line  de- 
scribed  below.  ^.  * 

(a)  \x  -x^ +X,  =  4  .  (b) 

l2xj  V  X,    Ax^  ^  li 
-iG)  jx,^x^  -  2x3  =  3  (d) 
n  '       I5x,  +  2^2  ^  Sac^  = -9  ,  ^ 
^S.  Which  of  the  lines,  in  Exercise  7  are  parallel?  Which  are  per- 
pehdicylar?    .  ,  '  ' 

9.  Are  any  of  the 'lines  in  Exercise  7  parallel  or  perpendicular  to  a 
-Inordinate  plane  or  a  coordinate  axis? 


3x,  -  6x,  -  3x3-  -13 
*   +  9:^3  =  1 
1- 


3x 


6xj  +  X2  -  2X3  =  1 


:  ( 

•-XZ   '  3 

'  3  3 

3  -2 

1  -2 

* 

■^2  1 

* 

1  1 

Answers  for  Pagt^F-  [contr]       ■  '  . 

,      *         '  f 

Fronv  E^cftrcise  3,  we  see  that  direction  numbers  for  m  are 

(1,  9,  5).    Making  use  of  dete rminants^and  the  given  equations,  we 

pbtGin  the  sam^"  direction  numbers  for  m,  since       ■  -  ^ 


6,  -From  l!xcrcise  L        =  (9X3""+  1 3)/5  and  from  Exercise  .  . 
Xp  -  9x^  -  5:8,    So:  ^  J 

x^  -  (Z8/9)  ^  Xg  -  0  ^  X3  \  (13/9) 
■    '  1/9       "1  5/9. 

^  are  symmetric  equati6ns  for  m,    [As  a  partial  check  note  that  the 
denominators  in  this  are  proportional  to  those  in  the  answer  for 
ExercisI  3^    The  former  may,  of  course,  be  replaced  by  the 
^    latter.  ]  ^         ^  . 

7,  (a)^  Using  the'equations  'x^^  4  3X3  =  7'  and         +  2*3  =  3, 

we  have:  ^  ^ 

3 


V 
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Since^  as  we  have  seen,  some  computations  with  coordinates  become  , 
simpler  when  the  coordinates  are  orthonormal,  it  is  worthwhile  to  find  ' 
out  how  to  .obtain  orthonorm&l  bases  for  ^.  In  doing  this  we  shall,  in- 
ci(^ntally,  show  that  the  ijituitively  obvious  result,  that  mere  are 
orthohornial  bases  for  ^  can  be  deduced  from  owr  poaf&lates.  What  we 
^aIl.'(Jo  is  to  show  that,  giveh  aijap- basis r)  for  ^ ,'there  is  an 
OTthononnaibasi9-say;{*,i,      such  that  %  .  • 
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-3 


-2 


(b)    Using  the  equations  ^fex^  +  IZXg 


we  have; 


x„  -  0 


i 

^  14'  and  'Min^  -  ISx^  =  -38% 

-3   •  . 


(c)    Using  the  equations         4  35^3  =  -5'  and         -  SXg 
we  have:  •  ,  " 

.  ^  .  ^ g  "  ^  ='!ia_-  ^ 


8\ 


-3 


1 


(d)   U^ing  the  equations  '3x^  -  X3  =  ✓E' and        =  -3*.  we  have 
„     •  -3^  ^  .a^ —  and  x^  i  3     0  »  or 


^      8.     The  lines  of  part«  (a)  and  (b)  arc  parall-ei-and  each  is  perpendicular 
to  each  of  the  lines  of  patts  (c)  and  (d). 


9.     Tb^  line  of  part  (d)  is  parallel  to  ihe  second  coordinate  plane  and, 
so,  perj5endicular  to  the  second  coordinate^  axis. 
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To  b^n  with,  the  most  obvious  way  of  satisfying  the  first  condition 
is  to  take 


[What  other  choicie  is  there?]  Evidently,  [p,  q]  ^[i,  ql  So,  to  satisfy  the 
"second  condition  we  need  to  find  a  unit  vector  j  which  is  a  linear  com- 


P  ■■ 


Eig.  13-2  .  ^ 

bination  ofTand  g'and  is  orthogonal  toT  We  have  seen  earlier  that  if 

•.•  =  proj|;i|(q) 

=  q  -  iiq'.i)  , 

then,  q^  is  a  linear  combination  of  i  and  q  which  is  orthogonal  to  i. 
[Check  to  make  sure  that  q,  is  orthogonal  to  i.J  Afthough  g,  is  not 
likely  to  be  a  unit  vector,  it  is  not  0.  [Why?]  "So,  with  ^ 

we  have  orthogonal  unit^  vectors  Tand  j  such  that  U]  =  [pi  and  [i,7l 
=  \p,T\.  [Explain.  HintVfe  have^seen  that  =  G  g]/ghow  that 
U,      =  [X  g1  and  that  U,~j]  ~  U,  Vj.]  All  that  remains  is  to  Ind  a  unit 


Fig.  13-3 


vector  T  such  thatj^js  orthogonal  to  both7and7^  T^da  so  we  can  copy 
procedure  used  to  find  J.  *. 
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In  addition  to  T  the  vector  -p/|!p||   is  the  only  othcrr  unit  vector 
in  IpL  ^ —  ^  -.-^;.„--..„.„ — 

If        were  3  then  (T,q)  7-  and,  8o/(p,  q)  —  wo\Ud  linearly 
dependent,  '  ' 

Since        [  p  ]' and  ,p  €  [  T],  [T]  =  [pi  and  [t.q]  ^[p,  qj.  Since 

by  defihition,  q^  €  [T,  q]  and  q  €  [f,  q^^  )  it. follows  that  {i.  q]  =   [i.  q^] 

and,  80,  [t;q]  =^  Ip»53'    Since,  by  definition,        [q^  ]  and  q^^  €  [j  ] 

it  follows  that    (T,  f]^  [t  q^  ].    H«nce,  [f,  f]  =  |p,  q]. 

In  this  section,  only  Part  A  is  recommended  for  homework.  Parts 
B  and  C  should  be  treated  under  teacher  direction,  or  may  be  used  as 
extra-credit  work. 
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Suppose  that 


7  -  projj^  (7)  -  projy-j  (7 


Using  the  fact  th^t  i  and  j  dre  orthogonal  unit  vectors  it  is  easy  to  show 
that^  is^rtiiogonal  to  both'i^and7  [Ito^soJ^Also,  sinpe  (p,j^^=^[hj] 
and  r  €  [ij,  rj  it  follows  that  [p,  q,r}  Q  [ij,  and,  so^  that  (ij,  r^)  is  a 
basis  for  ..^.  Hence,  with 

k)  is  an  orthonormal  basis  for  3^, 
The  preceding  is  worth  summarizing  [and  cx)mp1eting]  in: 

Theorem  13-4  If  (p^  ^,7  is  any  basis  for  ^  and 

where  \ 

=r  q  ~  i(9  *l5  and7[  =7  — i(r  '7  -  j(r  -j^, 

then  (iyj.  k)  is^an  orthohorraal  basis  for  .9^  such  that 
[3  :=^[^and  iCj]  =  (p.'ql'  Mor®)ver,p*'  1,  V'X 
are  r  *  A  are  positive* 

Theorem  13-4  has  a  corollary  which  we  state  without  proof; 

Corollary 


^  ^  /(p*-p^,  and 
q  ■  p    q  •  q 


P • P  F' p  p  '  r 

'q-  Ip  'q:  q  'q  ■  r 

.—f  «^  •  -  I 

r  •  p.  'f  '  q  r.  •  r 


/ 


p  •  p   p  ■  q 
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The  proof  is  a  matter  of  straight^forward  algebra  but  that  of  the  second 
part  is  rather  long.  Our  reason  for  calling  attention  to  the  corollary  is 

^  that*  it  can  be  used  to  obtain  a  new^ criterion  for  linear  independence. 
To  apprecisd^  this  r^ult,  you  need  to  recaH  two  others.  The  first  is 

.trivial:  ,       '  .  ^    '  ^  '  * 

(1)  ,  p -^2:0  ami  is  positive  if  and  only  if  p  7^0. 

fhe  second  has  been,  proved  in  Chapter  11:  ' 


TC126  ' 

Proof  of  Corollary:        •  q ^  =  [  q*  "  illq  •  0]  •  [  q  "  Mq  •  r)] 

=  q  ^  q  "  (q  • 

=  q 'q  -  (q-p)^/!|p||^ 

=  [(q- q)(p*p')  -  (q- pP]/lp'p) 
Note,  in  particular,  that 

A  -*  *     \P * ?  P'q 

r^^-  r^  =  [r  -         1)  -  j*(r<J)]- [r  -  ilr- 1^  - 

=  r  •  r  -  (r*        -  {r  .  q^P/(q^  •  q^)  ^ 

=  ?.?  -  (?.n^  -  r;.q  ^  (?.n{q-r)p/(qx*si)  ^ 

=  r.r  -  (r  •p)^/{p-p)  -  [r»q  -  ( r  *  p)(q  •  p)/(p  •  p)]^/(q^  •  ) 
'  {(?•  r)(p  ;pMq^'q^)  -  ( r  •  p)^(q^  •  q^ )  -  [(r**q)(p-p) 

'        •  P)iq  •  ?)]V{P  -  P)} /[(?•  P)(qa  •  q,)] 

The  denominator  reduces  to  the  desired  form  and  the  numerator  is 
equivalent  to: 

{[{r»r){p-p)  -  (r  •  p)^][(q -qHp*  p)  -  (q  ^p)^]  -  [{r*q)(p*p) 
^  {r-pHq-p)l^}/{p^*p)  C 
=  (r  .  r)[(q.qHp.p)  *  |q-pj,^^  -  (r\pF(q -q)  -  {r -q}^{p'p) 

+  Z{r*q.K?'pHq*p)  ^ 
=  {r-  r)[(q«qKp-p)  -  (q*prj  -  ( r  •  q )[( r  •  qHp  -  p)  -  {r*  p){q«p)] 

+  (r  *p)[{"?/^)(q-vp)  -  (rtp)(q*q)]   *  «  , 


r  • 

r 

r  * 

q 

r.  p 

P" 

•  ♦ 
P 

P* 

q 

p* 

r 

q* 

.r 

q* 

q 

xj.  p 

q* 

P 

q* 

q 

q* 

r 

p- 

r 

'P- 

q 

r  • 

P 

q 

r^ 

r 

In  the  c'ase  of  prthonoijmal  coordinates  the  d^erminant  jiiSt 
arrived  at  is  the  square  of  the  determinant  in  (9)  dn  page  108.    Had  we 
developed  the  procedure  for  multiplying  determinants  the  rcjipult  con-  ^ 
cerning  (9)  would  give  us  an  alternative  proof  igr  (3)  'in  the  ^rthbnormal 
case.    We  know,  however,  that  (5) ^»  vali4  for  an^  coordinate  »y«t«m 
and  so,  by  its  yety  form,  is  (9). 
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(2) 


P  •  P  P  -  9 

— >  — »  — *     — < 

q    p    q  q 


2: 0  and  is  positive  if  and  only  if 


Ar^swers  for  P^rt  A 


ip,'^)  is  linearly  independent 


1 

-I 


2 
4 
5 


=  I  .  23  -  2*  -9  +  2'  --13  =  15  ^0.  So  (p,  q.  r) 


This  rreiilt  can  also  bederiyed  by  using  the  first  part  of  the  ojrdllary. 
In  a  similar  manner,  using  the  second  l^art  of  the  corollary,  one  can 
prove:  V  . 


2. 


IS  linearly  indepcnde^nt.  •  * 

-  p/IIpII  !!p1I  =  •/rrm  -  3.  Sothi:e.x:omponentsof  i 

are  (j.l.ll,  q-i/l!qJi  ^^here  qt  ^  q  -  Uq-T) 


(3) 


P 

P 


P 


q  -  i3.  ■  Therefore,  the  components 


^4it^^d  is  positive  if  and  only  if 


r  •  q   r  '  r 
<pl        is  linearly  independep^t. 


3-3,   1  ^  j'3).or  (-2.2,-1). 


Since 


cOi^i&ry  has  another  importmit  use  which  we  shall  consider 
when  discuss  distance  in  the  next  chapter.  For,  looking  at  Fig, 
131.3,  jj<iu  should  fo^  abie  to^see  thatif  the  position  vector  of  a  point 
R  with  r^pect  to  a  point  O  in  the  pl^elDlp,  'q]  then^the  distance  be- 
tween I?  and  this  plane  is  precisely  t|r,^,,-8hnilarly,  ||^J|is  the  distance 
between  a  point     v/h^t^^Q  =  O  +  qr,  and  the  linfe  OIjdJ. 


_  J-    ,•   s.        ^      .  • 

Suppo^  that  (u^,  ^,  iig)  is  an  orthonormal  basis  for     and  that, 
with  respect  to^xis  basis,  the  components  of  p,  g,^and  r  are  (1,  2,  2), 
(-1,  4,11,  ^<Jj(2^5,  7),  respectively.  \ 
>u  1.  ^ow  Biiat  (p*  ^  75  is  \jnearly  independent.  [Hint:  You  could  use  (3), 
'    but  tKer^'  is  an  easier  way.]  - 

Compute  the  a)mpon'ents;  with  respect  to  (u^,  u^^  m^)*  of  the  vectdrs 
^i^^an^Tof  Theorem  13-4.  [Hint:  First,  compute  thecomponents 
•♦^1,  tiotihg  that  lipfl  «^  3.  Use  these  to  compute  q  •  i,  i(q  *  1^  and, 
en,  the  0Dmppi\ents  of  g^.  Now,  find  the  components  of  j.] 

Sd^|x)se  tij^^t  (u^,  IT^,  7^)  and  are  two  orthonormal  bas^  [as, ' 

for  ^mple,  in  Fart  A].  Suppose  that  O  md[A  are  points  of  ^,  One 
spm^^ies  ii^^is  to  be  able  to  a>mpute  the  coordinate  ixl  y,  z)  of  a 
poini'^  with  r^pect  to  the  coordinate  system  with  origin  A  and  basis 
U*  jf)t^)  when  one  knows  the  Mordinates  ix^,  x^^  of  the  same  p<Jint 
with  tespect  to  the  <soordinatiB  system  with  origin  O  and  basis  iu^, 
THis  can  be  done  easily  if  one  knows  the  c^rdinates  (a^  o^,  03) 
of  i4  ^vith  respect     the  first  cooi^nate  system  and  t^e  components 


2  .  ^.         J  -  -^lAlhill  where  q^  q 
=  q^-  4.ji  1.3)^- 

o£  q^^  are  {-1  "  3"*  3,  ^ 

j|q^||   a;  \/4  +  4  +  1   -  3,  it  follows  that  the  components  of  }  are 

[As  a  check,  note  tihat  r- r  =  J*  "f     f '  f  +  f- ^3  =  0- 

^      k  =  r,/|l7jt  where  ?^  ^-  7  -  Ti?  •  D  -  j(7  -     =  ?  -  r{26/3 )  i  jU /3  K 

.  /   10      5    10m  11^  il  - 

So  the  components  of        are  [ — JJ.  bmce   jjJill  - 

!  '  ^ — /        5  \  ^  /  2      1  2\ 

VlOO  +  25  +  IOO/9  =   3-,  the  components  of  k  are  'J' J/- 

[As  a  chec^k,  one  ciould  compute  T-k  and  j'k  and  note  that  both 

a're  0. ]  •  - 

-r  ,^  •/ 

Since  tri^^es  of  numbers  the  sum  of  V/hose  squares  is  a  square  may 
not  be  lamili^s-f.  sve  give  a  list  as  an  aid  for  making  out  additional  exe^ 
cises  which  ''4?«m«?  out  even*' t  2),  (2.4,4),  (2.  3.  6),  <  1 »  4,  8), 

(3,6,6),  (4.  4,  7), '(2,  6.  9),  (6,6,7),  (4,8,8),  (3.4  U),  (4.6,121,  ' 
(2,5,14),  (2,10,11),  (5,10,10),  (1/12,12),  (8,9,12),  (2,8,16).N 
^      (6,12,12),  (8.^,14),  (1,6,18),  (6,6,17),  (6.1Q.  15).  ^ 

Parts  B  and  C  deal  with  transformation  of  coordinates  with 
respect  to  two  orthonormal  coordinate  systems.    Some  students  niay 
find  this  interesting  but  we  shall  make  no  essential  later  use  of  the 
'Jd^^^ults.    By  doing  th^se  exercises  [especially  Part  C]  students  may 
^ain  some  confidence  in  using  orthonormal  coordmateft,^  ^ 


ft 


27,9 


I 


V 
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ii^,        {)\J.iJ^X  and  ik^,  k,,  k^)  of  i, j,  and  k  withr^pect  to  («„  u^,  Ug). 
And,  as  we  shall  see,  i^is  equally  easy  to  compute  the  coordinates 
(jCp  Xj,  JCj)  >«4ien  one  is  given  the  coordinates  {x,  y,  z). 
\  By  assuxiijtion  (x^,  x^,  x^)  are  the  components  of  X  -  O  withxe- 
spect  to  (Uj,  li^,  u'g).  With  this  in  mind,  what  are  (Op  a,,  Og)?  What 
are  {x,y,z)?       r  . 
i.  The  components  of  a  vector  r  with  respect  to  the  orthonormal  co- 
!  .ordinate  system  (Cj]T)  are  (r -X  r"'  jl^'      fExplain.l  Express 

the  coordinates  ix,y,  z)  of  the  point  X  as  dot  products, 
3.  The  dot  product  of  two  vectors  is  e^y  to  compute  if  you  know  the 
components  of  the  vectors  with  respect  to  some  orthonormal  basis. 
[Explain,]  Express  the  coordinates  %  y,  z)  in  terms  of%he  <x)mpo- 
'  nents  of  appropriate  vectors  with  respect  to  (u  j,  u^,  u^. 

In  i.he  notation  introducjad  in  Part  B,  the  coordinates  of  X  with  re- 
spect to  the  two  orthonormal  coordinate  systems  are  related  by: 

X  =  (ac,  -  o,)i,  +      -  a^M^  +  (aCg  -  03)13  ^ 
(4)         .    \y  ='Uj  -  a,i/,  +      -  OjJ?;  +  {x^  -  a^V^ 

^      4.  The  components  (i,,  i^,  i^)  ofTwith  resp^  to      li^,  ^3)  areji  •  «j, 
T-  u^,T-  U3).  With  this  hint,  show  that  the  components  of  with 
respect  to  the  basis  (i,  j,  k)  are  A,). 
5.  Suppose  that  the  coordinates  of  O  with  respect  to  the  coordinate 
system  with  origin  A  and  basis  (/,  j,T)  are  ia,  b,  e).  Use  the  results 
of  Exercise  4  to  write  equ'^ons  like  (4)  for  romputing  ix^,  x^,  x^) 
•       when  (i,y,  z)  are  known,  [if  i^:  This  should,  now,  he  very  easy.] 
,    ,     6*  Use  (4)  to  compute  (a,  fe,c). 

In  view  of  Exercise  4  the  coordinates  of  X  with  respect  to  the  two 
orthonormal  coordinate  systems  are  related  by: 

=  ix  -a){,  +  (3'  -  b)j,  +  (2  -  c)^, 
■  ^-^)  '  X,  =      -  0)^2  +  Cy b)j^  +  (2  -  c)Aj 

^P»rt  C  _  _» 

1.  In  Part  A  you  were  given  an  orthonormal  basis  (u,,  u^,  u^)  and 
computed  the  cotpponents  with  respect  to  this  h0ia  of  the  terms  i, 
y,  and  k  of  another  orthonoiyal  basis.  If  . your  work  wa^  correct 
you  found  that  these  components  are  (i,  f,  f),  {-f,  i  -i),  and  (-§, 
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Answers  for  Part  B 

1.     (a^,ag,a3)  art?  the  components  of  the  vector.  A  -  O  with  respect  to 

the. basis  (u^^^Up^Ug),  and^(3c,y,2i)  ^rc  the  components  of  the  vector  • 
'  '       X  -  A  with  respect  to  (r»j»^^).  i  \ 

I.    .  Recall  that  r  =  i*  c;ompt*     )  +  j*compj*(7)  +  k  conip-^  (r),  so  that 
?•  i*  ^  r»  TcompT^tr)  +  0  -f  0  =  compT»(r).    Similarly  cJhe  can  show 
that  =  compj*(r)  and  r»J;  =  ' compj*  { r ),    Therefore,  the 

components  of  r  with  respect  to  (T,  ]*,       are  {  r  •  ?,  r  •     r  •  k).  By 
simijlar  reasoning,  the  components  of  X  -  A  with  respfect  to 
(f,  r,K)  are  ((X  -  h)*t  (X  T%A).f,  (X  -  A).  1^1  so  tliat  the  coordi- 
nates of  X  with  ^al^ect  to  the  coordinate  system  with  origin  A, 
and  basis  (tj,  JfJt  UX  -  A).r,  (X  -  A).j,  |X  -  A). It). 

3.  [If  the  components  of  r  and  ^  witfi  respect  to  some  orthonormal  ^ 
basis,  are  r^,  ^3)  and  ^s^/Sg.Sg),  respectively,  then  ^  /• 
r    s  -  ^1^1      ^2*2  ^  ^3®3'  ^         ^^cercise  2.  x  =  (X  -  A)  •  i^  ^ 
Since  the  components  of  ^  -  A,  and  f  with  respect  to  (u^^jU^'^a^ 
are  {{%^  -  a^),  (Xg  -  ag),  (x^  -  Eg))  and  (i^,  i^ ,  ig),  re spectively,  ^ 

it  follows  that  x  =  (x^  -  +  (x^  -  a^Hg     (^3  "  ^^^3*  Similarly, 

by  considering  the  components,  of  th^  vectors  j*  and  K  with^j^^pect 

to  ^u^^jUgiUg),  one  can  show  that  y  =         -  ^iWi  "'^i)32 

4  (x^  -  ^3)33  2  =  («i  '  2L3^)kj  +  (Xg  -  ag)^!  +  (X3  - 

[See^  (4)  on  this  page]  » 

k  r»t  i"*         ~*     1*  1*% 

4.  •  The  componettts  of        with  respect  to  (1,  j,k)  are  (Uj^  •  x,      •  j,  %  ♦  K}- 

By  the  hint,  -we  see  that  i-u^^  =  i^,  i^e.,       •  i  =  i^^.  Similarly, 
since  the  components  UiJsJs^       j*  and  <k^,  k^,  kg)  of  Ic  with 
respect  to  {u^,  u^,      )  are        u j  •  u^.  j  •  Ug)  and  {k  •  u^,  k  •  u^*  k  •  U3). 
respectively,  we  have  that  u^,*]  =  j  •  ^1  =  i^f  Uj^  *  k      k.u3^  =  K2^, 

Therefore,  the  components  of        with  respect  to  ii,j,  k)  are  . 
(i^,  j^,k^).    [By  looking  at  the  second  terms  of  the  appropriate^ 
ordered  triples,  one  gets  the  components  of  Ug  with  resect  to 
{r,  r»^).  and  by  looking  at  the  third  terms,  one  gets  the  components  of  U3 

5.  By  Exercise  4,  the  components  of        with  respect  to 

(ij^,  jj^,  kj^),  ^jjnilarly  one  could  show  that  the  components  of  ^ 
,    and  U3  with  respect  tO;(r,j*,  k)  are  /(i^,  j^,  k^)  and  (13^3/^3).  -  ^ 
respectively.    If  the  coordinates  of  O  with  ^^j^jjj^      (T,  j*,  Ic)  are 
(a,b,.c),  then  by  precisely  the  same  type  of  reasoning  we  used  in   ,  * 
Exercises  2  and^,  Ix^.x^iXg)  -  ({%  -  Ol^u^,  (X  -  p)*u^, 
{X  '  0)*U3).  So  x^  =  (x  -  a)i^  %{y  -  b)j^  4-  (z  -  c)k^. 
x^  ^  {x  -  a)i2  +  (y  -  b)j2  -f  (z  "  c)k2,  and  X3  =  (x  -^)i3  +  (y  -  b)j3 
+  (z  "  c)k3,    [See  {S).]  ^       ^  ^ 

6.  Replacing by  and  therefore  Mx^^  ^e^.  ^3)'  by  MO,  0,  0)'  and 
Mx,y,2)'  by  '{a.b.c)'  we  have  that  a  =  "  "  ^3^^ 


2BI 


\ 


ia.04  Coordiiiatra  ilia  Given  Plane  129 

-i,  i),  respectively.  Supproe,  now,  that  you  are  given  point  0  and 
that  the  coordinates  of  A  with  respect  to  the  coordinate  system 
with  origin  O  and  basis  (u^,  w,,  li^)  are  (1,  -1,  3).  Write  equations 
like  (4)  and  (5)  relating  the  coordinates  of  any  point  wth  respe* 
*  to  this  coordinate  sjrstem  to  .its  coordinates  with  respect  to  the 
coordinate  systeip  with  origin  A  and  basis  iij,  k). 

2.  Yoii  are  given,  below,  the  (ac,,  xj,  :c3)-a>ordinatM  of  various  points. 
Find  their  (x,  3^,  ^)-coordinates. 

(A)  (3,  2,  -5)        (b)  (6,  1,  0)        (c)  (9,  -4,  5)       {d),(0,  0,  1) 

3.  In  Exercise  2  you  found  iiie  (x,  y,  2)-coo5dinates  of  several  points, 
Chg:^  your^results  by  usiitg  equations  like  (5)  to  find  the  (x,,  x^,  x^)- 
coordinates  of  these  points.  ^  ^ 

4«  Equations'  (5)  are  equivalent  to:  '  . 

^3  -  C3  +  xi^    y>3  +  zk^ 

[Explain.]  Write  ^e  corresponding  equations  for  the  point  A  and 
the  vectorsXJ!  and  k  of  the  present  ^ercises.        ^  ^ 

5.  Recall  that,  in  Part  A,7ai^7were  chc^n  so  that  [Xjl  ^  (p^  9^- 
Consequently,  the  plane  is  the  plane  A[0.  Do  you  see  a 
quick  way  to  obtain  parametric  equations  for  this  plane  from  the 
equations  you  obtained  in  Exercise  4?  Explain  your  [affirmative] 
answer.                '  , 

6.  Ho^  can  you  obtain  an  equation  for  Alp,q\  from  the  equations  like 
(4)  which  you  gave  is  answer  to  Exercise  1? 


13.04  Coordinates  in  a  Siven  Plane 

In  mai3$r  geometri«MQ  problems  all  the  points  involved  belong  to  a 
single  plane -say,  the  plane  u.'When  coordinate^jfire'us^i  in  solving 
^uch  a  problem  there  is  3ome  advantage  infusing  a  coordinate  system 
in  which  tt  is  one  of  the  coordinate  planes.  You  may  have  already 
seen  how  to  do  this.  [See  the  Background  Topic  on  page  66.]  However  tt^ 
may  be*described  we  shall  know  a  point  Astt  and  vectors  p  and  q 
such  that  M  =  Then,  for  any  point  Xew,  there  are  uniqu^y 

determined  numbers— say,  r  and  s— such  that  , 

(1)  ^   X  =  ^  +  pr  V  gs.  ' 

The  numbers  (r,  s)  are  the  coordinates  of  X  with  r^pect  to  a  coordinate 
system  for  v  with  origin  A  arid  basis  5!  ^  for  [tt].  Sinre  it  is  oft§n 
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Answers  for  Part  C 


2. 

3. 
4. 


Given  that  (a^,       ag)  =  (1,-1,3),  (i^.i^.i.,)  = 

Oi.  jp.  33),=  (-i  J. -i')'  {'^i-l^at^s^  "  ^-3.-3.i).  and 

siiVstiluting  into  (4),  v/e  obtain; 

'^x  i>  (X,  -  +  1)1  +  (X3  .-  3)1-  * 

■J  y  -  (X,  •-  1).  -I  +  (X2  +  l)-3  +  (X3  -^3).  -i 

=  (x^  -  +  (x^  +.  =^  (X3  -  3).  I 

To  write  equations  like  (5);  we  must  first  find  the  values  o{''?i\  ';b 
and'c".    Using  the  results  of  Exercise  6,  we  have 

*  "  "T:^  3"  3  "  "T'    i>  -  3  +  3  +  3  -  3.  and  c  -  3     3  3-_-3« 

So.  by  (5),  '  .  '  • 

rx,  =  U  +  S/3)i  +  (y  ,-  7/3). -f+  (2  +  5/3). -1  ' 

=  (X  +  5/3)1  +  (y^-  7/3)f  +  (z  +  5/3). 


\ 


Lx3  =  (X  +  5/3).i+  (y  -  7/3).       +  (z  +  5/3) 


2  •! 
i 


(d)  i-lua, -1) 


ic)    (2,-8,-3)  V" 
[Answer  as  given  in  Exerci$e  2.  ] 

[From '{5),        =  Kij  +  yjj     zk^  -  {ai^  +  bj^  +  ck^)  and,-;also  by 
(5),        =   -(at^  +  bj^  ^  ch^).    So,        =        +  xi^  +  yj^  +  zk,,;  The 
other  two  equations  can  be  obtained  in  a  similar  manner,  ] 
Comparing  (4)  and  ^5)  it  is  evident  that  if  the  giv^n  equationli  ^ 
are  equi^valerit  to  (5)  then  the  following  are  eiquivalent  to  (4):  i/ 


y  =  b  +  X       +  Xj^jg  +  X3jg 


+  xi^  +  yji 

^2 


x^  =       +  xig  -^yjs 


are  parametric  equations  for  the  plane  A{i,  j  ],  »ince(  Ui.a2,a3) 
are  coordinates  of  A,  and  O^.  ip.^^a)  and  Ux^j^Js' 
components  of  the  vectors  T  and       respectively^^  with  respe^ct  to 
the  coordin?ite  system  with  oHgin  O  and  basis  (u^iU^iU^K 
Substituting      A.  2/3,  2/J}  for  H^k^^  io)>  f-V^,  V^.  fai  * 

{j,,sjo,jo>,  and  (i:,'-I,3)  for  {a^,a2,,a3X  we  have  the  following 

parametric  equations  for  A[i,  j  j;  '> 

1  +      '  |y.  \  ;     r   .  ^  . 

-1  +  .§x  +  fy       _  ^      >^  ^ 


A  point  with  coordinates  (x,  y,  z)  will  be  on  A(i,  j  ]  if  and  only  if 
2  =  0,  that  is,  if  and  only  if  /  *  '    '  «^ 


3) 


Simplifying  thi8,  we  see  that  '2Xj^  +  Xg  -  2Xg  =  -5'  is  an  eqifatio'n 

for  A[r.i].   -   ■         ; ;■.   -     „■  ..'v  233 
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simpler  to  use  orthonormal  coordinates  one  frequently  us^  Theorem 
^       13-4  to  compute  an  orthonormal  basis  (i,  j)  for  [tt].  Then,  for  X  €  tt, 

(2)  «  ^    X,=  A  -ha:  +  jj, 

where  U,  y)  are  the  a!p|tiinates  of  with  t^p^t  to  the  coordinate  sys- 
tem for  TT  with  origin  A*and  orthonormal  basis  (i,  j1.  In  this  case, 
X  =  iX  -  A)  ^Tan^y  =  {X  ^  A)  -  < 

Exercises  ^ 

Part  A    ^  * 

Supposejfiven  an  orthoiKjrmal  coordinate  system  with  origin  0  and 
basis  (Uj,  £i2»  "3)*  Le^  ^»  snd  C  have  coordinates  (1,  —1,  3),<2, 1,  5), 
and  (0,  3,  4),  respectively.  ^ 

1,  Find  an  orthonormal  basis  ii,  7^  for  [ABC].  [Hint:  You  have  done 
the  work  in  Exercise  2  of  Part  A  on  pagpi27.  ExpjfcnJ 

2,  Knowing  the  ^a>mponents  of  i  and  j  with  respect  to  the  ortho- 
normal  basis  (u,,  u^,  u^)  there  is  an  easy  method  [using  deter- 
minants] for  finding  the  (X)mponents  of  a  vector  k  such  that 
ii,  /,  k)  is  an  orthonormal  basis  for      Apply  this  method. 

— >  s» 

,  _  '  Is  the  vector  k  you  found  in  the  preceding  exercise  the  same  as 

^    '  the  vector  k  you  found  earlier  by  using  Theorem  13-4?  How 

\     many  unit  vectors  are  there  in  [i,7j^?  , 
4.  Explain  hqw  to  find  the  (Xj,  x.^,  Xg)- coordinates  of  a  point  of  tt  when 
you  know^ts  coordinates  (x,  y)  with  respect  to^  iSe  ori^ii^i^, 
basis  iCyy  [iflint:  Consider  parametric  equations/fdr  ^dfl^J^^^^^ 
*5.  Given  the  Uj,  x^,  x3)-coordinates  of  a  point  of  JT,  hm^ca^i  you^tefii, 
^  Wheth^fr  this  point  belongs  to  tt  an^?  if  it  does,  find  its  tt,  y)'!'QC^t^i^; 
nates^  [//m^:  Equations  like      ^n^pagq  128  can  be  usefi4 
r  .        not/needed  here.]  .  /  -  .  ^-i- 

;.,,j?c  .v^-;^    %  /     ••  .  .  •     ,.  ^ 


Vv;  f^Tlii^  Section  13.03  and  in  Part  A,  aboyp,.show  thM, 

,  ^vseft':;enough  information  about  n  in  terms  of  some  given  ortiioiu>nEnai 
JxcooKipftate  system  for  ^,  you  can  actually  intrbduce^a  more  conveisielit 
^,  ^  ceordi^t^  system,  for  rr  and,  after  using  it  to  obtain  results  a^ncermng 
'  r^gui^jpi  iTj  describe  the  r^^lts  fou  obtain  in  terms  of  the  given  a>- 
.^i^lli^ie  system.  FortunateiyMt^is  not  often  necessary  to  do  all  t^iis. 
More  usually  we  shall  choqse  three  noncoilinfear  poiQts  A,  ^,  and  C  of 
TT,  which  bear  some  relation  to  the  problem  we  are  concerned  with,  let 
p  =  B  -  A  and  g  ==,C  -  A,  and  merely  refer  to  Theorem  13-^4-10 
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Here  are  suggestions  for  use;  of  the  exercises  of  section  13.  O4  £• 
{i)   Part  A  and  the  discussion  which  follows  should  be  pre^fented  under 
teacher  direction.    Part  B  may  theh^e  used  to  illustrate  thege 
results.  \^  '  , 

,{ii)    Part  C  is  appropriate  for  homework,  j  Students  may  be  ^engouraged 

to  check  results  among  themselves  or  to  work  in  teams.     "  . 
(iii)   The  diesussion  on  pages  135-136  and  F^rt  D  should  l;^e,  teacher* 

'cjirected.  '      .  ]  ■ 

{iy)   Part  E  is  a  reasonable  homework  assignment. 

(vy  Part  F,  and  the  discussion  preceding  and  following -it,  is  recom- 
mended for  class  discussion,  ^  v  ^  .  "   ' .  • 
(vi)    Part  G  is  a  good  homework  assignment.                   ,*  • 

•  ^    .  '.  r 

Answers  for  Part  A  .         .  ^       ,        •  " 


I,     (i,J)  is  an  orthonormal  basis  for  [ABC],  Where  the  components  of  / 
X  and  X  '^'ith  respect  to  (u^^^u^Ug)  are  (1/3,  Z/jr,  l/i\  and  ^  . 

(-2/3,  Z/3, -1/3).    (Note  that  p  and  q  of  Part  A  on^ page  127  ^re    •  "• 
B. A?  and  C  -  A,   respectively,  so  ^at  (p,  q)  is  a  bansi«  for  fAgG], 
B^^t  by  "iRart  A,<,  [p,  q]  =  {  1*,  J*],   so  { 1,      is  also^  basis  for  [ABC];  ] 


2,     Th^  vector  with  components 


( 

^2  ^3 

Jz  is 

Ji 

f 

has 


3. 
4. 


(-2/3,  -1/3,  2/3)  —  is  orthogonal  to  both  i  ^nd  j  and 
>«jn   1.    So,,  it  is  a  suitable  ^choice  for  I<.    [it  ca^  b^  proved 
that  thSvi^ector  obtained  in  this  way  from  orthonormal  vectors, T- 
and^\  always  has  norm   1^,  ]       ^  ,  ^ 

Yes,;    There  are  two,  S  anii  -}c.        ^    ^'  '  ^ 

Suppose  tj^e  cooVdinates  of  a  point  X  with  respect  to  the  origin  A 
and  basis  {r,  j*)  are  (x,  y)i    Then  X  -  A  +  Ik'4:  jy.    Therefore,  the 
coordi^a^;a«  (x^,x^,x^)  of  X  are. given  by:  *  • 


1  +  ix  •  f  y 


-  ^1  +  .|xC|yr/^ 


^One  m.4y^^o^^^;^W.oJ-o'f^h^  for  Exercise 


4  "for  yainjc^s  '^af  * 


ft, . 


quatic^ 

 ,^  ^   . .  .V .  .  ..  ...  ,   ^    .  third  of 

■  :therri>  t^e^-pbint  are '-giVen  "6y  the  ii^M^^y.^r^^^^^ 

--twt>  equ^tibn^.T  '  '  '  ''''  '  '\  .■■•;-7,/-'j:^r^:^l^f^^ 

"  ■  ,    ■    •      ■         ^  -  -^-^        ^  u^/ ^;.^,--^,j.rrv^. 


f... 
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justify  introducing  an  orthonormal  basis- fi,  for  ts  such  that  i  e  [pl^ 
and  '  J  >  0.  [Occa^oiially  we  shall  also  n^d  ^^^^^P^^^sions  forT 
''and  y  in  terms  of  p  and  q  which  are^iv^n  i^L^e  theorem^  So,  in  the 
remainder  o( this  section  we  sh^Ijiss\ime  t^ia^V.^^  0[t,  j],  where  (X /) 
is  orthonormal  and  consids^  -wj^t  use  can  be  made  of^  coordinates 
{x,  y)  for  points  of  tt  with'rfe^pe^to  the  origin  O  and  basi*  iCj)^ 

/ 


a 


/  r 


^    ^      '   <  .    "     ^'^  V. 

PartB 

Given  a  plama^ui^ajBhall  assume  th^t  O  is  ^me  point  of  tt  and  that 
(i,  j)  is  some  orthonormal  basis  for  [tt].  For  each  point  X  e  tt  we  shall 
.    speak  of  the  numbers  (jc,>^)  such  that  X  ^  O  4  «:  +  fy  ns  the  ncoardi- ^ 
nates  ofX.  Eor  the  following  exercises  we  shall  assume  that  A  is  a  vec- 
tor  such  that  (e,  j,  k)ik  an  orthonormal  b&sis  for  ^  and,  for  each  point 
Xerf'  we  shall  speak  of  the  numbers  (x,  y,  ^^^uch  that     =  O  ^~ix 
4-  jy  4  kz  as  thi  ^/-coordinates  of  X.  A  point  whosfe  ^-coordinates  aVe 
*         ix,  y,  z)  belongs  tojTr  if  and  only  jf  2  ^  0;  and'  in  this  case,  the  7r-coordi- 
^    nates  of  the  point  dre  ix,  y), 

1.  Suppose  that  n  is  ^  vector  whose  components  with  respect  to  ii,  j,  ~k ) 
are  in  ,  n*  nJ.  . 

(a)  WJ^t  is  the  conjdition  on  these  components  in  order  that  nein]? 
(fe)  Wi&t  further  condition  must  be  satisfied  in  order  that  n*be  a 
'    non-O  member  of  [tt]?  •  •  •  « 

(a)  For  given  values  of  V,  'b\  and  *c\  the  equation;  , 

y  +  by     Oz  ^  c 

describes,  with  respect  to" the  {^'-coordinate  system,  some  sub- 
set of  ^\  Tell;  as  precisely  as  you  can,  what  kind  of  subset. 
[Hint:  How  is  this  subset  related  to  tt?] 

(b)  Wh^i  kind  of  subset  of    is  described  by  the  system  consisting 
of  the  ^uation  of  part  (a)  and  the  equation  'z  -  0'? 

(c)  Write  an  equation  which  describes  the  set  of  part  (b)  Miith 
reference  to  the  7r-coordiuate  system. 

3.  Suppose  that  i  is  a  line  contained  in  tt. 

(a>  How  mavj^  planes  are  there  whose  intersection  with  tt  is  /? 
(b)  How  many  of  the  planes  referred  to  in  part  (a)  are  perpendic- 
lartOTT?  '    ).  * 
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Answers  foj  Part  B  t 

1.,    (a)  -  .0  (b)   (n^,n^)  #  (0.  0) 

2.  ^  (a)    The  given  equ^ition     [with  or  without  the  term  *,0'z*  ]  describes 
a  plane  a  which  is  pe rpendicula r  to  ^.     [This  ha,B  been  proved 
before,  but  it  is  wo'rth  noting  now'  that  if  (Xq,  Yq,  z^Y  are  the 
coordinates  of  some  point  in  cr  then^so  are   (x^,  Yc^')'  any 
real  numb<^r  'Z^  J?o,  for  any  point  of  ff  the  entire  Une  through 
this  point  ^vnd  parallel  to  the  third  coordinate  axis  is  a  subset 
of  ff.  ]  '         '  . 


(b)  The  equation  '2  =   0'  describes  the  plane  ^.    9p,  the  system, 
in  question  describes  the  line  of  intersection  of'  a  and  tt.  ' 

(c )  ax  +  by  ^  c  » 

3,     (a)    Infinitely  mAny,     '  (b)  One, 
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.  4,  Suppose  that  /,  and     are  lines  contained^  in  tt  and  that  o-,  and 
are  planes  perpendicular,  to  tt  and  such  that  cr ^  Pi  tt  =  /j  and 

(a)  What  can  you  say  about  o^,  and  tr,^  if  /j  11      If  ^ 
reasons  for  youj"  answers. 

(b)  What  can  you  ^^y  about  I,  and     if  o-,  |1  rr^-  ^ 
plain.  ^'  ^  . 

By  an  earlier  agreenient^  the  components  (a,  ft,  c)  [with  res|)ect  to 
the  orthonormaibasis  any  non-O"  vector  in  the  direction  of  a 

line  /  are  direction  lumbers  of  J  with  respect  torthe  ^-coordinate  sys- 
tem of  Part  B.  In  case  /  C  tt  the  third  term  of  any  sequence  of  direc- 
tion numbers  of  /  is  (T.  ^or  such  a  line,  we  shall  call  the  numbers  (a,  6) 
dinection  numbers  of  J  with  r^pect  to  the  TT'Codrdinate  system.  [When, 
as  in  this  section,  we  are  concerned  mainly  with  points  of  V,  and  are 
dealing  with  a* single  coordinate  system  for  tt,  we  may  refer  to  ka,h) 
merely  as  directioiV  numbers  of  /.]  ^ 

*  We  also  agreed  to  speak  of  a  line  n  which  is  perpendicular  to  a  given 
plane  a  as  a  normal  to  cr.  If  i  C  we  shall  speak  of  a  line  n  in  tt 
whicli  is  perpendicular  to  /  ^s  a  normal  to  /  [in  tt].  .  ^ 

Some  of  the  results  obtained  in  Part  B*can  now  be  summarized  by 
saying  that,  witl<  respect  to  the  Tr-coordinate  system,  an  equation:  ^ 

(3)        .     >      a^-^  by  =  c   [{a,  b)     (0,  0)] 


describes  a  line  /  in  tt  whose  normals  do  h^ve  {a,  6)  as.direction  num- 
bers; and  that  any  such  line  may  be  described  by  an  equation  like  (3). 

When  /  is  described  by  an  equation  like  (3), -the  corresponding 
'equation:        v  -  * 


.    ax  ^  by     Qz  ^  c 


described,  mih  respect  to  the  g'-coordinate  system,  the  plane  a  per- 
pendicular^l*^  which  intersects  Tr^n  /.  So,  as  is  suggested  in  Exer- 
cise 4,  it  ii^:pt  difficult  to  apply  what  we  know  about  equations.of 
pi^es  in to  the  problem  of  understanding  equations  of  lines  in  tt. 


Parte 


1.  t'^icture  an  orjhonormarcoordinate  system  for  tt  And  draw  the 
Vljines  whose  equations  are  ^iven.  Indicate  which  is  which  by  writ- 
;irig  its  ^uation  nefi^t'by.  [It  is  customary  to  picture  such  a  coordir 
nate  gystem  so  that  lis  pictured  by  a  horizontal  arrow  pointing  to 
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Answers  for  Part  B  [cojitj 


4.     (a)  II  a.,    [For'both  fcr  J  and  {(Tpj  contain  [tt]  and 

•(T    J,  (T,,'  [By  Theorem   lZ-14(b)  cr^,  1^^^  r\  ^  and,   so,  by 
Theorem    lZ-l3(b),  cr^Xa.^.]        "  ^^Hk^^^ 
Ih)    1^  .|1         [By  Theorem  9-16"—  the  intersections  of  a  pla«ie  with 
parallel  planes  are  parallel  lines,  ] 

i.  1  I,,    [Since  ir  X  ti ^  and  cr^  i.  (t ^  it  fbllows  by  Theorem 
12-14lb)  that  ir  ±  i..    Since'l^  C  ^  it  follows  by  Theorem- 
12-lzia)  that  i^±l^.] 
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J,  ^ 

'  *  \ 

\he  right  and  j  by  a  vertical  arrow  pointing  upward.  Often,  the  first 
coordinate  axis  is  called  *the^jr-axis^  and  the  -second  is  caljed  *the 
j'-axisM  '       *    .  V    /  ■  ^ 

ia)  X  -  y  =  1  ^        (b)  2x>KBy  -  6 

ic)  x\  y  =  1  .   •        '  (d)  at  ^      -  6 

Me)  jc  +  >  =  2  (f)  at  -  2:^  -  0  \  * 

2,  Suppose  that    and    are  described  by: 

a,^  +  6,^  =  {for /J 

a^  -f  6^,=  [for  4.1 

** 

Show  that,  ,  . 

(a)  /,  11    ^  a^b^  =  6,0,, ' 
.(b)  /,  1  a,a.,  +        =  0, 

(c)  if  /,  if  4  then,  for  ik^,  k^)     (0,  0),  the  equation: 

describes  a  line  through  the  point  of  intersection  of  /,  and  l^. 

3.  Suppose  that      is  a  point  of  tt  and  that  the  coordinates  of  stre 

(a)  Show  that  any  line  in  n  which  contains     has  an  equation  of 
the  form;  ^  *  . 

and  that  any  such  equatipn  for  which  (a,  6)     (0,  describes 
such  a  lineu  t '  ^  .  * 

(b)  Suppose  that  /  is  described  by  the  equation;         *  , 

ax  ^  by  ^  c      I(a,  6)  /^(O,  0)]  '       .  . 

'Show  that  ,  ^ 

(i)  the  line  through     parallel  to  /  is  described  by: 

aix  ^  x^)  +  6(y  ^  y^).^  0  ^ 

r  * 

and  that  * 

(ii)  the  line  in  w  which  contains      and  is  perpendicular. to  / 
is  described  by:  , 

bix  -  x^).  -  Qiy  ^  y^)  =  0     .  ' 

f  (c)  Give  a  pair  ^f  directioVi  humbera  for  /, 
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Answers  for       rt  C 


{b52n-l-3y=6 


(a)  Since  i^fan6  ar§?  coplanar,  \\  if  and  only  if  ^  i,, 
does  not  consist  of  a  single  point.  So,  \\  L^,  if  and  only  if 
the  given  equations  do  not  have  a  unique  solution  —  that  is. 


if  and  only  if 


0. 


(b)  ^i^  X       if  and  only  if        1        [see  Exercise  4  of  1=»art.  B]  and  . 
\the  latter  is  the  case  if  and  only  if  a^^b^  +  ^p^s^  +  0*0=0  [see 

^Exercise   5^  of  Part  F  on  page  U5^. 

(c)  '  For  1^  If  ip,  aJ^        and,  so/ for  (k^^^)  4^  (0,0).  (*) 

'   represents  in  ff-coordinates  a  plane  pe rpendTcuiar  to  j  and 
confaijiihg  the  intersection  of       ^nd  t^.    So,  in  ^-coordinates, 
{^)  r«?presents  a  line  in  ir  through  the  inte r sectioVi  of  and, 

.  >  ) 

3/    (a)  *  Any  line  in       has  an  equation.of  thc^^ffffm  *ax  +  by  =  c*  and 
^  contains         if  and  only  if  *ax^  +  by^  -   c'  >s  satisfi'ed. 

(b)  U)  All  that  is  required  is  to  show  that  the  criterion  of 

Exercise  is  'satisfied,  and  it  obviously  is  [ab  =  ab]. 

(ii)   A\l  that  i§  required  is  to  show,  that  the  criterion  of 
Exercise  2{b)  is  satisfied,  and  it  obviously  is 
[ab-f  b»  *a  =  0]. 

(c)  ^b,^'^)    [For  i  is  a  normal  to  the  line  ipf  part  (bl  (ii)  &nd 
these  are  .direction  numbers  of  such  a  normal.    [Of  course, 

'    *(-b,  a)'  is  an  equally  correcl  an^er.  ] 
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4.     Usi«kg  the  results  of  3(b),  we  have:  ^ 
(a)  '  (i)  7(x  -  2)  -  5(y  +  7)  =  0  » 


(c) 


Hi)  -5(x 
(ij    3(x  +  1)  4-  6(y 


2)  -  7(y  +7) 

■  '  ■       3)  =  0 
•{ii)   6(x-+  1.)  -,^(y  -  3)  =  0 


(i)   5(x.-  2)  =  0 
(ii)   -'i(y  -  4)  =  0 


(b)     (i)  5(x  -  2)  +  7(y  +  7)  =  0 

(ii)  7(x  -  2)  -  5(y+  7)  =  0 

•(d)     ti)  (X  -  i)+  2{y  -  3)  =  O 

(ii)  2(x  -  1)  -  (y     3)  ".0 

(f)     (i)  3(y  -  S.)  =  0 

(ii)  3(x  +  1)  0 


r 


[Think  of  the  equation  given  in  (e)  as  '5x  +-0y  =  3',  so  that  a 
Of\iurse,  all  of^he  above  ej^uations  can  be,  simplified. 


5  and 
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'  '  '\  ^  ■ 

4,  In  -eaclTpart  you  are  given  the  equation  of  a  line  /  in  n  and  the 
coordinates  of  a  point  Peir,  Find  an  equation  for  the  line  in  tt 
which  contains  P  and  (i)  is  parallel  to  /;.(ii)  is  perpendicular  to  /. 
(a)  7x  -  5y  =  16;  (2,  -7)         (b)  7y  =.3;  (2,  -7) 

(c)  3x  4  6y.^  5;  {-rh  3)     ^      (d)  x  +  2y  =  7;  (1.  3) 

(e)  5x  -  3;H2,  4)  /  (f)  83/ - (-1.  5)    '  ^ 

5,  Assuming  that  /  is  described  by: 

ax  4      '=  t\ 

where  (a,  b)  7^  (0,  0),  what  c^n  you  say  about  / 
'(a)ifa  =  0?  (b)  if  6  =  0?  (c)  if  c  -  0? 

6,  Without  finding  the  coordinates  of  the  point  commoi^to  the  lines 
described  by: 

•  * 

3x  4  2y  -  6      and      x  ^  5y  =  8,  ^ 
'    ^"^  .  ,  ^      '  J 

and  an  equatiori  for  thelipe  thrgugh  this  point  which 
(a)  contains 'the  origiii,  "  '  - 

^  (b)  is  perpendicular  to  the  x-axis, 
'   '(c)  >\s  parallel  to  the  x-axis, 

(d)  .contains  the  point  whose  coordinates  are  (1/2), 

(e)  contains  the  point  whose  coordinates  are  (4,  —3), 

is  perpendicular  to  the  line  described  by  *2x     3y  =  2', 
(g)  is  perpendicular  to  the  line  described  by  '3jc  -  2y  =  2\ 

7,  Suppose  that  P,  and  P.^  are  two  points  of  tt  whose  coordinates  are 
U^/yj)  and  ix,^  yp.  respectively.  .       ^       ^  • 

(a)  Find  an  equation  for  \Hint:  Since  P,  eP^Pl  P.P.,  can  be 
describ^  by  an  equation  of  the  form 'gCx  -  x.)  hiy  -  =  0\ 
Try  to  find  a  and  6,  in  terms  of  the  numbers  Xj,  y^,  x^,  andy^* 
so  that       y.^)  IB  a  solution  of  the  resulting  equation.]  , 

(b)  Express  your  answer  for  part  (a)  neatly  by  using  a  determinant. 
.,(c)  Show  that  points  with  coordinates  (/.^  yQ,  U,,  y,),  ^d  {x.^,y^\ 

are  cblHnear  if  and  only  if  .  . 

•  * 

8,  In  each  of  the  following  ,you^  are  given  the  coonjipates  of  two 
points  of  TT.  Find  an  equation  for  the  line  containing  these  points. 

^     (a)  (6,  -7),  (-4,  3)  (b)  (5,  2X.  (-5,  -2) 

,(c)  (4,  3),  (2.  6)  (d)  (17,  0),  (0.  -12) 

a  Suppose  t^at  Pp  and  are  three,  points  with  raordinates 
(x^y^)Ax,,y,\  dLnA{x.,,yX-^speQt\sQ\y,  5 

(a)  Find  an  equation  for  the  Hne  .in  tt  which  contains  P^  and  is 
parallel  to  ^/r 

(b)  Find  an  equation-^for  th^  line  in  tt  w^ich  contains  P^  and  is 
perpendicular  tQ_^^.  * 
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Answt-rs  for  Pa^t  C    [cont.]  . 


(a)  I  is  perpendicular  to  the  y-^xis  and  parallel  to' the  x-^xis, 

(b)  .i  is  perpendicular  to  thc^^  x-axis  and  parallel  tothe  Y-axi6, 
.(c)    i  contains  the  origin, ^  ' 

6,  In  each  part  we  need  values  of  *'a'  and  'fe*,  t^ot  ^oth  0,^  for: 

(3^  +  Zy)a  +  (x  +  5y)b  =  6a  +  8b  ^ 
[See  Exercise   2(c).  »  *  ^ 

(a)  6a  -I-  8b  ^   0;  so  choose  a  =  4,  b^    -i  to  ob«rin  *9x  -  7y  =  0' . 

(b)  2a  f  5b       0;  so  choose  a  =   5,  b  -    -2  to  plifain  'IBx  =  14'. 

(c)  3a  +  b      0;  so  choose  a  -   1,  b  =^   -3  to  obtain  '-13y  ^  -18* 
[ov.    iSy  =^  18].  ^ 

(d)  a  +  9b  -  6a  i  8b;  so^chooscj  a  =   1 ,  b  -   5*  to  obtain, 

,     *Bx  +  ^7y  =  46'.  .      •        ,  V  .  \ 

(e)  6a  -  lib  -  6a  I  Bb;  so  choose  ft  -   J»^t>^-  0  to  obtain^  ^ 
'3x  +  2y  =  6':  .      '         "  , 

(f)  (3a  i  b)Z  +  (2a  f  Sb)3  =  0;'  ho  choose  a  r  .^V/b  ^  -II  to 
obtain  '39x  -  26y  -  6\    ^  i 

(g)  (3a  +*b)>S-  (2a  i  ^)*--2  =   0;  so  choose  a  -    H  b      'o'to  ' 
-     obtain  '26x  +  39y  =  82'.  . 

(Note  that  the  lines  in  parts  (f)  and  (g)  are  perpendicular.] 

7,  (a)    Follov-'ing  the  hint!  we  wish  to  find  values  of  *a'  .*nd>*b'  such 

that  a(x^^  -  x,  )  +  b(vp  -  y^)  '  0.    The  simplest  choice  i^ 
yp.  "  Vl'  ^*  ^   r(-^p  "  So,#  the  desired  equation  is 

'(y^  "  y,)(x  -,x,)  -  (x^  -  xj(y  -  y,)  =  Q' . 


a 


(b) 


yp  "  y^ 


=  0 


[Note  why  this  equation  is  satisfied  ^<a )  if  (x^y)  =  (x^^y^^)  and 
(b)  if  (x,  y)       (x^^.*y^,).  ]^  ,  ^  ^ 

(c)    By  part  (a)  the  given  condiition  holds  if  and  only  if        €  Pxp2 
[where         is  the  point  wi^  coordinates  ^c^j^yo)-  ] 

?a)  10(x  -  6)  +  iO(y>  7)'      0  [or':  k  +  y  +  J  /  0] 

^(b)  --4(x  -  5)  ^'\0(y  -  2)  =   6   [oT*.    2x  -  5y       0]  *  . 

(c)  3(x  -  4)  4-  2(y  -  3)  =  ^0    [or:    3x  +  2y^  1 8 • 

(d)  -I2(x  -^17)  4  17(y  -  0)  -  O'  [or:    i2x  -  i7y  -  204]^ 

(a)  (y^  -  yi)U^-  Xq)  -  (x^  -  x^)(y  "  Yo)  ^  ^ 

(b)  (x^  ;  x^')(x  -  x^)  +  (y^      y  J(y  -'y^)  -  0  ^  ^ 


•  2,93 


'  113.04   Coordinates  in  a  Given  Plane      .  X35 
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We  can  now  illustrate  the  use  of  coordinates  for  a  ^lane  to  obtain 
interesting  geometric  results.  Qne  of  the  results  which  we  came  upon 
in  Chapter  11  is  that  the  lines  which  contain  the  altitudes  of  a  triangle 
,  are  concurrent.  . 


4 


[Recall  that  the  altitude  of  APJ^^P^  from,  s^^,  Pq  is  thfe  interval 
PJIq,  "where  is  the  pmntof  int^ection  of  P\PI  and  the  plane 
through  P^  perpendicular  fe  P^pI.]  The  argument  arrived  at  in  Part  C 
on  pages  32  and  3^  made  use  of  another  result  involving  distance  and 
we  shall  review  mat  argument  in  the  next  chapter.  Here  we  shall  give 
a  quite  dilFerent  prdof  of  the  concurrency  of  the  lines  conta;ning 
the  altitudes  of  a  triangle.  .  ' 

Consider  APqPjP^  plane  rr  which  contains  it.  Choose^an, 

orthonormaj  coordinate  system  for  tt  and  suppose  that  the  coordinaties 
of  Pp,  P,,  and  P,^  are  (x^  y^),  {x^,  y^),  and  U^,  y^,  respectively.  As  you 
showed  in  Exercisd  9(b),  the  line  whrch  contains  the  altitude  of 
APJ^^P.^  from  pQ  is  ascribed  fay:  _  ■ 

It  follows  mei^Sj^by  inspectg)n  of  this  equation  that  the  lines  o^ntain- 
ing  the  altitudes  from  Pj  and  Pg  are  described  by  the  aquations: 

ix^  -  Xq){x  -  x^)  +  (yj  -  y^)(y  -  y.^  =  0 

Our  problem  is  to  show  that  these  three  equation?  have  a  unique  solu- 
tion. We  can  do  this  by  showing,  first,  that  any  solution  of  two  of  these 
equations  is  a  Boiution  of  the  t4^ird,  and  second,  that  someiwo  of  the 
equatioiis  have  a  unique  solution.  To  establish  th^  fir^t  of  these  results 
it  is  sufficient  to  ncrte  that  on  adding  the  left  sides  of  the  three  aqua- 
tions and  simplifying  we  obtain  *0'.  This  happens  because  of  twoi-ather 
trivial  real  number  thebrems: 
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On  adding  the  three  equations  on  page   135  we  obtain,  after  some  • 
reaV  r^ngemont : 

*  r  [{y^  -  yi)yo  +  ivo  ~  yp)yx  +  (yx  ~  Vo^yi.']  =  ^  ^ 

The*  real  number  theorems  show  that  each  of  the  bracketed  expressions 
reduces  to  *0'   and,   so,   that  the  equation  is  satisfied  for  ajl  values  of 
*x'  and  *y'  no  matter  what  the  coordinates  of  P^,   P^,  and  P^  may  be. 

Values  of  *x'  and  'y'  which  satisfy  the  first  two  equations  will 

satisfy  the  equation  obtained  by  addition  if  and  only  if  they  satisfy  the 

thira/    [This  folldwe  from  the  real  rfun^Be^  theorem  '(a  -   0  andw^  0) 

-  >  [a  +  b  +  c       0  c  s  0]'.  1   Since  anY^values  of  *x*   and  *y' 

satisfy  the  equation  obtained  by  addition,  values  which  satisfy  the  first 

two  equations  must  satisfy  the  third.  ^  »  '  , 

* 

By  Theo'^m  A  on  page  471  of  volume  1  the  first  two  equations 
haye  a' unique  solution  if  and  only  if 

^0  ^  ^2   Vo  ^  y 

This  last  is  tiie  case  if  and  only  if  {Po»"^ii  is  not  collinear.^  [^^^ 

Mxg  -  x^)fy  -  y^)^-  (y^  -  YiMx  -  x^)       -  "  -  —  ^ 

{pQ,  P^^,  P^)  is  nonco^linear. 

For  a  discussion  of  the  '^vector  proof"   see  answer  foi;  Kxercise  1 
^of  '^^^t^D  on  page  136.  -  » 


0'   is  an  equation  for  ^^^2*  ]  ^^^» 
4  1 
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I 

^  f(c  -  6)  +  (a  -  c) +r(6  -  0^=  0.         '    "  ^ 

^  '  lie  -  b)a  +  ia  -  c)b  +  -(6  -  Gk-  =  0 

[Explain.]  Explain  w^iy  this  shows  that  any  solution  of,  say,  the  first 
two  equations  is  alsQL3  solution  of  the  third.  That  two  of  the  equations 

—  sa^,  the  first  two— have  a  unique  solution  follows  from  the  fact  that 

[Explain.]  This  is  the  case  because  i  P\PI^  [Explain.]  So,  the  theorem 
is  proved.  ^ 

As  a  matter  o^fact  the  "same"  proof  can  bej|iven  more  easily  without 
introducing  coordinates.  To  do  so,  let  p^,  Pj,  and  p[  be  the  position 
vectors  of  P^,  P^,  and  P^  with  respect- to  son^^origin.  The  plane  cr^ 
which*  contains  P^  and  is  perpendicular  to  ^,P^  is  described  by  the 
vector  equation:  "  *     -        .  * 

[Explain.  Also,  compare  this  equation  with  the  coordinate  equation 
previously  given  for  the-'line  containing  the  altitude  from  P^.]  If  we 
write  down  similar  equations  for  the  planes  o^,  and'c72,  where  cr^ 

-  PJP^'-  PJ^  and     -  P.^[P/-  P^V'  and  use  vec^r  equations  analo- 
gous to  (*)  it  is  easy  to- show  that  tfep  intersection  of  cTq,  o-p  and     is  a 
line  /.  Since  /  1  tt,  /  and  n  intersect  at  a  point  P.  "Since  the  lines  con- 
iaining  the  altitudes  of  APoPjP^  are  (Tq  Pi  ttvo-j  n/>7r,ando'2  n  7r,^these^ 
lines  are  coilcurrgnt  a.t  P. 

PartD 

1;  Fill  in  the  details  of  the  preceding  vector  proof  that  the  altitudes 

of  a  triangle  We  concurrent. 
2.  Use  the  result  just  pn>ved  to  show  that  the  perpetidicular  bisectors 
of  the'sides  of  a  triangle  intersect  In  a  line  which  is  perpendiciilar 
to  the  pfane  of  the  triangle.  [Hint  This  is  (3)  on  page  31.  Jt 
used  on  page  33  in  deriving  the  result  of  Exercise  1.  Try  to  reverse 
{y  this  procedure.}- 


Part  E 


Let  /  be  a'liile  in  tt  which  is  not  perpendicular  to  the  x-axis.  Sup- 


x-aKis  t 
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Answers  jo r_j^rt  D        ,  *        *  .  * 

1.     L^U  Po*  p^,,  and        be  position  vectors ,  with  respect  ta„*ome 

origin,  of  the  vertices   P^,   P^,  and       ,   respectively,  of  APoPi^^-  , 
Then  [P^^p']*  =  "[  p^  -  p^  ]  and*  as  in  (11)  on  page  109,  x  is  the 
position  vectcTr  of  a  point- of  the  plane  thrqugh  Pq  and  perpendicular 
,  to  P^P^  if  and  only  i^  (p^  -  Pi)M^  -  Pq)  ,^  0.  .  The  plane  in  question^^^ 
is  the  plane  sr^^i. ^-  which  contain^  the  altitude  of  APoPj^P^  fronrv  * 
p'q.    Similarly,  the  planes  o-^^  and        which  are  perpendicular  to 
'  w  and  contain  the  altitudes  through  -P^^  and   P^.    respectively,  have 
.  equations  ' 


'^Po  '  P^)-  (X  =  0^  and  ^(p^  -  PqUU  -  p^)  =  . 

respectively.    Now,  • 

{p^  -  p^)^  {i  '  Po)  +  ^Po  ^Ps)Mx  -  p^)  +         -  Po)^-  (x'-  p^)  =  b 

for  all  values  of         because  • 

^4 


(?2  *-  pO  +  (Po  "^i?)'"^  (Pi  -  Pq)  ^  ^  * 
,  and  -  Pi*)-Pb**  <Po  '  Pp)'Pi.^  <Pi  "  Po)^?5  ^  ^• 

It  follows  that  ^ny  point  common  to        and  cr^  ajso  belongs  to  cr^. 
On  the  other  hand,  cr^  is  .a  li^e  perpendicular  to  ir  because 

1  7f\  0-^  1       and        H  ^i*  ^^^^  is  the  case  because,  since 

{P^,  P^.  Pp)  is  noncollinear,  (p^  -  Pi»  Po  ".P^^  is  Hnearly  inde - 
pendent.    By  definition,  the  point  in  which  ^  <^ p  [which  is 

the  }^|ne        r\  cr^]  intersects  ir  is  common  to  the  three  altitudes  of 

APo^.P^/  ^  -  ^  ^ 

.    -Given  AABC-we  wish  to  show  that  the  perpendicular  bisectors  di  - 
its  sides'  intersect  in  a  line^which^s  perpendicular  to  ABC.  Lot 
A'  be  the  midpoint  of  BC,   B'  ^be  the  midf»oint  of  AC.  and  C'  be' 
V^he  midpoii^t  of  AB,    Then  A'.  B',.  fend  C'  arjs  noncollinear ,  and, 
by  the  preceding  theorem,  the  luie^  containing  the'aititiJtdes  of 
AA'B'C  are  concurrent.    But  these  lines  are  contained  in  the  per- 
pendicular bisectors  of  the  sides  of  AABC.    Therefore,  the  perpen- 
dicular, liisectors  of  the  Bides  of  AABC  intersect  in  a  line  which^is 
perpendicular-to  ABC.  ■  '    *  •  ^ 


■  ■       •  -\ 
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pose  that  the  equation:  f  '  .  ' 

{*)  'OX  +  6y  ^  e  ^ 

*    *  " "  ^  ^       •     .    '  ^■ 

is  an  equf^on  for /. 

!•  What  <foes  the  assumption  that  I  is  not  perpendicular  to  the  jc-axis 
'tell  you  abq^^y  of  the  nufriters  a,^6,  and  e?  •  , 

2.  It  should  follow  fronl  your  answer;  for  Exercise  1  that  /  has  an 
equation  of  the  form; .  ^  '  - 


(*^)        ,        y  =  mx^d      •[^xpl^ip.U  , 

♦  *  (a)  Express  "m'  and  'ci*  in  terms  of  'a',  'h\  arrd*  V. 
/     (b/The  liriq  7  Has  many  equations  lij^e  (*).  [Expliunli  it' 

have  more  t)ian  one  equation  like  -    .  - 

,  5,  Suppose  that  i?,  and  P^  are  twd  pdints  of  /  with  aJordinatro  <jCp 
*     and  (x„yp.  •  ^  •        ^        "  S 

(a)  Use^C**)  to  express  thafact  that  P,  €  /;  thaWp-%i,  -  ' 

(b)  Can  it  be  the  case  that     f  4^?  iliint.  Recall  that     and     are  ^ 
two  points.}  *     ,      \  '  * 

^  -   (f)  P^  ~  ^1  is  a  non-0  viector  in      What  can  you  infer  from  the 
;  .\,*    Equations  in*part  (a)  concerning. the  cbn^sments  of  Pg.  -  Pj? 
Given  a  figure  like  that  at  the  begiiufing  of  tnfese  exercigps,  and 
a  ruler,  how  could  you  estimate  the  val^e  of  *m'  in  the  equation 
'  (**)  fo?  i?  {Does  it  matter  that  you  don't  know  the  scaje  of  the  ' 
^  figure?]     •      *       '  • 

4.  Draw  an  orthonormal  ax)rdinate  system  for  tt  and  draw  the  lines 
with  equations  like  (**),  where  d  -  0  and  m  is 
<a)  1       (b)  i      ic)  2      (d)  -1      (e)  -2      (f)  -i     (g)  0 
ji  5*t^peat  Exercise  4  for  lines  for  which  m  -  I  and  4  is 

(a)  -3      (b)  -1       (c)-i      (d)  0      (e)  i      (f)  2      (g)  3 

. .  *  •  -      ■  '. 

Th^  prec^iing  exerd^^  have  pointy  out  thaty  with  respect  to  a|iy 
orthonormal  coordinate  system  for  tt,  any  line  7  of  tt  which  is  not- 
perpendicular  to  the  X-axis  [for  short:  any  nonvertical  line]  has  a 
tmique  equation  of  the  form:  ^ ,  *  • 

(4)  y  ^  rnx  ^  d 

The  nimiber  m  is  called  the  slope  of  I  [with  respect  to  the  given  coordi- 
nate system]  and  the  number  cf  il  the  y4ntercept  of  L  [The  word  *inter- 
cef)t*  has  occurred  earlier  in  our  discussion  of  planes.  Exercises  3(d) 
and  4  suggest  the  reason  for  using  tbS  word  'slope'.]  In  cons^uence, 
(4)  is  called  the  slope-intercept  eqiuuion  for  I,  and  any  equation  like 
(4)  is  said  to  be  "in  slope-intercept  form***  Note  that  lines  perpeadicular 
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Answers  for  Pa^rt 


1. 
2. 

3. 


b  # 

(a) 

(b) 


4. 


0    [See  Exercise  B  gf  F^rt  C.  )  ^ 
m  ^  ^a/b,  d  =  c/b 

[{ak)3t  t  (bk)y  =  .ck  <=>  ax  +  by  ^  c,  for  k  ^  0];  No. 

No.  .[If  x^,=  then,  by  (a),  y^^  =  Ys  afxd,' so  P^^  =  P^, 
But,         and  Pp  a*re  two,*poirttsj  ^ 

The  components  [witK*  respect  to  (Trj*)]  of  P^*"*  Pt  are  ^ 
(x^  -  Xj^,  y^  -  y^)  —  that  vs/  {k^  -  x^,  rn{x^  -*^^)h 

From  (a),  Tci^=  (y^"  yx)/^^^  "  ^i)  ^J^^  ^Ws  ratio an  be 


obtained. by  measuring   (y^     y-^  j  and  jx^ 


to  any  scale 


and  paying  proper  regard  to  whelhex  x^^  and  y^  6»  y^^ 

,are  positive  or  •negative.  a 


( c )  m  =  2 
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'   .  ^  /  '        ^        *  ' 

to  the  :c-axis  da  not  have  slopes  and  cani^  be  described  by  ^nations, 
in  slope-intercept  form.  [But,  whether ^^Kiine  Mn  tt  has  a  slope-inter- 
cept equation  de^lfends  entirely  on  how  /  is  rel^lpd  to  the^coordiuate 
system.  With  respect  to  one  coordinate  system  /  may  have  a  slope- 
intercept  equation,  while  with,  respect  to  another  it  may  not.l 
•  •         •       •  .  »•      .  ;  . 

PartF  ^  ,  . 

[As  always  in  this  section,  the  following  exercises  refer  to  someone 
^  orthonormal  coqrdinate  sys^E^  for  tt.]  ♦ 

!•  (a)  What  lines  of  tt  have'  slope  0  with  respect  to  the  given  system? 
^  ■      '       (b)  What  lines  of  rr  do  not  have  slopes?  [Note  carefully  t|ie -dif- 
ference between  th^  question^  in  parts1|a)  and  (b).  Zerotis  not  , 
,  '    nothing.  )  •  \/ ' 

2*  Suppose  that  and//^  are  lines  of  tt.  whiel^^have  slopes  and 
mj,  respectively,  an^; suppose  that  nl^>^  m^.  * 

(a)  Which'of-  the  tW^  lines  might^you' describe  as  being  **steeper" 
•  .   than  tfieotherr^  -  "  '  ^ 

(b)  'Re^nsider  the  question  in  partCa),  assuming  that  m,  and 

are  both  negative.  Assuming  thkt  both  are  positive. 

(c)  How  would  you  answer  .part  (a)  if  you  were  told  that  V^^l 
>  Im^l  [rather  than  thai  m,^  >  m^}? 

3.  Show  that  if  /,  and     are  linesKif  tt  which  have  jslopes  m,  and 
then  ^  ^ 

\    '  (a)     ll  i^  =  m^,  and  ) 

ih)  I,  1.  m,m^  =  -1/. 

4.  Suppose  that  lis  the  line  in  tt  which  has  slope  m  and  contains  the 
point  whose  coordinates  are  (x,,,  Jo)*  Use  this  data  to  write  an  equa- 
tion for  lAHint:  See  Exercise  3(a)  of  Part  C.  1  ^ 

5.  'Suppose  that  /  is  the  line  in  tt  which  contains  two  points  with  co- 
ordinates Uq,  y^)  and      y,).  ^ 

(a)  How  can  you  tell  whether  /  has  a  slope?  [Hint:  All  you  Unow 
are  the  coordinates  of  the  two  given  points  of  /.] 
'  <b)  If  i  has  a  sioper  how  can  you  finh  it?  . . 

(c)  Write  an  equation  for  /.  [Hint.Vse  Exercise  4.] 

Summarizing  we  have  seen  that  any  line  /  in  ir  has  an  equation  of 
the  fonn: 

ax  +  by  =  c      [{a,  b)  ^-  (0, 0)] 

.where  (a,  b)  are  diVection  numbers  for  the -normals  to  7  in  tt  and 
(6,  -a)  are  direction  numbers  of  I  itself.  If  /  coijtmrjg-the  point  with 
coonJinat^s  ix^,  y„)  then  /  is  described  by: 

'On     •  "  ^ 


■      ,     ^       '  .      TC  133*      ,     •  ■  '    *     ,    ■  . 

Answers  for  Part  F  \  • 

It     (a)    The  lines  which  are  parallel  to-the  x-axis. 

'   -    (b)    The  lines'pa^'^^^^'^      the  y-axi^.-    .     •  •  '       v  »  • 

2.  .  (a)    [Soine  students  might  venture  that  ip  would  be  steeper  than  , 

,i£,*but  the  ansAver  depends  on  more  information  than  wq*  re  ^ 
given.    Hopefully  2(b)  ^-nd  {^)  will  clarify  this.  ] 

(b)  *  If  both  and  are  negative  then        is  steeper.    If  both 

m^^  and         are  positive  then        is  steeper.  '  . 

[We  see  therefore  that  simply  knowing  tbat  >  tells  us 

nothing  aboi^t  which  line  is^  stfeper,  J't  ,  . 

(c)  If   ]m^]    >    Im^l^then       is 'steepe  r  than  i^.    [To  convince  ' 

■         oneself,  one  s^iould  also  consider  situations  in  which  m^*^  ^ 
,and  >  0.  ]  '    ^  \  '  /        ,  /  ^ 

3,  Suppose  t}\^t  equations  for       and- 1^  are  Vy  ^  m-^^x  j*d^'  'and 

*y  -  ni^Ti  >  d^','  respectively.  .  Then,  iSy  the /results'x»f  Ex^rcis^ 
•     2,  page  133,  it  follows  that  ^         "       .  -  * 

(a)  1^  ||i2^^m^(-l)  ^  hDiTL^.    That  is, -i^  \fl^  <^m\  =  m^, 

(b)  Xi^<=^  m^m^A  (-IX-n  =  0,    That  is,  i^^  i^K^r^m'^^m^ 
4'.     y  -  yo  ^.m{i  -  x^).         '  -      ^  '  ^ 

(a)  -  i  has  a  slope  if  and  only  if        ^  Xq. 

(b)  m  =         -  Yo)/i^x  "^q)      '  \  ^  '  /  • 

V    "  V  •  *  * 

(c)  y  -  yo  =    "  ^o^  [^^^»         example,  the  answer  for 

Exercise  7{a}  of  Part  C.  ]  *  • 
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.  '  ■       -    -  "t  .  *  ■  . 

-  x^)  +  l>(y  -  y^)  =  0,  '     .  . 

and,  if  (x^,  y^)  afe^the  coordinates  of  pother  point  of  /  then> 

is,  alsOx  an  equation  for    [The  prereding  is  called  the  iwe^point  form 
for  the  equation  oCiaJine.  It*yields  a  simple  criterion  for  collinearity  of 
,  points.]     "  /       V       •       ^  '        '  ^  '  ' . 

A  line  which  is  nt^  perpendicular  to  the  jc-a^sis  has  an  equation  of  the 
>nn:     .        ,    '    .  ^  ^ 

'         •  y'^-^mx  +  b 
<t  .  •  * 

[thfi  siopeinfenfept  form].  If  .such  a  line  contain^  the  poifif  witli  coord  j-' 
na^  ix^  yo),  it  is  described*  by  the  equation:  .  '  ^ 

[^ne  point^slope  form].  Filially,  if  {x^,  y^)  and  {x^,  y^)  are  the  coordinates 
of  two  points  of  a  nonyertical  line  /'then  thesloi^  m  of /is  given  by: 

and  /  is  described  by: 

[This  is  a  variant  of  the  two-point  foniif  Another  such  variant  is: 

—      -  #  ,  x^  _^  y  ^  y^^  ^  - 

The  latter  suggests,  parametric  equations  fox  I' 

x=^x^^  ix,  -  x^t  / 

Of  course,  (jCj  —  x^,  y^  -  y^)  are  direction  numbers  of  /  and  can  be  te- 
placed^  in  any  of  the  preying  equations  by  the  opponents  of  any 
non-0  vector  in  [/],]  - 
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Part  G     ,  -  ^  i 

'  1.  In  feach  part,  you  are^given  the  coordinates  of  two  ppinte.  In  mch 
V  case,  write  an  equation  in  slope-intercept  form  for  tne  line  which 

^-  contains  the  g^n  points. 

.     (a)  (3,  -2);  (9,V  ^        (b)  (4,  8);  (12,  8) . 

,{c)  (-3,  0)r(7,  2)  ^  (d)  (-6,  0);  (0,  6)  •  .  :  •  . 

2.  For  each  of  the  lines  described  in  Exercise  1,  determine  the  coordi- 
nates of  th^^irfts  of  intersection  of  the  line  with  the  coordinate 
•axes.     '   '        '  ,    .  ^ 

3*  Fi^d^the  coordinates  of  the  point  of  intersection  of  the  lines  de- 
scribed-in  ^  '      \  . 

•(a)  partfi  (a)  ^nd  (c)  of  fixercise         •  ' 

(b)  parts  (b)  and  (c)  of  Exercise  1;  ^  ^     •  - 

(c)  partS'(a)  and  (d)  of  Exercise  1;     •  ,     ,  ' 
id)  paij^  {b)^d  (d)  of  Exercise  1.'  / 

F^or  each  of  the  lines  described  in  Exercise  1.  write  an  equation  in 
^  ^  ^         slope-intercept  form  of  the  line  which  contains  the  i^nt  with 
coordinates  (6,  —7)  and  is  perpendicular  to  the  given  line, 

.  A   .     ■    ,  .■ 

,4 

13.05  Chapter  Sunimary  •  ^ 

Vocabulary  Summary  j 

normaW^-  direction  numbers, 

to  a  p!ape  .  ^  of  a  line 

to  a  line  in  tt       ^  of  /  with  respect  to  tt 

^ftice  of  a  plane  "     projecting,  planes  for  / 
V-cpordinates  of  a  point  H^ooordinates  of  a  point  ^ 

slope  of  a  line      *  slope-intercept  equation  for  / 

:^point-slope  equation  for  i  *     symmetric  equations  for  / 
two- point  equation  Tor  I 

Theorems 

'  13-1.  With  respect  to  an  orthonormal  coordinate  system,  an  equation; 
/ii)  .  x,mj  4-  x,,m^  +  ^3^3  =  c, 

^  f 

.  where  ^mj,  m^,  m^*)     (Q,  0,  0).  describes  a  plane  whose  normals 
*  have  th^  direction  numbers  {rn^^  m^^  m^)\  and,  ainy  such  plane 

can  be  described  by  equations  like^(i)  and,  also,  by  equations 
like(ii). 

3  ■  .  ,  ■  ■ .  (,  ■ 
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Answers  for  Part  G 

9 

I 


1 


a)    y  _=  |-3<^  T 


{c>-  y  =         +  ^  , 

(27/5,0).  (0.-9/2) 
(c)    (7*^.0):  (0.  3/5) 


')  \y  ^"-5x  +  23 

r 


r 


(b)  y 
(d)  y 


8  ' 


+  6 


(b)  (0,8) 
(^)  (-5.0),  (0,6) 


(a)    y'53/19.  4S/19)  i        (b)  (37,8) 

(c)    (-315/n.  -312/11)  \    (-d)  (5/3.8) 

(a)    V  -  -fx  +  T  -(tfT'lThis  lias-.no 

'        ^  5  T  :„»  <U_ 


oT- iThis  l^as-^no  equation  in  sjope^- 
intercjept  fcrm.  ] 

(d)  y-.-|x 
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(  . 


13-2.  If,  with  respect  to  an  orthonormal  basiTfor  5^,  a>mponents 
^  of  the  linearly  independent  vectors  p  and  <j  are  ip^p^^  Pz^ 
(Qj,  Wj,  qp,  respectively,  then  (p,  g]^  =  [m],  ,where  m  is  the  vec- 
tor*vl^osp  wmponeats  are 


N 

Xns 
1. 
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2  Ps 

9i  9s 


P2  P'x 

93 


9i 


IP.  Pa 

9,  9! 


13.5.  If,  with  respect  to  an  orthonormal  basis  For      the  components 
^*^S^e4lbn-^  vector" m  are^m^       m^)  then^m]-^  =  [Py*J^2fPSy^ 
wliere  the  comppnetits  of-p*,  p,^,  and  p^  are  (0,  m^,  — m^),  (— 0, 
mj)/and(/n.^,—w,,  0),  respectively,  .  ^ 

13-4.  If  (p,  is  any.. basis;  for  ^  iSind^i  ^p/^%y  =  q^/\\q^h  " 

II,  where q\  ^^-^Tiq^l]  andr^  =  r  -  i(r'~^  -y'(r  *  j^, 
.  then,  is  an  orthpnormal  basis  for     such  thatie]  -  [p] 

and        =  [pi      Moreover,  p^  -  i,  g  -  j,  and  r  •  A  are  positive.  ^. 


IP/  A      '  _9 


lip  '  p\  and^ 


->  — *■ 


P  •  P  P,^.'; 
9  • P  q  •  q  7  -  r 
r  •  p    r  '  q    r  *  r 


/ 

p*-  p 

— ^    — * 

9  •  P 

Q  •  q 

.  Cot^Uary-  \\q^f 
Chapter  Test 


Assume  that  ail  coordinates  of  points  and  components  of  vectors 
are  given  with  respect  to  an  orthonormal  coordinate  system. 
1«  (a)  Let  TT  be  the  plane  which  contains  the  p&int  ^hose  coordinates 
are  (5,  9,  -^8). and  whose  normals  have  direction  numbers 
{--2,  3,  2),  Write  an  equation  which  describes  TT. 

(b)  Does  the  plane  tt,  described  in  (a),  contain  the  origin?  Explain 
jrour  Imswer.  , 

(c)  Let  B  \>e  the  point  whose  coordinates  areX  3l  -4^  -5).  Compute 
the  distance  from  B  to  tt. 

2*  Suppose  that  a.  and  cr„  a^  planes  which  are  described  by  thesie 


equatioi^: 


3x^  -  4x^  -  8x.,  =  7  .  [for  cr,] 
-4x,  -f  5Xj  =  5  '    [for  crj 


{&)  Show  that  tr^  1  0*2.  • 

(b)  Compute  direction  numbers  for  the  line  o-j  n  cr.^. 
(q)  Compute  the  coordinates  of  the  point  of  intersection  of  the  line 
n  cr^  and  the  plane  which  is  described  by  tlie  equatiori 


wer^s  for  Chapter  Test  * 
(a)    (x^  .-•5).^--2  f  (X.,  -  9). 3  +  (X3  +  8)-2  = 


or; 


2x 


3x^  -  2x 


(H_No,  for  2i  0 


^3 
0  -  2 


=  -1 
0 


0  ^  -1 


P  f    a  point  of  tht.^  normal  to*  ^  which  contains  B  if  and  only 
if  P*  has  coordinates  {-3  -  2/;  -4 -I-  3r,  -5  +  2r),  for  epme 
So,  the  foot  of  the  perpendicular  from  B  to  ;r  is  such  that 
2(^6  -  2^)     3(^4  +'3r)  -  2(^5  +  2rV  =   -1  for  some  r.    Since  - 
the  latter  is  the  case  if  and  only  if  .r  -   L,  -  the  foot  of  the  per-  ^ 
pendicular  to  n  from  %  has  coordinates  (-5t  -l,  -3),    So,  the 
distance  frdm  B  to  w  is  ^^Tl ,    [V(-3+  5)^  +  (-4  4  1      +  f-5+  37^"] 
[Alternatively,  an  equation  of  the  plane  parallel  to  ^  whicfe 
contains  (-3,-4,-5)  18*2X3^^3X2,-2X3  =   ih\    Sinc#  16  >  0 
and   -1  .<^p  the  5>rigin  is  between  this  plane  ?nd  ^.        *  , 
•Si  nc e  ^he"  distance Sn bet w,e en  these  planes  and  tlie  origin  are 
:i6/vrf  and  l/>/rr;tlhe  distance  between  t}ie  planes  is  '  ' 
16/VT7  +  l/Vrf,  —  that  is.  sJT?:  (See^page    114.)].   .  • 

\SGe\M 


2.  ^  (a)    Since  3  •  ^      -4  •  5  -h^-^  *  -4  =^  0, 

'115.1 


-4  -^8 


5  -4 


-8 


-4 


^1 

-4 


Kercisi  5 


-4 


=  (56^4.-1), 


10rl6,  ] 


has  direction  numbers'  (56,  44,  -1). 


(1,1,-1)   [To  find  X,  and  Xp   solv^  •3x, 

....      .   .  ^.-^ 


[By  Theorem 
7  and 


4x2  +  8  = 
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If  p  has  components  (p^,  P2'  Pa)^  then  p  €  [mf"  if  and  pnly  if 

+  2p2  *  5p3<  =  0.    So,  in  particular  the  vectors        and  with 
componei^s  (1, -3,0)  and  (5,0,6)  belong  tb  Since  (p  p^) 

i^'ob'^iousiy  linearly  independemt  and  since  [m]    is  a  b^direction, 
^[m]    =  [px'P^]*    [Students.-jnay  invoke  Theorem  14-3/j 
(a^)    The  |iista0ce  betwel^^       an^  the  origin iQ/N/9'  f  16  +  25 
=  sfZ;  that  between        and  tlie  drigin  is  26/V169  +  25  +  J44 
n/T.    So,  ^2  2LTe  equidistant  ftom  the  origin. 


(b) 
(c) 


X  ■ 

3.13  +  4.5-  5»iey  -i  #  .0.    So,  .ff^  X       ^         ■  \  . 

=  5  +  73r,  X2^=  -2  -  lOlr,  =  -3  -  Sflr  [Find! direction 
niunb^rs  of       rs       as  in  Exercise  2(b).] 
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^  3.'  Suppose  that  m  has  <x)mponents  (6,  2,  -5)^Give  the  a)mponenti  of 
tvlfo  vectors -say,     and^^-such  that  [m]^  =      pj.  You  mus^ 
,  oif  course,  show  that  1^*,  p[)  jfe^  linearly  independent  and  Chat?  m  i3 
orthogonal  tp  both     and  p^. ' 
4,  Suppose  that       and  tt.^  are  the,  two  planes  (inscribed  V  these 
equations:  ; 

ax,  -f       -  5ac-  =  10     -[for  TT,] 
'    .  "I3jCj  Vac,  +  12^5^26      [for jrj  .  , 

.  (a)  Show  that  TTj'and  rr.^  are  equidistant  from  tlie  origin, 
(b)  Determine  whether  or  not  tt,  1  tt.,. 
-  4c)  Write  parametric  equations  for  the  line  which  is  parall^I  to 
,     *  ,     TT^  n  TT^   and  a)ntaiQs  the  point  whose  cooniinates  are 

•   (5,  -2,  -3).;  '   _    •  ^  /  ;         y     '  \ 

'  5.  Suppose, that  p5 and    have  components  (5"' -3,^)  9nd  (-10,  6,  5), 
respectively,  and  that  A  has  coordinates  (1,  2,  -3).  .  / 
fa)  Show  that  (p!  9)  is  lineafly  independent. 
'        (b)  Write  an  equation  for  the  plane  through  i4  with  bidirection 

^  (c)  Wipte  parametric  equa^ons  for  the  line  through  ^  which  is 

perpendicular  to  the  plane  described  in  (b). 
6.  Suppose  that  {--5,  14/-13)  are  direction  numbers. for  a  line  /  and 
that  (2,  7,  -2)  and  (3,  0,  3)  are  the  components  oT  the  terms  of-^ 
basis  for  the  bidirection  of  a  plane  17.  Show  tto 7  II TT, 


Background  Tbpic 


# 


In  Volume  1  [Section  5.06  on  pages  206  through  207]  we  discussed 
a  2-dimensional  vector  space  whose  vectors -called  measure  vectors 
'-are  the  ordered  pairs  of  r^al  numbers.  In  this  spa(^  ^  x  .^?^of  meas- 
ure vectors  addition  and  multiplication  by  a  real  number  were  de- 
fined by:,  -     ■  ' 

(1)  /    .  ,        b)  +  (c,  d)  -  (a  +  'c,  b  ¥  d) 

(2)  (a,  b)c  ^  iac\  be) 

We  defined  [for  tlns.yector  space]  and  oppositing  of  measure  \6ec- 
tors  by:  "  ■ 


*(3)  ^  (0^0)      and:      -(a,  6)  =  (-«,  -b) 
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With  these  four  definitions  it  was  easy  to  see  that  Postu}ate$  -  (d) 
and  4,  ^4^^  are' satisfied.  For  example,  as  to  ^Postulate  4^,  , 
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Answers  for  Chapter  Ttst  [cont.] 


5.     (a)  f 

-^3  2 

I 

> 

\ 

H  ^ 

5 

-3 

Since 

•* 

f 

•>   •  V 

6  '  5 

S 

^10 

-10. 

6 

c 


(b) 


(c) 


=  (-27,  -45,-0) 


4  (0,0;0),  (p.q)  is  llnejirly  indep^dent. 

(x;  -  1).  3  +  (x.,-  2).  5  +  (X3  +  3).'0  =  0  [or:  3x^  +  ^x^  =  13] 
[By  part  (a)  any  normal  to  the  plaive  in  question  has  direction 
numbers  (-27,  -45^,0).    So,  -it  als6  has  direction  numbers 

(3. 5,  at.  ]        ,  .  • 

X,   =  1  +-3r,  Xg-=  2  4  5r,  x     =   -3   lln  this,  ( 3. ^ may  be 
replaced  by  any  proportional  pair  of  numbers  —  say, 
(-27i-45).  ]        '    ,  •  ^   '  ^ 

6       We  neet!  to  show  that  the  three  vectors  with  the  given  triples  as 
components  arc  line^irly  dependent.    This  is  the^a^e  bemuse 

1-5  14  -13    .       .  >^  ; 

.    2  '    7    '  -2    =  '0.  ;         .  ' 


,        BACKGROUND  TOPIC 

This  background  work  Constitutes  a  short  introduction  to/  .  , 

complex  numbers  through  the  use  of  the  quadratic  formula  to  solve 
quadratic  equations  with  real  number  coefficients  and  real  or  complex 
roots..    This  is  not  needed  in  the  sequel  but  is  included  for  teachers 
whose  students  need  to  learn  about  the  subject  at  this  time     Although  , 
not  needed  in  the  sequel,  the  subject  is  closely  related  to  thejtudy  of  ^ 
,  Z-dimensional  vector  spaces  and  planq  geometry.  , 

Several  interesting  structures  can  be  imposed  on  the  set  ft  X  ft  of 
alVordered  pairs  of  real  numbers.    For  example,  we  have  seen  at  the 
efe  of  Chapter  5  tftat  ft  X  ft  becomes  a  vector  spaed  when,  for  ordered 
p^rs,  addition,  multiplication  by  real  numbers,  0,  and  oppositing  are 
defined  as  in  (l  5  -  (3).    In  this  context  we  have  called  the  ordered  pairs 
of  real  numbers  measufe  vectors  since  they  can  be  used  as  measures  of 
velocities,  forces,  plane  displacements,   etc.  much  as  real  nun.be rs  are 
used  to  measure,  for  example,  masses.    The  resulting  vector  sjace  is 
•easily  seen  to  be  2-dimensional.    For  example,  the  measure  vectors 
(1  0)  and  (0,  1)  form  a  basis  since  they 'obviously  span  ft  X  B  and  are 
Lnearry  independent.    [{ 1 .  0)a  +  {0.  1  )b  =  (a.V)^nd  (a.  b)  =  t  if  and  only 
if  a  =  0  ^  b.  ]  ■   ,  ,  :  • 

The  space  ftX  ft  of  measure  vectors  becomes  an  inner  product 
space  when  we  define  dot  multiplication  by  (4).    AlternativelY.  the  space 
R  X  ft  of  measure  vectors  btecomes  the  algebra  of  complex  nuinbers  when 
we  define  [cross}  multiplication  by  (5)  dn  page   143.     [An  a^ebra  is  a 
vector  space  together  with  a  definition  of  multiplication  A..  -  x  •  •  •/ 
which  is  distributive  "both  ways"  with  resjpect  to  addition  ^nd  whicb 
behaves  with  respect  to  multiplication  bV  ^  number sy  [(2)1  in  such  a 
way  that  (a  x-S)c  =  (ac)  X  S  =  a  X  (Sc).    In  an  alge^ra/mult^plication  of 
vectors  ne*d  no±  be  either  commutative  or  associative.  ]  When  we-  choose 
-(5)  -  rather  than  (4)  —  as  our  definition  of  multiplication  we  speak  of 
the'memberi  of  -ft  X  ft     complex  numbers  —  rather  than  a«  measure 
vectors.    [In  Chapter  1  9  we  shall  impose  still  a  third  str,ucture  on 
ft  X  ft  Under  which  it  will  be  ^  Euclidean  plane.    Then  we  shall  call  the 
members  of  ft  X  ft^" points*'.  ]    '■  .  , 
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*  '      »•  > 

•  .  ,  *  ' 
4              [(a,  6)c}rf  =  (at*,        =^((afki,  (6c)Gf)  ^  {a{cfi),  6(cd))  -  (a,  6)(c*. 

,  ^  Ifwedecide,  asweshall,  tc  takeCiTtOi^^ 

an  orthonormal  basis  for  the'^spifce  ot  2-diraensional  measure  vec- 
tors, we  can  define  dot  muitiplica^on  by:  * 

■   (4)    "  '     (a,  6)  '  {c,d)  =  ac  ^  bd 

[See  Theora^  11-^12  ]  . 

Exercises  _  '4:  / .  , 

.      ■      *       "  ^  ■      ■  "  .'-^ 

Part  A  .  • 

*  .       1.  Compute,  /  '*  .  " 

■(a^  (2,  -3)  +  (-4,  5)    '  (b)^C6,  8)  +  (0,  0)      Lc)  (-^4,  6^  +  (4,  -6) 
•  {d)(7,  |)'2  '  ,    (e)  (6,-  -5)0  •   (f)  (4,  2)  v{-3,  5) 

2.  Show  that,  -Under  our  definitions,  operations  on  measure  vectors 
satisfy  Postulates  4^  and  4g.  [Hint:  To  save  letters  and  make  it 
easier  to  follow  your'  computations,  let  a  =  (a,,  a^)  and  V  ^  (6,, 
b,).]  '  '  '  * 

•  ^  ^  3*.  Shpw  that  the  defined  operations  on  measure  vectors  satisfy  Pos- 
^  tulates  ^^ie)  and  4jj-4j^.  [Use  notation  like  that  suggested  for 

Exercise  2.1 
,  4.  (a)  Show  that  (o^  6)  a). 

(b)  ShsSliF  that  a  and  v  are,  as  claimed  above,  orthogonal  unit 

5.  Show  t«^t  iu,  v)  does  form  a  basis  for  the  measure  vector  space 
fj?x  /if  by  showing  that  it  4k  linearly  independent  and  that,  for 
any  a  and  6,  (a,  b)  =^  im  ^  vb. 

It  is  possible  — and  very  useful  — to  define  another  kind  of  rauitipli- 
cation  in  the  space  fJ?  x  ^  of  measure  vectors.  For  the  time  being  we 
shall  use     to  refer  to  this  operation  and  define  it  by: 

(5)'  (a,  6)  X  ic,  d)  =  iac  - pd,  ad  +  6c) 

*^  N^ice  that  this  is  a  way  to  multiply  two  measure  vectors  so  as  to 
obtain  a  product  which  is  alsp  a  measure  vector,  rather  thto  a  real 
number.  When  this  kind  of  multiplication  is  used,  the  earlier  dot 
multiplication  turns  out  to  be  not  very  important  and  one  considers 
only  the  operations  defined  by  it),  (2),  (3),  and  (5).  In  this  case  it  is 
customary  to.  speak  of  c4?  x  with  these  operations  as  the  complex 
number  system  and  to  denote  u  HJ^d  v  by  T  arid  'i\  Using  |fais  nota- 
"tion  it  follows  as  in  Exercise  5  of  Part  A  that  {a^  b)  =  la  ^  ib.  Note 
that  la  -  ia,0)  and  ib  is  (0,  b).  It  is  also  customary  to  denote -HO,  0)' 


hy'O'  rather  than  by '6^ 
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Answers  for  Part  A  ■     '  * 

I.  ■  (a)    (-2,  2)  (b)   (6.8)  '    ix)  (0,0) 

(d)  1^.9)  •  *  (e)  (0,  0)  (f)  -2' 

Z.     4^!  (a^,a^)4-(b^,b^)={a^-fb3^,e^.+bp):=(b^+a^,  b^^+a^ )  =  (b^.  b^, ^a^.  ) 


*^6'  (a;^,  a2)(B  + c)=  (a^(b +c),  a^b  +  c ))  =  (a^b  +  a^c,  agb  +  a^c) 
I      '  =  (a^b,  a^b)  +  (ajcyl^c)=  (a^,'^^)b  +  Ui,  a^)c 

3. '     4Q(e):  (a 'b) .  (cf^Tr  ac  +  bd  £  Si  by  4^16)  and  4Q(a). 

^     4^2.:  b)  =  a2  +  b2  ^0  for  a  #  0  or  b  ^  0  [by  Exercise  1 

on  page  7], 

'4^^:  [(a^,  a^)+ (b^,  b^)]*  {cj^,  c^)^  (a^^ -f  b^,  a^ +bp)*  (en  c^)  ^ 

*    ^        ,       -  .  =  (a^Cj^^  a2C£)  +  (b2^c^ +b2C2) 

-  (^3^,  a^)  •  (Cj^,  €2)+ (h^,  bg)*  (c^.  Cp) 
4^3:  [(a^,a^)^].(b^,b2)=(a^a,a2a)Mb2^,b2)={a2^a)b^  +  (a2a)b2    .  ^ 

=  (^1^1  +'aj,b2)a  -  [{a^^,  a^)  •  (b^^,  b2)]a 
"^14'  (a^,  ap)' (b^,  b^)^:  a^bj +a2b^    b^^a^  ^b^a^  :=  (b^,  b^)- (a^^,  ag) 

4,  (a)    Since  (a,b)-{-b,  a)  =  a  •  -b  +  ba  =  ^(ab)  +  (ab)  =0,  % 

(a,b)  i.  (^b.a),  — 

(b)  =  (1,0).(0,I}  =  l.Oi  0.1  =  0; 

^u*2  =  (1,  0).  (1/0)  =  1  •  1  +  0.  0  =  1;  "     ^       ^   *   ■  ^ 

v*7  =  (0,1).  (0,  1)  =  0.  0  i  1  .  1  1;  / 

5X   ua  +  vb  =  (1,  0)a  4  (0,  i  )b  =  (a,  0)  +  (0,b)  =  (a,  b),  and  (a,b)  =  '3  if  _^ 
.  and*onIy  if  a  =  0  =*b.'   (This  proves,  at  the  same  time,  that  (u,  v) 
spans  R  X  R  and  that  (u,  v)  is  Unearly  indejj^ident,  ] 

The  'definition  (S)  can  be  motivated  by  showing  that  the  only  defini- 
tions of  multiplication  under  which  multiplication  is  cori^mutative^ 
associative,  and  distributive '^A'ith  respect  to  addition,  and  have  two  other 
desirable  properties  [see  below]  are  -of  the  f^^rm: 

.(5q)     (a,b)x  (c,d)  =  (ac  +tbd)k,  ad  4  be  +  (bd)i)  ' 

where  i  and  k  are  given  real  number s  such  that      A  4k   >  0^  The 
desirable  properties  are  that  (a,b)     (c,  0)  =  <a,*b)c  and  that  there  is  a 
definition  of  reciprocating  such  that,  for  (a,  b)  ^  0^,  (^,b)  X  /(a,b)  =  1^, 
[It  is  for  thi^last  property  that  we  need  the  restriction        4  4jk       0*.  ] 
From  this  result  one  ca\  attain  to  (5)  in  many  ways.    The  brii<est  is 
by  noting  that  the  choice  of  k  =         and  1=0  yields  the  simplest 
suitable  definition,  r 

Although  the  preceding  justification  is  too  long  for  the  text,  or  for 
general  class  use,  w^e  shall  sketch  it  for  the  possible  use  of  interested 
and  bright  students^  *  To  begin  with,  one  uses  the  second  of  the  **other 
desirable  properties"  together  with  the  assumed  associativity  of 
multiplication  to  %how  that  [(a,b)e]  x  [(c,d)f]      {(a.b)x  (c.d)]{ef)  and  W 
that  (a,  b)  X  1_  =  (a,b)  '=  1^  X  (a^  b).    Next,  using  thelse  results,  noting 
that  (a,b)  =  J_a  4  ^b  and  Tc,d)  -  ic  4_id,  and  using  the  distributivity 
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'   '  '  .       f •  ■    u  \ 

{bo^h  ways]  oi  multiplication  over  ^addition  a;id  the  usual  properties  of  : 
adjiition,  one  shoWs  that  '     ^^^^^^^      '  *  > 

^  •        (a,b)^  (c,  d)  =  l.(ac)  +i(Vid  +  be) 

Assuming  that/j,x  i     '(k,  I),  leads  at  onc%  to'  (5q). 

•         f  -        ^  ' 

'  To  define- reciprocating  one  mus^  be  able  to  solve  the  equatipn 
*(a,b)  x(c,d)  ^  V  for  'c'  ^nd  J^'  uftless  a  =  <)  =         T^s  equation 
is  equivalent  to  the  system;*      '      ^  '        '  •  -  <^ 

^        '    ybc  Vja-4  i;i)d  =  0  ^^^^  *' 

which,  we  know, 'is  solvifele-ii'and  i»nly  if  tW  detferminani 
a(a     hi)  -  \f{hk)  4  6.  This  is  the  case  if  and  only  ii       +  /(ati)  -  k>2  jt  0- 
Arid,  with'^me- knowl^^ge  oi  quadratic  equations,  it.i^  easy  to  see  that 
this  last  is  the  case  for  a  #  Q*  oV  b  ^  0- iHrnd  pnly-lf -the  4i^cyiminant 
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In  discu8sing\complex  numbers  it  is  customary  to  indicate  multi- 
plication either  by^xtaposition  of  terms  [as  in:  (a,  6)(c,  d)]  or,  since 
^4)  is  not  used,  by  a  as  well  by  a  'x'.  We  shall  refer  to  the 
operation  defined  by  (5)  as  multiplication  of  complex  numbers. 

Part  B  ^  *         .  ' 


U  Compute. 

(a)  (2,  3)  X  {-2,  1)      (b)  (-2,  1)  x  (2/3)       (c)  (7,  -5)  x  (1,  2) 
(d)  (a;  6)  X  i   .  (e)  (a,  6)  x  0  (f)  (a,  6)  x  {a, -6)  ^ 

(g)  ia,&^x  ic  fi)^  ^  >  (h)  (a,  6)  x  i  (i)  i  x  i 

'2.  (a)  Conflpar^^vite' answer,  for  Exercise  1(h)  with  the  result  you 
^  ^obtain^^HBpVcise  4(a)  of  Part  A. 

''ib)'>C^||JjMBpIify  your  answer  for  ^xerci^tekJ^)  still  further? 
^  ^  Sho^J^Hjj^ipIication  of  c^omplex  numbei^  is 

*(b)  distiTOutive  with  respect  to  addition. 
*(c)  associative. 

(For  parts  (b)  and  (c)  use  subscript  notation'  as  suggested  for  Ex- 
^      ercise12  of  Part  A']  *     '  ^  . 

-  ■ 

The  results  of  Exercise  2,  some  of  those  of  Exercise  1,  and  proj>erties 
of  the  operations  defined  by  (l)  and  (2),  make  it  very  easy  to  carry  out 
multiplication  of  c()mpiex  numbeus  without  rememBering  the  defini- 
tion (5): 

{a,  6)  X  (c.  d)=  aa  +  ibWc  +  id)  [Why?] 
..i     .  ^  ila)Uc+id) +  iib)Uc^:-^  id)  '  [Why?] 

*  =  (/a)(/c)  +  {ib)(id)  +  {la)(id)  +  (i6)(ic)  [Why?] 

^  .      =  l(ac) -Hbd) +^(pd).^  i{bc)  [Why?] 

=,Hac  -  bd)  +  iiad+  be)  [Why?) 
'       '         •  ^  iac  -  bd,  ad  +  be),  [Why?] 

'     ^  ►  '       '  ■ 

*»       Evidently,  what  one  needs  principally  to  know  is  thai  multiplication 
is  commutative  and  is  distributive  with  respect  to  addition,  that  i  X  i 

 :      "    -  1,  that  i/x  1  -  i,  -and  that  i  >f  i  =  -1. 

The  procedure  just  illustrated  can  be  made  still  simpler  if  we  note,, 
that 

•  (a,  0)  +  (6.  0)  =  {a  +  b,  0),  (a.  0){b,  0)  =  (a6,  0)  =  (a,  0)6, 
^         and  -(o,  0)  =  (-a,  0). 

I  In  words,  the  complex  numbers  with  second  &mppnent  zero  behave 

with  r^pect  to  addition,  multiplication^  and  oppositing  just  like 
their  first  components  and  multiplication  of  such  a  complex  member 
by  a  real  number  is  equivalent  to  multiplying  by  the^'^corres^nding'' 
complei^  number.  Because  of  this,  complex  numbers  with  second  com- 
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Answers  for  Part  B  '• 

1.  (a)M-7.-4)»        (b).J-7,~4)    (c)  (17,9)       (d)  (a,b)       <e)  {0,0) 
{£)    (a2+b3,  0)    (g)'(ac,0)'    '(h)  |-b,a)       (i)  (-1.0) 

2. *     fa)    Multiplying  a  given  mqasure  vector  by  _i  yields  a  measure 

vector  orthdgonal  to  the  given  one. 

(b)    -1  ■     '  ■  . 

3.  commutative:      (a^^,  a^)  X  (b^ ,      )  ^=  (a^b^  -  a^bg ,  a^b^  +  a^b^^) 

=  (b^a^-b2a2,  b^a^  +  b^^^)  =  (b^^,  b^)  X  (a^,  a^) 
'     distributive:   [{a3^,-ap)+ (b^,  b2)]x  (c^,  C|) 
=  (ai  +  b3^,  a2  +  b2)X(c^,  C2) 

^^a^^  +  b^Jc^ -[a^  +  b^Jc^,  (a^^  +  b^jcg  +  [a^ +bg]c3^)  . 

=  ([a3^^c^  "agCj^]+  [b^^c^  [a +  a^c  J+ [b^c^  +  b^c  ^1^, 

^  =  (a^C3^  "^2^2'  ^X^p.  +a2C^)+ (b^c^^  "^2^2'  b^c^  +  bgC^^)  < 

=  (ai,a^)X{c^,  €3)+  (b^,  b2)x(c^,  c^) 

^    associative:   [fa^^,  agjx^b^^,  b^)]x  {c^^,  c^) 

=  ( [a     3^  -  a  2  bg  ]c  3^  -  { a  ^b^  +  ag  b  3^  )c  g  r  [a  b^-a^b^Jc^  +  Ia^b^+a^b^Jc^^) 

=  (a^Ib^c^  -bgCgj-^Ib^c^+b^Cg],  a3^[b^(;2  +  ^2^ il+^^glb^c^  -bsCg]) 

=={a^,a2)x[(b^.b2)x{c^,  c^)] 

[Several  (perhaps  4)  steps  have  bfe en  omitted  from  the  ijroof  of 
asaOTiativity.  ]  t 

The  answers  for  the  •Why?'s  are:   Exercise   5  of  Pal 
distributivity;  left  distributivity.  as  well  as  associativity  of  ^tidition; 
properties  of  addition  and  of  rniiltiplication  by  real  numbers  as^well  as 
the  fact  that        =         [Exerqise  of  Part  B];  associativity,  brkddi- 

tion  and  properties  of  multiplication  by  real  nximbers;   Exercise  ^  ofO 
Part  A.  '  ■        .  \^ 

Complex  numbers  are  often  written  in  the  forrrt  'a  +  b£  rather  than 
*a  ^-j3'.    You  may  do  as  yottsphoose.    We  shall,  in  the  text,  maintain  the 
convention  that^  vectors  ard*  multiplied  by  real  numbers  on  the  right. 


■    ■     ■  /  ■ 

13.05  Chapter  Summary  145 


ponentpzero  are  calle^heql-complex  numbers.  Since  the  arithmetic 
of  these  real-complex  numbers  is  the  same^as  the  arithmetic  of  the  '—-^ 
corresponding-  real  numbers  which  are  their  first;  components  it  is 
customary  to  pretend  that  the  real-complex^umbers  are  the  same  as 
the  real  numbers/This  pretense  is,  of  oourse,  a  fiction,  but  it  is  a ^ 
harmless  and  useful  one.  It  leads  us  agree*^that 


Answers  for  Part  C 


(a,  h)  -  a  f  ib 


and  gives  us  the  rules: 

(!')         (a  f'ii?)  +  (c  +  id)  ^  (a  +  c)  4  i{h  +  d) 
(2')  ■  (a  +  ib)c  =  or  +  i{bc)  \     '  I 

(3')  ,  <  -{a  +  ib)  =  -a  -  ib 

(5')         (a  +  ib)  X  (c  +  id)  =  {ac  -  bd)  +  i{ad  +  be) 

The  last  rule  i*s  easy  to  recall  by  thinking  of  distributivity,  commuta- 
tivity,  etc.,  and  the  fact  that    =  —1. 


Parte 


Compute. 

(a)  (3  +  i7)  +  (-9  +  t6) 
(c)   (8  +  i)  +  (5  -  i) 
(e)  (3  +  i6)  .-  (5  +  {4)  . 
(g)  (2  +  t5)  X  {6  +  il) 
(i)    (3  +  i2)(-8  ^  i3) 
(k)  (3  +  £4){3  +  U) 
<m)  (5  +«iOK3  +  iS) 
(o)  2£{3  +  {5)  • 
(q)  (8  +  f3)t(2  +  {5)  _  (7  -  j3)] 
(s)   (1  +        -  i) 


(b)  (9  -  j2)  +  (7  -^  m 

(d)  (6  ~  {5)  -  (7  -  i2) 

(f)  (7  -  i)  -  (7,-  i) 

(h)  (-2  +  i7)(5  -  i4) 

g)  (5  -  j7)(6  +  i5)  • 

,{1)  (7  4  j6F 

(n)  9(6  +  ai) 

(p)  (3'  +  j2)(5  +  j4){2  -  iS) 

(r)  (3  +  i4)(3  -  i4) 

(t)  (2  -  i3)(2  +  i3) 


2.  For  each  of  the  given  complex  numbers  find  another  so  that  the 
product  will  be  a  nonzero"  real  [complex]  number,  i 

(a)  1  -  i  (b)  9  +  i4  (c)  3  +  il  (d)  6  -  i5 

te)  7  '+  i        *    (f)  6'+  j5  ■  (g)  2  +  i3  -  (h)  a  +  it 

imnt:  The  last  three  parts  of  Exercise  1  may  help.  To  see  what  is 
going  on,  consider  the  problem  of  finding,  for  3  +  j4,  a  nonzero 
complex  number  a  +  ib  suqji  that  (3  +  i4)(a  +  i&)  -  c  -(-  iO  where 
c  5^  0.  This  problem  r«iuoes  to  finding  real  numbers  a  and  b,  not 
both  0,  such  that  3«i^+  4a  =  0,  [Explain.]  One  choice, then, 
given  by  'a  =  3,  6  =  -4'.  (Wh^£  other  choices  are  there?)] 

3.  Pairs  of  simplex  numbers  like  3  +  i4  arid  3  -  i4  are  called  pairs 
of  conjugate  complex  numbers.  Sy  definition,  th$  coi\jugate  of 

^         ibis'a  ~?ib;  for  short,  a  +  ib  =  a  ~  ib.  [Read  '         '  as  you 
would  'the  coiyugate  of.]  Compute.  _l  ^ 

(a)  7Ti2  (b)  7  -  i2  (c)  9  ♦ 

4.  Show  that  (a  +  ffe)  x  a  +  ib  is  a  real  [complex]  number. 


id)  i2 


er|g 


3l4 


(a), 
(d) 

is) 

(m) 
(p) 
(s) 


2. 


'3. 
4. 


(a) 
(e) 


-6  +  n3 

-1  -2,3 
-23  +144 
65  -  U7 
15+  _i40 
60  +  J_23 
2  -v' 

1  +  j_ 
7  -  i 


(b) 
(f) 
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(b)  16 
(e)   -2  +12 
(h)   18  +  H3 
(k)   -7  ^iZ4 
in)   54  tll9 
(q)  +  H9 

(t)  13 

9  -14  (c) 
6-15  (g) 


(c)   13  [or:  13  +10]. 
(f)  0  [or:  0  +10] 
(i)'  -18  jl25 
(I)   24  +170 
(o)   -10  +16 
(r)  25? 


17 
13 


6+15 
a  -  ib 


[The  re-sult  of  multiplying  any  of  the  answers  given  for  Exercise  2 
by  a  nonzero  real  number  will  also  be  a  correct  answer.    The  given 
answers  are,  however,  the  **desired"  ones.    Following  out  the 
hint,  note  that  <3  +I4)ta  +lb)  =  {3a  -  4b)  +l(^b  +  4a)  and,        is  a 
nonzero  real  complex  number  if  and  only  if  3a  -  4b  i^  0  and 
3b  +  4a  =  C  The  solutions  of  the  latter  equation  are  given  b^ 
(a,  b)  =^  {3k,  -4k}  for  any  real  number  k-    The,pair'(3,  --4) 

Lined  for  k  =  1  also  satisfies  the  inequation,    (3  •  3  -  4  •  -4  #  0)] 

(a)    7  -\Z  (hi  7+12   '       (c)  9   [or:  9+10]   '     .  (d)  -U 

{a  +  lb)' X  a  +  lb  =^  (a  +lb)X  (a  "lb)  =        +  [The  product  is. 

actually,  the  real  complex  number  {a^  t  B^,  0),  but  we  are  pre- 
tending that  such  a*tiumber  is  the  same  as  the  jeal  number  which 
is  its  first  component.  ]      ,  .  " 
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5.  Show  that         ;  • 

(a)  (a  +  ib)  -h  (e  +  id)  =  a  +  ib  +  F^hid,  and 

(b)  {a  +  ii^-x  (c  +  id)  =  oTlf  x  c  +  id. 

6«  Find  a  ancj  b  such  that  (3  +  i4)(a  -f  i6)^=  1  [//m^:  Your  work  with 
toryugates  may  suggest  how.]  » 

At  the  beginning  of  these  exe:ft!ises  we  noticed  that  x  is  an 
inper  product  space  under  the  definitions  (1,)  -  (4)  on  pages  142  and 
143.  In  particular,  each  or;dered  pair  of  real  numbers  has,  as  a  vector, 
a  norm  such  that 

(*)    *  l|{a,  6)1!^  =      -f  b^      ^  '  ■  [Explain/J 

In  your  work  with  conjugates  you  have  found  that,  also, 

(**)  <a  +  iby  x  a  -  i%  =  + 

This  suggests  that  we  define  the  norm— or,  more  usually absolute 
value  of  a  complex  number  by:  : 

(6)  '  |a  +  ibi  =  Va^  +  ¥ 
and  record  the  theorem:  ^ 

j      la  ^  ib\^  =  (a  +  ib)  x  oTlb^ 

It  follows  from  (**)  that,  if  we  define  reciprocating  for  complex 
numbers  by: 

(7)  /(a  +  ib)  =  FTTbKa^  ^  b")  =  — f~  -  i'tT^ 

then,  for  a  ^  ib  ^  0,  ' 

+U)  X  /(a  +  ib)  -  1.^ 

^Elns,  in  addition  to  other  properties  of  complex  numbers  which  we 
have  previously  established  shows  that,  wiUi  our  definitions  of  addi- 
tion and  multiplication,  oppositi^,  and  i^procating,  0{{Q,  0)]  an^ 
i[(l,  0)],  tiie  complex  numbers  form  a  field.  In  particular  all  the  prop- 
erties of  real  number^  and  the  operations.on  them  which  follow  from 
Postulates  5p(a)  -  (f)  and  5,  -  5^  hold  equally  well  for  the  complex 
numbers  and  the  corresponding  operations  on  them. 
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Answers  for  Part  C  [i^ont,] 


5.     (a)    {a  +  jb)  +  (c  +2.d)  =  {a  +  <:)  +_i,(b  +  d)'==  (a  +  c)  -  i{h  +  d) 
=  (a  -  jb)  +  (c  -.id).  =  aTlb  +  cTTd,. 


(b)    (a  t^b)  X      ^  i^)  =  (ac  -  bd)  +  Uad  -fbc)  =  {ac.  -  bd)  -i.(ad  +  be); 
a  +_ib  X  c  +  i^d  =  (a  -^b)  X  {c  "Id)  =  (ac  -  bd)  -^{ad  ^  be) 
6.     a  =  3/25,  b  =  -4/25    [From'our  work  with  conjugates  we  know  that 

Note  that  the  right  side  of  (*),  is  'a^  4  b^'  by  definition  but  that 
the  right  side  of  (^^)  is  *a?  +  b^*  by  definition  and  by  our  agreement 
to  identify  eaeh  real  complex  nuinber  with  its  first  cotnponent,  ' 
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1.  Compute  [that  is,  put  in  the  form  '(\^  j^'^og-^-  ib')]. 
(a)  /(3  4-  i4)  (b)  /(4  +  i2)  >^ 

'  (c)  li  ^         J  (d)  m)  ^ 

(e)  (6  +  m  ^  (7  -  m'  (0  (3  ^  e4)  ^  (-2'  -  i5) 

6  +  ib  f3 

2.  Show  that,  foi»  any  complex  numbers  2,  and  z^, 

(a)  -       '  leJIHm^:  Exercise  5(b)  of  Parte  will  be  Helpful] 

(b)  j^j  +  2^  ^  I^J  -f     !  {Hint\  Recall  that  the  absolute  value  of  a 
member  of  i;?  x     ^considered  as  a  complex,  number,  is  the 

:   same  as  its  ndrm  wheA  it  is  considered  as  a  measure  vector^ 
'  Look  ah^d  to  T^heorem  14-1  on  page  152.1 

3.  *  Is  it  possible  to  find  an  order  relation  for  the  set  of  complex  nurn- 

bers  with  respect  to  which  the  cdinplex  numl^r  system  is  an  or- 
dered field -that  is,  so  that  Postulates  5^  -  ,5^^  are  satisfied? 
s    [Hml:  Recall  tljat  i^  =  ^ 

4.  Show  that  for  each  real  number  a  <  0»  =  a.  How  many 
complex  numbers  have  ^  as  their  square?  How  many  have  4  as 
their  square? 

5.  Exercise  4  sugg^ts  that,  for  real  [complex]  numbers  x  <  0,  we 
define;  ^  ^ 

where,  sin^  -x  >  0,  ^-x  is^he  "ordinary"  principal  square  root 
of  X.  You  know  that,  for  a  0  and  6  2  0,  VaVb  =  Vab.  Find  a 
similar  result  [Va  Vb  =  ?]  iti  case  a  fC  0  and  fc  <  0. 

Q.  Compute.  '   .  s   

"  (a)  \^-9  (b)  V^25  (c)  (d) 

In  the  Background  Topic  at  the  end  of  Chapter  12  we  studied  quad- 
^  ratic  functions.  A  function  f  is  a  quadratic  functipn  if  there  are  real 
numbers  a,  b,  and  c,  a  9^  0,  8\icb  that,  for  each  x, 

■    (*)        '  f(x)  =  ax^  +  bx  +  e.  _ 

We  found  a  proc^  which  we  called  'completing  the  square'  which 
enabled  us  to  represent  any  quadratic  function  fin  a.form:  ( 


where  p  -  —bl2a  and  9  =^  (4ac  -  fe^)/(4a). 

Completing  the  square  can  be  used  in  many  Hinds  of  problems.  One, 
which^  we  have  not  previously  discussed,  is  that  of  finding  the  argu- 
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Answers  for  Part  P  .     *  ; 

1.     (a)   ^.-l^l      (b)  ^  -^^       (c)  -0  -1  lor:  -i]  *   (d)   -i/6r  " 

[Division  problems  like  the  above^can  be  solved  by  computing  the 
retiprpcal  of  the  divisor  and  multiplying  the  dividend  by  it. 
Alternatively,  one  may  multiply  both  dividend  and  divis^fr  by  tin; 
conjugate  of  the  divisor  and  simplify.    This  alternative  procedure 
is  soTTiewhat  more  efficient  than  the  first,  and  you  may  wish  to 
give  it  to  your  students.  ]  ' 

Z,   *  (a)  '  By  the  theorem  following  (6)  we  know  that  '  t 

jz^Xgl^  =  (z^Zg)^  (S^).    By  Exercise  5{b)  of  FJ^rt  C, 
=  ^1  X  Substituting  and  using  associativity  and 

/       commutativity,  we  find  tliat  l^^^z^l^  "  (zi^i)     U^i^ )  *  ^\ 
-  \'z^\^\z^\^  s  {       I  •  I  2^  I         Since  absolute  values  are 
nonnegative  it  follows  that   l^^^sl   "  l^il'^^.s!- 
'(b)    [The  hint  forces  students'to  look  ahead  at  a  theorem  they  have 
not  yet  proved.    This  is  good  experience  —  mathematics  ie 
such  a  large  field  that  one  often  has  to  accept  theorems  on  ^ 
faith.]   \^^^         ^  }\z^^  %^\\        Il^^ill      li^^l!  =   hil  +  hal 

3.  No,    III  an  ordered  field  squares  are  nonnegative  and,  in  tlie  complex 
number  field  both  1^  arid  -i  are  squares.  iBut,  nonzero  opposite s 

*  cannot  both  be  nonnegative  "Tif  a  >  0  then,  -a  <  Oj. 

4.  For  a  <   0,  -a  >  0  and,  so*  (inT^P  =  ±^(\r^)^  =  -1  •  -a  =  a.  ; 
There  are  two  numbers,  J2  and  -iZ,  whose  liquare  is  --4* ;  There 
are  two  numbers,  2  and  ^2,  whose  square  is  4,    [in  any  field  a 
nonzero- number  whicH  has  a  square  root  has  two  square  roots  and 

^        these, are  opposites  of  one  another.  ^For,  in  any  field,        =  if 
and  only  if  b      a  o^  b  =  "^•j 

f  '   ^1 

5.  For  a  <  0  and  b  <  0,  \faVb  =  -N/ab.    [For  i^sl^a){i\r^) 

=  J,^N/^-a«  -b .  =  -n/^.  ]  i        ^  .       '  • 

6.  (a)  p    ,  '     (b)  15  <c)  id)  vf5 

'You  may  wish  to  review  briefly  the  procedure  of  completing  the 
square  before  taking  up  th^  mate  rial  on^iiadratic  functions  and  quad- 
ratic equations.  '  ■  , 
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V 

'  ments  [if  there  are  any]  for  which  the  functions  /'of  C*")  [ot  of  (** )]  has 
the  value  .zero.  These  argunient;s  are  called  zeros  of  the  function  f; 
alternatively,,  they  are  called  roots,  or  solutions,  of  the  quadratic 
equation: 

(t)  .       .  ax^     bx     c  =  0 

These  zeros  or  roots  are  easily  found  if  we  complete  the  sfjuare  and 
consider  the  equivalent  equation: 

(tt)  ' .       a(x-py^q  =  0 

Transforming  thfe  latter  we  obtain:  ; 

ix  -  py^  ^  -q/a 

*  Now,  if  ~q/a  >  0  wa  can  carry  the  transformation  a  step  further: 

X     p  =  y/^q/a  orx  -  p       V^/a     ,  ^ 

Substituting  the  expressions  for  *p'  and  9*  in  terms  of  'a\  'b\  ^d  'c' 
we  obtain: 


and,  finally:  " 


2a 


/ON         -b     Vb^  -  4ac  ^b  -  Vb"  ^  iac       rT?v^io4^  i 

(8)   X  =^   r — ^- —  or  X  =^  — — —z — ^   4 Explain.  J 

^      2a  2a  / 

Formula  (8)  gives  us  readily  the  zeros  of  a  quadratic  function  [as  in 
{*)]  or  of  a  quadratic  equation  [as  in  (t)]  as  long  as  a,  6,  and  c  are  real 
numbers  such  that  6^  -  4ac  >  0.  [It  also  works  in  case  b^  -  4ac  =  0. 
Explain.] 

The  preceding  could  as  well  have'i^en  said  in  the  Background 
Topic  where  we  first  studied  quadralic  functions.  What  is  new  here 
is  that  if  we  allow  V  to  have  complex  numbers  as  values,  we  can  still 
interpret  (8)  as  giving  zeros  of  the  function  /  of  (*),'and  roots  of  the 
equation  (t),  even  in  case  6*  -  4ac  <  0.  All  we  need  do  in  this  case  is 
to  transform  ! -  4ac'  into  'iViac  -  l^'  in  accord  with  the  defini- 
tion  of  Exercise  5  of  Part  D. 

The  sentence  (8)  which  [for  a  #  0]  is  equivalent  to  the  equation  (t) 
is  often  simpliSed  to: 

'    (80      X  ^      ^  '[Read'±'a8'pIU8orininusM 
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that 
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The  explanation  asked  for  in  connection  with*  (8)  involves  the  fact 
Jh^  -  4ac  ^  Vb^  -  4ac 


4a  2 


2  a 


Since,  for  a   >  0,    |a|   =  a,  the  alternation  sentence  preceding  (8) 
reduces  to  (8)  in^case  a   >  0,    Incase  a  <   0,  when   jaj  =   ^a,  the 
sentence  preceding  (8)  reduces  to:  ^  ' 

^  -b  -  Vb^  -  4ac  ^  ^  -b  4-  Vbf  -  4ac  * 

2a  Za  ^ 

and  this  is  equivalent  to  (8).  ' 

Be  sure  your  students  understand  that,  for  example,  the  equation 
'(x  -  1)(x  -  2)  =  0'  is  equivalent  to  the' sentence  'x  =  i  or  x  =  2'  and 
that  this  sentence  has  the  nunnbers  J  and^  2  as  roots,    [There  is 
occasional  confusion  between  'or*  and  'and'  here.    For  example, 
some  students  will  argue  that  if ^  1  and  . 2  are  roots  then  'x  =  1  and 
X  '  2'  is  equivalent  to  the.  given  equation  —  and,  so  that  the  equation* 
implies  that  1  '  2.]  * 

The  quadratic  formula  works  ec^Ually  well  if  a,'  b,  and  c  are 
arbitrary  complex  n^umbers.  with  a       0 .    [But,  unless  a,  b,  and  c  are 
real  (complex)  numbers,  the  disc riminant  may  not  discriminate 
between  real  and  cpmplex  <non-real)  , roots.  ]   To  apply  the  quadratic 
formula  effectively  in  this  general  case  one  needs  to  know  how  to 
compute  square  roots  of  complex  numbers.    Teaching  this  is  beyond 
our  present  aims,  ♦  , 


\ 

Part  E 
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and  called  (he  quadratic  forrni^.  Inspection  of  this  formula  shows 
that,  for  any  re^l  numbers  a,  6,  and  c,  with  a  ^  0,  equation  (t)  has  ^ 
two  roote  if  and  only  if  fe^  -  4ac  ^  0  and  has  a  single  root  [which  has 
some  pretensions  of  being  "counted  twice'*]  if  6^  -  4ac  0,  [The  pre- 
'ceding  holds,  in  fact,^ven  if  a,  fe,  and  c  are  complex  numbers.]  More- 
over, the  equation  has  two  real  'roots  if  and  only  \^b'^  -  4af  >  0  and* 
has  two  complex  roots  if  and  only  if  6^  -  4ac  <  0.  In  the  latter  case, 
the  ro6ts  are  a  pair  of  conjugate  complex  numbers.  Because  the  quan- 
tity -  4gc  can  be  used,  as  above,  to  discriminate  among  the  pos- 
sible types  of  roots  (t)  may  have,  -  4ac  is  called  the  discriminant 
of  (t).  ^,  '  . 


1.  For  each  of  the  following  quadratic  equations,  use  its.discriminaht 
to  determine  the  nature  of  its  roots.  Then,  use  (8)  or  (8'}  to  find 
these  roots. 

(a)      -  4x  4-  29  =  0      ^     '  (b)      -  2x  -  15  0 

(c)  x^.-  6x  +  25  =  0  (d)  x«  +  16  =  0 

(e).     -  7x  +.9  -  (f)  x^  +  X     1  -  0 

<g)  x^  ^  9x  4-  9  =  0  *  (h)  x^  -  4x  +  4  =  0 

(i)  ^       +  ex  -  9  =  0  ^   (j)  6x^  -  7x  +  1  =  0 

2.  Show,  for  equation  'ax'  +  6x  +  c  =  0',  that 

(a)  the  sum  of  the  roots  is  -6/a,  and  that 

(b)  the  product  of  the  rcx>ts  is  c/a. 

3.  (a)  Solve:  .  , 

•* 

*♦  .  s  ' 

for  't\  [When  g  is  approximately  32, 5  feet  is  the  height  reached 
by  a  body  t  seconds  after  it  has  been  thrown  upward  with  a 
velocity  of     feet  per  second.] 

(b)  Simplify  your  solution  in  part  (a)  under  the  assumption  that 
when  s  =  0,  ^  =  0.  ^  ^ 

(c)  How  high  does  the  body  rise  before  it  starts  to  fall  bkck? 
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Answers  for  Part  E 

U     (a)  '  2  2-^5 

Y  (b)  5,  --3  [students  shouid  st^e  that  this  equation  could  be  solved 
j  by  factoring.  ]  , 

^  (c)  3  f  j,4,  3  -  H- 

(d)  i4,  -j,4 

(e)  (7  +  ^^U)/Z/  (1  -  >ni)/2^ 
{£)  (-1  f  J,^/3)/2,  (-1  -i^y3)/^ 
ig)  (-.9  +  3^)/2,  (-9  -  ^^/5)/2 

(h)  2 

(i)  (^3  f  3^/5)/5,  (-3  '  3n/T)/5 

(j)  1,   1/6  '  .  ' 


 2i    ^  " 


2a 


Za 


(b) 


4  N/bg'T4a^    -b  -  ^/b^  -  4ac  ^  b^  -  (h^  -  4ac) 


2a 


3.     (a),  t^-  g 


2a 


or  t 


(b) 

(c)  Vo^/(Zg) 


4a  2 


4ac 
.4a  ^ 


-  c/a 
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Distance 


14*01  Two  Useful  Inequalities 

It  will  turn  out  that  Theorem  11 -8 -the  Schwarz  Inequality -is 
one  of  the  more  usefuF  theorems  concerning  dot  multiplication.  Ac- 
cording to  this  theorem,  for  any  vectoi*s  a  and  6, 

{i)  y  •        |a  '"61^  and  " 

(2)  |a^-  6|  .=  jjofi  |i6||      {a,  b)  is  linearly  dependent. 

Hiis  result  can  be  stated  in  another  way: 

(3)  .  -(fl-ft.^^-T^fliB 

^      (4)  .       (ai  6)  is  linearly  dependent  ♦-^  =  (a  •  6)^. 

Notice  that  (4)  can  be  stated  conveniently  by  introducing  a  determi- 
nant and,  in  fact,  so  can  the  whole  of  Theorem  11-8.  (Eb  this.  Ch^ 
your  result  with  (2)  on  page  127.] 

In  the  following  exercises  you  will  find  a  proof  of  the  Schwarz  In- 
equality which  is  different  from  that  given  for  Theorem  11-8  an^ 
which  yields  additional  information.  You  will  also  prove  another  im- 
poitant  in^uality  theorem. 

Exercises,  . 

Part  A  ^  ■  .  '        ^  \ 

In  discussing  the  Schwarz  Inequality  it  is  sometimes,  convenient  to 
consider  two  cases  -  the  case  in  which  a  =  0  or  6  =  0,  and  the  casein 
which  a  9^  0  ^  b. 

I.  (a)  Show  that  (1),  above,  holds  in  the  first  case.  .  \ 
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Comments  on  text:   Recalling  tKat  a«a  =  and 
(a*S)^      (a«S)(S»a),  we'seevtiiat  (4)  can  be  restated  as:  (a,  S)  is 

a  «  a     a  *  b 


linearly  dependent 

^  ~*  ^  ^ 
a  •  a    a  •  b 


b»a  b»,b 


0.    Schwarz* s  iirequality  can  be 


restated  as: 


page  127. 


b-b 


>  0.    Note  that  this  agrees  with  (2)  on 


Here  are  suggestions  for  the  exerci6e^|h  section  14-01; 
"U)   t^rt  A  ifli'^best  treated  in  class  discufjsion.  ^ 
(ii)   Paints  B  and  C  can  be  used  for  honiewdrk  except'  for  Exercise  4 

of  Part        ^It  is  best  to  do  this  exercise  under  ^eacher  direction. 
<iii}  Exetcise  2  of  Part  D  should  also  be  teacher  directed, 
(iv)  The  remainder  of  part  D,  and  Part^  E  may  be  ^ed  either  in  cl^s 
or  as  homewo;;k.    These  exercise's  should  be  ea^y. 


Answers  for  Part'A 


i,   -  (a)    If  either  a  or  S  is        then    |a«S|  =       and  f|a| 
that  (1)  holds.    [We  have '^quality]^ 


^  0,  so 
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■      X  -  . 

<b)  Show  thAt  (2),  above,  holds  in  the  first  case,  [Hint:  Recalhng 
tome  of  the  rules. of  logic  from  Volume  1,  show^  that  any  sen- 
tenw  of  the  form  *(p  and  g)       [p      qV  is  a  valid  sentence.] 

2.  As  an  example  of  the  second  case,  suppose  that  a  and  b  are  unit 
vectors  -  say,  iTand^State  the  corresponding  instances  of  (3)  anc^ 
(4),  above;  v 

3.  Assuming  that  u  apd  v  are  unit  vectoip,  prove:  _^ 

{a> ~u  •       1  and  (u  -"'v  ===  l^'u=~v]  [Hint:  Compute  \\u  - 7?!^] 
(b)  IT  •  IT^  --1  and  I ■  V  -  -1    *    =  -vl  [Hint:  Use  the  result 
of  part  (a).] 

4.  Use  the  results  obtained  in  Exercise  3  to  prove  (1)  in  case 
a  ?^  0  9^  6. 

5.  Show  that,  for  unit  vec^rs  u  and  v,  u  and  v  have  the  same  sense  if 
^      aijd  only  if^-^.  [Hint  Recall  that  c  and  b  have  the  same  sense 

if  and  only  if  a*  is  the  product  of  T  by  some  positive  number,  Also, 
rec^lthat||6^!l=j{5lj  lajj 
6*  Use  the  results  obtained  inr  Exercises  3  and  5  to  prove:^ 

(a)  ^  •  V  =  1^1  ijiill  ♦-^  a*  and  b  have  the  same  sense  [a     0  ^  i] 

(b)  V  •  T  =  -Kl^t  0)  ^-^^dThSve  opposite  senses  [a  9^  0  9^  6] 
7-  Use  the  results  of  Exercise  6  to  prove  (2)  in  case  a     0  /  6. 

■#  ■ 

■  ■'  ■  ■  ,     '  ' 

From  the  preceding  exercises  it  should  be  clear- that  Theorem  11-8 
is  easily  derivable  f«>m  the  following:** 

Lemma  ,   "a  •       i0l^|j6ll,  and 

T  •  "6  =      li&ll (a  = 'O  or  T  =  "O 
or  a  and  6  have  the  same  sen^) 

[Explain.]  The  principal  result  used  ix/establishing  this  lemma  is  that 
provediii^xerdse3(a).  This,  in  turn,  resuitedjrom  the  fact  that,  for 

— *  - 

unit  vectors  u  and  * 

'   *  '■  ,  ' '  ' 

•  -iff  (u -~v)  ■  (u -V)  ... 

=  u  ■  u  +  V  ■  V  ~  2{u  ■  V) 
=  2  -  2U -7)  =  2(1  -T  'l^, 

tc^ether  witib  the  fact  that  ^  is  thei  only  vedtor  whose  norm  is  0. 
.  This  Suggests  tiiat  it,  may  l»  worthwhile  tojnvestigaie  \\a  -  6|p  [and 
|ja  H-  ftlf*)  vyitiKJUt  the  assumption  thkt^  and  Tare  unit  vectors.  Ifeing 
so  will,  indeed,  lead  to  another  usdul  theorem.  : 
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Answer's  for  Pa tt  A.   [cont,]  ^ 

U     (b)    Let  p  be  the^statement  *ta«St  ^   lja|j||S|j'  and  q  be  the 

statement  '(a,  b)  is  linearly  dependent*.    Each  of  p  and  q.  " 
follows  from  *a  -        and  from        -  3'.    So,  the  ^\jnjunfction 
of  p  and  q  follows  from  'a  =  ^  or  S  -  ^' .    The  argument 
for  this  case  of  (Z)  is  completed  by  noting  the  validity  of  the 
schemer  / 

p  and  q        p  and  q 

s  •  •  ■       .        ■    .  ^ 

■     p  q 

q  ==>  p      p  q 

•  ■   *  • 

p  q 

Z,  <  u«v  <  1  and:   (u,  v)  is  linearly  dependent         (u  •  v)^  -  i. 

3.  '(a)    |ju  -  V  {u  -  v)  -  <u  -       =  ,U'U  +  V' V  -  2{u*  v).  Since 

u*u  =   1  =  v«  V  it  follows  that   jju-v|j^  =  2(1  -u-v).  Since 
jju  -v||^  >  0  it  follows  that^  u»v  <   1.    Also,   ]tu-v||^  =  0 
if  and  only  if  u  -  v  =  ^  —  that  ifi»  if  and  only  if  u  -  v.  Hence 
u  =  V  if  and  only  ifu«v=:l. 
(b)    Assimiing  thiat  u^nd "v^are  iiiiit  visctbrsV  so  ^'re^^  u  ••^v. 
So,  by  part  (a),  u«  -v  <   I  and  u«  -v  =   1  if  and  only  if 
u-=  -V.    Since  u« -v  -  -{u«v)  it  follows  that       v  ^  -1 
and  u«v  =   -1  if  and  only  if  u  =  '-v.  \ 

4.  Suppose  that  a  ^  3  #  S  and  let  u  =  and  v  =  It 
follows  that  u  and  v  are  unit  vectors.    By  Exercise  3^   {u»vj  ^  1 
[see  Exercise  10  of  Part  B  oi^.  page  8}  and,  »o,  ^ 
|(S;f|iri|).(S/||S||)|  <  1,    Hence   \l.^\.<.  |ia|||iS|U  '  ^ 

5.  *  Lret  u  and  v  be  unit  vectors,   u  and  v  have  the  6am«  sense  if  and 

only  if  there  is  a  positive  number  —  sa^y,  c  —  such  that  u  =  vc. 
Since  vl  ?  v,  the  latter  is  th^  ca«e  if  u  =  v.    On  the  oth^r  hand,  ^ 
if  u  =  vc  then  =  1tv|l1c|  and,  since  |tilt|  ^ '  ||vi|  #  0  and 

c  >  O/  c  =  1,  and  u  ==  _y i  .  - 
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Answers  for  F^rt  A  {cont.j 

6«     (a)   Suppose  that  a  ^  ^  #  S  and  let  u  and  v  be^as  in  Exercise  4, 
As  in  this  exercise,  a«S  =   j|a||  j{S||  if  and  only  if  u«v  =  1. 
By  Exercise  3(aC),  u«  v  =  1  if  an4  only  if  u  =  v  and,  by 
Exercise  6{a)»  u  -  v  if  and  only  if  u  and  v  have  the  same 
sense*    Since  /j|a  j|   >  0  it  follows  that  u  and  a  have  the 
same  sense  and,  similai-ly,  v  and  b  nave  the  same  sense. 
Hence,  for  a  #  l3  ^      'a       =  if  and  only  if  a  and 

4iave  the  same  sense,  .  .. 

(b)   In  part  {a),  Substitute  '-S'^  for        and  note  that 

a*       =  — {a*ff)  and  that,  for  a,      ^      1^,  1  and  -^S  have  the 
same  sense  if  and  only  if  a  and  S  have  opposite  senses. 
7,     By  Exercise  6,  it  follows,  for  a      (5  9^       that  |a.S|  -  ||aj|||S|| 

if  and  only  if  a  and  b  nave  the  same  sense  or  have  opposite  senses. 

If  this  is  the  case  then  (a,  ^)  is  certainly  linearly  dependent.  On 

the  other  hand,  since  a      ^  #  S,  if  (a,  S)  is  linearly  dependent 

then  a  and  S  have  the  same  or  opposite  senses, 

  ',   ,  ■.  ■    .     ^  .4 

Subetituting,  in  the  lemma,  '-S'  for  'S'  and  "simplifying''  yields: 
'  '        S.S  >  -y^liilbll.  and  .  . 


p         ^        3.^  =  -!i?li,|iSl|«  {a  =  U  or  S  =  (5  or 
a  and  S  have  opposite  senses). 
From  this  and'the  lemma  it  follows  at  once  that  |a*S^|  ^  jl^ll 
and  that  =   |ja[j  if  and  only  if  {a  =  3  or  S  =  I5  or  a  and  ^ 

have  the  same  sense  or  opposite  sensias).   The  latter  is  the  case  if  and 
ozUy  if  (a,      ifi  llneajly  dependent* 


3€S 
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DII^ANCE 


PartB 


1.  (a)-'  Express  \\a  +  6]^  in  terms  of  'Ut.  '\\^\\  and  ''a  •  P. ' 
(b)  Prove  that  Ijoflj^  |ft  wth  equality  if  and  only  if 

a*—  ^orT  =  OC  or  a*  and  6  have  the  same  sense.  [Jlint:  Apply 
tiie  lipinma  to  the  result  obtained  in  part  (a)  and  use  the  fact 
/  that,  for  nonnegative  numbers  a  and  fe,  if     5  6^  then  a  ^  b.] 

2.  Obtain  a  resul|  analogous  to  that  in  Exercise  1  by  computing 
lia  -  ~b]^.  [Hint:  When  applying  the  lemma,  recall  that  if  a  5  6 
then^aS— 6.] 

3.  Obtain  a  result  concerning  Ho*  -f  ^|  as  an  instance  of  tha  result  of 
Exercise  2. 

The  results  obtained  in  Exercises  1  and  3  can  be  combined  into: 


Theorem  14-1    [The  Triangle  Inequality] 

with  equality  on  the  left  if  and  only  if  ^  =  0  or  6  =^  0  or 
a  and  b  have  opposi^  senses,  and  on  the  right  if  and  only 
if  a^=  "O^or  6  =  0  or  a  and  b  have  thejsame  sense. 


Parte 


<  -• 

Consider   AAJBC,    where  a  = 
C  "  ^,6"==  A  -  C,and7=  B  -  4. 

1.  Show  that  11^  =  !l^>  "6lj.  ^ 

2.  What  does  Theorem  14-1  tell 
you  about  101,  li6l|,  and  [Hint- 
Make  use  of  the  fact  that  ABC 

is  a  triangle.]  .    ,  -i 

3.  Re-phrase  Theorem  14  - 1  to  give  information  concerning  Ha  -  6|| 
■   '         rather  than  .IST -fill. 

^.     ♦4.  Derive  the  left-hand  inequality  in  Thebrem44-1  fVom  the  right^ 
hand  inequality.  [Hint:  In  the  right-hand  inequality,  replace  'b' 
by       and  then  replace  '7  by  'a  ^  b\] 
.  %■    '        '  . 
Part  D  *  . 

.  1.  SimpUfy. 


<a)  13  +  5f,  131  +  l&l,  131  -  151,  j|3l  -  |51 
(b)- 1-6  +  4|.  1-61  +  141,  1-61     141,  1-61  -  141 
 ^c)-  f-2-  +  -3},-  1~2|-  +--M|",.{~2|-  -  1-31, 


1-?1  -  1-31 
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Answers  for  F^rt  B 

1.  (a)    1|S  +  S1|2  =   l|?|t2+  1121!^+  2a. since  l|»+b!i2 

^  (a  +  b)Ma  +  b)  =  a  •  a  +  2a  •  b  +  b  •  b,  and  x«x^=  IJ^II  ' 
for  each  x. 

(b)  By  the  lemma,  a  •  b  <  |ja||||S|{.  Applying  this  to  the  results 
of  part  (a),  we  have  ||a  +.^11^  IfajP  +  rzTlajTTl?]! 
=  (t|al|+  ll^ll)^.    Since  and  {||?|!+         1 ) 'are  both 

nonnegativ'e,  it  follows  that  "  1 1 a  4  5 1 )  <  |ja![^+ 
By  the  lemma,  »wve  will  have  equality  if  and  only  if  a  =  3  or 
b  =  ^  or  a  and  S  have  the  same  sense. 

2.  f|a  -  S||   >    I  |ja||  -  I,  with  equality  if  and  only  if  a  =  3  or 
S  =       or  a  and  6  have  t^e  same  senie.    For,    j|a  -  bj|^ 

=   !la!|^+  llSll^-Za.S  ;>   |     1|  ^      1|S  1 1^  -  2  1  |a  1|       |  f 
=  (jjajj--  Since    ||a||       |  S  j|  '  may  be  negative, "  we 

must  use  its  absolute  value  when  taking  its  square  root. 
*3.      !|a  +  S||   >    I  ||a||  -  |,  -with  equality  if  and  only  if  a  =  "3  or 

S  =  ^  or  a  and  S  have  opposite  senses.    (Substitute  '-S*  for 
in  Exercise  2  and  note  that 

=  11^11.] 

Answers  for  P^rt  C 

1.     Since  3  -  A  =  {C  -  A)  +  ^B  '  C),  c  =        -f  -a  ^  *<a  4  S),    Hence,  ^ 

\\c\l  ^    !h(a  +  S)n  =  ll?+6J|. 
4.     Since  ABC  is  a  triangle,  (a,  ^)  is  Un^rly' independent.    Hence,  by 

Theorem  ij|*-l  and  j:xercise  1 ,   [||a|j  -  j  <    ||c|j   <  !|a|| 

•     1(^11 .    [In  view  of  the  definition  of  distance  to  be  introduced  in  the 

next  section,  this  result  may  be  statedyis:    The  measure  of  one  side. 

of  a  triangle  is  greater  tlian  the  difference  of  the  measures  of  the 

othcx^  two  sides  and  is  less  than  the  sum  of  these  measures,  ] 

3.  |!|a||  -  ^  <    ita|L+  j|S||,  with'equality  on  the 
left  if  and  only  if  a      ?  or  S  =  cJ  or  a  and  S  have  the  sam^  sense, 
and  on  the  right  if  and  only  if  a  =  S  or  S  =  ^  or  a  ^nd  S  have 
opposite  senses.  liReplace  ^S'  in  Theorem  14-1. by  and  recall 

that   11-Sil   =  .  .  *  ^ 

4.  Qy  the  right-hand  inequility  in  Theorem  14-1,    ||a  -  Bjj  "<  jjaH 
'    +11^11.    So.   !Ha  '+S)  -  eil  <    l|a  +B||  +  llSil  -  thatis.  ■ 

"Hall-,  H^li  ^   l|a'+S|l.    From  this  it  follows  that  ||S||-||al| 
^  lis  +  all  =   Ha+  Sil.    Since   I  11*11  -  n#j>|  ifi  either  .  ... 
*       Hall-  llSll  or  llSlj  -  llali  it  follow,  that  J  l|a  11  -  llS|i  |   <   Ha  +  S 

Answers  for  Part  D  ■"  "•  • 

I.     (a)    8,  8,  -2,  2  (b)   2,  10,  2,  2         JO   5,  5,  -i,  X 
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2.  Prove: 


(a) 


-  161 


<  |a  4^  fe|  5  |d|     |6|,  with  equality  on  the  left  if 


Part  E 


 aad-only4f'a^^  0  and  oit  the  right  if^and'OTiyif^lftj 

(b)  .\a\  ^\b]  <  |a  ^  6|'<  |a|  +  i6|,  with  equality  on  the  left  if 

and  only  if        0  and  on'theVight  if  and  only  if  a6  5  0. 
'  [Hint:  Note  thai  Theorem  14-1  holds  for  any  vector  space  for 
which  there  id  a  multiplicption  operation  which  has  the  properties 
we  have  postulated  for  dot  multiplication.]  ^ 

3.  Give  the  range  of  values  for  the  measure  of  the  third  side  of  a  tri- 
angle given  that  the  measures  of  two  aides  of  the  triangle  are 
(a)  8  and  6        (b)  5  2(nd  9       (c)  19  and  4        (d)  19  and  19 

4.  In  each  of  the  following,  tell  whether  the  given  measures  can  be 
the  measures  of  the  sides  of  a  triangle. 

(a)  6,  3,,4  (b)  6,  4,  2  (c)  3,  4,  5  (d)  3,  7,  3 

By  definition,  for  any  real  numbers  a  and  6, 

(a  +'6)  -h  |a  - 


{*)  max(0,  b)  = 

h  Compute  max(a,  b)  for  each  of  the 'following  pairs  (a,  6). 

(a)  (3,  2)      (b)  (2.  3)^    (c)  (-1,  3)      <d)  (-4,  3)      (©)  (-6.  6) 

2.  Prove  each  of  the  following. 

,   ^  (a)  max(a,  b)  =  niax(6,  a)  (b)  max{a,  ^)     4      [s  ^  6] 

'  (c)  max{a,  6)  =  6      [a  5  6]   V       (d)  \a\  =  max{a,^q^ 

3.  As  you  may  have  guessed,  *max'  is  short  for  'maximum'  and  the 
^max  of  two  numbers  is  the  greater  of  them. 

(a)  Formulate  a  definition  similar  to  (*)  for  'minia,  bY  so  that  the 
min  of  two  numbers  is  the  lesser  of  them.  < 

(b)  Check  your  definition  by  using  it  to  compute  min(a,  b)  for  each 
of  the  pairs  in  Exercise  1. 

'  (c)  Use     and  your  definition  to  show  that  min(o,  6)     max(a,  6j 

i   =  a  6. 

■        .  ■  * 

14.02  Some  Fundamental  Propei^es  of  Distance 

^       In  fchapter  11  we  noted  some,  intiiitive  notions  about  the^istance, 
-     diP,  iP),  from  a  point  P  to  a  point  Q.  These  notions  suggested  a  way  of 
,  defining  distance,  and  we  are  now  ready  to  profit  frpm  introducing  this 
definition  formally: 

11  Definition  14-1   diP,  Q)  ^A\Q  -  P\\ 
ERiC  - 
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Answers  for  Pa rt  D   [cont, ] 

Z.      The  J.i^^l  numbers  form  an  innt*-^  product  space  with  a»b  defined  to 
be  ab  and,   so,    ||a|p=  -s/a^  =    ja|.    Moreover,  ab  %   0  if  and  only 
if  a*      D"  or  b  =  0.  or  a  and  b  have  thv  same  sense,  and  ^^b  0 
if  and  only  if  a  -  0  or  b  -  0  or  a  and  b  have  opposite  senses. 
So,  applying  Theorem  i4-l   to  this  inner  product  space,  we  obtain 
the  result  in  part  (a).    Applying  Exercise  3  of  Part  C  to  this  inner 

>^      pro.duct  space  yields  the  result  of  part  (b). 

[Note  that  a  formal  treatAient  of  Exercises  3  and  4  would  require  defi- 
nitions given'in  the  next  section.    Students  should,  however,  be"  able  to 
operate^  informally  in  solving  these  exerciges.  ] 

3.  Let  s  be  the  mi^asure  of  the  third  side.  Then 
{a)    Z  <   B  <.   14  (b)   4  s  s  s  14 
(c)    l^y  <   B  A   Z3  (d)   0  \  i  X  38 

4,  A  triangle  is  possible  in  cases  (a)  and  (c)  but  nqt  in  cases  (b) 
and  (d).       .     ^  *  ^ 

Answers  for  PartjE  i 

I.     (a)    3  .   (b)   3  (c)   3  (d)   3  (e)  6 

Z.     (a)    This  follows  from  ( and  the  fact  that  a  +  b  =  b  +'a  and 
ja*-b|=|b-aj, 

(b)  ;  [For  a   >  b,   {a  -  b|  =  a  -  b.  ] 

{c)    [For  a-  <  b,    |a  -  b  I   =  b  -  a.  ]  '^''^^ 
'     (d)    max(a,  -a).-  [(a  +  -a)  +  ja  -  --a  I  ]/2  =   |2a|/2=  ja] 

^    /V    -  {  (^■^'y"la,-bif^ 

i.      (a)    min{a,  b)  =   : — t-^-*  ^    {One  motivation  suggesting  this 

formula  is  that  it  should  be  the  c«»e  that  min(a,  b)  =  |a  4-  b) 
-  max(a,  b). 
(b),  (c)  Obvious. 
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Using  theorems  about  the  norm  function,  including  Theorem  14-1, 
it  is  easy  to  prove: 

Theorem- 14-^2-  tarmZ'^T^'O  '" 

(b)  d{P.  Q)=^Q^Q  =P 
.      '  •  (c)  diQ,P)  =  diP.Q) 

(d)  *d{P.  R)  5  diP,  Q)  +  diQ,  R) 

In  addition  to  Theorem  14 -2(d),  Theorfetn  14-1  yields: 

Theorem  H-s  '  diP.R)  =  diP,Q)  +  diQ,R) 

QePR 

Notions  of  ''distance'^  occur  in  many  parts  of  mathematics  other  than 
geometry  and  the  four  parts  of  Theorem  14-2  state  the  fundamental 
properties  of  any  "distance"  function.  In  certain  cases,  Theorem  14-3 
can  be  used  to  give  a  definition  of  'se^ent\ 

Exercises  ^ 
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Part  A 


1.  Prove  Theorem  14-2. 
«3«  Consider  the  sentence. 


2.  Prove  Theorem  14-3. 


PartB 


(e)  d(P.  R)^:^  d(P,  Q)  ^  d(R,Q)  ^ 

(i)  Show  that  (e)  is  a  consequence  of  parts  (c)  and  (d)  of  Theorem 
14-2..     '  ^  ' 

^  in)  Show  that  (e)  impUes  ilart  (a)  of  Theorem  14^2. 
(iU)  Show  that  {eland  *d(A,A)  -  0'impIypart(c)ofTheoreml4-2. 
(iv)  Conclude  that  a  real- valued  funption  d  from    x  if  to satis-  - 
fies  Theorem  l4-2(a)-  (d)  if  and  only  if  it  satisfies  (b)  and  (e). 

Suppose  that  M  is  the  midpoint  of  AS. 
1.  Show  that  P  -  Af  =  [(P  -  i4)  +  (P  -  S)]/2. 
'  2.  Show  that  P  ~  MeiB  -  A]^  if  and  only  if  d{A,P)  =  d(B,P).  [Hint: , 

(a  +  'b)  ■  (a  -  V)  ^  G  if  and  ^^\^\  -  \M-  Can  you  prove  this?] 
3.  <a)  What  kind  of  8etia4J&-rA  -  Me[B  -  A]-^}  in  case  A  ?^  JS? 
^  ()»)  What  is  {X  :  jf-  MflB  -  AV)  in  case  A  =  B?  [Hint:  What 

■■■isfOp?]  ^ 
*d.  Suppose  that  P    m\\R  -  A1^  and  that  PeAB.  What  else  can  you 


say-about  P? 


\ 


The  conditions  collected  into  Theorem  14-2  are  precisely  those 


^vhich  mathem^ 

6h  e  X  e  and 
any  P  and  On 
betwe^'P  P  and 


Q. 


ns  choose  to  characterize  distance  fynctions  or 

icitly  any  set       together  ^^'ith  a  function  d  defined 
g  Theory* m   l^-Z  is  called  a  rnetric  space  and,  for 
d(P,  Q)  is  called  the  distance  [in  this  metric  space] 
For  exam  pi      th^  set  of  all  continuous  real-valued 
functions  defined  on  the  segment  0,  1  together  with  the  function  d 
defined  by:  '  , 

d{f,g)  =^max(|f(x)  '  g(x)j}  ^ 

is  a  metric  space  whose  **points**  are  functions.    There  is  a  very 
extensive  and  fruitful  theory  of  what  might  be  called  'the  geometry  of 
metric  spaces*. 

It  is  amusing  to  note  that  the  foUr  parts  of  Theorem  14-2  can  be 
derived  from  part  (b)  and:' 

{^n  d{P,  R)  s  d(Q,  P)  +  d(Q.  R)  ^ 

[Hint.    Substitute  *  P*  for  *R*  -and  *Q'   in  (d'>  and  show  that  d(P,  P>  >  0. 
Use  this  and  the  result  of  substituting  '  P*   for  *R*   in  (d')  to^show  that 
d{Q,  P)   >  €.    Use  the  result  of  substituti^ig  'Q*  for  'R*  in  ((d')  to  show 
that  d(P.Q)  <  d(Q,  P)  and,  from  this,  infer  (c).    From  (c)  and  (d') 
infe  r  (d)-  ]  ,  ^  ^ 

*  1^  *    *  ❖ 

Suggesfio^9  for  use  of  t}>e  exercisfes  of  section  14,  02  are  as  foi- 

Part  A  and  B,  and  the  discussion  on  pages  155-157  are  best 
treated  under  teacher  direction  so  that  students  becorx\g  properly 
acquainted  with  distance  ancj  its  properties. 

Part  C  can  be  used  for  homework.    Students  may  lie  permitted 
o  worH  in  teams  on  this, 

t  p  can  be  used  in  class  to  illustrate  some  applications  of 
istance  properties  to  triangles. 
Part  E  may  be  used  for  homewoVk, 

Parts  F  and  G  can  be  used  as  supervised  class  exercises. 
Part  H  has  important  applications,  but  naay  be  used  for  home- 
work. ^ 
Part  I  should  be  treated  under  teacher  direction. 
Part  J  may  be  use  homework. 


(vii) 
(viii) 
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Answers, for  Part  A 

I /-"{a)    d?^)  =   ilQ  -  P)r>'"0 

{b)    By  definition,  d(P,  Q)  =  0  if  and  only  if   1 1 Q  -  P||  =  0.  The 
latter  is  the  case  if  and  only  if  Q  -  P  =  0       that  is,  if  and 
only  if  Q  =  P. '    '        -  ^  v 

(c)    d(Q,P)=   flP-Qlh-  jh(P-;Q)n  =   ||Q-\||  =  d(P,Q) 

\  (d)   d(P,R)  =   ||R  -  P|l  =   ||(Q  -  P)  +  (R  -  Q)|l  <   ||Q  -  Pj| 

'  +  {|r  -  Qj|  =  ^(P,  Q)  +  d<a  R) 

2.  d(P,  R)      d(P,  Q)  +  d(Q,  R)  if  and  ohly  if   Hr  -pH   ^  |jQ-P|j 
+  ||R  -  Q||  .    Since  R  -  P  ^  {Q  -  P)  +  <R  -  Q)  it  follo-ws  from 
Theorem  14-1  tPiat  d(P,  R)  ^  d(P,  Q)  f  d{Q,  R)  if  and  only  if 

Q  =   P  or  Q  =  R  or  Q  -  P  and  R  -  Q  have  the  same  sense.  In 
case  Q  5^  P,  Q  #  R,  and  O  -  P  and  R  -  Q  have  the  same  sense, 
Q  €  [For,  in  this  case,  Q  -  P      (R  -  Qk  for  some  c  >  0 

and,  so,  Q  =  P -f  (R  -  P)[c/U  +  c)],  where,  since  c    >  Q, 
0  <  c/(l  4-  c)  <   1.]   On  the  other  hand,  if  Q  €         then  Q  -  P 
or  Q  =  R  or  Q  =  P-f  (R  -  P)r  for  some  r  between  0  and  1,  In 
the  last  case  Q  -  P  +  (R  -  P)r^and,  so,  Q  =  P  +  (R  -  Q)[r/{1  -  r)] 
,.^„^here,  sinc^  0  <   r  <   1,  r/{l  -  r)  >  0.    Cq^bining  this  with  the 
preceding  resists  we  see  that  Q  =  P  or  Q  =  R  or  Q  -  P  and 
R  -  P  have  the  same  sense,  if  and  only  if  Q  €  ^Fl.  Consequently, 
Theorem  14-3, 

3.  Hi)  By  (c),  d(C#R)  -  d{R,  Q)  and,  so,  by  (d),  d{P,  R)  <  d(P,  Q) 

^   +  d(R,Qh  ^  ,  ' 

(ii)  With  R  =  Q  it  follows  from  (e)  [assuming  tliat  d{P,  Q)€£j 
that  d(Q,  Q>  >  0.    With  R  =  P  it  follows  from  (e)  that 
2d(P,  Q)  ^  d{P,  P)  ^  0.    So,  d(P,  Q)  >  0, 

(iii)  With  Q  =  P  it  follows  from  (e)  that  d(P,R)  <  d( P,  P)  +  d(R,  P) 
^nd,  so,  since  d(P,  P)  =  0,  that  d(P,R)  <  ^d(R,  P).    By  sym- 
metry, d{R,  P)  <  d(P,  R),    Hence,  d(R,  P)  =  d(P,  R)  and,  so, 
d(Q,  P)  =  d(P,  Q).  ^ 

(iv)  Since,  by  (i),  (c)  and  (d)  imply  {e)  it  follows  that  {b)  -  (d)  imply 
(b)  and  (e).  ,  On  the  other  hand,  assuming  that  d(P,  Q)  €  it 
follows  by  (ii)  that  (e)  implies  (a)  and,  by  (iii)^  that  (e)  and 
(b)  iniply^  (c).    Since,  as  in  (i),   (e)  ^nd  (c)  imply  (d)  it 
follows  that  te)"and  {b)  imply  (d).    Hence,  {e)  and  (b)  fand 
*d(P,.Q)  €  ft']  imply  (a)  -  {d). 
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■Answers  for  Part  B 

1/    Since  M  is  the  midpoint  of  it  follows  by  Definition  7-15  that 

M  -  A  =  B  -  M.    So,  (P  -  A)  +  (M  -  P)      (P  -  M)  +  (B  -  P)  and  it 
follows  that  (P  -  M)2  =:  (P  -  A)  4  (P  -  B),    Hence,  the  result. 

2.  By  Exercise   1,   P  -  M  €  (B  -  A]-^  if  and  only  if  [<  P  -  A) 

+  {P  -  B)]«  {B  -  A)  =   0.    Since  B  -  A  ^  { P  -  A)  -  ( P  -  B),  the  latte 
is  the  case  if  and  only  if  {P  -  A)  -  (P  -  A)  =  (P  -  B)  *  {P  -  B). 
[(a  +  S).{a  -  Sj-s^  a-a  +  B'?  -  a-H  -  -  a*?  -  B-S; 

-  ^1  -  0«?-?  3:  g.B;  3.^  =  S.B  = 

(since   ||a|i   and  are  nonnegative )].    So,   P  -  M  €  [B  -  A]-^  if 

and  only  if   j  i  P  -  A  j  |   =    1 1  P  -  B  1 1       tJhat  is,  if  and  only  if 
d(A,  P)  =  d(B,P). 

3.  (a)    In  case  A  ^  B  the  set  is  a  plane,  .  (For,  in  this  case,  [B  -  A]"^ 

is  a  proper  bidi rection.  ] 
(b)    In  case  A  «  B  the  set  in  question  is  fi.    (From  the  hint,  *' 

\^]^  ^  T]  _   -j:  "  " 

4.  P  =  M.  .  [For  if  P  €  AB  then,   since  M  £  AB,   P  -  M  6  [B  -  A], 
.'And  [B  "  A]  r>  (B  -  A]^  [Note  that  by  Exercises  2  and  4, 

M  is  the  only  point  of  AB  which  is  equidistant  f-rbm  A  and  B, 
We  shall  garner  this  result,  formally,  as  a  corollary  to  Theorem 
'  14-6,]  *    .  .  , 
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A  set  which  contains  the  midpoint  of  a  segment  but  contains  no  other 
point  of  the  segment  is  said  to  bisect  the  segment.  [Intuitively,  such  a 


fM 


Fig.  14-1 

set  ''separates"  the  segment  into  ''equal"  parts.]  In  order  to  avoid  in- 
troducing restrictions  into  our  definitions  it  will  be  convenient  to  agree 
that  aSiy  set  which  contains  the  point  A  bjsects  the  "degenerate  seg- 
ment" AA.  With  this  agreement  it  is  reasonable  to  describe  the^set  dis- 
cussed in  Exercisers  of  Part  B  as  tfie  perpendicular  bisector  of  AB.  We 
formalin  this  notion  in: 

(Definition  14-2   The  perpendicular  bisector  of  AB  is^ 
{X  '^X  -  MelB  -  A]^,  where  M  is  the  midpoint  ofAB]. 

Sinc^,  for  A  [S  -  A]^  is  the  bidirection  of  planes  which  sire  per- 
pendicular to  AB,  we  have  immediately: 

Theorem  14-4^  For  A  #  B,  the  perpendicular 
bisecto/of  AB  is  the  plane  •which  contains  ^the  * 
midpoint  of  AB  and  is  perpendicular  to  AB^i  > 

[As  you  discovered  in  Exercise  3(b),  for  A  =  B,  the  pterp^ndicular  bisec- 
tor of  AB  is  ^.  Making  Uiings  turn  out  this  way  is  not  very  impbrtant 
—  all  it  4oes  is  simplify  our  formalism  slightly.] 
Exercise  2  of  Part^B  gives  us:  *  ,  .  - 

I Theorem. 14^5   The  perp^^cular  bisector  of  AB  is 
{X:'d{A,X)-^diB,X)}. 

[This  theorem  tells  us  ihat  the  perpendicular  bisector  of  a  segment  is 
the  set  of  all  points  which  are  equidistant  from  the  endpoints  of  the 
segment.]  And,  from  Theorems  14r4  and  14-5,  we  c^tain:  ^ 

j  Theorem  14-6  A  point  P  is  equidistant  from  two 
points. A  and  B  if  and  only  if  it  belongs  to  the 
•  plane  which  is  perpendicular  to  XS  at  the  mid- 
^  point  orAB.  .    .  i 
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Since  AA  -  BB  for  any  A  and        the  convention  as  to  the  per- 
pendicular biSec^r  of  AB  would  leaid  to  trouble  if  it  were  not  the  case 
that,  for  any  A  artd  B,  the  perpendicular  bisector  of  AA^s^.the  pex;.^.  , 
pendicular  bisector\f  Bb,   yThis,  as  remarked  on  page   155,  is  the 
case.    ^  ' 

Note  that  if  P  €  i  [or,  ^]  then  the  altitude  from  P  to  i  [or  ir]  is 
PP  and  the  foot  .of  this  -altitude  is  P. 
Answers  to  questions: 

A  triangle  has  three  altitudes.    An  isosceles  triangle  (Definition 
14-61  has  a  median  which  is  an  altitude.    A  right  triangle^[ Definition 
14-7]  ims  an  altitude  which  is  a  side.^  No  triangle  has  aJTkltitude  which 
is  both  a  median  and  a  side,  because  no  triangle  has  a  side  rtPa  median. 
An  isosceles  right  triangle  has  an  altitude  which  is  a  median  and  an 
[other]  altitude  which  is  a  side. 


Corollary  There  is  one  agd  only  one  point  i[>f  AB 

which  is  equidistant  from  A  and  fi,  and  this 
^  point  is  the  midpoint  of  AB. 

'  *  . 

•We  shall  frequently  wish  to  speak  of  the  perpendi<:ular«  bisector  of 
^Afi"  {rather  tiian  of  AS}.  Without  introducing  a  formal  definition  we 
shall  agree  that  the  perpendicular  biseqtbr  of  is  the  perpendicular 
bis^^tor  of  AB.  With  this  convention,  the  following  theorem  makes 
sense  and  follows  easily  using  Theorem  14-^  and  Theorem  12-6. 

Theorem  14-7  The  intersection  of  the  thr^^rperi^ 
dicular  bisectoi^  of  the  sides  of  a  triangle  is  a 
line  which  is  perpendicular  to  the  plane  of  the?' 
triangle. 

In  studying  ''plane  geometry",  where  one  considers  only  paints  be-, 
longing  to  a  given  plane,  the  perpendicular  bisector  of  an  interval  is  a 
Hrie,  rather  than  a  plane-  Instead  of  Theajrem  14-7  one  has  the  state- 
ment: *  '  ' 

>    The  perpendiralar  bisectors  of  the  sides  of  a  .  , 
triangle  are  conctirrent       Ci'  . 


In  our  3-dimensional  geometry  an  analogous  statement  is  a  corollary 
of  Theorem  14-7:  ^ 

\.  •  ,     •  ■  ■  ■ 

poroHary  1   The  perpendicular  bisectors  of  the  sides 
of  ^  triangle  intersect  the  pi^ne  of  tiie  triangle  in         ;^  ^ 

three  concurrent  lines.  »^ 

•  .    ■  -  >' 

Theorem  14-7  and  its  Corollary  1  were  arrived  at  on  intuitive 
grounds  in  Chapter  11.  There.our^purpose  wa»  to  establi^  a  theorem 
concerning  the  altitudes  of  a  triangle.  Since,  as  the  argument  given  in 
Chapter  11  shows,  th^  result  depends  mo§||y  on  Corollary  1  of  Th&f 
or^  i4--7,  it  is  convenient  to  list  it  as  a  corollary  of  the  same  the- 
orem. First,  we  ne^  i  definition  of  'altitude'.  For  later  use  it  is  best  to 
introduce  ^  slightly  more  general  notion.  As  we  know  by  a  corollary  to 
Theorem  12-15,  given  a  line  /  and  a  point  P4l,  there  i?  exactly  one 
point  Q  €  I  such  that  PQ  1  L  We  shall  he  interested  in  the  interval 
PQ,  find  shall  call  it  the  perpendicular  from  P  to  L  To  ayoid  introducing 
restrictions  ^e^dopt:     \  ^  .  ^ 
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Definition  14-3  -  ,  • 

(a)  PQ  is  the  perpendicular,  from  P  to  / 
_>-»(Qe/andP  - 

(b)  PQ  is  the  perpen,di4ular  frpm P  tan 


[Thfe  point  Q  referred  to  in  either  part  of  the  definition  is  call^  the 
foot  of  the  corresponding  perpendicular.]  !f 

Definition  14-4  The  altitude* pf  a  triangle  from  one 
of  its  vertices  [o#,  to  the  opposite  side  of  the 
triangle]  is  the  perpendicular  from  that  vertex 
to  the  line  containing  the  opposite  side. 


fperpendicular 
U  from  P  to  / 
P\  // 


attitudes  of 


perpendicular 
from  P  to 


(a) 


Fig-  14-2 

n 


How  many  altitude  do^  a  triangle  have?  Can.  a  triangle  have  a  me- 
dian which  is  also  an  altitude?  Can  a  triangle  have  an  altitude  which 
is  also  a  side  of  the  trianglet?  Can  a  triangle  have  an  altitude  which  is 
both  a  median  and  a  side  of  the  t^i^gle?  Can  a  triangle  have  an  al^ 
titude  ipyhich  is  a  median  and  an  altitude  which  is  a  side  of  the  tri- 
angle? Draw  pictures  to  illustrate  each  of  your  answers.  We  can  now  . 
state  the  second  corollary  of  Th^rem  14-7:      .  ^  .  ^ 

Corollary  2   The  lines  containing  t'le  rltituHes  of^a\^ 
triangle  are  cx)ncurrent.  •  ? 

[You  may  recall  that  wq  have  giyen  a  proof  of  Corollary  2  in  Chapteri 
13  which  is  different  from  the  one  given  in  Chapter  11.] 

Theorem  14  -  7  and  its  corollaries  depend  heavily  on  Theorem  14-  6. 
As  w€^ shall  see,  Theorem  14-6  i§  the  basis  for  many  interesting  geo- 
metric results.  It  is  perhaps  fair  to  s^  that  Theorems  14-3  and  14-6 
are  two  of  the  most  useful  theorems  we  shall  have  concerning  distan9e. 

  ■  3ia 
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*  1.  Prove  Ae  corollary  of  Theorem  14-6,  [Hint.  Consider  separately 
the  case  in  which       B  and  that  in  which  A  -  B,] 

2.  (a)  Prove  Theorem  14-7.    ■  \ 

<b)  Prove  CJorollary  1  of  Theorem  14-7: 

3.  Show  that  the  lines  containing  the  altitudes  of  a.triangle  are  the 
intersections,  with  the  plane  of  the  triangle,  of  the  planes.through 
the  vertices  which  are  perpendicular^to  the  opposite  sides. 

4.  (a)  Use  Corollary  2  oS  llieorem  14-7  to  derive  Corollary  1 .  [Hint: 

Show  that,  given  AASC,  there  are  points  M,  N,  and  P  in  ABC 
^  such  that  MNP  is  a  triangle  whose  altitudes  are  contained  in 

the  perpendicular  bisectors  of  the  side^of  AABC] 
(l>)  Use  Corollary  1  to  prove  Corollary  2. 
*5.  Use  Corollary  1  to  derive  Theorem  14-7, 

Given  two  points  PSnd^the  distance  d{P,  Q)  is,  also,  the  length- 
measure  of  the  segment  PQ.  'Since  it  is  customary  to  refer  to  this 
Jfsngthmeasure  as  'PQ'  vie  shall  adopt: 

II  Definition  14-5  PQ  =  d{P,Q) 

For  example,  using  this  notation,  Theorem  14-3  can  be  rewritten  as: 

PR  =  PQ  +  QR^QePR 

You  may  recall  that  in  Chapter  8  [see  Part  B  on  page  363  of  Volume  1] 
we  have  used  'PQ'  to  refer  to  the  §ensed  distance  from  P  to  Q.  The  in- 
troduction of  sensed  distances^n  a  line  /  depends  on  choosing  a  non-"^ 
vector  [/].  With  r^pect  to  a*,  the  sensed  distance  from  P  to  Q,'for 
{P,  Q}  C  I,  is  (Q  -  P)  :  a!  In  case  ^happens  to  be  the  unit  vector  in 
IQ  Pis  {Q  -  P)  :  ^=  liQ  -  P\\  =  d(P,g).  lS'a=  m,  where "u  is  the 
unit  vector  in  [Q  -  PY  ,  then  (Q  -  P)  :  a  =  d{P,  Q)la.  In  the  present 
volume  we  shall  use  'PQ'  as  defined  in  Definition  14-5  r&th^  than  as 

in  Chapter  8.  .  >■ 

The  following  definitions  are  the  basis  of  a  nuipber  of  useful  the- 
orems con<»ming  triangles: 

I  Definition  14-6  

(a)  AABC  is     isosceles  triangle  with  base  AB 

(b)  tABC  is  an  equilateral  triangle 
I  BC  =  C/i  =  AS 

3ii  ..  ■       ,  ' 
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Answers  for  Part  C  /  ^ 

1.     Suppose  that  A  ^         L^t  ir  be  the  perpendicular  bisector  oi  AB, 
and,lct  M  be  the  midpoint  of  AB.    Suppose  that  P  ii  aa  clement 
of  AB  which  is  equidistant  ix^m  A  and  Then 
P  -  M  €  [y]  r>  [AB]  =  {3},    Therefore  P  ^  M.    Therefore,  there 
is  one  and  only  one  point  of  AB  which  is  equidistant  from  A  and 
B,  and  this  point  is  M.    If  A  =  B,  'AB  =  {A),  and  the  corollary  * 
holds  trivially, 

I.     (a)   Let  ABC  be  a  triangle,  ahd  let'  *^  and       be  the  perpen- 
dicular bisectors  of  AB  and  BC,  respectively.    By  Theorem 
lE-6,  gTj^  ^  *2       *  ^^^^  ^  which  is  pe rf>endicular  to  the  plan4Si 
of  AABC,    Let  P6i.    Then  since  P  €  ir^,  PA  =  PB  and  since 
PSifg,  PB  =  PC,    Therefore,  PA  -  PC.    So,  P  €  where 
gTg  is  the  perpendiciilar  bisector  of  AC,    It*follows  that 
*         I  C  Tf^t  since  P  was  an  arbitrary  point  of  I,  Since 
ir^  =  i  C  »3  it  follows  that       rs      ^  ^3  =  ^* 

(b)    Since  each  perpendicular  bisector  is  perpendicular  to  the  > 
^lane  of  the  tjiangle,  each  intersects  this  plane  in  a  line. 
Since  a  line  perpendicular  to  a  plane  intersects  it  at  a  single 
point  it  follows  by  Theorem  14-7  that  the  perpendicular 
'     bisectors  and  the  plane  of  the  triangle  intersect  in  a  single 
point.    So,  t^e  lines  In  which  the  perpendicular  bisectors 
-  intersect  the  plane  of  the  triangle  intersect  in  a  single  point, 

h^i  ^  *2  ^       ^  0-  =  {P}  =^  {t^  r>  <r)  r>       ^  ff) 
^   r>  <r)  =  {P}] 

3.  Let  ABC  be  a  triangle,  and  let  t  be  the  plane  containing  A  which 
is  perpendiciiiar  to  BC.    Then  t  rs  A'JBC  is  a  line  containing  A. 
Since  tt  X  5S ,  gr  r>  BC  is  a  point  —  say  Q,    Since  Q  €  f  ^d 

A  €  t,  AQ  ^  BC.    Since  AQ  Q  A^C,  it  follows  that  AQ  the 
altitude  from  A  (to  BC).    Therefore,  t      aSc  is  the  line  AQ 
which  contates  the  altitude  from  A^^- 

4,  (a)    [See  answer  for  Exerci^^  9  of  Part  C  on  page  3i.] 

(b)    [See  answer  for  Exercise  2  of  Part  D  on  page  136.  ] 

.5.     Assuming  Corollary  U  let  P  be  the  point  of  intersection  of  per- 
pendicular bisectors  and  the  plane  of  the  triangle.    The  line  i 
through  P  and  perpehdicxilar  to  the  "plane  of  the  triangle  belongs 
to  each  pl^ne  through  P  perpendicular  to  this'latter  plane.   So»  1 
is  contained  in  each  of  %he  perpendicular  bisectors  and  if  their 
intersection. 
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Fig.  14-3 

Definition  14--7  . 
AABC  is  a  right  triangle  with  hypotenuse  AB 

CAiBC 


hypotenuse 


Fig.  14-4  , 

[The  sides  of  a  right  triaBgle  other  jJian  its  hypotenuse  are^sometimes 
called  the  legs  oCthe  triangle.] 

When  proving  theorems  concerning  a  triangle  it  is  often  helpful  to 
itse  the  notation  illustrated  in  the  following  figure: 


A  ABC 


Ifelli  SC  =  a 
m  -CA  =  b 
Ifcl  *  >AS  =  c 


Fig.  14-5 
Note  that,  since  a*  +  T  +  7=  0,  . 

■(*r^.   ,  ■    101=  lF+ fell.  ,   [Explain.-]  ■ 

I 

Recall,  that  if  Z>  ia  Uie  point  which  divides  the  interval  fVom  A  to 
B  in  r  :  (1  -*r)  then 

f  *)         D  -  C  =?  "6  +     =  T(l  -  r)  -  "w-      [EjQ>lain.],  ^ 

and  D  €  AB  if  and  only  if  0  <  r  <  .  1. 
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PartD 


1.  Consider  the  triangles  pictured  here: 
A 


*    ^  PartE 


.  '(a)  Which  are  isosceles  trianglfes?  In  each  ease,  give  the  base. 

(b)  Which  are  equilateral  triangles?  ,  ^ 

(c)  Which  are  right  triangles?  In  each  case,  give  the  hypotenuse. 

2.  Consider.  AABC  pictured^in  fixercise  1.  Supiiose  that^iS  is  the  me- 
dian from  A  and  that  BT  is  the  median  from  B. 

•  (a)  Show  thaty4S  <  7.  {Hint:  Use  the  triangle  iiiequality.] 

(b)  Show  that  AS  >  5. 

(c)  Show  that  i  <  BT  <  Y. 

(d)  Suppose  that  CU  is  the  median  from  C.  Make  a  coiyecture  as  to 
which  of  AS,  BT,  and  CU  is  the  greater  number.     

3.  Consider  AD£F  pictured  ih  Exercise  I.  Suppose  that  DS  and  FT 
are  the  medians  from  D  and  F,  respectively. 

(a)  Show  that  2  <  DS  <  6  and  2  <  FT  <  6. 

(b)  Make  a  coiyectui;^  about  DS  and  FT.  - 

4.  Consider  APQi?  pictured  in  Exercise  1.  Give  the  range  of  values 
which  are  possible  measures  of  PQ.  Is  there  any  value  for  'PQ'  such , 
that  APQH  is' a  right  triangle? 

Each  part  of  the  following  theorem  uses  the  notation  introduced  in 
Definition  14-5  and  can  be  proved  by  using  the  triangle  inequality 
[Theorem  14-1  J: 

Theorem  14-8  In  AABC, 

(a)  -  CA\  <  AB  <  fiC  +  CA  and' 

(b)  D  e  AS       CZ)<  maxCBC,  CA), 

1,  Prove  part  (a).  ' 

2.  Prove  part  (b).  \Hir\t\  Use  (**),  above,  and  recall  that  each  of  llall  and 
.ijStlisatmostrfaxClHUlbll).]  ■  i 

^/The  following  ^eorem  is  almost  a  r^tatemjenl(  of  Theorem'  14-6: 

Theorem  14-9   AABC  is  an  isosceles 
triangle  with  base  4B  if  and  only  if  its 
median  from  C  is  its  altitude  from  C. 


Prove  this  theorehi. 


r 
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Answers  for  Part  D* 

1.  (a)    From  left  to' right:   No;    Yes  -  base  DF;    Yes  -  ea'ch  of  the 

three  sides  could  be  considered  a  base;    Yes''  -  base  JK; 
\\o\   Yes  -  base 

(b)  The  second  one  is.    Depending  upon  PQ,  the  last  one  might 
,  be. 

(c)  The  fourth  and  fifth  ones  are  with  hypotenuses  JK  and  MO, 
respectively. 

2.  (a)    By  the  triangle  inequality  [in  particular,   Exej^cise  I  of 

Part  C  on  page   15Z]  SB  +  BA  >  AS       that  is,  2  -I-  5   >  AS. 
So,  AS  <  7. 

(b)  By  the  triangle  inequality,  AS  +  SC   >  AC.    That  id, 
AS  +  Z   >  7,    So,  AS  >  5. 

(c)  Since  BT  +  7/2   >  4,  BT  >  l/z.    Since  BT  <  7/2+4,' 
BT  <  U5/2. 

(d)  AS  V  /' 

3.  (a)    By  ihh  triangle  inequality,  4-2  <  DS<   4+2  and 

4  -  2  <   FT  <  4  4-  2. 

<b)    DS  ^  ^T  >  . 

4^.    0  <   PQ  <    12.    It  should  be  intuitively  clear  that,  among  the 

possible  triangles  fitting  the  data  given  laj:.^APQK,  there  shouH 
be  just  one  which  is  a  n%ht  triangle.  After  proving  Theorem  14-iO 
students  can  be  certain  that  APQR  is  a  right  triangle  if  ai:^  only 
Mf  PQ  =  6n/T. 


3i5 


•I 
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^mple  Quiz 


1.     Suppose  that  ABCP  is  a  quadrilateral  whose  aides  have  measures 
as  follows:  ^ 

^-  '        •       AB  =  5,    BC  =  6.    CD  =  3,    DA  =  7 

Complete  the  following  sentences. 

,(a>  <  AC  <  (b)  <   BD  < 

V         2,   *  Given  that  an  isosceles  triangle  has  rides  whose  measures  are  Z 
^  •    and  5,  tell  what  the  measure  of  the  third  side  is.    Justify  your 

answer.  '  '  ' 

3,     Suppose  that  O  is  the  origin,^. that  A  has  coordinates  (3,4,  12), 
^     and  that  B  has  co6rdinate6  (8,  3,  b),  for  some  b,  with  respect  to. 
♦         '   an  orthonormal  coordinate  system. 

(a)  Determine  b  such  that  AAOB  is  a  right  triangle  with 
hypotenuse  AB.  *  a 

(b)  Let  T  be  the  point  on  OB  such  that  right  AOAT  is  isO^eles 
with  base  AT.    Determine  the  number  t  such  that 

T  -  O  =  {'B,'  0)t.    What  are  the  coordinates  of  T"^ 


K^v  to  Sample  Quiz 

(a)  JL  ^  JL2.  -i-  <  BP  <  9 

2.  The  measure  of  the  third  side  is  5.    Either  the  third  side  has 
measure  2  or  it  has  measure  '5.    But,  it  cannot  have  measure  2 

w       asL  2  +  2^  5.     ^  ^ 

3.  (a)    b  is  such  that  3  •  B  +  4  •  3     i  2  •  b  =  0,   for  ( A  -  O)  •  (B  -  O)  =  0. 

Thus,  b  =  -3.  ^  • 

(b)  OT  =  OA  -  13,  so  that  t  =  OT/OB  =   I'i/'sfSZ.    T  has  coordi- 
nates Ui^VIz,  39/n/^,  -39/\/82); 


\ 
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Answers  for  Part'E 

1,     Let  a.=  C  -  B  and  b.==  A  -  C.    Then   i|'a||   =  BC,    |!b!|  =  CA, 
and  a  +  S  =  A  -  B,  so  that  ||a  +  b||  =  AB.    Making  these  .substi- 
tutions into  the  first  part  of  Theorem  14-ip  yields  (a),  since  {a,  b*) 
is  linearly  independent, 
'a.     JL^t  a  ^^^C  -  B,  and  A  -  C.    Then  by  { *  *  ).  D  -  C     b(l  -  r) 

-  ar  for  some  r.   0  <   r  <   i .    Therefore,  CD  »;  [jD  -  Cj] 
=   ||b*(l  -  r)  -  arjl  <  -  rf  +  ||a|jr.  (Since  {a.  b)  is  linearly 

independent  and  0  <   r  <    1,  {^U^"  r),ar)  is  linearly  independent.) 
If  maK(||a|M|61J)  -   !|a|l.then   |1SJ1{1  -  r)  Hja  ||  r 
^    jj?ll(l  vr)+  lta||r  If  max(  1 1  a^  1 1/] )  ^  1 1 )  -  HSI!,  then 

||S||(1  -  r)4  liallr  <;    ||S|,|(1  -  r)  4  |lS||r  -  Thei^efore. 
in  either  case.  CD  <.  max(  j j a  |.| ,  j  |  S ) )  )  =  njax(BC,  CA).  "  - 

3.  l^et  M  be  the  midpoint  of  AB.    By  .theorem  14-6,  C  is  equi- 
distant from  A  and  B  if  and  only  if  CM  -i- AB.    So,  Z^BC  is 
isosceles  with  base  'Xb  if  and  only  if  its  median  from  C  is  its 
altitude  from  C, 

TC  161(1) 

4.  suppose  that,  in  Z^BC,  c       B  -  A,  S  =  A  -  C,  and  a  =  C  -  B. 
It  follows  that  =    l|a!|^+  |        ^  +  2^.  S.    So,  a-S-  0  if 
and  only  if  \\c\\^  =  ^  H^!!^.    Hence,  AABC  is  a  right 
trijangle  with  hypotenuse  AB  if  and  only  if  AB^  =  BC^  +  CA^- 

5.  (a)    nTz      (b)'  13      ic)  26  [Compare  with  (b).]  ^  (e)  VTS     [i)  10 
[The  n\imbers  given  in  (d).  are  npt  the  measures  of  the  sides  of  any 
triangle,  since  \f5 ^/5  <  10.] 

6.  (a)    15         (b)  25         (c)  6^/2         <d)   25         (e)   50    ^(f)  24s/2 

7.  (a)    Let  ABC  be  an  isosceles  right  triangle  with  base  AB.  "  Let 
•      a  -  AC  -  BC,  and  let  c=  AB.    Thenby  Theorem  14-10, 

=  a^  -fa^.  =  Ei^,  and  so,  c/a  =  sfz, 

(b)    Let  ABC  be  an  equilatei^l  triangle,  whose  sides  each  have 

measure  a.  •Suppose  that  the  altitude  from       gay,  A  — -^has  , 
measure  h.    By  Theorem  14-9,  the  altitude  AH  from  A  is 
also  the  median  from  A.    Therefore  ijfe  =  HC  =  a/2. 
Applying  Theorem  14-^10  to  AAHB^  we  have       +  (a/Z)^  =  a^. 
Therefore,        =  3a^5/4,  so  hA  =  *JT/Z. 
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4.  Prove: 

Theorem  14- 10   IThe  Pythagorean 
Theorem} 

AABC  is  a  right  triangle  with 
hypotenuse  AB  if  and  only  if 

5,  Noti(^  that  3,  4,  and  5  are  the  measures  of  the  sides  of  a  right  tri- 
angle, for  3^  4^  4^  =  5^.  Determine  whfch  of  the  following  are  mea- 
sures of  sides  of  a  right  triangle.  For  those  which  are,  give  the 
measure  of  the  hypotenuse. 

(a)  i,  1,  Vi  (b)  12,  13,  5   ,      .   (c)  24,  10,  26 

(d)  VB,  V5,  10        (e)  V5,  VS,  VlO     (f)  10,  6,  8 
&  Compute  the  length  of  the  hypotenuses  of  a  right  triangle  whose 

legs  have  lengths 
^  (a)  9  and  12  (b)  ^24  and'7  (c)  6,  and  6 

(d)  15  and  20  (e)'  48  and  14  (f )  -24  and  24 

7.  Prove  the  following  coifollaries  of  Theorem  14- 10:  / 

(a)  The  ratio  of  the  measure  of 
the  hypotenuse  of  an  isos- 

I.       celea^  right  triangle  to  the 
.   measure  of  either  of  its  legs 
isV2.  ^ 

(b)  The  ratio  of  the  measu«  of ' 
an  altitude  of  an  equilat- 
eral triangle  to  the  measure 
of  any  of  its  sides  is  V3/2. 

Consider  /\AJ5C  and  its  median, 
CAf,  from  C.  Use  the  standard  no- 
tation shown  in  the  figure.  [In  par- 
ticular,      B  -  A  =  -{a^4-  bl] 

1.  Show  that  M  -  C  =  {fe     a)/2.  '  ^  ^ 

2.  Copy  the  figure  and  locate  the  point  D  such  that  D  -  C  -  b  -  cl 
What  kind  of  quadrilateral  is  ADBC7 

3.  Find  an  expression  for  32^C1^ 

(a)  in  terms  of  *a\  'b\  and  "a  -  b\  [Hint,  a  •  a  =  a'-^l 

(b)  in  terms  of  V  and  'a  •  'b\  [Hint:     -  6]F  -  |ja  +  ftlf^  ~  • 
^  [Why?].] 

4\  Prove: 

Theorem  14-11    A  triangle  is  a  right  triangle  with  a 
^  ven  side  as  hjrpotenuse  if  and  only  if  the  measure 
of  the  given  side  is  twice  the  measure  of  the  median 
that  Side. 
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Answe  rs^f or _Pa  rt  F 

1.     M  -  C  =  (A  -  C)  +  (M  -  A)  =  S  +  c/2  =      -  (a  +  ^)/Z  =       -  a)/2. 


3.  (a)    Since  M  -  C  ^       -  a)/2,    j|M  -  C||^  =  (S  -  a).{£  -  a)/4 

=  [a^  +       '  2(a^b)]/4 
(b)    By  simple  algebra,  1 1  a  -  S  |  {  ^  =  '4{a  •  S),  Since 

i!a  +  =  =         and         -  SRyJ  =    llM  -  C II  ^.4. it 

follows  that   ||M  -  C|i^  =  c^/4  -  (a-tfU 

4.  Since  AABC  is  a  right  triangle  >\'4th  hypotenuS^  AB  if  and  only  if 
a»S  =  0  it_follows  frbm  Exercise  3(b)  that  AABC  is  a  risht  tri- 
angle with  AB  as  hypotenuse  if  and  only  if  ||M  -  C||  =  c/2« 
Hence,  the  theorem. 
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5.  By  definition,  {A,  B,  C}  is  noncollinear  if  and  only  if 
(B  -  A,  G  -  A}  is  linearly  independent  —  that  isX  if  and  only  if 
(c,  -S)  is  linearly  Independent.    The  latter  is  tjie  tifase  if  and  only 
if  (S,  c)  is  linearly  in<iej</idcnt.    By  the  cyclic  syitinVetry  of  our 

^    notation  it  follows  that^-'s4nce  ,  {B,  C,  A}  is  noncoliineari  (c ,  a)^  is 
linearly  independent;   anii,  since  {C,'A,  B)  is  noneollinear,  {a,  b) 
is  linearly  independent.     [To  gain  confidence  in  such  arguments 
from  symmetry  of  notat'io^,  write  the  first  two  fcentences  of  the 
>   preceding  argument  bn,thi  board  and  beneath  them  write  the  sen- 
tence which  results  from> substituting  *B'  for  *A*,  *C*  for  *B\ 
•  *A'  for  *C',  *a'  for  'c'  and  *c*  for  ] 

^[Since  (c,a)  is  linearly  indepe  n|^t  it  follows  from  the  ScKwar'z 
inequality  that  |c*a|   <    |icl|||ai|   ai^,  so,  ^hat  (c  •  a)2  <|  j  c  1 1  ^  |  jl  j  j 
So,  since   ||cj|2  =  c^  and  ||a|l^  =  aP   it  follows  that 
c^aS  -  {c  »a)2  >  0.    By  symmetry  of  notation,  a ^b^  -  (a -2)2  >  0 
and  b^c^'  -  (S.xF  s>  0.] 

Since  c  =  -(a  4  S>,        =   j|c  a^  +  b^  +  2a«b  and  (c-t)^ 

=  (a^  +  a.Sp  =  a^  f  (t*%)^  +  2a2(a-S).    Hence,  c^a^  -  (c -a)^ 
^  a*  +  a2b2  +  2a2{a/fe)  -  a^  -  (i^t)^  -  U^t*t)  -  a^b^  -  (a.Sp. 
By  symmetry  of  notation,  it  follows  that  a^^  -  (a  •  S)^  =  b^c^  -  (S*c) 
[The  conamon  value  of  the  expressions  in         is  four  times  the 
square  of  the  area^-meaeure  of  the  region  bounded  by  AABC. 
i^K  ^  ihc  sin /A)  We  make  this  identification  in  Chapter  16.]  , 
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5.  Since  {A,  B,  C)  is  noncollinear,  (ci'a),  (a^T),  and  (6,  c5 _are  all  lin- 
early independent.  [Explain.  ]  It  follows  that  c*a«  -  (7-  'aY,  a^b^ 
.  -  {a  •  T)*,  and  ft^-  (6  •     are  all  positive.  [Why?]  Use  the  fact 
that  a  +  6  +  c  =  0  to  show  that 


PariG 


(*)        62c?  4      -  'cf  =  c»a»  -  (7  •  'af  = 

C 


C?QnBider  AABC  and  its  altitude,  • 
CF,  from  C.  Note  that  we"1et  /i^  • 
=  |!C-/ni,  c^  =  W-Al  and  c,\ 
-  lis  ^-_F1|.  Ic,  +  {|j  =s,c  if  and  only  4 
ifFeAB!] 


1.  (a)  Show  thatF  ^  A  = 

(b)  Establish  a  similar  result  for  B  -  F. 

(c)  Show  that  (F  -  A)  :  iB  -  F)^  b^'la^  if^-  V=f  0  or  6. 

2,  Suppose  that  'AABC  is  a  right  triangle  with  hypotenuse  AB.  Show 
»     that  ^ 


(a)  FcAB  ' 

(C)  Cj?C2 


•3.  Show  that,  for  any  AABC, 


(b)  c  =  c,  -f- 

(d)  CgC  =     [Hm^:  By  (b)  and  (c). 

(f)    V  =  ^!^2 

(h)  /i'^6  =  ale  =  Cg/a 


[//in/:  h^^  = 


Eliminate  'Cj^'^by  using  the  first  formula  in 


Exercise  1(a).  Then  use  a  result  from  Part  F.] 
4.  Make  use  of  the*  result  in  Exercise  3  to  cothpute  tiie  measures  of 
the  three  altitudes  in  each  of  the  triangles  pictured  here.  [Hint: 
As  in  the  proof  of  the  Pythagorean  Theorem,  use  tie  fact  that,  in 
AABC,  j]c|  =  IkiV  til  to  compute  'cT  •  in  terms  of  V,  and  V.] 
^^a)  A  <b>       '      /V£.-\  • 


6.  By  Exercise  2{a)  the  foot  of  one^altitude  of  a  right  triangle  belongs 
to  the  side  of  the  triangle.  The  foot  of  th^  other  two  altitudes  is  th^ 
vertex  opposite  the  hypotenuse. 

(a)  Show  that  each  Mangle  has  at  least  oiie  altitude  whose  foot 
belongs  to  a  side  of  the  triangle.  [Hint:  If  the  foot  of  somaraiti- 
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Answers  for  Part  G 

1,     (a)    F  -"A  =  projj.^j(-S)  =  c  comp^  (^S)  =  c  [( --b  •  c )/{c  •  c)] 

=  -c{S«c)/J?.  Since  c  =  -(a  +  S),  S-c  =  -(S-a  +  b^)  and  it' 
follows  tha?'"f=--v3'''^c{S*a  *f  b^}/c2. 


(b)  B  -  F  =  prou-^  ^   -c(a-c)/c2  =  cU*b  +  Si^)/c^ 
[Merely  interchanging  'a*  and  *b*  in  Exercise  1,] 

(c)  (F  -  A):(B  -  F)  =  (S^a  +  b2)/(a'.S  +  a^)  and  (S^a  +  b^) 

'     /(a.S  +  a^l  =  b^/a*  if  and  only  if  (S»a  +  b2)a2  =  (a*S  -i-  a^jb^ 
which  is  the  case  if  and  only  if  (a^  -  b2)(a-S)  =  0  —  that  is. 
^       if  and  only  if  a»S.=  0  or  a  =  b,    [Recall  that  a  and  b  are 
both  positive.  ] 

Z.     (a)    By  Exercise  l{c),  (F  -  A):(B  -  F)  >  0,  "^Hence.  by  Theorem 
8-5,  F  6  AB.  '  . 

(b)  By  part  (a)  and  Theorem  14-3,  d[A,  B)  =  d^A,  F)  +  d{F,  B)  — 
that  is,  c  =       4  c^*     '         ;    '  »- 

(c)  c^/c^  =•  ||f  -  A|f/|lB  -  Fjj  =  AF;-FB,  by  ExerciiC  1  of 
Part  B  on  pag«  55.    By  definition,  AF  :  FB  =   j  (F  -  A)  i  (B  -  F)| 
=  b^/a^  by  Exercise  1(c)  [and  the  fact  that  b^/a^  ^  0. 
Hence,  c^^/c^  =  b^/a^. 

(d)  Beginning  as  suggested  in  the  hint,  c/c^  ~  (c^  4  c^)/c^ 
=  c^/cg  +  1  =  b^/a^  +  I  =  {h^  t  =  c^/a^.  Since 

*     c  #  0  it  follows  that  /c^  =  c^^.  —  that  is,  that  c^c  =  a^. 

(e)  What  is  true  of  c^i  and  a  is  equally  true  of  c^  and  b.  So, 
'    by  part  (d),  c^^c  -  b^.  ' 

(f)  By  Theorem  14-10.  part  (eh  and  part,  (a),  h^^  =  b^  - 
-   c^c  -  =  c^{c  -  C^)  =  C^^Cj^. 

(g)  By  parts  (f),  (d),  and  (e),  c^^^  I  c2(c^c^)  =  (CsCfKc^c) 

=  a^b^  :=  (ab)2.    Hence  [everything  being  positive],  ch^  =  ab. 

(h)  By  parts  (g)  and  (d),  h^/b  =  a/c  and  a/c  =  c^/a.  "        ,  ^ 
3.    vSince.  by  Ilxercise  I{a),  c^^  =  ||^  -  A||^  =  tS P/c^  it  follows 

that         =  b2  -        =  b^  -  (S-cP/o^  =  [b2c2  -  (^*Z)]^/c^ 
'     =  [a^b^  -t.  (a-b)2]/c2  by  Exercise  5  of  Part  F,    [This  exercise 
•     shows  to  you  more  directly  the  relation  between  the  common  value 

of  the  expressioira  in  Exercise  5  pf  Part  F*  and  the  area -measure 

of  the  region  bounded  by  AABC.    This  relation  is  remarked  on  in 

the  commentary  for  Exercise  5,  ] 
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^  tude  Of  AABC  is  a  vertex  then  AABC  is  a  right  triangle  aitd, 

by  Exercise  2{q)s  Has  an  althide  of  the  kind^wg  are  looking 
'  \     '    (or.^y  Exercisfe^  KaTand  (b)  it  follows  Aat  F  i  AjB  if  and  only  if  ^ 
(V  •  c)(a^  •  V)  <  0-  What  we  need  tb  show  is  that  thek  is  no  tri- 
angle which  satisfies  tMs  and;tWQ  similar  (X)nditions.)  r 
Hby  Show  that  eacl>  triar?igle  has  either  exactly  one  or  all  three  of 
its  altitudes  as  described  in  (a),  '  •     ■  /   ,  ^ 

-  * ''  ■  '     ^  '  "■ 

When  a,  6,  and  c  are  positiye  numbers  such  that  ab  =  then  c  is 
said  to  be  the  mean  proportional  between  a  and  6,  or  the  geometric  mean 
of  a  and  b.  [The  wo^s  'mean  proportionar  refer  lo  the  fact  that  'ab 
=  c^'  is  equivalent  to  the  "proportion^'  'a  :  c  =  c  :  b\  Here,  the  word 
^mean'  refers  to^.the  middle  popitions  of  'e'  in  the  proportion.  In  'geo- 
metric mean',  'mean'  Has  the  se^nse  of  'average'  — the  number  Vafr  is 
one  kind  of  average  of  a  and  b^  Another  is  the  arithmetic  mean, 
(a    ,^)/2,  of  a  arid  fi.T^  ^      .  .        .  - 

The  results  obtained  in  Exercise  2(d)^  (e).  and  (f )  are  often  stated 
in 'terms  ,pf  meaniproportipnals:  .  ^ 

Theoi'em^U^ia 
'(4)  fhe  altitude  to  i\\e  hypotenuse  of  a  right  triangle  is 
thf|rmedn  proportional  betwi^n  the  measures  of  the 
iritervalg  into  which  its  foot  divides  the  hypotenuse. 
^)  Eith^x^leg  oTa  right  t^angl^  is  the  meali  proportional 
between  the  hypotenuse,  and  the  .measure  of  that  one  of, 
the  two  intervals,  int^-whijch  the  |pot  of  the  altitude 
divides  the  l^potenuse,  wnjch  is  adjacent  to  tbe  given 

'  leg.      '    :     ;   ■  . 

Notice  thkt  in  the  preceding  theorem  ^^e  have  used>ltitude';  'hy^te- 
nuse'  and  'lejjg'  sometimes  to  refer  to  the  intervals  we  have  defined  tnem 
to  l>e  and  Sometimes  to  refer  to  the  measiires  of  those  intervals.  This 
practice    a  comifioji  one  and  we^hail  atlopt  it.  TbtK>rem  14  ^  12  might 

\he  shortened  a l>it  more  by  deleting  the  phrale  *the  measure  of  rin  the 
two  pli^ce^'  where  it  still  occurs.  However,  the  most  ^ily  understood 

^statgjjfient^  of  the  theoi-emis  mprei^  '  *  ^ 


Fig,  14-6  .  ^ 
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Answera  for  Part  G  [cont.j 

4.     (a^    Using  the  hint  we  find  tliat  a»b  =  (c^  *       -  a2)/2.    [You  may 
recognize  this  as  a  version  of  the  Cosine  Law  which  will  be 
'  ititroduced  in  Chapter  17»]   So  [in  part  (a)]. 

=   [3^  -  7^"  -  5-^]/^  -  -65/2.  b-J  -   [7^  -  5-^  -  32]/2 
-   15/2,  and  ?*a  =  [5^  -  3^'  -  =-^d3/2.    Hence,  by 

Exercise  3,  -  [49  •  25  M65)V4]/9  =  75/4,  So-, 

h^'-   b^'^/l.    Similarly,  }l  =   15n^/14  arfd  h^  -  ^\f3/2. 


(b)    h^^  =  n/TI/2;   h^  =  5N/TT76  =  h^ 
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5,     (a)    [For  F  not  to  belong  to  AB  it  is  necessary  and  sufficient  that 
F  -  A  ^nd  B  -  F  have  opposite  senses..  From  Exercises*  1(a) 
aTid  Mb),  this  is  the  case  if  and  only^if  {B*c)(a«^)  <  O.J  If,"-, 
in  AABCi  we  had  {S*c)(c  *a),  (c  •  a)(^S),  *and  (a-K)(S.c)  all 
negative  then  the  product  of  these  thr?e  numbers  would  be 
negative.    But,  the  product  is  the  product  of  the  squareJiof 
thr^e  numbers  and,  ^o,  must  be  positive  or  zero, 

♦       (b)    By  the  reasoning  given  in  answer  to  part  (a),  either  none  of 
the  products  (S*c)(c»a),  {c-a){a*l>),  and  (a-S)(B*cMfi 
negative  of  just  two  are  negative.    So,  either  all  altitudes  of  a* 
triangle  have  feet  which  belong^to  the  segmenta  determined  by 
the  opposite  sides  or  just  one  does.    If  one  foot  is  a  vertex 
then  the  triangle  irf  a  right  triangle  andiias  jiist  one  altitude 
?       f  whpste  foot  belongs  to  the  opposite,  side.    If  no  foot  is  a  vertex 
then  the  feet  belonging  to  the  segments  determined  by  the 
opposite  sides  actua^lly  belong  to  the  $ides  themselves  and, 
so,^  are  three  or  just  on^  such  altitude. 
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From  Exercise  3  and  (*)  of  Exercise  5,  Part  F,  we  have; 

!i*Theorem  14-13   In  any  triangle,  the  product  of  any  side  by 
the  altitude  to  it  is  the  same  as  the  product  of  any  other 
side  by  the  altitude  to  it. 

As  a  corollary  to  this  [or,  directly  from  Exercise  2(g)]  we  have:  ' 

(I  Corollary  In  a  right  triangle,  the  product  of  the  hypotenuse 
I     by  the  altitude  to  it  is  the  same  as  the  product  of  the  legs. 


PartH 

1.  Here  is  a  picture  of  right  tri- 
angle, AABC,  with  hypotenuse  ^ 
5C  and  altitude  AD.  ^ 
(a)  Given  that  BD     6  and  DC  -  3,  compute  Ai9,  AC,  and  AB. 

•*  (b)  Given  that  BD  =  6  and  AB  =  9,  compute  BC,  AD,  and  AC. 

(c)  G^ven  that  AC  «  6  and  Afl  =  2,  compute  BD,  DC,  and  AD. 
id)  Given  that  AD  =  12  and  DC  »  3,  compute  BD,  AB,  and  AC. 

2.  In  each  of  the  following,  you  are  given  a  picture  of  a  geometric 
figure  and'some  information  about  it.  Compute  the  indicated  dis- 
tances. 

(b)  , 


-  BC 


8C---?c  CD 


4  ,  D 
Compute  AB.  BC.DE. 


Compute  DF,  DC,  DB.  BE,  EA. 


Compute  AB.  CD,  AD. 
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Theorem  14-13  in  the  form  of  Figure  14-6  is: 


ah  =  bh, 
G  b 


The  corollary  is; 


Answers  for  Part  H 

1.     (a)   AD  =  SnTz,  AC  =  Sn/I,  AB  =  3^^6 

(b)  BC  =  81/6,  AD  =  3>/5.  AC  =  9n/3/E 

(c)  BD  =  2/\JTQ,  DC  =f  IS/sfl^,  AD  =  6/«s/T5 
id)    BD  ^  48,  AB  =  IZ^JTl,  AC  =  3n/T? 


I 


2.     (a)  BC  =  n/T19  - 

(b)  BC  =  -Z?,    CD  =  9/'J7,  AD  =  12/«/T 

(c)  AE  =  40/441,   BE  =  32/^41,    AD  =  Z^Tl 

(d)  DF  =  2,    DC  =  DB  =  2n^,    BE  =  I6/n/5",    EA  =  8/n/5 

(e)  AB  ?  5,    BC  =  10/3,    DE  =  8/3  ' 

(f)  AB  =  13,    CD  =  25/12,    AD  =  65/12 

(g)  BD  =12,    AD  =  5,    DC  =  9 

(h)  AB  =  112.    BD  =  36  ■ 
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Compute  BD,  AD,  DC. 
[Hint:  Z)C  is  14  -  AD.  Use 
the  Pythagorean  Theorem.] 


Compute  AB,  BD. 


♦Part  I 
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In  Chapter  1 1  we  were  able  to,  show  that  certain  of  our  intuitive 
notions  concerning  perpendicularity  and  distance  in  ^  imply  the 
existence  of  an  operation  on  which  we  called  dot  multiplication, 
with  properties  expressed  in  Postulates  4^(6)  and  4jj-4j^.  And  we 
showed  that,  con  verily,  given  such  an  operation,  we  could  justify 
our  intuitive  notions  bQ  the  basis  of  such  definitions  as: 


(1) 


(2) 


Ala]  L  B[b]  ^  a  •  6  =  0 


d(P,  Q)  -  \\Q  -  Pjj  -  P)  '  {Q  ^  PI 


Now,  in  physical  space  we  may  measure  distances  in  centimeters, 
miles,  or  light-years  and,  for  each  such  choic^e  of  a  unit  of  length,  there 
is  a  corresponding  distance  function.  The  intuitive  notions  of  distance 
which  we  used  in  arriving  at  dot  multiplication  — and  which  we  get 
back  from  (2)  — presuppose  the  choice  of  some  unit  of  length.  A  dif- 
ferent choice  woufd  lead  to  a  different  multiplication  oiferation  in  5^' 
which  would  have  the  same  properties  which  we  have  postulated  for 
dot  multiplication.  If  the  length  of  this  new  unit  were  c  tim^  that  of  . 
the  one  leading  to  dot  multiplicaiion  tlien  the  corresponding  distance 
function— say,  4*  — would  be  such  that 


(3> 


Nevertheless,  this  new  multiplication— let's  call  it  *star  multiplic^a- 
^tion*  — would  have  all  the  ptbperties  we  have  l^tulated  of  dot  multi- 
plication and,  since  our  notions  of  perpendicularity  are  the  saihe 
no  matter  what  unit  of  length  we  choose,  it  would  be  the  case  that 


(4) 
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As  mentioned  on  page  42,  an  operation  which  satisfies  Postulates 
'4Q(e)  and  4^^  -  4^^  is  jcalied  an  inner  product  and  a  vector  space  on. 
which  one  has  defined  aij  inner  product  lis  called  an  inner  product 
space.    There  are  many  ways  of  defining  an  inner  product  on  T  [or  on 
any  other  finite-dimensional  vector  space].    For  example,  one  may 
choos'e  quite  arbitrarily  a  basis  (t^Xk)  for' T  and  use  part  (a)*  of 
Theorem  1 1 -1 2  as  a  definition  of  'a*^'/  With  this  definition,  the 
chosen  basis  will  turn  out  to  be  * 'orthonormal* *  —  hovi^ever  skeV  it 
may  ''look'*  to  you.    One  can  then  go  on  to  define  a  kind  of 
•'perpendiculkrity**  in  g  and  all. our  theorems  will  continue  to  hold  — 
but  lines  will  be  called  perpendicular  which  appear  not  to  be,  and 
intervals  in  different  directions  which  are  said  to  have  the  same 
length  will  a:ppear  to  have  different  lengths. 

Our  procedure  for  obtaining  an  inner  product  has,  of  course,  been 
the  reverse  of  that  described  above.    We  have  "looked  at"  distance  and 
perpendicularity  in  S  and  chosen  the  inner  product  which  our  intuitions 
suggested.    In  particular,  we  have  chosen  an  inner  product  for  which 
orthogonality  corresponds  with  our  intuitive  notions  of  perpendicularity 
in  £.    The  purpose  of  the  discussion  preceding  the  exercises  of 
Part  I  is  to  point  out  that  we  still  had  a  wide  choice  among  inner 
products.    The  reason  for  this  is  that,  after  satisfying  our  notions  as 
to  perpendicularity,  we  have  a  wide  choice  of  units  of  distance.  The 
exercises  themselves  show  that  this  is  the  only  choice  which  li  left. 
Any  inner  product  in  T  with  respect  to  which  vectors  are  orthogonal 
if  and  only  if  they  are  in  the  directions  of  perpendicular  lines  in  6  is 
related  to  dot-multiplication  just  as  ^-multiplication  is  in  (5).  Some- 
what more  abstractly,  two  inner  products  for  T  which  yield  the  same 
relation  of  orthogonality  also  yield  proportional  norms. 
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As  a  matter  of  fa^  there  are  many  multiplication  operations  in  9' 
whi<?h  have  the  pn^erties  expr^ed  in  Postulates  .4g(e)  and  4^,-4,^, 
and  it  is  by  no  means  the  case  that  all  of  them  satisfy  (4).  However, 
as  you  will  see  in  the  following  exerrises,  for  each  one  which  does 
sati^3fc^)>  there  is  a  nuinbir  c>  0  such  that 


(5)  '  ib  -  (a  '  fe)/c^. 

In  particular,  if  star  multiplication  has  th^  properties  postulated  of 
dot  multiplication,  and  is  such4|^4::rs^  ^ 

then  the  use  of  star  multiplication  in  (2)  in  place  of  dot  multiplication 
will  yield  the  distance  function  d*  of  (3).  In  short,  any  two  multipli^ 
cations  in  ^  which  have  the  ptpperties  postulated  for  dot  multiplica- 
tion,'and  which  yield  tJie  same  notion  of  orthogonality  for  members 
of     assign  proportional  norms  to  members  of//". 

To  establish  this  result,  suppose  that  star  multiplication  kas  the 
properties  postulated  of  dot  multiplication  and,  in  addition,  satisfies 

(4).  '        ^  '    ^  ^'  -'"'^ 

!•  Suppose  that  'u  and  V  are  unit  vectors -that  is,  that  w  u-^  \ 

^  V  '  V,  Show  that 

(a)  (7- V)  *  {u^^J)  =  0, 

(h)  {u  -  v)    iu  +  v)  ~  U  *  U  -  V  *  V,  4 
(c)  u  *  u  =  u  *  V,  and 

2.  Suppose  thatV-  v=  1.  Let  ^  =  /VV*  y.  Show  that^ 

(a)  c>  0,  ' 

{b)  If  tT-  u*=  1  then  u**  «'= /c*. 

(c)  {^/      •  ^  *  W  Ic'      laV  "Ol,  and        ^  ^ 

(d)  'a*'a  =  (a  ■  a)/c2.  [Hint.  Consider  two  casefi,  either  a  ?*'5'or 

3.  (a)  Show  that "c  •  6*  =  [(c^+  b)^{a^+b)  -  {a  ~b)  •  (a  -  6)]/4. 

(b)  Show  that,  tor  any  a  and  fe,  a  *  &  =  (ff  •  b)tc^.  [Hint  By  our 
assumption,  the  result  of  jiart  (a)  holds  for  star  multiplication. 
Use  this  and  Exercise  2(dU 

4.  You  ^ave  shown  that  if  star  multiplication  has  the  properties  pos- 
tulated of  dot  multipUcation  ai^  satisfies  (4)  then  there  is  a  num- 
ber c>  0«uch  that  (B)  is  satisfied.  Now,  assume  that  star  multi- 
plication is  defined  by  (5).  Show  that  it  has  the  properties  postu- 
lated of  dot' multiplication  and  satisfies  (4). 
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Answe^^for  Part  I 


1. 


3. 


4. 


(a) 
(c) 
(d) 


(u 


By  H),  8inN^(u  -  v)*  (u  +  v)  =  0,  (u  -  v)*(u  +  v)  =  0  and,  by 


.fcy)«{u  +  v)  =  u«u  -i-.U'V 
By  (4),  since  v 


^  '^JL.'^ 

V^v      U*U  "  v^v 


1-1^0 


J 


v*v  ^  0.    Since  5  0  it  follows 

ecause  of  Exercise  1  of  Part  A  on 
page  47  an^  the  fact  that  ^-xS^^tiplication  has  the  postulated 
properties  of  dot-multiplication, 
(a)    We  know  from  Exercise  1(d)  that  v*^S>  0,    Since  square 
roots  and  reciprocals  of  positive  number flV^je  positive  it 
follows  that  /Vv^v   >  0.    So,  c   >  0, 
(h)    By  Exercise  1(c),  u^u  =  v*v.    So,  c  =  /Vu*u  anSSjience, 
u*u  =  /c^, 

(c)  This  follows  from  (b)  since  (a/^s/a  •  a)'  (a/>/a  •  a)  =  >1. 

(d)  For  a  ^  I5  this  follows  from  part  (c)  ,in  view  of  the  fact  that 
^-multiplication    has  the  postulated  properties  of  dot- 
multiplication.  _For  5  =.       a.a  =  0  by  Theorem  ll-l(c). 
So,  for  a  =  0,  t^t  =  0.  ' 

(a)  [Expand  right  side  and  simplify,  ]  •  .  ^ 

(b)  Since  '^-multiplication  has  the  properties  of  dot -multiplication 
needed  in  part  (a)  it  follows  that 

a^S  =  [(?  +  S)^(a  f  b)  -  (3  -  h)Ht  -  S)]/4 

^  =  i(a  +  ^) .  (y  S)     (a  -  S)  Ma  -  S)]/(4c^) 

Suppose  that,  by  <iefinition,*  a'^S  '  (a«S)/c2,  where  c   >  0. 

4^(6)5    Sinc^a-S  €  ft  and  c  e  ft,  a»^§  €  ft  [by  various  parts 

of  ^ol 


Since,  for  a      ^,  a-a  >  0  and  since  (=2  > 

0  it 

follows  that,  for  a  #  tS,  a*a  >  0. 

[(a  +  S)-?]/c2  =  (?.?  +  S.?)/c2  =  (a.?)/c2 

aSa)-S]/e2  =  [{S-SlaJ/cS  =  aavS)/c2la 

(a.S)/c2  =  (S-a)/c2 

(4): 

(a.S)/c2  =  0«=»a-S  =  0  (c  #  0] 

< 
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)  Consider  a  plane  tt.  a  line  I  Q  tt. 
and  a  point  P  ^  n.  L^t  F  be  the  foot 
of  the  perpendicular  from  P  to  tt, 
and  let  G  be  the  foot  of  the  perpen- 
dicular from  P  to  /. 

1.  (a)  Show  that  the  distance  PG  is  less  than  the  distance  between  P 

'  and  any  other  point  of  L  [Hint:  Use  a  theorem  s  Bout/right  tri- 
angles.] 

(b)  Show  that  the  distance  PF  is  less  than  the  distahce  between  P 
and  any  other  point  of  tt.  I 

(c)  In  what  circumstances  will  it  be  the  case  that  I^G  =  PF? 

2.  (a)  Suppose  that  Q  and  R  are  points  of  I  What  can  you  say  about 

PQ  and  PR  if  QG  =  RG?  If  QG  >  RG? 
(b)  Suppose  that  Q  and  R  are  points  of  tt.  What  can  you  say  abpdt 
QF  and  RF  if  PQ  -  PR?  If  PQ  >  PR? 

3.  (a)  Suppose  that  /  -  A[c]  and  that  p  ^  P  -  A.  Find  a  formula 

for  the  distance  between  P  and  G  in  terms  of  'p  and  'c . 
(b)  Compare  your  answer  with  Exercise  3  of  Part  G.  [Hint:  Recall 
Exercise  5  of  Part 

4.  Suppose  that  J  =  A[u]  and  tt  =  A[u  v],  where  (u,  V)  is  orthonor- 
mal.  Let  p  ^  P  -  A. 

(a)  Prpceedii^  as  you  may  have  done  in  Exercise  3(a),  it  is  easy 
to  see  that  P  -  G  ^  p     uip  -  u).  Starting  ffom  this,  find  a  , 
similar  foripula  for  P  -  F, 

(b)  Show  thatFP  ^  "^p  -  ^-  fp  *       -  (p  *  'v)^. 

5.  Given  that  A,  P,  /,     and  (u,  v)  are  as  described  in  Exercise  4,  and 
that  (u,  V,  k)  is  an  orthonormal  basis,  a>mpute  GP  and  FP,  where 
G  and  F  are  the  feet  of  the  perpendiculars  from  P  to  I  and  to  tt, 
-respectively,  when  A  and  P  have  coordinates  as  follows: 

^  (a)  A(h  -2,  0);  P(5,  4,  0)  (b)  ^(6,  -3,  0);     P(5,  -2,  1) 

^  (c)  ^(0,  0,  0);     P(5,  -5,  -1)      (d)  .4(3,  -3,  0);     P(4,  -4,  -1) 
(e)  A{5,  -12,  0);  P(2,  -8,  8)        if)  >l{24,  -25,  0);  P{19,  -13,  12) 


1 4*03  Dfstances  Between  Potnts  ancf  Lines  or  Pianes 

In  the  preceding  exercises  you  have  seen  that,  given  P  and  tt,  there 
is  a  point  of  rr  which  is  closer  to  P  than  is  any  other  point  of  tt  and^that, 
in  fact,  this  point  is  the  foot  of  the  perpendicular  from  P  to  tt.  [In  the 
exercises  you  assumed  that  P  ^  tt,  Is  the  preceding  statement  correct 
\^hout  this  assumption?]^fou  also  obtain^  similar  results  for  a  point' 
andahne.  , 
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•  V 

An^v^ers  for  Part  J 

1.  {a,)    Let  H  be  another  point  of  I.    Then  APHG  is  a  right  tri- 

angle with  hM^tenust!  PH,  By  the  Pythagorean  Theorem, 
PH^  =  PG^TgH^,  Since  GH  #  0,  PH^  >  PG^  and,  so, 
PH  >  PG.  • 

(b)  Let  R  be- any  other  point_of  ir.    Then  APFR  is  a  right  tri- 
^     ^angle  with  hypotenuse  PR,    By  the  Pythagorean  Theorem, 

PR^  =  PF^  +  FR^.    So  PR^  >  PF^  and,  so,  PRV>  PF. 

(c)  By  the  result  of  part  (b),   PG       PF  unless  G  -  f}  in  which 
case  PG  -   PF.  .  .  ^ 

2.  (a)    Using  the  Pythagorean  Theorem  for  APGQ  and  APGR,  we 

^see  that  if  QG  '  RG  Jthen  PQ  -=   PR  and  tliat  if  QG  >  RG 
then  PQ  >  PR. 

(b)    Using  the  Pythagorean  Theorem  for  APFQ,  and  APFR,  we 
see  that  if  PQ  =  PR  then  QF  =  RF  and^piat  if  PQ  >  PR 
then  QF  >  RF,  ^  *  '  * 

3.  (a)    (PG)^  ^    ||pjj2  -  lie  -  Ajjs,  where  G  -  A  =  proj|-- J  (p) 

?np. c)].    So,  (PGl^  =    HpII^  -  {p.c)VI|c||^ 
^  [||p|i^||?|[^  -  (^c)^V||?||^  Hence. 

PG  -  V||p!|^||?||^  ^  {p.?F/!fcl|. 
(b)    In  Exercise  3j>f^Part  G,  we  have  that,  for  any  AABC, 

^  2  ^  a5b£_j^^_lb)5 ^  Exerci'^e   5  of  Part  F,  tYe  ^ 

latter  is  equivalent  to;     {*)  ^  [a^c^  -  {t*c)^]/c^ 

This  compares  favorably  with  the  formula^^de rived  in^part  (a), 
for  there  we  are  dealing  with  the  triangle,  ^PA{A  +  c),  and  the 
result  we  obtained  is  the  instance  of  (*)  replacing  'A'  by 
*A  +  c\   *B'  by  *A\  *C'by  'P,  'h^*  by  'PG*\*a*  by  'Hpil'. 
and  'c'  by  '  ||?||'.  \  / 

4.  (a)    [The  suggested  solution  for  EJcercise  3(a)  is:    Pj^-  G 

p-(C-A)=  p'-  ?[(p  •?)/(?.?)]  and,  so,  ( PCj^V  { P  -  G)  •  ( P  -  G)* 
-    IIpII^  '  (p«c)^/j|c  11^".  etc.    Since,  in  the  pre sefxt  exercise 
the  unit  vector  u  plays  the  role  of  c,   P  -  G  -  p  -  u(p*u).  j 
-P  -  F  =  (P  -  G)  -  (F  -  G)  =  p  -  u{p.u)  -  v{[p  -,u(p.u)].v) 
=  p  -  u{p*u)  -  v{p*v\  [since  u»v  »  0], 
(b)    Since  (u,      is  orthonormal, .  jjp  ^tiip^u)  -  v<p»  v>j{^ 

p^p  -  2(p>uP  -  2(p«vHf  (p'u)^     (Rn^^  ^  Z(u^7)(p«u)(p.^^v) 
=  p.  p  -  (p.u)f  -  (p-v)^.    Hence^  FP  =  ^/p•p  -  {p*u)^  -  (p*  vF. 

5.  (a)    6.  0      ^     •       '  (b)  ^/2/l  (c)  ^/^6,  I 
(d)    sfz/l                             (?)   4Nr5,  8       '                 -    If)   IZ>/2,  II 
[Here  are  the  details  of  the  solution  for  part  (a):    P  -  A  =  p,  and 
has  components  (4,6,0).    So,  p*  p  =  4  •  4  +  6  •  6  +  0  •  0  =   ^2.  Also, 
p •  u  =  4  and  p •  v      6  so  that  PG  =  vp •  p  -  (p •  u)^  =  ^/ 52  r  ^6  =  6 
and  PfV  \^P-p  -  (p-u)^  U^^^V  =  Nf32  -  16     36  =  0.] 
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So  we  have: 


Theorem  14-^14   The  perpendicular  ft^Dm  a  given  point  to  a 
given  line  or  plane  is  the  shortest  of  the  intervals  whose 
endpoints  are  the  given  point  and  a  point  of  the  given 
line  or  plane* 


In  establishing  this  result  you  probably  used  the  Pythagorean 
Theorei^arguing  that  if  F  is  the  foot  of  the  perpendicular  from  P  to 
ir  and  Q      then  d^PQF  is  a  right  triangle  with  h3T>otenusePQ^and,  so, 


a) 


PQ  -  "^QF  i  +  FK 


It  follows,  since  P  and  F  are  given,  that  the  distance  PQ  is  least  when 
QF  -  0  — that  is,  when  Q  is  the  foot  of  the  perpendicular  from  P.  [Ex- 
plain.] It  also  follows,  that,  P  and  F  being  given,  PQ  depends  only  on 
QF  and  is  greater  the  further  Q  is  from  F,  More  explicitly,  if,  for  each 
X  ^  0,  -  ,  . 


(2)  •  I       fix)  =        +  FP' 

then,  for  any  Qctt,  PQ  -  ^QF);  moreover,  for  x  >  y  2:  0,  f(x)  >  f(y). 
[Explain  ]  A  function  whose  arguments  and  values  are  real  numbers 
and  which  has  larger  values  for  larger  arguments  is  said  to  be  a/i  m- 
creasing  fimction.  So,  we  c^  formulate  the  r^ult  of  Exercise  2,  page 
102  as:  . 

Theorem  14-15  The  distance  between  a  given  point  and  a 
point  of  a  given  line  or  plane  is  an^weasing  function  of 
the  distance  between  the  second  poinT^nd  the  foot  of  the 
perpendicular  to  the  giv^  line  or  plane. 

[Modify  the  preceding  discussion  of  a  given  point  P  and  plane  tt  to 
obtain  the  result  stated  in  this  theorem  for  a  given  point  P  and  line  I] 


■\ 
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Explanation  called  for;   Suppose  that  x   >  y  >  0.    It  follows  by 

Exercise  ^ia)  on  page  8  that         >  y^  and,  so,  by  Postulate  that 

+  FP^   >  y^      FP^,.    From  this,  by  a  theoreixi  like  Es^ercise   8(b)  on 

page  S,  it  follows  that  FP^   >  S/y^  4  FP^  —  that  is,  that 

f(x)   >  f(y).    [In  applying  Exercise  8(b),  take  a  =  n/x^  -f  FP^  and 

b'  =  vfyS  +  FP2.    Then,  by  (3)  of  Part  B  on  page  8,  a'^  =  x^'  FP^ 

and        =  y^  4  FP^.    Since,  a^  >  b^  it  follows  by  Exercise   8(b)  that, 

since  a  >  0,  a  >  b.    Now,  incase  a  =  b,  a^'*  b^.    So,  since 

a2  it  fallows  that  a  #  b  and,  hence,  that  a   >  b,  ,  (Note  that  we 

have  proved  a  **  refinement*'  of  the  theorem  of  Exercise  S(b): 

a2   >  b2=i=^>a  >  b   [a  >  0])],- 

In  Theorem  14-15,  we  use  the  phrase  *is  an  increasing  function  of* 
tp  express  th0  fac^  that  there  exists  an  increasing  function  —  say,  f  — 
such  that  d(Pj,  i)  =  f(d(P,  G))  [or  such  that  d(P,  ^)  =  f(d(P.  F))].  In 
general,  *  function  of*  indicates  function  composition  —  here, 
dCP,i}  =  [f  odKP,  G),  ■  ' 

The  distance  between  a  given  point  and  a  [''variable"]  point  of  a 
given  set  may  fail  to  have  a  minimum.    For  example,  in  case  B  ^  C 

the  distance  between  A  and  a  points  P  €  BC  may,  depend- 
any  number  create r  than  AB.    So  the  set  of  distances  from 
BC  does  not  have  a  least  member.    In  other  words,  there 
bS  which  is  nearest  A,    Although  the  set  of  distances 
from  A' to  points  of  BC  does  not  have  a  least  member  it  does  have  AB 
as  its  greatest  lower  bound. 


and  A  6  -BC 

ing  on  P,  be 
A  to  points  o; 
is  no  point  of 
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The  increasing  function' referred  to  in  Theorem  14-15  is,  of  course, 
the  function  f  described  in  (2).  Since  Z'  is  an  increasing  function  and  ^ 
since,  by  definition,  0  is  its  least  argument,  /"has  a  minimum  value  [re- 
call Exercise  2  on  page  102]  at  0.  This  ihi&imum  value  is  FP  [in  the- 
case  of  TT,  or  GP  in  the  case  of  /].  Theorem'  14-14  a)uld  be  restated  as: 

The  distance  between  a  given  point  and  a  point  of  a  given 
line  or  plane  has  a  minimum  value  at  the  foot  of  the  perpen- 
dicular from  the  given  point  to  the  given  line  or  plane. 

When  the  set  of  distances  between  a  given  point  and  points  of  a  given 
set  has  a  minimum  value,  this  number  is  called  the  distance  between 
tfie  given  point  and  the  given  set.  So,  for  example,  we  have  shown  that 

diP.^^PF  and  diP,  I)  =  PG, 

where  F  and  G  are  the  feet  of  the  perpendiculars  from  Pton  and  to  /, 
respectively.  In  Exercises  3  and  4  of  Part  J  you  have  seen  how  to  mm- 
pute^i^tances  between  planes  [or  lines]  and  points.  Fot  example,  if 
/  =  A[u]  whe^e  u  is  a  unit  vector  and  P  =  A     p,  then 


(3) 


[diPJ)?  =  p  •  p  -  (p  •  uy; 


and,  if  TT  =  A[u,  v]  where  {u,  v)  is  orthonormal  and  P  =  A  ^  p,  then 

(4)  [diP,  n)?        ^p'^Xp*        ^  ip  •  v)\ 

The  results  (3)  and*(4)  are  somewhat  special  due  to  the  assumption, 
in  (3),  that  Hull  =  1  and,  in  (4),  that  iu,  v)  is' orthonormal.  It  is  not  too 
difficult,  however,  to  extend  tl^ese  results  to  take  care  of  the  case  in 
which  say,  is  any  non-0  vector  in  [/]  or  (g,  r),  say,  is  any  basis  for 
[tt].  In  the  former  case,  ~ql\\^\  is  a  unit  vector  in  [/]  and,  on  substituting 
for  !u'  in  (3),  we  obtain:  >  '  .  • 


ERLC 


d(Pjy    p '  p  -  p 


=  lip  •  p)(q  ■  q)  -  ip  -  qY^l/iq  •  q) 


So, 


diP,  If  = 


P  •  P 
V*  P 


33} 


p  ■  g 

—*  — » 

q  ■  q 


liq  ■  q). 
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Here  are  suggestions  fo^th^  exercises  of  section  14.03: 
(i)  T\}&  discussion  of,  Theoreip  I4'i6  and  Part  A.shoulcf  be  directed 

by ithe  teacher.  ,  ^  '  *  ' 

{ii)   Part,Brns^Y      used  for  home wdiSf.  .'% 

(iii)  Pa'rt  C  and  thei^vscussion  of  Theorem  l4-^7  should  be  tcachof 
directed.  '  ^  ^  ^     '  . 

(iv)  Parts  D  and  E  (^xc«pt  Exercise- 6  dT  Part  E)  may -be  assigned. for 
homework  after'examples  of  thci 'use  pf-Tl\eorem  14-17  have  been 
presented*  ^      ,  v  \ 

(v)  Exercise  6  of  Part  £  can  bfe;  a  claas  prpj^t.^ 


Sample  QxusBv,  > 

m 

Giy«h  fight  APQR  with  hypotenuse 
QR  and  altitude  ^  from  P,  \ 
suppose  that  PR  =  13  and  PS  =  5. 
Compute  each  of  the  following.  T  * 

(a)    SR       (b)  SQ       (c)   QR      (d)  PQ 


2.     Suppose  that  right  AABC  lias  hygoteh\aae  BC  and  altitude  AD 


Give  each  of  the  following 
(d)  AD 


from  A,  and  that  AB  =  c  ajid  AX: 
in  terms  of  'b'  and  'c*. 

(a)  BC         '    '   -    (b)   BD  • 

3,     Given  isosceles  AABC 'with 
UN  II  BC,  AB  =  8,.  AM  =  2, 
and  BC  ~  6,  as  shown  in  the  ' 
picture  at  the  right. 

(aw)    Compute  MN. 

(b)  What  is  the  measure  of  the 
altitude  from  A? 

'{c)    Let  P  be  the  foot  of  the  perpendicular  from  M  to  BC. 
Compute  MP  and  BP. 

^(d)    [E»;tra  credit  problem)   Tell  whether  ABMC  is  equilateral 
and  justify  your  answer. 

Key  to  sample  Quiz  ^ 

I.     (a)    12  (b)  25/12        ^  ^  (c)    169/12  id)  65/12 

E.     (a)    Vb^  +         {b)  c2/Vb^T^*  (c)  b2/Vb2  +         (d)   bc/Vb^  +  c2 

3;     (a)    3/2  ih)  sfbT  (c)  3Nr55/4;  9/4 

(d)    Not  equilateral,  for  M  is  not  on  the  perpendicular  bisector 
of  Be.  . 


3 '^5 


OiSTANCE. 


•r 


I, 


Siiniiarly,  in  caseiW] i^.j),  we  oht&m  vectors  ^  and  v  sncl^'tdiat  M' 
k     i^'^  and  (u^lyHs  Qrt{bnbrm  *  , 

•  ( .     :.  i^)  '  <r  "g/flLf^dV^  ir-Hir-  li)]  /f-  ~u(r-  Vll  [Explain.]  . 

■  "'Substituting  for     and  V  in  (4),  and  simplifyiiilg  leacjs,  eventually,  to 
a  result  which  we  Btatd  iici:  "  • 

fheorem  14-16  '  If  i  =  Mq]  mdir    A[q,7]  then,  ' 


'  TC170        ^        ■>     .  ■ 

^       Theorem  14-16  iat  closely  related  to  the  corollary  of 
Th^iireiTi.  13-4    on  page  126/  The  proof  of  th^  Theorem  14-l6(b) 
outlin^on  page  169  is'a*  sirmDlification  of  the  proof  of  part  (b)  of  the 
coroilarv;^^  given  in  the  cofhmentary  oh  TC126. 


diP,  l)^  = 


_^  ^  _  _ 
P  •  P   P  Q 


q  •  p  q  -  q 

p  •  p  p  •  q .  p  '  r 

'q  y  ~q   'q  ^  ■  r 

r  •  p  r  ■  q'  r  •  r 


/{q  •  q),  and 


q  ■  q  q  :  r 
r  •  q    y  •  r 


We  have  already  proved  part  (a)  of  fchis  theorem.  Now  we  shall 
'/■  sketch  a  proof  of  part  (b).  You  should  fill  in  the  details.  We  suppose 
given  a  basis        for  Itt],  and  we  suppose  that  (u,  v)  is  the  orthonormal 
^asis  given  (5). 


HP.  I)  PG 


d{P,  7r).=  PF 


"Pig.  14-8 


Rather  than  substitute  from  (sf  into  (4)  it  is  Easier  to  stirt  afresh.  To 
* ':  4o  so,  we  note  that  '  , 

J6)  p  -  P  -♦A  -      -  A)  +  iP  -F).      '   •       .  ■ 

*    S&ice  (P        liF  -  A^  it  follows  that  ' 

'  .  ; ,  •    '  (P  r  F)^  (P  -F)  ■  iP  -M)  =-.d(P,.w'f^.  , 

So,  our  problem  is  ftf  compute  -  F*  in  terms  of'/?,  'g ,  and  V  Since, 
;by.  <6),  =  p  -  (F  ^yl),  the  first  step  is  .'to  compute  T  -  A\ 

imd  •    •     ,  ■  ,3<-G  ,  ;     ' '  ' 


•      5?  ^  ■ 
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Since  F  ~  AsItt]  and  {u,~v)  is  an  orthonormal  basis  for  [tt]  it  follows 
'that  :  . 

'  F  ~  A  =11^  -  A)  -l^  +'vliF  -  A)  '  7l 

Since  P  -  is  orthogonal  to  u  and  toJiT  it  follows  by  (6)  that 
'p-'u  =  {F-A)  ■  li  and jp    v  =  {F  -  A)  ■'v.  Henee, 

F  -  A  =  Hip  ■  u)  +  ~v(p  ■  v). 

The  next  step  is  to  compute  *v(p  -  vY  from  (5).  In^doing  so,  note  that 
•  w)|p     r-  ~r  -  (r-  uV.  Now,  add  on  'u(p  •  uY  and  simplify. 
Yoi^  should  obtain:  -  v 

Hfp'  w)(r  •  r)'  -  (p-  r)(7'  a)]  -  r{(p*'  u){7'  u)  -  r] 

F  -  A  ^  r^— T^i^  ^   ;  ~  "  • 

r  •  r  -  (r  •  u)^ 

If  you  now  multiply  in  numerator  and  denominator  with  '\\^f\  re- 
.  calling  that  'u\\^  =  V»  you  will  obtain: 

a')  F  -  A  = 

.  10)2(7.7)  -  (7- 

Since  P  -  F  =  p  s%F  -  A),^and       =  ~q  '  V»    follows  readily  that 
Fis  ( 

p{(V'  ^Kr  ♦  r)  -  (r  •  '^I'i  -  ^(p''  Q)^^* '  r)  -  {p  -  "q)]V  .r[ip'-  gV '  V)  -  (p"'  </U 

Using  this  last  to  compute  "fi  -  (P  -"i^)'  you  will  obtain  a  fraction 
whose  i\ume¥ator  is.  equivalent  to  the  third  order  determinant  iff  the 
numerator  of  Theorem  14-  r6(b)  and  whbse  denominator  is  equivalent 
to  the  second  order  determinant  in  the  t^i^nominator  of  that  theorem. 

No'te  that  in  proving  part  (b)  we  have  also  obtained,  in  (7),  ^_w^of 
locating  the  foot,  F,  of  the  perpendicular'fromP  |p  the  pUne  Alq,lr]. 

^Exercises  '  .        ,  ' 

Part  A  ,  /  ■ 

*      i.  Show  that  the  two  parts  of  Theorem  1,4-16  reduce" to  (3)  and  (4) 
.    •    on  page  ^69  in  casQ       iTand  r  «     where  (a,  v)  is  orthonormal. 
•  2.  What  does  (7)  reduce  to  in  the  case  d^crib^i  in  Exercise  1? 
a  Wh^t  is  the  formula  like  (7)'for  G  -  A,  where  G  is  the  foot  of  the 
perpendicular  from  P  to  the  line  A[qi7 
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Steps  leading  to  {7): 


I        S.v  -        -  r  -  u(r.UJ      ,  P'  r  -  (p-u)(r'u) 


where    ||r  -  u(rJiu)f|^  ='r»r  -  (r«u)^, 

u(p  ?  u)(r  *  r  -  (r  *  u P 1  i  f  r  -  u( r  «  u)1fp  *  r  -  fp  *  u)( r  *  u)l 

^  uf (p  -  uK r  >  r )  -  (r  *'u)i p  *  r  11  -  r f (p  *  u)(r  yu)  -  p  *  rj 

7.7  -  (r^np 


tf(p*u)  +  v(p*  v)  ^ 


[right  aide  of  (7)] 

The  right  side  of  (7)  is  obtained,  "U*  mentioned  in  tkc  text^,  by 
multiplying  in  numerator  and  denomina^pr  by  *  ij^H^*  and  fiimplifying. 
Note  that  eaqh  term  pf  the  numerator  preceding  (7),  with  the  exception 
.of  the  term  "r^p*?)*  contains  two  'iTs.    Multiplying  with  '  yields 
two  •iltjqij'ft,  each  Of  which  \s  to  be  replaced  by  a  *q^.    The  i-esult  is 
the  right  siSe  of  (7). 


Answers  for  Part  A 


U  Ma)   d(P,i)f  - 


(b)   d|P,  7rP  = 


2. 

3, 


p .  p    p  •  u 


u  •  p    u  •  u 
p.  p    p  •  u    p  •  V 
u  •  p    u  •  u    'u  •  V 


/u*u  =  p*p  -  (p»  u)(u  •  p)  -  p  sp  -  \p  •  n)^ 


u  •  u     u  ^ 


V  •  u    V  •  V 1 5 


v*p  v»u  v«v^ 
The  denominator  is  (u»u)(v*v)  -  0  or  1,  whereas  tne  ^ 
numerator  is  ^p*p)U  "  0)  -(p»u)(u«p  -  0)  +(p»  vKO  -  v«p^  or 
p.p  -  <p»u)2  -  <p*v)2.  ,  ,  ^ 

F  -  A  =  u(p«u)  T  v(p»v)  i  . 

G  -  A  =  [q(p-q)]Aq'q)  '  '  *    ^  ' 
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PartB  '  ^ 

Suppose  that,  with  respect  to  some  orthonormal  coordinate  system, 
the  points  A,  B,  C,  and  P  have  coordinates: 

•  A:  (0,-2,-l),S:  (1.-3,  1),  C:  (1,-1,  3),  an3*P:  (2, -i,  1) 

*  •  • 

!•  Find  the  distance  between  P  and  A^C,  [Hint:  Use  Theorem 

14 -  16(b)  with  V==  B     A  and7  =  C  -  A,] 
Z  Find  the  coordinates  of  the  foot,  F,  of  the  perpendicular  from  P 
to  ABC,  [Hint:  Use  (7),  above,  to  find  the  components  of  F  -  i4 
V       with  respect  to  the  given  orthonormal  basis  for  <3^J 

Check  your  answers  for  Exercises  1  and  2  by  find,ing  the  distance 
N^tween  P  and  F  from  the  coordinates  of  these  points, 

4.  Fh^l  the  distance  between  P  and 

5.  Find  the  coordinates  of  the 'foot,  G,  of  the  perpendicular  from  P 
to  AB, 

&  Check  your  answers  for  Exercises  4  and  5  by  finding  the  distance 
between  P  and  G  from  the  coordinates  of  these  points. 

Theorem  14-16  shows  how  to  find  distances  between  points  and 
lines  or  planes  in  terras  of  cei-tain  dot  products.  To  obtain  numericaL 
results  it  is*  necessary  to  compute  these  dot  products/  These  are  easy 
to  compute  if  you  know  the  wmponents  of  the  vectors  with  respect  to 
some  orthonormal  basis  for  iT, 

There  is  another  method  for  finding  the  dislftnce  between  a  point 
and  a  plane  which,  given  an  orthonormal  basis  for  is  easier  to  use 
than  is  Theorem  14 --16.  To  see  what  this  is,  note  that  if  A  en  and 
14;  is  a  unit  vector  in  [rr]^  then 

(8)  P  -  F  =  "wiiP  -  A)  -  w]  [Explain.] 

and,  cdnseqifently, 

, .  \(?)  diP,  tt)  =  \{P  -  A)  ■  w\.      [Explain.]  '  . 

Now,  if  Itt]  =  {q,7\,  and  we  know  the  components  of  ^  and  r  with  re- 
spect to  some  orthonormal  basis  for  ^,  then  Theorem  13-2  tells  us 
"  how  to  find  the  cx)mponents  of  a  ndn-O  .vector  m  in  [ttY,  We  cau  then 
take  w  =  m/t|mji  and  find  d(P,  V)  from  (9). 

. '  •  '* 

V' 


9 

5 

11 

6 

8 

5 

8 

/ 

11 

8 

18 

8 

18 

lOQ/44, 


Answers  for  Part  B 
1.     SinceM(P,  ABCF 

J-  ■ 

d{P,  ABC)  -   ^/\fTl,    [p,  q,  and  r  have  components   (2,  1,Z), 
(1,-1,2),  an^i  (1,1,4),   respectively.    So,  for  example,  by 
Theorem   11-12.  p*  q  =  2  •  1  +  1  -  -1  +  2  •  2.  ] 

(7/n,*-l6/U,  16/11)    [By  (7),   F-A  ^ 'q/"  3/22),    So  the* 

orthonormal  qomponents  of  F  —  A  are  (7/i  1 ,  6/l  1,  27/l  1 ).  ] 

Since  d(P,  F)^  =  (7/ll  -  2)^*4  V16/II  +  1)^  +  (I6/II  -  1  )2 
=  275/121%  d(P,  F)  =  S/NTi, 

4,  I  .By  Theorem  i  4- 16(a  )^  d(  P,  AB)-" 


2, 
3. 


/6  ^  29/6,  So, 


d(P,  AB)  =  V29/6  -   VI 74/6. 


5.  By  Exercise  -3  of  Part  A,   G  -  A  =  'q5/6,  so  the  components  of 
G  ^  A  are  (5/6,  -5/6,  5/3),    Since  the  .coordinates  of  A  arc 
(0,-2,-1),  it  follows  that  the  coordinates  of  G  are  (5/6,-17/6,2/3). 

6.  d(P,  G)  =  V(2  -  5/6)2  4         4  17/6)2  +       .  2/3)^  =  ^174736  =  sfTTT/h.^ 


Explanation  of  (8):  P 
Explanation  of  (9):   d(P,  ?f)  = 


IP  -,Fj|,  ^d 


-  i. 
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1.  Use  Theorem  13-2  and  (9),  above,  to  find  the  distance  between 
P  and  A^C  when  A,  B,  C,  and  P  are  as  in  Part  B.  {Be  sure  your 
answers  for  this^ exercise  and^Exercise  1  of  Part  B  agree.] 

2.  Use  (8),  above,  to  find  the  components  of  P  -  F. 

3.  Use  the  result  of  Exercise  2  to  find  the  romponents  of  JF*r^  A,  [  Yoy 
found  these  components  while  doing  Exercise  2  of  Part  B.  Does 
your  anawer  for  the  present  exercise  agree  with  these  results?] 

4.  (a)  Suppose  that,  with  respect  to  a  given  orthonormal  coprdinate 

system,  the  plane  n  is  described  by  the  equation: 

/     *  3(x,  '  0)  +  ix^  -h  2)  -      -  1)  -  0 

and^that  P  has  coordinate  (3,  -1,1).  Find  (UPttt).  [Hint  Re- 
call Theorem  13-1.] 
(b)  Suppose  that  i?  is  as  in  part  (a)  and  that  the  plane  it  has  the 
equation: 

3a:,  +  x/-      +  3  ^  1) 

Find  d(P,  it),  [Hint:  In  checking  note  that  the  equation  given 
here  is  equivalent  to  the  one  in  part  (a),] 

5.  In  each  of  the  following  you  are  given  an  equation,  with  respect  to 
orthonormal  coordinates,  of  a  plane  tt  and  the  coordinates  of  a 
poiiit  P.  In.each^c^ase,  find        tt).  ,  ^ 

(a)  2(x^  -  1)  -        2U3  ^  1)  -  0,  (2^1,  2)  _ 

(b)  ,2x,  «  X,  4  2x3  -4,  (2,  1,  3) 

(c)  &c,  +  2^2  -  6x3  -  14,  (S,  -3,  2)  • 

(d)  3x,  +  2:c,  -  6X3  =  14,  (5,  3,  -2) 
&  Cbnsider  a  plane  <t  and  an  orthonormal  coordinate  system  for 

which  o-  is  the  third  coordinate  plane.  An  eq^iation  of  the  form  *a,x, 
"    -f  OjXj  =  b'  can  be  thought  of  either  as  an  equation  of  a  plane  tt 
which  is  perpen4icular  to  <r  or,  if  we  ignore  the  aK)rdinate  x.^,  aa  an 
equiation  of  the  line  o-  H  tt",  [See  Part  B  on  p^e  131,  and  the  text , 
following  it  on  page  132^  j  In  each  of  the  following  you  are  given^ 
;  such  an  eq&tion  of  ^  line  I  Q  o-  and  the  coordinates  of  a  point 
Pea.  Find  diP,  I)  by  a  method  analdgous  to  that  which  you  used; 
in  Exercise  5.  [If  you  are  doubtfUl  pf  the  method  to  bo  lised,  notej 
that  if  /  ^  a-  n  TT  where^  -L  o-,  aiwi  ifPcc,  then  dtP,/)  «  diP,7^). 
EsEplain,]        .        •  ^  * 

(b)  Sx,  -  12^2  =  -^14,  (6,  1/  0) 
(dySx,^  12^,  =  -14,  (0,0) 


(a^  Sx^  +  4x.^  5=  5,  (2,-3^ 
(c)  5x,  -  12x,  -  -14,  (1,  2y 


Answers  for  Part_C  .\ 

1.     By  Theorem  13-2,  the  vector  m  with  components 


^1 

1 


Z. 


4. 


4  I 

issin  [  q,  r      =  [ABC]'^.    Letting  w  -  m/j  |m  jj ,  •  the  components 

of  w  are  (-3 /sfU ,  --l/^Jn ,  h/sfU).  So.  by  (2),  d(P.  ABC) 

|1P  -  A).  w|   ^    \hb  -  1  +  2)/N/n  I  ^  S/sfn. 

From  Exercise   1,  {P  -  A)*w  =  -S/^/Tl/ Iso,  by  <8), 

P  -  F  =  —  w5/>/n.    fl^^  ^^^ore,  the  components  of  P  -  F 

are  (15/11.  s/ll,  -5/ll), 

F  -  A      (P  -  A)  4  (F  -  P).    Therefore,  the  components  of 
r     A  arc  (7/11,6/11,27/11), 

y  • 

(a)    10/>/Tl    [By  Theorem  14-1.  the  vector  with  components 

(3,  1,  -1)  is  in  (s']'^.    Therefore,  one  unit  vector,  w,  in  (ir]^ 
has  components  {3/VTT,  l/^/U,  -l/^/^^).    Letting  A  have 
doordinates  (0,  -2,  i)  it  follows  that  A  €  ^,  and  that  P  -  A 

So,  applying  (9),  we  have 


has  components  (3,  1,0),    So,  applying  (9),  we  have     >  ^ 

d(p,7r)  =  i9  +  i|/vn.] 

(b)    lO/Vn   [Students  a^>ould  be  encouraged^to  use  values  for  *A' 
in  w  other  than  that  chosen  in  part  (a)^    For  example,  use  for 
A  the  point  with  coordUiates  ('-1,0,0).] 

Call  students  attention  to  the  fact  that  thf  work  done  in  solving 
Exercise  4(a)  amounts  to  substituting  the  coordinates  of  ^  fo^*  'x^^'; 
*Xjg',  and  'Xg*  in  the  left  side  of  the  equation  of  the^  plane,  dividing 


\hi9 


the  result  by  \/3^  +  1^  i  (-'I  )^,  and  taking  the  absolute  value 
quotient: 

d(P,  »)  =   i3(3  "  0)  +  (7I  f  2)  -  (1  -  1)|/n^ 

Similarly,  since  the  equation  in  part>tb)  could  be  put  ii^the  same 
forr^  as  that  in  part  (a),  the  sanie  algoritjun  ^ill  work  h^Jir^^ 

'     •  d<P,3r)  =   |3-3+  -  1.1  'f3i/>/n 

"[See  the  commentary  following  that^for  Exercise  fc.  ]  The  parts  of 
Exercises^  S  and  6  can  be  solved  by  the  same  algorithm.^ 


5. 
6. 


(a)  I 


tc)  17/7 


id)  19/7 


[If  P  €  cr  ±     th^rrthe  perpendicular  from  P  to      is  a  subset  of  cr 
and  the-  foot  oLt^iis^perpendicular  belongs  to  (t  rs  'g  and  is  also  the 
foot  of  the  perffeiy^qular  ^rom^  P  to  the  line  a  rs  if.    So,  if  P  €  <r  . 
and  t  ^^i  d(  P^  f  )^  Whe  re  tr  is  the  plane  through  i 

which* is  perpendicjslax^  to  ^o".    If  ^  is  One  of  the  coordinate  planes 
then  the  e^x^ation  of-*f      the  same  as  t^e  equation  of  i  witb^respec 
to  the  rfeiate^  colordittate  *  isyetexi^*for    .  J  V 

(a)    il/5  (b)  32/13 


(c)  5/13' 


(d)  14/13 
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In  Exercises  4  and  5  you  hav^  seen  that  if  the  equation; 


J 


describes  a-^^14ne  tt  with  respect  to  some  orthonormal  coordinate  sys- 
tem, and  P  IS  the  point  whose  coordinates  with  respect  to  this  coor- 
dinate system  are  (p^,P2,P2X  then.  J 


* 

You  have  also  seen,  that         +  p^m^  4-  p^m^  -  c  may  be  positive, 

negative,  or  zero.  Sup{x>se,  now,  that  F  is  the  foot  of  the  perp^ndyjular 

from  P  to  TT  and  thai  G  is  tiie  foot  of  the  perpehdicular  from  Q  to  tt, 

where  Q  has  coordinates  (9,^     ^s^-  What  can  you  say  about  the  sense 

ofP  -  F  and  the  sense  of  Q     G  if  the  numbers  p^m^  -h  p^^  +  p^m^ 

-  c  and  ^j/Tij  4-  q^m^  4-  ^^3^3  ~  c  are 

(a)  both  positive?  *  *     (b)  both  negative? 

(^)  one  positive  and  the  other  negative?  [Hint:  Recall  (8)  on  page  172. J 
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>  •        '      ■        •  *  * 

/  Given  a  .plane  tt,  points  P  and  Q  are  said  to  be  on  the  same  side  of  tr  if 
P  -  proj^  (P)  and  Q  -  proj^  (Q)  are  non-0*vectors  with  the  sanie  sense. 
And  P  and  Q  are  said  to  be  on  opposite  Mdes  o/'tt  if  P  proj^  (P)  and 
Q  -  proj^  (Q)  are  non-0  vectors  with  opposite  senses.  By  (8)  on  page  172 
we  can  determine  whether  P  and  Q  are  on  the  same  side  of  tt  or  on  op- 
^xjsite^ sides  of7rl>y  computing  (P  -  A) '  m  and  (Q  -  A)  •  m,  where  A 
is  any  chosen  point  of  tt  and'm  is  any  non-0  vector  in  [irV.  P  artd  Q  are 
on  the^-flMie  side  pf  tt  if  thesa>two  numbet^  are  Both  pqsitiv^r  both 
negative,  pnd  P  and  Q  are  on  opixjsite  sides,  of  tt  if  one  of  these  num- 
bers is  positive  and  the  other  is  negative.  [Explain.]^ 

We  summarise  some  of  the  results  obtained  in  Part  C  in  the  fol- 
lowing:   '  _  ' 

4^  . 
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Answe2:s  for  (a),  (b),  and  (c): 

If  (a2^,a2,ag)  ari*  the  coordinates  of  any  given  point  of  tt  then 
a^n^^  +  ^^ttiq  +  ^^3^3  =         It  follows  that 

p^m^  +  p^m^  +  p^m^  -  c  -  (p^  ^a^)m.^  +  ^(p^  -  di^ym^  +  (pg  'dL^)in^. 

Consequently,  p^^m^^  +  p^m^  +  PsiHg  -  c  =  (P     A)-m  where  m  €  [?r]^, 
and,  similarly,  q^m^  4^  ^2^2  +  ^3^3  '  ^       (Q  -  A)»m.  , Since  F  belongs 
to  ?r  we  may  take  A  to  be  F,    Since  P  -  F  and  Q  -  G  belong^  to  the 
direction  [^]^  it  follows  that  these  vectoi-s  Jiave  the  same  sense  if  their 
dot  products  with  m  are  both  positive  or  both  negative  and  that  they  have 
opposite  senses  if  one  of  the  dot  products  is  positive  and  the  other  is 
negative.    Since,  ag  we  have  seen,  the  dot  product*  are  p^^m^^  4  P2^^ 
+  Pgin^  -  c  ai)d  q^^m,  +  a^ni^  "^^^3^^  -  c  it  follow^  tKat  in  case  <a)  or 
case  (b)  P  -  F  and  ,Q  -  q|4|ave^the  same  ^enee  and  that  in  case  (c) 
P  -  F  and  Q  -  G  have  oi^Si^te  senses. 

The  explanation  a^ked  for  at  the  end  of  the  paragraph  preceding 
Theorem  14-17  has  beep  given  in  the  preceding^^iscus sion  of  (a),  (b), 
and  (c).     ^  -  ^ 

\^ote  that  an.  ea«y  way  to  say  that  a  and  b  are  either  both  positive 
or  both  negative  is  to  say  that  ab  >  0. 


As  Exercise  6  of  Part  C  suggests,  the^-e  is 
geometry'*  Analogue  of  Theorem  14^*17: 


*  •  plane  analyt 


i<^  4 


If,  with  respect  to  some  orthonormal  coordinate 
system^in  the  plane  or,  the  line  i  is  described  by: 

and  ih^  points  P  has  coordinates  (p^^Pp)*  then 
d{P,  I) 


Moreover,  if  Q  lias  coordinates  (qj^tq^)  then  P  and 
Q  are  on  the  same  side  of  1  or  on  opposite  sides  of 
i  according  as  (p^m^^  +  Ps^s  "  ^2^2  " 

is  positive  or  negative. 


We  shall  have  more  to  say  about  the  sides  of  a  line  —  the  half'pla^es 
having  the  line  as  edge  —  in  the  next  chapter* 


V  I 
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Theorem  14-17   If,  with  respect  to  some  orthonormai  coordi- 
nate system,  the  plane  tt  is  described  by: 

■  * 

and  the  point  P  has  coordinates  (PpP^^  Pi^  ^^^^^^ 
■4    •  ^  ■ 

Moreover,  if  Q  has  coordinates  (q,,     g^)  then  P  and  Q 
are  on  tl)e  same  side'or  .on  opposite  sides  of  tt  according 

as  (p,m,  ^  P^m,^'^  p^m.^  ^  c){q^m^  4  q.^m,^  +  ■^3m3  -  c)  is 
positive  or  negative.  *  , 


Part  D 


In  each  of  the  following,  you  are  given  an  equation  for  a  plane  tt  and 
the  coordinates  of  two^  points  P  and  Q.  Make  use  of  Theorem  14  - 17  tg 
{|)  compute  d(P,  tt)  and  d{Q.  tt),  and  (b)  determine  whether  or  not  P 
and  ^  are  on  the  same  side  of  tt. 

1.  ax,  -2x^4  5cc,=  10lfor7r];(6, -4,  10)lfofP];e5,  7,-3)IforQ] 
-  7  [forTTl;  (1,  1,  0){forP];  (5,  5,<-2)  ITor  Q] 
9x,  ^  6x,  +  7;t,  ^  0  [for  tt];  (-5,-9,  0)  [for  PI;  (2,  -  7, -5)  Ifor 
-Ex,  -  7x,  +  9x^  =  Slfor  tt];  (  4,  -3,  16)  [for  PI;  (O;  0,  0)  [for  Q] 


2.  4xj  -h  Sx.^  + 
3. 
4. 
5. 

6.  x,^x.^->  '^^^  7;  (1,  2,  3);  (0,  1.  -2) 


-Sx.  + 


13jc2  + 


12jc,  -  20;  {6,  -12,  -11);  (11,  -25.  -23) 


Part  E 


Given  an  orthonormar  coordinate  system,  suppose  that  tt  is  de- 
scribed by  the  equation  'x,  4  2x^  -  2x.^  =  7'. 

1.  Show  that  the  point  C,  whose  coordinates  are  {3, 1,  -1)  Js  in  tt. 

2.  Let  /  be  the  normal  to  tt  w^ich  contains  C.  Compute  the  coordi-' 
nates  of  the  points  of  I  each  of  which  is  at  a  distance  6  from  C. 

3.  Show  that  the  two  points  whose  coordinates  you  computed  in  Ex- 
ercise 2  are  on  opposite  si^s  of  tt. 

4.  Compute  the  coordinates  of  the  points  of  tt  which  have  first  co- 
ordinate 3  and  are  at  a  distance  of  S  from  C.  . 

5.  What  is  the  distance  betw^n  the  points  described  irt  Exercises"2 
and  4? 

1^-6.  Let  P.  be  one  of  the  points  described  in  Exercise  2  and  let  Q  be  one 
of  the  points  described  in  Exercise  4.  Compute  the  coordinates  of 
the  point  RoTtt  such  that  P0R  is  a  right  triangle  with  hypotenuse 
contaming  C.  ^ 
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Answers  fqr  Part  D  ''^^^  * 

1.  bb/sfJE;    54/n/T8;   opposite  sides  "^'-s^  . 

2.  0;    0;    P  and  Q  belong  to  if  and  are  neither  on  the  sanVe  si  dcVr 
on  oppoeite  sides  of  ir, 

3.  0;  ,18/\/TS5;    Since   P  €  tt'  it  is  neither  on  the  same  aide  oi  it  with 
any  point  or  on  the  opposite  side  of  tt  from  any  point. 

4.  \T94j  1/V194;    opposite*  sides 

5.  337/*/338;    676/>/338;   same  side 

6.  10/^/6;    2/>/6;    same  side 


Answers  for  Part  E 

1.      C  €  TT  because   1  •  3  4  Z  •  1^-"  2  •  -1   =  7, 

One  of  the  unit  translations  in  [^r]*^  has  components  (1^3,  2/3,  -Z/l), 
So,  the  points  in  this  direction  which  are  at  a  distance  .6  from  C 
have  coordinates  (3  +  fc/3,  I  +  12/3,  -i  -  127^  aitd 
(3  -  6/3,  1  -  12/3,  -1  +  12/3).    Simplifying.  tKe  points  in  question 
h|ive  coordinates  (5,  5,  -5)  and  (1,  -3,  3).  . 

3.  Sinc^  (5.4-  10  +  10  -  7)(1  -  6  -  6  -  7)       0  the  points  arc  on  oppo- 
site sides  of         [This  result  is  obvious  without  the  use  of  Theorem 
14-17  because  the  points  —  say,   P  and  Q  —  were  chosen  so  that 

P  -  C  and  0  '  C  hav.e  the  senses  of  opposite  unit  vectors  in  \Tt\  J 

4,  Let  (p^,p^>,  P3)  be  the  coordinates  of  such  a  point.    Then  p^  -  3, 
p,  +  2p^  -  2P3  -  7,  and  ^/(p,  -  3)^  +  (p^,  ^  1)^  +  (P3  +  IF  =  8,  So, 
p^^  -  P3  =  2  and  (p-,  -  Ip"  +  (P3  +  1)^  ^  ^4.    Substituting         4  V 
for  'P2'        ^^^^^  ^^^^  equation,  we  have  (p^  4  (p^  +  1)'''  =  64, 
so         +  1)2       32,     Therefore,  p^  +  1   =  ± 's/H,  and  p^  =  - 1  ±  n/^Z, 

•  So,  the  points  that  satisfy  the  given  ®bnditiona  have  coordinates 
(3,  1  +  s/32,  -1  4  4^1)  and  (3,  1  -  n/TI,  -1  -  yJJz), 
^      iO    .  ' 

6.      Let  (r^,rp,r^)  be^the  coordinates 
of  suc*h  a  point  R.    Since   R  6  QC 
and  Q  and  C  belong  to  the  plane 
with  equation  'x,   =  3*,  R  also 
belongs  >to  this  plane  and,  so, 

Since   CP       the  altitude 
of  right  AQPR  to  its  hypotenuse, 
8-CR  =  36  an^,  so,'  CR  =  9/z. 
Depending  on  which  point  from  Exercise  4  we  choose  for  Q. 
,  C  -  Q  has  components  (0.  -4\[l,  -^sTS)  or  (0,  4^yT,  4\/2).    So,  a 
unit  vector  in  the  sense  of  C  -  Q  has  coir^onents  |0^  -/vl,  -/n/2) 
or  (0,  /sfz,  /\/2).^  In  the  two  cases  the  coordinates  of  R  are 
(3,  1^^  9/(2\r2),  -1  -  9/(^^/2)}  and  (3,  1  +  9/{2>;2),  -I  +  9/{2n/2)), 
respectively. 


176  DISTANCE 

14.04  isometries  and  Congruences 

Euclidean  geometry  has  a  gocxi  deal  to  do  with  the  sizes  and  shapes 
of  geometric  figures.  To  clarifj^hese  ideas,  note  that  of  the  four  tri- 


#  Fig.  14-;o 


angles  pictured  here,  all  have  the  same  shape  and  three  — but  not  ^11 
four— have  the  same  size.  If  you  make  a  tracing  of  one  of  the  three 
congruent  triangles,  you  can  so  place  the  tracing  on  the  page  as  to 
exactly  cover  either  of  two  of  the  other  triangles.  [IJo  so.]  % 

To  formalize  this  notion  we  introduce  the  idea  of  an  isometric  map-  , 
ping  [or:  an  isometry]. 

Definition  14-8   fis  an  isometry  of  ^  if  and  oxjtly  if 
/  is  a  mapping  of  ^'  onto  itself  such  tMt 

V^V,  difiX),  f(Y))  -  d(X,  Y). 

In  short,  an  isometry  is  a  mapping  of  ^  onto  itself  which  Vgreserye^ 
distances''.'  /  .  »  /    '  ■  •■  ! 

Imagine  that  the  page^iolding^igure  14-10  repr^ents^^lgl^e  antf 
hold  thq  papery  on  whi^^  you  traced  one  of  the  triangles  so  af  th  repre- 
sent another  plane.  1l  you  now  place  the  tracing  paper  on  the  page\ 
holding  Figure  14 -/lo  you  have  an  iliustraiion  of  the  effect-^  on  poi^itar^ 
pf  thfJ  Sjefcoiid  plan,e,  of  an  isometry  which  m^p& the  second  p^ane  on^'t^^e . 
.^  §r*tij  V^^Vexperim      with  the  tracing  of  th6  triangles  suggests  tliat^ 
Jj^woifigui^  have  the  same  size  and  shape  if  and  only  if  there  is^iii 
\i^in^i^>y^ich  maps  one  of  them  onto  the  other-  Figures  wl^icb  have 
'  ^e,s$anB  ^ze  and  shape  are  said  to  be  congruent  aifd  we  sh^l}  tiseilx^ 
OiSight  v^^^have  just  obtained  to  define  this  notion: 

^  ■    ID^finkion  14-9   A  firstsfigur^  is  congruent  to.  a 
'  '^'-^fecond  if  and  only  if  tlie^e-ts  an  isometry  of  ^' 
which  maps  thfe  first* figure  onto  the  second. 
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An  isometiV  may  be  thought  of  as  the  mapping  which  results  from 
one  or  more  rigid  motions  or  [se^  P^g^  177]  plane  reflections.  The 
introduction  of  isometries  then  justifies,  intuitite^y,  tlie  notion  of 
supcrpositipn.    The  latter  has  no  place  in  conveiWiohal  developments  of 
geometry  because,  in  these  developments,  there  Is  no  discussion  pf  -7*  - 
and  it  would  be  difficult  to  discuss  —  isometriesj 

Note  th^t  an  isometry       ^  mapping  of  (all  of]  £  onto  K' — ^  ^not 
me  rely,  of  some  geometric  figure  onto  another.  "    '  ■  ' 

W;^tV  quite  a  bit  more  effort,  we  cou^d  get  along  with  'upto*.  in 
place  of  *onto'  in  Definition  14-8.    That  is,  it  can  be  proved       bur,    '  . 
not  easily  —  that  a  distance-preserving  mapping  of  £  into^iiseJU  must  . .  ^ 
map  e  onto  [all  of]  fi.  *        *  . 

We  introduce       "  for  *  is  congruent  to'  on  page  'Z19.    You  may  wish 
to  introduce  it  earlier       say  in  connection  with  Part  C  on  page  179.  |A« 
a  matter  of  fact,  we  do  slip  it  in  as  ^n  aside  on  page  177;]  '    ^-  _  ■ 


Sugg,e scions  fbr  the  Exercises  of  section  14.04 
(i)  So  tl^t'^tud^nts  become  properly  acquainted  with  reflections  we 

recomTfnend.  Ps^rts  A  and  B  as  class  exercises. 
(iii   Pa'Fts  C  and- D  may -he  used  for  homework.  * 

(iii)  .Part  E  and  the  discussion  of  Theorem  14-23  -should  be  teacher 
directed.  .  ^  • 

(iv)  Parts  F  an^  G  may  be  used  for  homework.    Ex^ercise  4  of  ♦Part  G 
will  pfobahjy  need  further  discussion^  however. 

(v)    Parts  H  and  I  may  be  difficult  as  a  homework  assignment!    if  used 
as  8uch,-.'^e  sure  to  thoroughly  discuss. the  exercises  the  following 


14.04   Isometries  and  Congruences^  177 

•  ■  *  . 

As  an  example  of  the  ideas  formalized  in  Definitions  14 -8  and  14-9 
notice  that,  for  any  translation  d,  •  ,      . ' 

-  diP  +  a,Q  +7)  =  \W  +  0)  -  iP  +  "a)\\ 
'    '  .    =  1^  -  P|j  =  diP,  Q). 
•  •  < 

So,  we  have: 

11  Theorem  14-18  Any  translation  is  an  isometry. 

In  particular,  if  APQ/?  and  ATJUV  are  such  that  T  -  P  =  U  ~  Q 
=  V  -  ft  then  /SPQR  and  ATUV  are  congruent.  [For  short,  we  write: 
APQ/?  =  ATUV.] 


Fig.  14-11  _  ■ 

Anpther  kind  oAsometry  of  ^  can  be  illustrated  intuitively  by  the* 
use  of  flat  mirror.  As  you  must  often  have  observed,  the  image  of  an 
object  in  sucfi  a  min;or  appears*  to  have  the  same  size  and  shape  as  the 
objept.  This  suggests* th^t  there  is  an  isometry  of  if  whidh  maps  each 
object  which  is  in  front  of  the  mirror  onto  an  object  behind  the  mirro¥ 
which  has  the  same  size  and  shape  as  the  mirror  image  of  tlie  given , 


M 

7T 

* 

N 

HP') 


Fig.  14-12  ^  ^ 

object.  To  see  how  to  describe  this  isometry  formally,  replace  the  mir- 
ror by  a  plane  v.  [For  simplicity,  we  have  pictured  tt  edge- wise  in 
Pig,  14-12.]  JEf  M  IB  the  foot  of  the-fjerpendicular  from  P  to  ?r  then  the 
image  fiP)  "in  tt"  otP  will  be  the  point  M  +  (M  -  P). 


id' 177 


Plane  reflections  ^rc  not  only  uscfuV^s  examples  of  iBometries. 
We  shall  prove  [see  Theorem  14-31]  that  any  isometry  is  either  the 
identity  mapping  ^  or  a^lane  reflection  or  the  resultant  of  at  most 
four  plane  reflections*    With  more  effort  than  we  wish 'to  expend  in  this 
course,  one  can  justify  replacing  the  word  'foui-'  in  the  precedihg  sen- 
tence by  *three*.         «  '  * 

•  The  words  'in  tt*  which  oclcur  in  the  text  shortly  preceding 
Definition  14-10.  are  double -quoted  as  a  guard  against  believing  that 
'f{P)  i*s  a  point  in         It  is,  of  course,  the  reflection  which  is.  in 
another  sense  of  *in\   in  ?r. 

.  :     i{«         *      •  ' 
"  '    Sample  Quiz 

Given  an  orthonormal  coordinate  system,  suppose  that  ^ij  is  the 
plane  described  by  the' equation 3x  +  2y  -  z  =  6'  and  that  A  and  B 
are  points  whose  codrdinates  are   (2,4,  1)  and  (5,-3,5),  respectively. 

1,     Show  that  nieither  A  nor  B  is  a  point  of  <?■, 

2..     Tell  whether  A  and  §  are  on  the  same  side  of  ^  or  on  opposite 
sides  of  0".  *  ' 

3,  Compute  d(A,  cr)  and  d(B,  cr), 

4.  Let  P  and  Q  be  the  feet  of  the  perpendiculars  from  A  and'B  * 
to  tr.    Show  that  AB  and'  PQ  have?  a  point  in  cjorr>mon, 

Ke^  tg  Sample  Quiz  ^         *  .  • 

1.  Since  3-2+2»^-l   #6  and  3»5  +  2--3-5=?^6,  neither  A  nor 
B  belongs  to  o*.  .  , 

2,  Since  3 .  2  +  2  •  4  -  1  -  6  -  7   >  0  and  3  •  5  +  2  *  i-3  -  5  6 

-  —2  <   0,  A  and  B  an^  on  opposite  side^  of  a.  ^ 

;3.     d(h,^)^*\l\/s!TTm  ^  7/n/T4' ^  %/T5'/2  and 

^■d(B,cr)  =    f-2|/N/TT=   2/Vl4  -  VTf/?.  , 

/       •  ^   

APBQ  iB  a  trapezoid  —  and,  so,  is  convex  -jr  with  diagonals  AB 
and  PQ.    Hence,  AB  and  Pp  have  a  point  in  common,    [in  fact, 
they  dividf  each  other«in  the  ratio  7/2.  ]  • 


•     .  TCU8(T)  , 

The  corollary  may  be  restated  as: 

If  f  is  the  reflection  in  t  then  f  of  = 

—  that  is,  each  plane  reflection  is  its  own  inverse  or,  for  short,  is  an 
ihve rsion.    To  see  tJiis  note  that,  assiuning  that  f  is  a  plane  reflection 
it  follows  from  the  corollary  [with  HiP)'  for  'Q']  that  f{f^P))  =  P. 
Also,  if  f{f(P))  =^  P  it  foyowe  [using  the  replaceAient  rule  for  equa- 
tions] that  if  f(P)  =  Q  then  f^Cf)  =   P,    From  this  last  it  follows  that  if 
f{Q)  =  P  then  f{P)  =  Q.    [Merely  interchange  *  P^  and  *Q\  ]  '  - 


331  . 
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This  suggests  the  followin^f  definition: 

Definition  14-10  /"is  the  reflection  in  tt  ' 

'    Vj.A^  =  X  +  (M  -  X)2, 
where  U  is  the  foot  of  the  perpendicular  fro*m  X  to  tt. 

Using  this  definition  it  is  not  difficult  to  prove: 

]|  Theorem  14^  19    If /'is  the  reflection  in  ^  then 
I '   f{P)  =  Q  ^  (Q  -  p  c  W  and  the  midpoint  of        ttX  « 

This  theorem  yields  the  following: 

Corollary    If  f  is  the  reflection  in  tt  then 

This  corollary  tells  us  that  any  mapping  which  is  the  reflefction  in 
some' plane  is  its  own  inverse.  [Explain.]  It  is  also  useful  in  proving: 

{]  Theorem  14 -.20   The  feflection  in  a  plane  is  an  asometry. 
Exercises 

•  *        *  .     '  ■  " 

Part  A 

Supp<ise  that  f  is  the  reflection  in  irr  ^  ^ 

1.  Show  that  fiPy  -  P  €  [rrV  and  that  the  midpoint  of  P/TP)  €  tt.  [Hintr 
,    Use  Definition  14-10.]  ' 

2«  Assume  that  Q     Pebr]^  and  that  the  midpoint  of  PQe  rf,  Show 
that  f{P)  =  Q.  [Hint:  Let  M  be  the  midpoint  of  PQ.  Show  that  M  is 
the  foot  of  the  perpendiculaf  from  P  to  tt  and  that 
■Q.=  P  +  <M  "P)2.1 
•    .      3.  Prove  Theorem  14-- 19. 
^        '    4*  Prove  the  corollary  to  Theorem  14^19.  [Hint:  Use  two  instances  of 
the  theorem,]  '  - 

Part  ) 

^ppose  tiiat  f  IB  the  reflection  of  If  in  ir.  To  prove  j/hot  f  is  an 
*  ispmetry  we  njust  show  that  f  is  a  ma^pping  of  ^  onto  itself  —  that  is, 
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Answers  for  Part  A 

1,  By  definition,   f(P)  -  P       (P  +  {M  -  P}2.f-  P  -  {M  -  P)Z,  where  M 
is  the  foot  of  the  perpendicular  from>  P  to  tt.  Since  M  -      €  [tt]"^. 

it  follows  that  (f(P)  -       €  [ir]^.    The  midpoint  of  Pf(P)  is 

P  +  {f(P)  -  P)l/Z  which  is  P  +  (M  -  P)Z' 4/^  or  M.    Since  M  €  tt, 

the  midpoint  of  Pf(  P)  €  ir.  ^         ,  »  m 

2,  Let  M  .be  the  midpoint  of  QP.    Since  Q  -  P€  [ir]-*",  and  M  e  ol^T^ 
P  ^  M  e  [tt]^.    We 'a  re  given  that  the  midpoint  M  £  tt.    Therefore,  * 
M  is  the  foot  of  the  perpendicular  from   P  to  J,  Notv, 

M  =   P     (O  -  Pfl/Z,  «o  -P  +  (M.-  P)Z  =   P     [P  -I-  (Q  -  P)l/Z'  -  P]2 
-    P  +  (Q  -  P)  ^  Q.    Since  f  .is  the  reflection  in  tt, 
f(P)  -    P  +  (M  -  P)Z  =  Q. 

3,  Suppo«^  that  f  is  the  roflectioh  in  ?r.    If  f{P)  =  p,  then  by 
Exercise   1,  Q  -  P  £  [tt]"^  and  the  midpoint  of  PQ  €  n.    Conversely,  . 

if  Q  -  Pe  [?r]"^  and  the  mid^joint  6f  PQ  €  tt,  then  by  Exercise  I,  » 

f ( P)  =   ti.    Therefore,  if  f  is  the  reflection  ii>  n  then 

f{P)  =   Q  <!==i>.  CQ  -  Pe  [tt]^  and  the  midpoint  of  PQ"  £  77.  ) 


4, 


Suppose  that  f  is  the  reflection  in  tt.    If  f(P)  -  Q,  then  by  Theorem 

14-19.  Q  -  Pef^]-^  and  the  midpoint  of  tt.  Therefore, 

P  -  Q  e  'lir]-^  an&  thd  midpoint  of  ^€  tt.    So,  by  Theorem  14-19, 

f(Q)  =   P,    Therefore,  ii  f  is  the  reflection*  in  ^  then 

f(P)  =  Q;==:^f(Q)  =   p.    Since  P  and  Q  are  arbitrary  points,  ' 

the  corollai'y  follows.  '  ' 
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Answers  for  Part  S 

1.  .  It  follows  frorrt  the  corollary\to  Theorem  14-19,  [If  Q  f  £,  and 

f(Q)  =  P,  then  f(P)  =  Q  so  QSas  in  the  range  of  f .  ] 

2.  '(b  -  a)^i.  (b  +  a)  if  and  only  if  (h)-  a)  -  (b  +  a)  =^0  —  that  is,  if  and 
only  if  b«b  -  ara       0,   *The  latter  is  the  case  if  and  only  if 

S  ^  a '.a     '  that  is,  if  and  only  if  =  H^ij!. 

3.  ?  -  a  =,(f1Q)  -  f(P))  -  '(Q  -  P)  =  .(f(Q)  -  Q)  -  <f(P).-:P).    Npw,  by 
Exercise  1  of  Part  A.  f(Q)  -  Q  €  [ir]^  and  fj^P)  -  P€  [tt]^,  so  their 
difference  beloj^gs'to  [ir]  0    Therefore,  b  -  a  €  • 

4.  S  i  a  ="(f(Q)  -  f(P))  +  (Q  -  P)  =  {f(Q)  -  P)  +  (Q  -  f(P))     '  ^  * 

.     =  f{f(Q)  -  N)  +  {N  -  M)  +  (M  -  P)]  +  [(Q  -  N)  +  {N  -  M)  +  {M-  i{P))] 
'    =   [{f(Q)  -  N)  +  (Q  -  N}]^+  [{M  -  P)  +  {M  -  f(P))]  +  (N  -  M)2.  Now, 
(f{Q)  -  N)  +  fQ  -  N)  ^  0,  and  (M  -  P}^+        -  f|J^))  =       So  S  +  a 
{N  -  M)2.    Since  N€  ^  and  M  €  ir,         a  €  [y]. 

5.  We  have  already  shown  that  the  4*ange  of     is  £  (Exercise  i],  W,e 
must  now  ^^w  that*'  [l^ll   -    \\^\\^    By  the  results  of  Exercises  3 
and  4,       -  a)  i.      +  a).    TheriJ.fore,  by  Exercise  '2 'l|Bj|  = 


3s:j 


f 
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that  the  range  of\fis  ^-^arid  that,  given  P  and  Q,  ||^|  =  l!a|j,  wherfe 

L  By  definition,'^  the  domainiof /"is^  .  Froin  what  does  it  follow  that 

th^  range  of /^is  V  / 

2.  Shpw  that  ijfejj  ='  |0|  if  and  only  if  (6^7)  i  {b  ^  'aT.  [Hint:  This  is 

an  Algebraic  result  which  you  have  proved  before.] 
8.  Show  that aj  (tt]^  [Hint:  ~b  -a  =  ifiQ)  -  f(P))  -  {Q  -  P).] 
4*  Show  that  T-h  ae  [n].  [Hint:  Let  M  and  N  he  the  midpoints  of 

PfiP)  and  QAQ).  Note  that  f{Q)  P  =  (/(Q)  AT)  -f  (AT  ^  M) 
^    +(Af  -P)J 

5.  Complete  the  proof  of  Theorem  14-20.-  ' 


Parte 


By  definition,  a  first  figure  is  congruent  to  a  second  if  and  only  if 
there  is  an  isometry  of^'  which  maps  the  first  figure  onto  the  second. 
And,  we 'know  ihoX  translationSj^d  r^ections  in  plailes  are. isom- 
etric. Bo,  we  are  ib  a  position  to  identify  some  pairs  of  congruent 
figures.  In  each  of  the  following,  you  are  given  a  pait  of  figurfes^and 
some  information  about  them-  Try  to  decide  .which  are  congruent  fig- 
ures because  there  is  either  a  translation  or  a  plane  reflection  or  the 
resultant'of  a  trai^slation  and  a  plane  reflection  which  maps  one  of  the 
figures  onto  the  other- 
1. 


Figures:  AB  and  CD  * 
Given:  AB  |!  CD;  AB  -  5  =  CD; 

"  * — * 

AC  is  not  perpendicular  to 


1^ 


334 


Figures:  EG  and 

Given:  M  and  N  are  the  midpoints 
'     offPandS/l,  respectively; 
^  EF^GH;MNlGH  ^ 

3.  Figures:  EF  and  GH;  same  information  as  in  ^Exercise 

4,  I        J  Figures!  rays  IJ  and  KL 

Given:     11^;  hf  and  kE  have 

the  same  Sense;  IK  1  IJr 
[Find  tivo  simple  isometriea  which « 
worHJ  , 

Figures:  AKLO  and  ANMO 
Given:  i:ptersect  in  the 

point  Q;  measure  of  seg- 
ments are  indicate4  in  pic- 
ture. V 
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Atiswers  for  Part  C  ^ 

[The  answers  for  these  exercises  need  be  justified  only  ixituitively. 
Later'we  shall  proye  thf^orems  whicTi  icould  yield  formal  justifications,] 

1,  'AB  and  CD  are  congruent  for  the  translation  C  -  A  ma>s  the  first 
'    onto  the  second.    [This  is,  at  least,  the  case'on  intuitive  grounds.. 

Later  we  shall  prove  that  segments  —  parallel  or  not  —  are  con- 
gruent if  and  only  if  they, have  the  same  measure-    Students  should 

note  that  if,  contrary  to  the  conditio/is  of  the  problem,  AC  -LAB 

tfien  there  vs  a  reflection  which  maps  AB  on  CD.  ] 

2.  'eg  is  congruent  to  FH.    h^'t  ^  be  the  plane  containing  MN  which 


is  perpendicular  to  EFH^    Then  the  reflection  in  it  maps  FH  onto 
•  KG. 

3,  EF  and  GH  are  not  congruent  unless  EG  jj  FH,  Except  in  the  y 
exceptional  case  EF  >  GH.  or  GH  >  EF,  and  it  is  intuitively  / 
clear  that  a  longer  segment  cannot  be  mapped  isometrically  onto 

a  shorter  one- 

4,  IJ  and  "i^L  are  congruent.    The  translation  Kj^maps  the  first 
pnto  the  second.    If  ^  is  the  plane  parallel  feo  IJ,  pejp^ndieular  to 

•    iJk\  and  containing  the  midpoint  of  IK  then  the  plane  reflection  in  I 
^  is  another  isometry  which  maps  IJ  onto  KL,  [and  KL  onto  ^ ]. 

5,  AKLO  anS  ANMO/are  congruen^but  not  ^*because  there  is  either 
a  translation  i3r  a  plane  reflection  or  the  resulta^it  of  a  translation- 
and  a'plane  reflection  which  maps  one  figure  onto  the  other.** 
Students  may  discover  that  eaJ^h  triangle  is  mappedvonto  thfe  other  — 
or,  at  lea^st  {K,       O}  is  mapped  onto  {N,  M,  O)  —  by  a  Resultant  ^ 
of  two  reflections.    These  are  the  reflection  in  the  plane  through 

O  perpendicular  to  \M  and  the  reflection  in  the  plane,  which 

contains  LM  and  is  perpendicular  to  the  plane  of  the  figure.  . 
Com{50sing  tflfese  two  reflections  in  either  order  res\^lts  in  an 
isometry  which  is  ''the  reflection  in  the  line  through  O  perpen-  m 
dicular  to  the  plane  of  the  figure' \    The  resultant  can  also  be 
thought  of  as  {the  result  of]  a  half -turn  about  the  same  line  as 
axis,    [These  matters  are  taken  u]^  in  Part  D'  on  pages  189-190.] 


orr 


180       DISTANCE  / 
PartD 

Suppose  that  f  is  the  reflection  in  tt. 

1.  Show  that  f{Q)  =  Q  if  and  only  if  Q  €  ir.  [Hmt  This  is  e^y  if  you 
use  Theorem  14-19.] ^^^.^ 

2.  Suppose  that  f{P)  '-^  P.  Show  that  tt  is  the  perpHjndicular  bisector  of 
PfiP).  IHint:  tse  Exercise  1  and  Theorem  14  -  20  to  sh6w  that^ach 
point  of  ,7r  is  equidistant  from  P  and '/'(P).l  ' 

»3.  Show  that  if  Q  ^  P  and  tt  is  t!he  perpendicular  bisector  ^fP^?  then 
Q^fiPl  '  ^  ■       '  ^ 

PartE  '  ^ 

Suppose  thatr^  is  any  isometry -of  ^'  which  leaves  fixed  each  of  three 
noncollinear/^ints  — say,         and  C.     .     ^  ' 
'  1*  Show  that  if  ^P)  ^  P  then  the'perpendicular  bisector  of  PgiP)  is 
the  plane  ABC.  [Hint:  By  assumptipn,  g{A)  =  A,  g{B)  =  B,  suid 
giCl  =  G>  Now,  argue  as  in  Exercise  2  of  Part  D.]  ^ 

2,  Sliow  that  if  P€  ABC  then  g{P)  ^  P.  [Hint  Consider  the  wntr^- 
positive  and  apply  Exercise  1.] 

3.  Suppose  that  g  is  not  the  identity  mapping  of  ^  onto  i^elf.  Show 
that  if  g{Q)  =  Q  then  Q  eAhc.  [Hint:  Since  g  is  not  the  identity 
mapping,  there  is  a  point- say,  P-such  that  g(P)  ^  P.  A^uming 

I  that  g{Q)  -  Q,  what  follows  concerning  Q  and  the  points  P  and 

\  *     ^^^^  .  ^  '  . 

>  4-  Show  that^  is  either  theidentity  mapping  or  the  reflection  in  ABC. 

.  [Hint:  Suppose  that  ^  is  not  the  identity  mapping.  What  do  Ex- 

ercises  2  and  3  tell  you:  about  the  points  which  g  leaves  fixed?  What 

"  i  follows  concerning  P  and  g{P)  in  case  P  4  ABC?  Use  Exercise  1  to- 

.%  ■      '       gether  with  E^iercise  3  of  PartD  to  show  that,  in  case  P. 4  ABC,  g{P) 

Vv.  is  the  reflection  of  P  in  ABC.  Is  this  also  the^  case  for  a  point 

PeAhc?]  .  I 

5*  Supjiose  that  fis  an  isometry  wiMci^eaves  A  and -S  fixed.  Show 

that  /'leaves  fixed  each  point  of       [Hint,  IniPl^-^-  thea  P  does 

'  not  ^iong  to  the  perpendicular  bisector  df  } 

.  ■  '  *  •  / 

*      »  ' 

IttJParts  D  and  E  you  have  proved:    -  .  .  ^ 

Theoi'ero  14-21    K/'is  the  reflection  in  tt  then 

(a)  fiP)  =  P  if  and  only  if  P  €  77,  and 
\;  (b)  if  f(P)  7^  P  then  ir  is  the  perpendicular 
bisector  of  P/'CP). 


'  3SG  '^ii^ 
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Answers  for  PjVj't  D  *  ■  -    'm       '  '  ' 

1,  By  Theorem   r4-19.  f{Q)  -  Q  if  and  onl^>if  (6  i  QeTTr]"^  and  the 
midpoint;  of  QQ  €  tt).    But,  in  any  case,  Q  -  Q  £  [fr]  ,  and  the  mui"* 
point  qf  QQ  is  Q  and,  sq,  belongs  to  ^  if  and  only  if  Q  €  tt. 

2,  If  R  €  ff'then  f(R)      R  and,  since  .f  is-an  isoffietVy ,  ^  d<  P,  R)  =  d(f(PM. 
f(R))  =  *d{{{P),  R)  —  that  is,   R^  belongs  to  the  perpendicular  , 
bisector  of  Pf(Pj.    This  shows  that  the  plane  tt  is  a  subset  of  the  i 
plane  which  ia  the  perpendicular  bisector  of.  Pf(P).  Consequently, 

TT  is  the  perpendicular  bisector,    [if  tt  c  ■  cr  th^n  tt  =  «y.    For  ^ 
suppose  7r  C  0"  and  let  {A,  B,         be, a  noncoll^near  subset  of  tt 
and,   so,  of         It  follows  that  t  -   ABC  =  cf.  ) 

3,  ^If  Tf  is  the  perpendicular  bisector  of  (Q  ^  P]  then  Q'  -  Pe  [n]^ 

and  the  midpoint  of  P^  €  Tt  —  that  is,  by  Theorem  14-19,  Q  =  f(P). 

,  ^ 


'    .       \  ■  V       :  ' 

,  '        Tc\l80(2)  ,  '  ' 

An8*W€rs  {or  Part  E    ^  \     '  * 

1,  Since  g  is  an  isometrv.    |iA-\Pi|   =   1 1  g(A)  -  gt  P)H .  But.. 
'g(A)  =  A.  Therefore,    IjA  -  P||'  =    j|A  -  gtP)|U  Similarly, 

.      ^d(H.  P)  -  d(B.g(P))  and  d(C,  P)  =  d(C,g}P)).    Sinc^  A\  B.  and 
C  are  noncollinear  and  are  all  equidistant  from-'  P  arid  g(P), 

tfie  perpendicular'bisector  of  Pg(P)  must  be  ABC. 

2.  Suppose  that  giP)j^   P..  Then  by  Exercise   1,  aSc  is  the  perpen- 


dicular bisector  of  Pg{P).    So,   P^ABC.    Hdnce,  if  P  £  ABC  tben. 

< 

g(P)  =  P. 

3.  Since  g  is  not  the  identity  mapping  '5  there  is  a  point  —  say,  P 

>  . — ^ —  # 
such  that  g(P)  4   P.    By  Exercise    1,  ^BC  is  the  perpendicular 

bisector  of  Pg<  P^  and,  so,  contains  all  points  equidistant  from  P 

and  g{P).    If  g(Q)  =  *Q  the such  a  point  since  d{P,  £Q 

'  ^       d{f{P),  f(Q))==d(f(P);Q).  (\ 

4. -.     Suppose  that  g  is  not  ^.    I^fo^ows  by  Exercises  2  and  3  that  g 

leaves  fixed  pre.cisely  the  points  of  ABC.  fin  particular,  if 


P^ABC  then  g(P)  ^  P  and^  by  Exercise   1,  ABC  is  the  perpen- 
dicular  bisector  of  Pg^).    Henceil^by  Exercise   3  of  Part  D.  ^ 
g(P)  is  the  image  of  P  under  the  reflection  in  A^C.    Since  this 
reflection       like  g  —  leaves  each  point  of  ABC  fixed  it  foHows 
that  if  g  is  not  the  ideritity  mapping  the;i  ^g  is  the  reflection  in 

-  ABC.  ^        \  ' 

Let  P€  AB,  and  assume  that  f ( P)     P.    Let  tt  be  the  p£;rpendiculai 
*  bisector^  of  Pf(P).    Then  since  A  ^  f(A),  d(A,  P.)  =  d(f(A).  f(P)) 
=  dfA,  f(P)).    Similarly,  d{B,  P)  =  d( B^f^fi  P)).'^  Therefore,  A^  €  it 
and  B  €  TT.    So,  AB  €  it.    But^  P  6 /Tb  and  it  is  impossible  for  PCir. 
,  Therefo're,  f(  P)  =  P.  _ 


-  1 


TC  180-481 


Since  th^^  two  new  concepts  dealt  with  in  thifj^volume  are  those  of 
distance  andpe  tpendicularity  it  might  be  expectt^d  that  Theorem  14-6, 
which  relates  these  concepts,  is  of  major  importance.    That  thiS  is  the 
case  is  brought  out  by  theorems  14-21  through  14-23,  all  of  which 
depend  "strongly  on  Theorem  14-6.    Recall  ttiat  Theorem  14-4  is  a 
formalization  of  Notion  8  o^  page  29.    Theorem  14-^  is  another 
formalization  of  the  same  notion.  -  * 


\ 


•/ 


14^04  Isometric  and  Congruences^ 


181 


PartF. 


Theorem -14 -22   The  only  idometries  of  which 
leave  fixed,  three  given  nDnoollinear  points  are  the 
identity  mapping  and  the  reflection  in  the  plane 
which  omtains  the  given  pointe. 

4 

Prom  this  and  Theorem  14- 21(a),  we  have  at  ofice  the  following:^ 

Corollary  ^The  only  isometry  of  ^  which  leaves 
'  fixed  four  noncoplanar  points  is  the  identity 
mapping.  '  ■  j 

-Uthat  isr,  an  isometry  which  ietives  fixed  each  of  Tour  noncoplanar 
points  leaves  each  point  fixed.  Also,  by  Exercise  5,  we  have: 

Theoi*em.  14-23   An  isometry ^which  leaves  two  points 
fixed  also  leaves  fixed  each  point  of  the  line  con- 
taining the  two  points.    ,     ^  - 

*•  ■    .  ♦     *  s 

■'     *  ■ 

'i/ 

•In  each  of  the  following,  you  are  given* a  figure  and  some  informa- 
tion ^bout  it-  .Make  use  of  what  you  know  about  translations  and 
pl^e  reflections  to  help  you  answer  questions  about  congruence, 
l!  Supjx)se  that  -AABC  is  isos-  * 
cgles  with  base  BC  and  that  M 
^  is  the  midpt)int  of  BC.  Give  rea- 
sons for  believing  that  AABM  « 
•   arffl    AACM   are  congruent. 
[Hinf:   Describe  an  isometry 
whicfi  apgears  to  map  one  tri- 
'angle  on  me^ther.] 
2.  Suppose  that.  AABZ).  and  ACBD 
^are  4so6oeles,  each  with  basa^ 
BD,  and  that  5C  and  BD  inter- 
sect  at  O.     -  V 
(a)  Give  reasons  far  believing 
that  AADC  and  AABC  are 
>  congruent 

(bV  Under     what    conditions , 
could  you  find' an  isometry  I 
which    appears    to  map 


(c) 


AADB  onto 
Assume  that 
angle  with  h; 


3  and  OC  =  9-  and  AADC  is  a  right  tri- 
use  AC^  JCoinpute  DO,  OB,  AjD^  and  JSC. 
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Answers  for  Part  F  •  /  . 

[Students^re  not  yet  prepared  to  groye^  triangles  congruent.  The 
best  they  can  do  in  this  direttion  is  to  find  an  isometry  which  maps  the 
vertices  of  one  triangle  on  those  of  the  other*    The  discovery,of  such 
an  isometry  is'**rea8on    for^ believing* '  the  triangles  to  be  congruent'.] 

1.  'Let  T  fee  the  plane  which  is  perpendicular  to  A§C  and  contains 

AM.    Since,  by  Theorem  14^''9,  BC  is  perpendicular  to  t^e  line  AM 
in      it  follows  that  ^  is  the  perpendicular  bisector  of  BC.  -  The 
reflection  ii\  ^  maps  eaoh  of  A  and  M  on  itseli  and  maps  B  on  C^ 
So,  it  seems'likeiy  [see,  alap,  Theorem  14-27]  that  it  maps 
ZiABM  on  AACM.    If  so,  /^BM  and  AACM  are  cpngruent.  ' 

2.  (i)  .Sinc'e  AABD^  and  ACBD  are  isoece^^es,  both  A  and  C  are  , 

the  perpendicula^r  bisector,        of  BD.    Since  O'is  the  point  of 
intersection  of  AC  and  BD  it  ;s  also  the  point  of  interse<^ion 
of  #  and  BD.    So,  O  is  the  midpoint  of  BD.    Hence,  just  as 
in  fcxercise  I,  the  reflection  in  j  ^maps  each  of^^,  O,  and.  C  - 
on  itself  and  maps  D  on  B*    Conseguehtly,  it  is  reasonable  to 
guess  that  this  reflection  maps  AADC  onto  ZiABC  and,  so,  to 
guess  that  these  triangles  are  dongruent, 

(b)  There  will,  seemingly,  be  an  isometry  mapping  AADB  oi^to  '  ' 
ACDB  in  case  the  plane  which  contains  BP  and  is  perpendic lilac 
to  the  plane  of  the  figure  is  the  perpendicular  bisector  of  AC. 

,  '   This  will  be  the  case  if  AD  -  DC  [and,  consequently,  AB  ^  BC]. 

[There  are  other  correct  answers,]  »  « 

(c)  DO      3VT;    OB,  =  3\rT,    AD  =  6,  BC 


TC  182  (1) 


^.     fa)  is  a  plane  containing  three  noncoUinear  pointV'equidietant 

from  Q  and  R.    Hence,  it  is  the  perpendicular  bisector  of  RQ. 

(b)    Since  the  reflection  in  mIpS  maps  Q  on  R  and^maps  ^ach  of 
the  points  P  and  S  on  itself,  it  presumably  m^ps  APQS  onto 

*^     APRS,    If  so,  APOfe  and  APRS  ^re  congruent. 

4.  '  (a)    Thh  reflection  in  ABC  maps  each  of  B  and  C  on  itself  and  ♦ 
maps  P  on       so  it  presumably  maps  APBC  onto  AQBCl  If 
so,  the  triangles  are  congruent, 

i  ■  * 

(b)    Thp  reflection  referred  to  in  j^rt  (a)  also  maps  A  on  itself. 
So,  it  seems  likely  tliat  this  reflection  maps  each  pyramid 
dnto  the  othey.  '  '  • 
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3.  Suppose  that  /IpQR  and  ASQR 
■   are  isosceles,  each  witli  base i?Q, ' 

that  P  ^  S^R,  and  thatM  is  the 
midpoint  of  RQ.  ' 

(a)  sSow  that  mIpS  i§  the  per- 
---^pendicular  bisector  of  tiQ, 

(b)  Giv^^reasons  for  believing 
that  APQS  and  APRS  are 
congruent. 

4.  Su^p^ge  that.  Af 
.  .  ARC,  tliat  P  and  Q 

points  on  (he  norinal  to  ABC 
^   through 'the  point  M  >  arid  ^lat 
.  *  i  3f  is  the  liridpc^jnt  of  f^.;. 

^(a)  Gi\8  rea$6ns  for  beiieving 
that  IsPBC  and^AQBC  ax^,  • 
.congruent.         '  , 
->  (b)  Giye  reasons -for  believing 
that  the  pyramids  P  -  AiBC  - ; 
and  Q  -  ABC  are  congruent. 


IS  a  point  m 
are  two. 


PartG 


p  


h{P) 


fiP) 


f(P)  f  i 


Suppo^  that  f  is  the  reflection  in 

that  aelTrV.  Consider  the 
.  mapping  7i  §uch  that,  for  «ach  point 
hm  =  f(X)  +7[  -  that  is,  h  is 
the  resultant  ftf/'foUow^fer'c^. 
1.  Show  that,  for  any  pomt  P,h(P)  -  P  €  [nV. 
V    /  2*  Show  th6t  the  midpoint  q{  PhiP)  is  the  image  of  the  ^midpoint 'fif 
PfiP)undeT  the  translation  q)2.  . 
3.  Show  t^t  h  igjthe  reflection  in  a  gertain  pl^e  p^irallel  to  tt.  * 
★4.  Suppose  that  6  is  any  translation  [while  /'is  still  the  reflection  in 
*  •        •  ttJ,  and  let  k  be  the  resultant  of  ^followed  by  b.  Show  that  k  is  the 
resultant  of  the  reflection  in  a  certain  plane  parallel  to  tt  followed 
by.  a  translation  c€  b].  IHin^:  fc  =  a  ^  c,  where  at  [tt]-^  andce  LTr]. 
Explain.)        ^        :  .       ^  '  . 

In  Exercise  3  of  Part  G  you  have  established  the  following  useful 
lemma: 


L^mma   The  resultant  of  the  reflection  in  a  plane  tt 
followed  by  a  translation  a  in  the  direction  orthogonal 
to  TT  is  the  reflection  in  the  plane  tt  4  (a/2). 
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Answers  for  Part  G  •  .       •  r*  ) 

^(p)  -  p  =^f^p)H^  a)  .^p  =  {i{P)     P)  4*^.    Since,  by  Theorem 

14-19,  f(P)r  P  ^  Ut  it  follows  that  (f(P)  -  P)  +  a  €l?r]  Hence. 

h{P)*-  P€  [irf,       ,   y  ;  ^   .  ^     '    ,      '  ^' 

Z.     Suppose. that  M  is  t^o  midpoint  of  Pf(P)  —  that  is,  suppbse  that 

M  -  P  "  f(P)  *  Wh^t  we  wish  to  s-how  isUhat  M  +  a/Z  is  the 

midpoint  Of  Ph(  i^')  —  tbat  is\  tliat  {M  +  ?/Z)      P  =  hCP) 
'it  follbws  irom  our  "ass  umptjOii  that  tM  +  a/^)  "  P  =  <f(P)  +  a/Z)  -  M. 
.     •   And.  by  the  definitioiji  of  h,  f{>)  +  ^/l  =   {h\*^)  a/Z  =^  h(P)-a/Z, 

So,  a/Z)  -  P  -   (MP)     a/Z)*-.M  =  h{P)  -  {i^  +  a/2)  a«  we  '  ' 

'^wished  to  «how.  ' 

3,  Suppose  that  tr  is  any'plane  parallel  to  w  —  that  is,  cr^is  any  plane 
'  such  tHat  [ff]"^  =  [^]\\To  show  that  h  is  the*^reflectiofi  in^ff 

must'show  that,  for  any  point  P,  h{P)  ;  P  €  [0]    and  the.mid*poiiH 
of  Ph{P)'€  ff.    Since,  by /Exercise  1.  we  air  ealiy  know  that 
h<P)  -  P€  [^f  it  fonow's;that,  for  anycr,  h(P)  -  Pe  [af".  Our 

job  is  tq  find  ff  suah  that  the  midpoint  of  ^MP^  £.cr.    By  Exercise 
*Z>,^  since  the  midpoint  of  ^ Pf |  P)  €       the  midpoint  of  Ph{P^  €  t  +ha/2). 
^  Since  ^     (a/Z)  is  parallel  to  ?r,  7  4-  (a/Z)  is  the  plane  cr  we  Maye 
.  been  loiiking  for.    In  short,  h  i§  the  refl^|^n^n  the  plane' ^+  (a/Z). 

4,  Let  a  -  proj^^jj.  (S)  and  c  =  pr^j^^j  (^).  ."^oltows  by  Th^o^ 
12-18  that  S  -  a  +  c  and  by  pther  the^^^xi^  that  a  €  |y]    and  * 

^'  [?r].  .Since,  /or  any  P,  .k(P)  =  f(-St) ^4;'b  it^  follows  that    ^  ♦ 

k(P)  =  (f(P)  +  a)'f  ?  =  h(pj  +  c.  Since,  by  Exercise  ^3,  h  i»  the  .r' 
ri^flectipn  in  ^  +  (a/Z)  it  follows  that  k  is  the  resultant  of  a  reflec- 

•  tion,in  a  plane  parallel  to  V  followed  by  a  translation  in  [a^]. 
[In  a  more  thorough  sfudy  of  isometrl^i  it  would  be  of  value  to 
know  that  if  h*  is  the  reflection  in  a  plane  (t  and  c  t'to'l  th^n 
h{P+  c)      h(P5  +  c  —  that  is,  that  the  Resultant  of  c  followed  by 

#  h  is,  the  same  as  the  resultant  of  h  followed  by  c.    [Draw  figures!] 
This  is  not  difficult  to  prove,  uBi^g 'I'heNijrem  14-19,    Wliat  we  need 
^o  show  is  that  -(h(P)  {^t         ^^^^        midpoir^t  of  ^ 
(P  4  c)(h(P)  +  c)  belongs  to^  t.    The  fi^st  i^vident  sinc^ 

^{'P)  -  P£  [o-J^:    To  prove  the  secon^t  let  M  be  the  ixiidpoiBt  of  x^-V., 
ll^Ph(P)  —  th^t  is,  suppose  that  M  -  P  -  hfP)  -         It  follows  that  * 
*  +  ^)  >  (P^  c)  =  (h(P4^  c)  "  (M  +  t)  afnd,  86,fth^t  M  +  ?  ifi  the 

midpoint  of  <P  +  c)(h(P)  f  c)r   Since  M  e  ir  and  c  6  [cr]  it  follows 

that  M  4  c  6  CT^]^  39.3 
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'  In  br4er  to  jdeveiop  the  consequences  of  this  lemma  and  90iAe  of  pur 
previous  theorems  we*  need  to  recall  some  facts  concerning  functk)n 
composition.  RecaH  that  if  fjandg  are  mapping^  of  ^  t)nto  it«elf  then 
the  mapping       such  that        ^  '  * 

.         ,  '  '  '  • 

is  called  the  resulkint  of  /followed  hf  g  and  is,  \t6elf,  a  mapping  of 

qnto  IT.  For  example,  the  mapping  h  d.e«:ribed  in  Part  G  is  a  °  /]  [Ex~ 

plainj  If^  pontinuing  with  this  example,  we  let  g  be  the  reflection  in^ 

tlie  plane  tt  -t         the.  result  of  the  lemma  can'be  stated  as: 


(1) 


As  you  learned  in  Chapter  1,  a  very  important  property  of  function 
composition  is  that  it  is  an  associative  binary  operation.  Making  useof 
this  in  connection  with  (1)  we  can  condude  that  » 


{2) 


Jassociativity] 


[(!)] 


Since,  by  the  corollary  to  Theorem  14  - 19,  fis  its  own  inverse>  we  know 
that  f  f  =  0  [where  0  is,  aS  always,  the  identity  mapping  of  ^  onto  it- 
self]. So,  from  (2)  we  obtain  the  result:     *        •  *    .  •  ♦ 

(3)  'a^g^f 

Orf  recalling 'what  /' and  g  are,  we  see  that  we  have  proved:  ' 

i   ^  6 

Theorem  14-24   If  ir  is  any  plane  such  that  a  ^  [irV  and 
cr  ^  77  +  (a/2)  then  the  translation  a  is  the  resultant 
of  the  reflection  in  rr  followed  by  the  reflection  in  a. 


9iHm) 


f  Is  the  ref1©ctk)n  in  tt 
g  is  the  reflection  in  rr ' 


gif(S}) 


Fig;  14-13 


Briefly,  any  translation  is  a  result^t  pf  reflections  in  parallel  plan^, 
[You  can  think  of  this  as  a  generalization  of  the  fact  that  a  reflection  f 
is  its  own.  inve^.  Explain,] 
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Th«  explanation  calked  for  conc.<?rning  h  and  a  of  is 'to  the  effect 
that  sinc<*,  by  definition,.  h<P)  "=  f<  P)  +  a  it  follows,  using  ordinary 
function  notation  in  place  of  h(P)  -  a(f(P))  =  [  a  e  f  ]{  p),    Sir^ce  • 

tHi^"  is  the^^ase  for  any  point  P,  h.  =  a  o  f .  -  •  " 

*        ♦       ^        \     '  *  '  " 

In  the  notation  of  Tiieo'rem   14-^4,   since  it;^^  o*  *  (a/Z)  i,t  follows  ^> 
from* the  theorem  that  the  result  of  the  reflection  in  a  folla>Mj^d  by#the 
'  rcfle'ction  in  tt  is   -a.    This  shows  that  function  composition,  even 
when  restricted  to  reflections  in  planes  with  a  gi^en  bidi rec^tioTi,   is  ^^ot 
commutative.    If      is  the  reflection  in  ^  and  g  the  reflection  in >cr' then' 
the  mapping  g  o.f  is  tfte  inverse  of  the  mapping  fog. 

•  To  s^y  that  a  plane  reflection ^  f 'is  its  o^n  images-amount?  to  saying 
that  istJie  identity  mapping!    Since  the  latter  is  the  trtmslatibn  ^, 

and  the  p>ane  of -tlie.  reflyctiun  f  is  pdralldl  tp  itself,  it  follows  th^i  the 
fact  J;hat  any  translation  is  the  resultant  ^f  reflections  in  parallel  planes  »' 
is  a  generalization  of  the  fac*t  that  any  plane -reflection  is  its  own  inverse. 

T6  tidy  up  the  tljeor.y  of  resultants  of  translations  and  reflections  it 
is  worth  remarking  hero^that  the  resultant*  of  a  translation  a  €  [tt]^  and 
the  rcfU'ction  f  is,  the  plane  reflection  in.  w  -  <a/2).    [Cornpare  ^ 

this  with  the  lemma  on  page  182  }   For,  by  the  lemma,   -a  0  f  is  the 
reflection  in  ^  -  (a/2)-*'^nd,  since  the  latter  is  its  own  inverse  it  is 
(-a  0  f)i.  -By  a  remark  on  TC  26(1),        {-a  of)'i       f-^  o  -  f  o  2, 

So,  as  claimed,  the  result^ant  of  t  followed  by  f  is  the  ryflection  in 
TT  -  (a/2).    [Combining  this  result«and  the  lemma  yields  another  example 
of  the  noncommufetivity  of  function  composition.  ] 
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1.  Prove:  ^ 

Theorerrt  14-^25  If  tt  ||  (7  then'the  i^ul^t^of^ 
reflection  in  tt  follow^  by  the  reflection  i n  <r 
*i^a  translation.   •         •   '  .  * 

\  [tiint:  Let  Peir  and  let  Q  be  tife  point  of  intellection  of  ^7r]£^and 
Describe  a  translajtion  a  such  that  ae  [ifV  and  a  -  ir  f  (a/2)J 
*2.  Suppose-that  tt  \\  w  and  let  f  and  g  bejfcbeVeflections  m  tt  and  in 

rfespectively.  From  th,e  r^jUt  of  Exercise  1  we  kno^^Qhatg  «  fis  a 
'  tra'nislatibn'  and,  alsp^'diat  f*^g  is  a  translation.  Compare  these 
translations.  [Is  it  ever  .the  case 


Parti 


1. 


-  4. 


6. 


Suppose  that  f,  gy  and  A  are  mappings  of  ^  ont^)      Show  that 
h^lg  o  f]  =  [h  og]o  f,  [Hint:  Use  the  definition  of  function  compo- 
sition to  compute  '[h  o  [g  « f]]{PY  and  '[[h  p  g]  -  f]{P)\] 
Use  a  r^uLt  you  obtained  in  Part  H  to  show  that  function  composi- 
tion is  noj,  commutative. 
Supped  that  f  is  any  isomatry  of  8".  ' 

(a)  Show  that  /"has  an  inverse.  [Hint:  If  P  #  Q  can  it  be  the  case 
that  fiP)  f(Qm 

(b)  Show  thatf'S  the  inverse  of  f,  is  also  an  isomftry. 
Suppose  that  f  and  g  are  isometric  of  *f .  Show  that  g^  fis  also  an 
isometry  of  if.  [Hint :  Certainly,  g\f  maps  ^  on^  itself.  Does  it  pre- 
serve distances?]  ^ 

Give  examples  illustrating  Exercises  3  and  4  by  citing  isometries  of 
kinds  with  which  you  are  already  familiar. 


14.05  Some  Properties  of  Isometries 

One  c^our  early  statements  of  a  part  of  what  is  now  Postulate  4  was: 

is  a  wmmutative  group  with  r^^ect  to  function  composition. 

Jt  results  frqpi  Part  I  that 

^         *  the  set  of  all  isometries  of    is  a  group 

.  [with  respect  to  function  composition 

-but  [by  Exercise  2,  Part  I],  it  is  not  a  commutative  group.  By  Theo^ 
rem  ^4  -  IS,  the  commutative  group  ST  is  a  subgroup  of  the  group  of  ail 
^i^getries  of  1^.,.  „  - 
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Answers  for  Part  H         *  * 

 ;   ,  .  • 

1.  WiHi  P  and  Q  as  in  the  hint  cr      ^  +  {Q  -  P)  and  Q  -  P  €  [jr}  .  Let 
?  =  *<Q  -  P)2  and  apply  Theorem  14-24.  .      ^     ^  ^ 

2.  f  o  g  is  tShe' opposite  of  gpi^    [Sea  the  dif^cUssion  preceding  these 
answers.    Alternatively  note  that  (g  « f^^  =  f"^  *»  g"^  -  f    g»  since 
each  plane  a'eflec*t4pn  rs  its  own  inve ree.  ];  .f  °g      g®^  if  arid  only 
iff  ~  g.    [Fcy^t  is  only  in  this  case  that  fog  turns  out  to  b€  5, 
the  only  translation  which  is  its  own  opposite;  ] 

Answers  for  Part  I  '  • 

1.  i^^^Jg.^^lKP)  =  h([gor](V))  =  h{g(f{P)n  =  [hog.](f(P»=  [Ihog]cfJ{p), 
,<or4ny.  P€£.    So,  [h'o[gpf)]=  [t>^    gh  0-    "   ^  .  . 

2.  If^f  ^and  g  are  r^tfections  in  two  parallel  planes  theh^  f  o  g  ^  g  ^ 

3.  P.^  Q^then  d{F,  Q)  Since  d(P,  Q)      d(f{  P),  f(Q))  it 

^j,  •     f^lWs  thl^  d(i{P>vf(0))  ^  -tf 'And,  sp,  that  f(P)  #  i(Q).  Since 

if  P,      Q  theh  f(P)  =;^/f(Q)  it  follows  that  f  has  an  inverse •  ^ 

,   ^b)   Since  f  is  a  mapping  of  8  onto  6,  sois'^^f?.  Moreover, 
d|f^MP),f-MQ))  =-to-MP)),f{f^(Q))  =  4(P.QK  Hence, 
is  an  isometry.of  • 

4.  Since  both  f  and  g  map  £  onto  itself,  so  does  g«»f.    Since  both  f 
and  g  preserve  distances  so  does  gof.    Henca-,  g  «  {  is  an  isometry* 

'   [in  more  detail,  d{g(£(P));' g(f(Q)))=  d{f(P),  f(Q))  because  g  is  an 
isometry  and*d(f(P},  f(Q))      d{P,  Q)- because  f  is  an  isometry,  ] 

5.  A  Resultant  of  two  reflections  in  parallel  plane*  is  a  translation 
^d,  so,  is«an  isometryf  a  resajta4^  of  a  plane  reflection  and  a 
translation  normal  to  the  piane  of  the  reflection  [in  either  order] 

-is  a  reflection  and,  so,  is  an  isometry;   a  resultant  of  two  transla**  \ 
tions  is  a  translation  and|  so,  is  an  isometry« 

iust  as  the  group  of  isometries  is  related  to  the  equivalence  rela*- 
tion  of  congruence,  so^any  grouj)  of  mappings  is,.relatfed  to  an  aJ?propriate 
equivalence   relation^   Thie  explains,  .in  part,  the  importance  of  the 
notion  of  group*  ^ 

The  'etc'  in  the  sentence  following  Theorem  14-26  includes  the  ^ 
cases  in  which  i  ||  m,  i  l«m,  ^  |j  a,  and  7     (t.  •  . 

The  explanation  asked  for  amounts  to  noting  that^  since  f  is  an 
isometry, 

d(f{P),f(f-MC)))  =  d(P,f-MC)),  and 

d{i{Qhiii-HCm  ^  d|Q,f-MC» 

and,  then,  substituting  *a  for  *f{f-MC))\  f 

f{P)  #'f{Q)  because  f  is  an  isometry  and  P  #  Q.    The  latter  is     '.  • 
the  case  because  P^t  a*nd  Q  is  the  reflection  of  P  in  3r.  [See 
Exertise  1  of  Part  D  on  page  180.] 
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le  fact  that  isometnesTjonstitute  a  group  has  iniRprtant  implica- 
sTor  the  rek^ibn  of  qoflgru^nce.  In  the  firpt  place,  since  the  identity 


tidns^ 

mapping  is  an^fS)metry,  it  follows  that  each  subset  of  ^  is  congruent  to 
Itself— in  shori,  congruence  is  a  refiexivis  relation.  Secondly,  since  the 
inverse  of  an  isometry  is  an  isonietry,  it  follows  that  if  a  first  s^t  is 
congruent  to  a  second  then  the  second  is  cbngrueitt  to  the  first— con- 
gruence is  a  symmetric  relation.  Filially,  since  the  resuftant  of  two 
isometries  is  an  isometry,  it  follows  that  if  a  J^t  get  is  congruent  to 
a  seconds  and  the  second  is  congruenVto  a  third,  then  the  first  set  is 
congruent  to  the  third  set  — ^ngrueni^  4s  a  jtrarisitive  relation. 

Clearly ,.^raii^latiQiis  have  niany  proi^rties  which  other  isometries 
do  ^bt  have.  Howgv^,  we  do  have  the  following  basic  theorem:  » 

.  .  '  •     '  '      V  ^. 

Theorem  14-26   Any  isomfetry  of    maps  pjax^es  onto  * 

p*lanes,  maps  lines  onto  lines,  and  preserves^  parallel  ism* 

^  and, perpendicularity.  , 

In  other  words,  if  /  is  an  isc^etry  of  ^  and  tt  is  any  plane  then  the 
image  fiTr)  of  tt  under  f  is  also  a  plane;  if  /  is  a  line,  so  is  f{l);  if  I  ||  tt 
then  fil)  II  /(tt);  if  /  1  tt  then  f{l)  1  /'(tt);  etc.  For  example,  consider 
ah  isometry  f  and  a  plane ^r.  Suppose  thatP  ^  tt  and  thai  Q  is  the  reflec- 
tion of  P  in  TT.  We  know,  then,  that  tt  is  the  perpendicular  bisector  of 
PQ  and,  so,  that 


Since  /  has  an  inverse  it  follows  that 


/         ^  diJ'J-'iC))  ^  d{QJ-HC)). 
S|jice^/i  an  isometry  agd  sipce/(^  HC))  ^  C  it  follows  that 
C  c  Att)  ^  difiP),  C).  =  difiQX  C).  '  [Explain.] 


So,  fin)  is  the  perpendicular  bisector  of  f(P)fiQ),  Since  fiP)  ^  f{Q) 
[Why?]  it  follows  that  f Ctt)  is  a  plane.  , 


Exercises 
Part  A  " 


Suppose  that  f  is  an  isometry  of 

!•  Show  that  if  tt  j|  o-  then  /"(tt)  ||  f(a).  [Hint:  tt  \\  cr     ►  (n  ^  a  ox 
TT  n  a >  0)  Note  that  if  P  € /(tt)  0  /(0-)  ttien eir  n  cr.] 


tfc     ■  39S, 
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The  exercise  of  section  14.05  tend  tc^be  difficult  iqr  students. 
However,  under  teacher  direction  these  difficulties  can  be  minimized, 
(i)^  Part  A  should  be  developed  under  te^icher  direction  to  insure  that 
students  uhde/stand'the  techniques  involved.    After  the  first  few  ♦ 
exercises,  have  students  attempt  the  exe^rcises  first  at  their  seats. 
You  can  supervise  this  activity  to  identify  areas^f  difficulty  .  . 
{ii)»  Par^f  B  may  be  used  as  homework.''        "  * 

(iii)  I^rt  C  should  be  carefully  explaiped  by  the  teacher,  -^fter  this, 
students  arc  usually  able,  to  prot:eed  with  Exercises  4  and  5,  A 
J^-acing , frequently  helps  to  illustrate  the  various  mappings, 

(iv)  Part  D  makes  a  rfjas9nable  hotnework  assignment, 

(v)   F?^^t  E,  and  the  discussion  that  follows  should  be  developed  in  , 

vclass.  .  '  %  , 

(vi)^^-rt  F  may  be  used  as  hom^Nyd^k,  -b^^  it  may  be  wise  to  let  stu- 
dents,  consult  with  each  other,  ^ 
Answers  for  Patrt 


Suppose  tha^       |]  a.    By  tht^'^pre^edin^j  discussion,  ^fr)  and*  f(<T)  are^ 
planes.    In  case  f{jr)  Ov  f(0)  =  0,  Hn)  ||  l(o").    Suppose,  then  that 
{{w)      fic)  ^  0-  and,   in  particular,  that  P  €  f(T)      f(o'). It  iollows 
that  Pe  f(7r1  and  P€  and,  sor  that  f'MP)  e  tt  <^  0.    Sine?  n  \\  <x 

it  follows  that  t  =       and,  so,  that  Htt)  ^  f(ff).    So,  whether 
f{^}  r^  f(ff)  =  0  or  f(7r)  r>  f(cr)  9^  0  {{ir)  |j  f(ff):    Hence,  f  being 
an  isometry,  if  tt  1 1  cr  then  f(77)  |)  f(o-). 


TCl86(l) 

2,  i^et  I  be  a^lini*  and  suppose  that  ir  and  (j  are  planes  such  that 

TT  ^  0  =  I.     [Since       is  ^hree -dimens  ional  it  is  easy  to  describe  * 
two  such  planes,  ]   Now,  .f(i)  ^   Ktt       cr)  and  all  we  need  prove  is 
that  f(7f  ^  (t)  ^  f(^)  r>t  f(Gr)  to  make  sure  that         is  the  intersection 
of  two  planc^^  and,   so,   is  ^  line.    Now,  for  any  one  "to -one  mapping 
g  and  an^  Set  p  in  the  domain  of  ^^g,  Q  €  f{p^  ^if  and  only  if  f'^(Q)  €  p. 
So,  Q  e>iM  if  and  only  if  f  MQ)  ^^rr  and  Q  £  i\tj)  if  and  only  if 
'^iO)e.a.    Henc*e,  Q  €  {(tt)  ^  f{(r)  if  and  only  if  f^Q)  C  ^  ^    .  And, 
f-MQ)  €  ?r  ^  a  if  Und  only  if  Q  €  f(ir  ^  a>.    Since  Q  €  f(^)  />  fU)  if 
and  only  if  Q'€  f(w  n  a)  it  follows  that  Hit  ^  c)  ^  f(^)  O  f<^). 

[Note , that  if  g  is  a  mapping  which  is  not  one --to-one  and  p  and  s 
are  subset*  of  the  domain  of  g  then,  alt}K>ugh  f(p      s)  C  Hp)  ^  H^), 
it  may  happen  that  g(p^.  s)  4  g(p)  ^  g(s).    For  example,  if  P  #  S 
and  g(S)       g{Q)  then ^'^R^'and  {S}  are  sets' p  and  s  such  that 
g(p  r\  s)  ^  0  and  g(ph^  g{s)  ^  *0.  ]  ,    ^'  ' 

3,  Suppose  that  f  ||  ^,  so  tkat  i  C.      or-  i  r\    n  0^    By  pj^ecedii^g 
arguments,   f(l)  is  a  line  and  ^{tj)  is  a  plane.    If  i  C  K  IJien, 
obviously,  fri)  C  f(#).    If  irsTT  then.  0  ^  i{l  rs  t)  -        rs  {(k). 
Hence,  if  i    |  if  then  f(i)  ji  f(^). 

4,  Suppose  that         nr\^    Let  77.be  a  plane  containing  I'  and  m  and  let  • 
cr^  and  er^  be  parallel  planes  whose  intersections  with  t  are  i  and 
m,   respectively.    The  isometry  f  maps  (x ^  and  ff^  onto  parallel 
planes  and  maps  I  and  m  tonto^the  . inte rsectioms  of  f(o"^)  and  ^i^^) 
with        plane  f(7r).    Since  f(l)  and  are,  then,  the  intersections 
of  parallel  planes  with*a  third  plane,  f(i)  and  f(m)  are  parallel  lines , 
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2.  Show.that,  for  any  l|ne  /,/(/)  is  a  line.  [Hint:  Any  line  is  the  inter- 
se^ioD  of  two  planer,  and  the  intersection  of  two  intersecting 
planes'is  ia  Ihie.]  ^  •  • 

3.  fehow  that  if  /  |!  TrAen  /{/)  ||  fin).  [Hint.  ModiJy  the  hint  for  Ex-' 
.  6'rcise  1]      '  * 

■4.  Show^  that  if/ II  m  then /■(/)! /"(m).  '  ... 

5.  Show  that  if  I  l,7r  then  fil)  1  '^v).  [I^nt  Ii^  the  proof  thatf(7r) 
is  a  plane,  choose- Pc  Z.]       '  .  •»  .  > 

6.  Show  that  if  TT  J.  o-  then/(7r)  1  ficr)..  •: 
7..$how  that  if  Z  1  m  then  fil)  ±  fim).        ,         .    * 

8.  Shbw  that,  for  any  points  P  and  Q,  fiP^)  ^'TiP)fiQl  [Hint: 
C  e  f{¥^)      f- '  (O'c      ;Now,  use  Theoren\  14  -  3.  | 

0.  §how  that  f{PQ)  =  fiP)fiQ).  [Hint:  Proceed  as  in  Exercise  8,  re- 
calling that  Rj^AB  *^iB€AB  or^B  ^  AR)J  ^'      ' ,  ^ 

10.  Shovf  that  fiPQ)  =  f(P)nQ)  and  fiPQ)  =  fiP)fiQ). 


* 


In  Exercises  8-10  yd^  have  proved:     i   '  ' 

Theorem  14-27   Any  isometi^  of  g'  maps  segn^ts 
onto  segments  and  intervals  onto  intervals, 
mapping  emipoints  on  endpoints;  it  maps  rays 
onto  rays  and  half-lin^  onto  half-lines,  Biap"ping 
vertices  on  vertices. 


ERIC 


Siike  an  i^ometry  mapsi  the  endpointe  of  a  seginent  on  the  endpoints 
of  its  image  it  is  clear  that  congruent  segments  must  have  the  same 
measure*  [Explain.]  The  converse  is  an  equally  important  theorem. 
We  state  tiie  two  in: 

,    -  -    -■  :         -  '  ^  -       ■  -  ■■-        ^  - 

Theorem  14-28   Segments  [or.  intervals]  are  f 
congruent  if  and  only  if  they  have  the  same 
measure.  *  * 

To  complete  the  proof  of  this  theorem  ^1  we  need  do  is  establish  a 
lemma: 

■      •  4 

[|^  Lemma   If  AB  =  PQ^,then  there  is  ^n  isoraetry  / 
such  that  f,iP)  =  A  and  f(Q)  =  B, 


[Explain.]  ^  ^  , 

Th6  proof  of  the. lemma  is  easy. 
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Answers  for  Part  A    [q^ont].]       ^  '     -  ■>  f 

5.  Suppose'that  il  tt  and  that  P£f  and  P  ^i.    Let  Q  be  the  ^reflection 
of  Pjiu  TT.    It  follows  that  TT  =  {Xi   d(P.  X)*^  d(Q,  Xfiand,  so,  that 
Hit)  4{i{  P),  d{f (Ql^X )}  .    It  follows  that /(tt)  is  the  per- 

^pe^dicul^'^l^sector^of  f[pjf(Q).    Since  I  =  PQ  and  f(i)  is  a  line  it 

^qllows  that  =  f(P)f(Q}.    Since,  .as  has  been  shown.  £(y) 

-L  f(  P)f(^),  it  follows  that  f(i)  1  f{ff). 

6.  Suppose  that  tt  J-  cr^and^et  i  be  a  line'"  contained  In  <r  wh\ch  is  per-- 
pcndicular  to  n.    By  Exercise  5,^f{i)  i  f<^)  and,  .since  £<!)•  is  a  line 
and  is  contained  in  the  plana  f{o-),  f(^)  J.  f{ir),  .  ^ 

7.  Suppose  that  i  X  m  and  let      be  the  plane  containing  m  which  is  , 
perpendicular  to  I.  ^ince  I  ±  7,  f(l)  X  f(ff).    'So,   sin^e  f(m}  £  f{Th 

8.  C  €^f(PQ)  if  and  only  if  f-'MC)  €  PQ.    By  Theorem  14-3,  the  latter 
is  the  caie  if  and  only  if  d{P,f-MC))  +  d^'MC),  Q)  =  d{P,  Q).  '  Since 
i  is  an  isometry,  the  latter  is  the. case  if  and  only  if 

d(f(P),  C)  ^  d{C,  f(Q))  =  d(f(P),  f(Q))  —  that  is,  if  and  only  if 
C  €  f{P)f(Q1.    Since  C  e^f(  PQ)  if  and  only  if  C  i  f(P)f(Q}  it  follows 
that  f(  PQ)  =  *f(  P}f^Q\    [It  is  Only  this  result  which  is  needed  t0.^ 
change  t>i€^' reasons  for  believing**  in  the  answer  for  Part  F  on  . 
page  lai  i^to  proofs,  ]  , 

9.  C  C  f<^&  if  and  only  if  f^MC)  €  PQ  —  that  is,  if  and  only  if 
(f-^.(C).€  PQ  or  Q  £  Pf-^(C)).    By  Exercise  8  the  latter  is  the  case 
if  and  only  if.  C  €  f(P)f{Q)  or  f(Q)  €  f^P)C  —  that  is,  if  and  only  if 
C€f(P)f(Q),    Henc«  [as  in  Exercise  8],  f(PQ)  -  f(p)f(Q).* 

10.     ByExi^rcise  8,  f(PQ}  =  f{P)f(QV    Since  f(C)  -  f(P)  if  and  only  if 
r  C  =  P  and  f{C)  -  f(Q)  if  and  only  if  C  =  O  it  follows  that 
f{PQ)  =  /{P)f{Q).    That  £ { PQ)  =  f(P)f{Q)  is  proved  similarly, 
using  Exercise  9« 


•  s 
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Ebcplanation  t«  follow  Theorem  14-27:   Suppose  that  AB  and  CD 

aye  congruent,  in  particular,  suppose  that  f  is  an  ieomctry  such  that 

f(ABr=  CD.    By  Ex^j^i^e  8  of  Part  A  it  followg  that  f(A)f{B)  =  CD 
and,  so  [by  Theorem  *T-*«2{b)],  {f(A),  f(B)}  =   {C,  D}.    [This  argument - 
and  another  using  Theorem  7-22{a)  —  justifies  the  **mappiri^  end  points 
''on  end  points^  in  Theorem  14-2t.]    It  follows  that  either  {f(A)  -  C  and 
f{B)  =*D)  or  (f{A)  =  D  and  f{B)'=  C)!   ^In^the  first^case  CD     d(D,  C)  ' 
=  d(f(B),  f(A))  ^  d(B,  A)  =  AB  and,  so,  AB  and  CD  have  the  same 
measure.    The  second. case  can  be  dealt  with  in  a  similar  manner. 

^      Explanation  to  foll(ys«,the    lemma:   We  have  just  seen  that  segments 

*are  coligruerit  only  if  they  h^ve  the  same  measure.    To  justify  replacimg 

•only  iV  by  'if  and,  *so,  obt&#wng -Theorem   14-28,  we  need  to  show 

th^t  segments  are  congruent  if  they  have  tKe  same  measure.    So,  we 

must  show  that  if  segments  Imve^the  same  measure  the^^here  i»  an 

isometry  mapping  one  onto  the  other.    We  shall  know  this  if  we  can  , 

find  an,  tsometry  which  maps  the  end  points  of  one  segment  on  those 

of  the  other,  . 

* 

*  Note  that  having  the  same  measure  is  often  taken  as  the  defining 
relation  for  congruence  of  intervals  or  of  angles.    It  is  a  superiority  of 
the  treatment  of  congruence  in  this  course  that  thefe  is  one  definition 
of  congruence  for  intervals,  angles,  triangles,  or  what  have  you,  and 
that  measure  criteria  for  congruence  result  from  theorems  which  are 
not  just  definitions.  . 
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Answer  for  *W5?y?*:   BA  =  QP  by  assximption;   QP  =  Q'A  bee 
/a  is  an  isometry,  a(Q)  =  Q',  and  a(P)  =.A. 

Another  way  of  obtaining  an  isometry  which  maps  P  on  A  anjf  Q 

on  B  is  to  take  the  resultant  of  ^e  reflectioii  g^^  in  the  perpendicular 

bisector  of  A P  followed  by  the  reflection  g^  in  the  perpendicular 

bisector  of  Bg^{Q),    That  this  isometry  is  not  the  same  as  the  isometry^ 

-  g;  oa.  olthe  proof  can  be  seen  either. by  the  images  under  each  of  £  « 

and  gg  ^       of  a  point  not  on,  PQ  or  by  noting  that  g  ^a  **turns  the  plane 

over'*  while  gg^g^^  does  Hot.    In  general,  a  resultaf^t  which  invoices 

an  odd  number  of  piane  reflection  ** factors"  will  not' give  the  same 
.■       '  ■   ,  '       ■■  \ 

A  result  as  a  resultant  which  involves  an  even  niuSiUer  of  Such  factors. 

.■  ^ 
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Suppose  that  AB  -  PQ  and  let.  a  ^  A  -  P  and  Q'^  Q  -h  a.  The 

-    .,        '         '    '  ' 

q:  '  p 

Q 


\  *  > 

•  Fig.  14-14  j  ^ 

mapping  al^  an  isometry  which  maps^F  on  A  and  Q  on  Q'  for 

and  ^     .  7<Q)=  Q'.  ^  ^ 

In  case  Q'  =  B,  cTis  the  isometry  we  are  after.  In  case  Q'  B,  let  tt  be 
the  perpendicular  bisector  ofBQ'  and  letg  be  the  reflection  in  77.  Since 
BA  -  QP  =  Q'A  [Why?],  it  follows  that  ^tt.  So,  giA)  =  A  and,  of 
course,  giQ*)'^  B.  It  follows  that 

'     ■         ^(^(P))  =  giA)  =  A  andg{7iQ))  =  giQ')  =  B. 

— ►     «  — > 

So,  the  mapping a  maps P  on ^4  and  Q  onB  and,  since  both  a  andg 
are  i^metries,  is  afi  isometry.  [Now,  describe  such  an  isometry  in 
another  way  by  composing  reflections  in  two  planes.  Do  you  think  this 
s^nd  isometry  is^^different  from  the  one  described  in  the  text?] 

nt  is  worth  remarking  that— supposing  that  AB  =  PQ-*that  there 
are  many  isometries  which  map  P  on  A  and  Q  on  B.  For,  if/ is  an  iso- 
metry which  does  this,  andjA  is  an  isometry  which  leaves  A  and  B  fixed, 
then  h""  fiB  an  isometry  ^hich  maps  P  on  A  and  Q  o<^ : 

ih  o  fliP)  ^  jifiByX  =  A(A)  -  A  andXA  -ZKO)  , 


Now  we  have  already  found  one  isometry  such  as/,  and  the  refl^ion 
in  any  ^lane  which  contains  A  and  B  will  do  for  h.  In  particular,  in 
the  i:^a^  in  which  7^  B  we  may  take  for  h  the  inflection  in  the  ^Ime 
a  which  contains  A,  B,  and  Q\  If  we  do  Uien 


h  ^  f  -  h  ^  [g      ^  Ih  ^  g]  o  a. 


The  isQinetries  g  and  h  are  reflections  in  perpendicular  planes  tt  and  or 
whofee  intersection  is  the  lipe  containing  the  angle  bisector  df  ZQ'AB, 
As  you  will  see  in  Part  C  of  the  exercises,  it  follows  that      g  i&  an. 
isometry  of  a  rather  simple  and  interesting  kind.  ^  ^ 
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1.  Show  that  any  |?tvo  rays  are  congruent  \Hint\  Let  A  and  P  be  the 
^  vertices  of  the  given  rays  and, let  u  and  v  be^it  vectors  in  the 

sei^ses  af  the  rays.  Let  ^    A  -f  iTand  Q  =  P  -f^    Now,  apply  the 
lemma  and  Exercise  9  of  Part  A.] 
2«  Show  that  any  two  linos  are  congruent.  [Hint:  You  should  be  able 
^  ^  to  use  th^  result  of  Exercise'  j»-  to  advantage.]  % 
3«  Show  that  any  two  planes  aie  congruent  IHint:  Givei^lanes  it 
^  and  a,  show  that  there  are  poitj^a  A,  5,  P,  ^d  ^  such^that  tt  and . 
g-  are  the  perpendicular  bisectors  of  AS  and  PQ  and  such  tha^ 

Consider   the  equilateral  tri- 
angle, AABC^^  pictured  at  the, 
right.  Let  tt,,  ttJ  and      be  the. 
perpendicular  bisaetors  of  BC,  CA » ^  ^ . 
and  AB,  respectively.  Also,  let 

and     be  the  reflections  in  tt^, 
TTg,  and  fi^,  respectively. 

L  What  are  the  images  of  A,fij  andC  under Vndev'f^  Under/;? 

2.  Show  that  f.iAABC)  =  AACB.  What  is  /;(AABC)?  What  is 
f^iAABOl 

3.  Note  that    maps  A  on  A,  B  on  C,  and  C  on  B.  We  abbreviate  this 
^as  follows:  ^ 

■     .  /-J  ABC ACS 

(a)  Give  simile  abbreviations  for  what  f.^  and/;  do. 
^  (b)  Verify  thatif,  ^  /g(A)  ^  C.  What  are  ff,  ^  /^jC^)  ai^d  \f,  -  /;](C)? 
Give  an  fldbbreviation  for  what    °     does.  •  _ 

(c)  Give  similar  abbreviations  for    ^  /;,  f,^  °  /;,  and  for  0. 
4*  Let  /;  =  /*,  ^  /;  and  /;  =  fz""  fs-  Make" use  of  youi^  results  in  Exer- 
cise  3  and  your  knowledge  of  function  composition  to  complete  the 
following  table: 


\ 
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o 

0* 

fs 

U 

T 

fi 

/, 

U 

u 

f. 

u 

f. 

f. 

u 

U 

'    '       .      •  >       .    ■  •  ' 
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Answers  for  PartJB  ,  "  .  *  .  » 
 — '  — *^                       ^          «  ' 

I,     L.et  r  and  ^  be  any  two  rays,  let  A  and  P  be  their  vertices,  and 
let  u  and  v  be  the  unit  vectors  in  the  senses  of  r  and  s,  respec- 
tively'   Let  B  -  /V  4  u  and  Q  -  P  +  v.*  It  follows  that  r  =  AB  and 
,s  ='PQ.    Since   j|B-Al|  =  i  =    1 1 Q  -  P|  |.  >t  follows  by  the  lemma 
that  there  is  an  isorfietry  —  say,  f  ^  such  that  f(^)  =  A  and 
f{Q)  =  B.    fiy  Exercise  9  of  Part  A.  f{PQ).  =  f(P)f{Q)  =  AB, 
Since  ther^  is  an  isometry  which  niaps  PQ'onta  AB  It  follows 
that  PQ  and  AB  are  cpngnj^nt  —  that Is^  any  rays  «  and  r  ax'e 
congruent, 

Z.     X-»et  ^  and  m  *be  any  two  lines,  let  A  anid  P  be  points  of  i  and  m, 
and  let  u  and  v  be  unit  vectors  in  tne  directions  of  i^and  m>.  ^ 
^  .respectively.    Let  B  =  A  +  u  and  0^=  P  ^  follows  that 

I  =  ^  =  ;AB  w  8A  and^  m  =  PQ  ^  PQ  ^  QP;   As  in  Exercise'  1 
there  is  an  isometry  f  such  Riat  .f{PQ)  =  AB  and  f{QP)  =  and, 
so,  f(m)  -  i.    Hence,  i  and  m  are  congruent. 

3,     Given  plants  tf  and  ir,  let  in  and  n  be  \uiit  vectors  in^[)cj  *nd 
[(tJ^,  respectively,  \  Ler'C  €  :r  and  H  C  O"  and  let  A  =  C  +  m, 
B  =  C  -  m,  P  =  k^-  n,  and  Q  =  R  -  n.   It  follows  that  t  is  the 
perpendicular  bisector  of  AB  ^nd  tr  is  the  perpendiculaV  bisector 
of  PQ.    Si4>ce   {)B  -  A||  =  •£  =   |jQ.  -  P|l  there  is  an  ison^ctry 
which  inap©  P  on  A  and  Q  on  B.    This  isometry  piaps  the%eV- 
pendicular  bisector  o-  of  PQ  on  the  perpendiculaV  bisector  j  of  . 
AB-    [This',  by  Theorem  14-5.]   Hence,  ^  and  cr  are  congruent. 

Answers  for  P^rt  C  X 

[Before  assigning  these  exercises  be  sure  that  stiidents  know  how 
to  interpret  a  *'multipUcation  table*'  like  that  in^^Ixercise  4,] 

1,     f.(A)  -  A,  f,(B)  =  C,  and  f^(C)  =  B;  i^(A)  ^  C,  f^CB)  -  B,  and 

*  UiC)  =  A;   4(A)  ^  B,  fg^B)  =  A,  and  i^jC)  ^  C. 

Z,     Since  f^fA)  =  A  and  f^^B)  =  C,  '^j^(AB)  ^  f\{A}f^(B)  '=  AC,  By 
similar  reasoning,  f^iAC)  -  AB  and  f^(BC)  =  CB.  Thereforer 

*  {^^(AABC)  =  AACB.  .  Similarly,  fg(AABC)  -  ACBA,  and 
f^{AABG)  =  ABAC,    [Of  course,  AABC  =  AACB  =  ACBA  =  AB^Cj 

3i     {a)   fg:  ABC  —  CBA;  £3:  ABC  -*  BAC. 

(b)    [f,  ''f3](A)  =   IMJA))  =  f^(B)  =  C;   [f^  pfgliB)  =  A  and 
,tfi  «!f3j{C>  =  B;  fiofg-.   ABC-CAB.  " 

{c)   f^  pfg;.  ABC  —  CAB;  is'U:  ABC  —  BCA;  5:  ABC  —  ABC 
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Angwers  for  jPart  C  [cont.] 
4.  . 


o 

7t 
U 

*i 

^3 

7f 
u 

^1 

^2 

^3 

^1 

r 

u 

r 

^5 

.  ^3 

f 

0 

fl 

(J  -  . 

fa- 

r 

^4 

[Note  that,  as  given  in  the.text,         f ^  =  i..    For  f^Up(A)) 

=  £3(0  =  C.  fgif^iB))  =  £3(3)  =  A,  fgifgfC))  =  f3(A)  <=  B,  andf 

^4  "  ^i^^3  where,  by  Exercise  3(0),  f^j^^f^:   ABC  CAB. 

■** 
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5.     (a J,   In  the  first  jfe'^^.*        the  table  shows,  t\^e  set  of  six  mappings 
.  is  closed  under  function  composition.    And,  of  course,  0  is 
^    [as  the  t^ble  shows]  the^  identity  element.    Since  *3'  occurs  in 
each  "row  and  columti,  each  of  the  six  mappings  has  one  of  the 
six  — ;  perhaps  itself  —  as  its  Inverse,    Since  function  cgynpo- 
sition  is  always  associative  it  is*^ bound  to  be  as^otiathi^^n 
'         this  situation.    [However,*  it  is  worth  cljLecking  a  fev^^stance's* 
For  example,  f4«{f3*  f2)  =  f 4  «  f 4  -       and  (i.°iJf  °f^ 

f«c  *v-^       •.  ■ 


f  i  O  fo  - 


(b) 


No.    (For  example,  f^  ^.f^  =  fs  ^  f4  ^  ^^^l^i*] 

[5*he  ,2 -element  subgroups  are  those  cbntaining  J5  and  either 
f^i  fgi  or  fgj  the  only  subgrcJcrp  with  three  elements  is  that 


id) 


-which  contains 
Yes, 

Answers  for  Part  D 
1. 


^4' 


and  £5.] 


Since  g.  is  the  reflection  in       g(P)  -  P  € 
^J^]  '__So,  g{P)  -  P  €  Since  h 


[s']  and  since  i  C  ir, 
is.  the  reflection  in  r 


3. 


-ind  since"!  Q  a  it  follows,  as  above,  that  h(g(P)J.  -  gCP)  €  [1]^ 
Since  the  sum  of  two  members  of  th«j  bidirection  [1]^  belongs  to 
[i]^  it  follows  that  h(g(P))  -  PS  [if.    So,  since  hCg{P))  =^  f(P), 
f{  P) 

Following  the  hint  we  see  that,  since  *g  is  the  reflection  in 
P  4  [g(P)  -  P]/Z  6  y,  'and  that  as  in  Exercise  1,  [f(P)  -  g{P)]/2  € 
C  [t],  since  y  X  ff.    So,  Met.    Similarly,  the  second  line 
the  hint  shows  that  the  midpoint  M  of  Pf(P}  is  the  image  of 
a  pdint  of  er  tinder  a  translation  which  belongs  to  [cr]  and,  so, 
its^f  belongs  to  o".    Hence,  M  €  2r         =  1. 

Isometries  which,  like  f,  a*e  the  resultants  of  reflections  in  two 


perpendicular  planes  are  called  line  reflections;  , in, particular,  f 
is^the  reflection  in  the  line  <.  \- 
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5,  (a)  Verify  from  the  table  in  Exercise  4  that  ({0,  /'J, « )  is 

a  group..  [Why  do  ydu  not  Aeed  to  check  foe  associativity?] 
Is  the  group  a  commutative  group?  Explain. 
Xc)*Find  at  least  one  subgroup  with  two  elements  and  one  sub- 
group with  threS  elements  in  the  given  group, 
(d)  Are  the  subgroups  yoii  found  in  part  <c)  commiftative  groups? 


Suppose  that  tr  1  a-  and  that  g 
and  h  are  the  reflections  in  it  and 
in  or,  respectively,  tet  /  =  tt  n  cr 


and  lef^=  h""  g. 


mg{P)} 


9iP) 


higiP}) 


1.  Show  that  f(P)  -  P^llV.  IHint:  giP)  -  PelirV  and  [irV  Q  UV. 
Explain  the  preceding  remarks  and  make  a  similar  statement 
concerning /(P)  -  ^(P).] 

2,  Show  that  the  midpoint  ofPf  (P)  belongs  to  i.  lHint:  There  are  many 
ways  of  doing  this.  Qfie  oftKe'most  straight-forward  is  to  note  that, 
if  M  is  the  midpoint  of  P/(P)  then 


-  (P  ^  IgiP)  -  P]/2>  +  [fiP^  -  g(P)J/2, 
and 

M  ^  fil^) -¥  [P  -  fiPm    \  *  . 

-  IfiP)  ^'IgiP)  -  /XP)]/2)  +  {P  -  ^)]/2.^ 


Use  the  first  to  show  that  M  eir  and  the  second  to  show  that    €  <t.] 

3.  Compare  the  rmlts  in  Exercises  1  and  2  with  Theorem  14-19, 
and  suggest  a  name  for  isometries  like  f* 

4.  Suppose  thatTTj  and  are  two  other  perpendicular  plan^  whose 
intersection  is  the  same  line  /,  and  that  and  /i^  ar^  the  reflec- 
tions in     and      Do  you  think  that  h^^     ^  h"^  g?  Explain. 

*5.  Here  is  a  picture  of  AABC  amt^ 

of  .  its  image,  A^t'JS'C,  under 
.    the  reflection  g  in  the  plane  n 
[viewed  ''end  on".] 
'  {a)  Is   AABC   congruent  to 
AA'B'Cl  Is  AA'B'C  W 
gruent  to  AABd  Explain. 

(b)  Let     N,  and  P  be  the  feet  of  the  perpendiculars  from  A/B, 
and  C,  respectively,  to  tt.  What  oan  you  gay  about        and  7T 

'  given  ^at  M,  N,  and  P  a«j^l!inear?  Given  that<AMA^P  is  ' 
«     a>ngruent  to  AASC?       W  v 

(c)  Assume  that  AABC  is^coi^ruent  to  dMffP,  Describe  a  tran^^ 
lation  which  AABC  onto  AMNP.  What  i^  the  imajge  of' 
AMNP  under  tJhis  translation?         •  i  j§ 
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'6.  Copy  this  picture  of  APQR  and 
intersecting  planes  tt  and  o- 
[  viewed  ^'end  on'l  on  your  paper. 
Let7  and  g  be  the^^flections  in 
TT  and  a,  respectively. 

(a)  Draw  APjQ^p  the  image, 
under/;  of 

(b)  Draw  AP.QgR,,  the  image  under g  of  AP,Q^,^ 

(c)  Show  that  APQif  is  congruent  to  AP^Q^^. 

*    (d)  Give  an  isometry  which  mapa  AP^Q^R^  t)nto^ZiPQi2. 

Your  figure  for  Exerci^  6  may  suggest  a  description  forf°  g  other 
than  'the  reflection  in  jr  n  €r\  Try  to  think  of  one. 
Copy  this  pictmre  of  ADEP"  and 
parallel  planes    and  cr  on  your 
paper.  Let  f  and  g  be  the  reflec- 
tions in  TT  and  a,  respectively. 

(d)  Dra;^  ADjfi/p  the  image 
unditg^  f of  ADEF.  . 

(b)  Draw  ADJEJ*"^,  the  image 

under  f^g  of  AD£F. 
.(c)  Is^^f^f*^? Explain  your 
answer.  What  i&  a  relation 
between  g'>  f  and  f**  g? 


7. 


fi. 


Part  & 


OS 


The  lemma  on  page  186  is  a  first;step  toward  proving  $  still  more 
useful  lemma: 

Lemma   If  AB  =  PQ,  BC  =QR,  and  CA  =  RP 
then  there  is  an  isometry  f  such  thatfCP)  =  A, 
andA^)  =  C- 


In  case  {A,  B.  C}  noncoliinear 


in  case  |A,,S,  C}  is  coliinear 
8 


L  Prove  this  lemma  [Hint:  You  can  make  a  good  start  by  using  the 
lemma  on  page  186.  According  to  this,  since  AS  PQ,  there  is'an 
isdmetry-say,  g-such  thatg(P)  =  A  and^CQ)  =  B.  Suppose  that 
g(R)  -  R\  IfR'  =  C,  you  are  done.^If  not,  consider  the  reflection 

*    A  in  the  perpendicular  bisector  if  of' CR\  Show  that  A  and 

h(B)  =  B,  Conclude  that  h^g  ism  isometry  which  maps  P  on  A, 
Q  onB/andR  onC.]  ' 
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Answers  for  Part  D  [cont.J  ' 

•  ■  'i 

4.  Yes,    A6  in  Exercises   I  and  2,  and  in  analogy  with  Theorem 
14-19,  [>^i«»gi](P)  as  well  as  [hog](P)  will  be'the  point  Y  such-, 
that  Y     P€  [i]^  and  the  midpoint  of  PY  belongs  to  i, 

5,  ^  (a)    Yes,  because  g  is  an  isometr>r^ Which,  by  Xheorerp  14-27, 

maps  AABC  onto  AA'B'C.      \    j  ■ 

Yes,,  because  g  is  an  isometry  which,  by  Theorem  14-27, 
maps  Z^A'B'C  onto  AABC. 

(b)  [students  need  not  be  required  to  give  formal  justifications  of 
their  answers  to  these  two  questions,] 

.If  {M,  N,        is  coliinear.  then  ABC  1      ;   If  AMNP  is  con-  ; 

gruent  to  AABC  then  ABC  \]  ?r.    [The  first  answer  can  be 

justified  by  noting  tl>at  parallel  lines  —  the  lines  AM,  BN, 

and  CP  ~  through  coliinear  points'are  coplanar.    The  plane 
in  question  contains  the  noncoliinear  points  A,  B,  ^nd  C  and, 

so,  is  ABC.    Since  it  contains  a  line  perpendicular  to  »  it  is, 
.  itself,  pe/pendicular  to         The  second  answer  may  be 
justified  to  some  CKient,  by  noting  (what  has  not  yet  been 
proved)  that  an  isometry  which  maps  AABC  onto  AMNP  must 
map  vertices  on  vertices.    Ifseems  reasonable  tq  assume,*  ift 
this  case,  that  such  an  isometry  maps  A  on  M,  B  on  N,  and 
C  on  P.    So,  it  follows  that  jjB  -  A||  =  ||N  -  My.    Then  use 
the  reasonable  appearing  result  that  if   [jproj^^j  (b) | j  = 

then  b€Wto  show*  that  AB  1|.  ^r.    Similarly,  5S  |1  »  and.  »o. 

ABC  II      ]  J. 

(c)  M-A  [pr;  N  -  B,  or:   P  -  C];  AA'B'^' 

,  '  TC  190<1)     ^  '  . 


(c)  g«f  is  an  isometry  which  maps  APQR  onto  AP^Q^Rg-  [See 
Theorem  14-27,]  * 

(d)  f  eg    [{g«f)-l    =  f-l  og-1  fog] 


'  i  09 
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Ansy/era  for  Part  D  [cont.]  ^ 
i7.     The  line  reHection  in  i  ie  also  called  'the  half -turn  al?out  the 

-  axis  t.    [This  is  an  example  of  the  fact  that. a  res\iltant  of  reHec- 
tions  in  two  intersecting  planes  is  a  rotatio^n  about  their  line  xjf 
inter«ection,  ]  <  , 

8.  (a) 


(b)  ^ 


-      {c)    Nd/gof,^£og.    They  are  inverses  [or,  since  they  are  , 
translations,  opposites], 

Ailswers  for  Part  E 

1,     Proceeding  as  in  the  biirt  we  sec  that  R'A  ^  g(R)g(P)  =^,  RP 

'and,  so,  that  A  belongs  to  the  perpendicular  bisector  it  oi  CR'. 
Similarly,  B  €  ^.    So,  the  reflection  h  in  ^  maps  A  on  A  and  B 
-     on  B  and,  of  course,  R'  on  p.    Hence  h  o  g  maps  P  on  A,  Q  on 
B,  and  R  on  C.  ^ 


410 


t 
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■ .  2*  Suppose  that,  in  addition  to  pointe  A,  B,  C,  P,  Q\  and  R  related  as 

in  the  lemma  of  Exercise  1,  we  are  given  points  D  and  S  such  that 

,/  AD  =  PS,BD  =  QS,  and  CD  =  RS.  Show  that  there  is  an  isometry 
/  which  maps  P  on  i4,  Q  on  5,  /?  on  C  aild  S  on  jD.  [Hint:  Build  on  the 
lemma  of  Exercise  1  just  a§,  when  proving  that  lemma,  you  built 
on  the  lemma  on  page  186.} 

^  3.  Given  that  >1,S,C,P,Q,  afid  12  are  related  as  in  the  lemma  of  Exer- 
cise 1'  and  that  D  and  S  are  points  such  that  AD  =  PS  and 
BD^  QS,  draw  a  picture  in  which  CD  RS. 

'  * 

In  Exercise  2  you  have  proved  an  important,  existence  theore^  for 
isometric: 

Theorem  14-29   Given  points  A,  B,  C,  and  D  and  points 
Q,R,  and  S,  if'AB  ^  PQ]  AC  ^  PR,  AD  =  PS, 
BC  =  QR,  BD  =  QS,  and  CD  =  RS,  then  there  exists  an 
^sometry  which  maps  PonA,Q  on  B,  R  on  C,  and  S  on  D. 

*  •  <  r  ^ 

Notice  that  the  case' of  the  theorem  for  which  D  -  C  and  S  -  R  gives 
,  us  the  lemma  proved  in  Exercise ^1,  [Explain.]  Does  the  theorem  also 
include  the  lemma  on  page  186? 

In  discussing  the  lemma  on  page  186  we  Noticed  that,  assuming  that 
AB  ^  PQj  there  are  many  isometries  which  map  P  on  A^and  Q/orr  B. 
Once  we  have  mapped  P  on  A  and  Q  on  B^  by  means  of  some  isometry, 
we  may  go  on  to  perform  any  number  of  rejections  in  plaices  contain- 
ing Ab  and  the  resultant  wil^be  an  i^metry  which  still  maps-P  on  A 
and  Q  onB. 

In  the  situation  dealt  wiOti^j  the  leinma  of  Exercise  1,  Part  E,  there 
are,  again,  mstty  isometries,  which  map  P  on  A,  $  onS,  and/?  on  C  in 
case  {A,B,  C}  is  collinear.  But,  the  case  in  which  {A,  B,C}  is  i^ncol^ 
linear  is  Very  different.  To  see  ho^  different,  suppose  that/*^  nnd/^ 
isometriep  each  of  which  maps  P  on  A]  ^  on  S,  and  on  CAt  follows 
that  their  inverse^,  ff^  ^d  ff^  are  isometries  and  that  each  of  these 
maps^  onP,  B  on  Q*  and  C  oni?.  In  particular, 

Prom  the  first  of  these  it  follows  that  f^if^^iA))  =  f^if^-'(A))  A.  So, 
we  see  that  ^  i 

.[/; « ff'M)  =  A,  [/-  f^-^](B)  =  a,  and  If,  o     t](C)  =  C.  , 

Since  and  are  isometries,  so  is  ff^-  So,  recalling  Theorem 
14-22,  it  follows  [in  case  {A,  B,  C}  is  nona)llinear]  that  ^  ^  ff^  either 
is  the  idiE^tity  mapping ^ of  ^  into  itself  or  is  the  reflection- say,  ^ - 
inthefliijASC.  ,  ^  ^ 
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Answers  for  Part  E   [c ont •  ] 

2.  By  the  lemma  of  Exercise  1  there  is  an  isometry  —  ^ay,  f  — 
such  that  f{P>*=  A,  f(Q)  =  B,  and  f<R)  =  C,    Suppose  that 

f(S)  =  S',    If  S'  =  D  then  f  is  an  isometry  of  the  kind  sought  fj^r. 
If  not,  let  h  be  the  reflection  in  the  plane  j  which  is  the  perpen- 
dicular bisector  of  DS'.    As  in  Exercise  1,  A,  B,  and  C  belong 
to  IT.    [For  example,  S'A  =  f(S)£(P)  =  SP  =  DA,  sq  A€ir.].It 
follows  that  h  leaves'each  of  A,  B,  and  C  fixed*    Since  h(S')  ^  D 
it  follows  that  h  o  f  is  an  isometry  which  maps  P  on  A,  Q  on  B^  ^ 
•  R  on  C,  and  S  on  O. 

[Obviously  we  co\ild  continue  on  the  path  beginning  with  the  lenrxma 
on  page  186  and  continuing  through  the  lemma  of  Exercise  1  and" 
the  resiUt  (Theorem  i4-Z9)  just  established  in  Exercise  2.  The 
"catch"*  is  the  cbirollary  to  Theorem  14-30  —  knowing  the  images 
of  four  noncoplanar  points  under  an  isometry  determines  the 
isometry.    If,  in  extension  *of  Exercise  2,  we  consider  points  E 
and  T  such  that  the  distances  from  E  to  A,  B,  C,  and  D  are  the 
same,  respectively,  as  those  from  T  to  P,  Q,  R,  an^i  S  then,"  If 
A,*B,  C/and  D  are  none oplanar,  the  isometry  of  Exercise  Z  will 
necessarily  map  T  on  E,  ] 

3,  B  R  P 


.  C       .  0 


AD  =  fS,  8D»QS,.t)utp*RS 

*  '  ' 

'Explanation  a skeij  for  after  Theorem  i'4-29:   If,  in  Theorem  14-29 
we  replace  'D'  by  ^'C*  and  'S'  by  •R*,  the  result  is  merely  a  redundant 
form  of  the  lemma  of  Exercise  1,    If  we  replace  bpth  *C'  and  *t)'  by 
*B'  and  both  'R*  and  *S'  by  *Q',  we  have  a  redundant  form  of  the  lemma 
on  page  186,  ' 
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That  is,        *  .  ,.  . 

I,  t  ■ 

From  this  4t  follows  that 

But,  since  function  composition  is  associative, 

So,  either  =  /\  or  /!j  thelrSUitant  off^  followed  by  the  reflection 
inA^  ^ 

In  short,  in  case  {A,  B,C}  is  noncollinea^,  thfcre  are  only  two  choices 
for  the  mapping  f  referred  to  in  the  lemma.      '  t 

Thg  preceding  result  leads  to  a  usefuftheorem.  To  state  this  theorem 
in,  a  convenient  way,  let  us  say  that  a  mapping  f  and  a  mapping  g 
agree  at  P  if  jand  only  if  f  (P)  -  giF). 

Theorem  14-30  If  two  isometries  agree  at  each  of  three  ' 
noncollinear  points  then  they  agree  at  each  point  of  the 
plane  which  contains  these  three  points;  moreover,  each  of 
the  given  isometries  is  the  resultant  of  the  other  followed 
l?y  the  reflection  in  the  image  of  this  plane. 

Coroiiary  No  t^^^tJedinetries  agree  at  each  of  four 
noncoplanar  points. 

Part  F 

1*  Prove  Theorem  14-30.  [flint:  Suppose  thatfj  mdf^  ate  two  isom- 
.  etries  which  agnee  at  each  of  the  noncollinear  points  Pf  Q$  and  /?. 

 „5howihat/^(PX/;(Q),and/;^^^^   

2.  Provq  the  corollary  to  Theorem  14-30. 

^  The  discussion  of  isomefaries  has^  probably,  a>n vinced  you  of  the  basic 
importance  of  reflections  in  fflanes*  AH  the  isometries  we  have  made 
use  of  have  been  compounded  out  of  isometries  each  of  whidi  was' 
either  a  translation  or  a  reflection.  And,  as  w§  have  seen,  each  transla- 
tion is  the  resultant  of  two  reflections.  This  might  sugg^t  that 

.  %m     '  ^ 

each  isometry  of  f  is  either  the  identity  mapping,  or  the  re- 
flection in  some  plane,  or  the  resultant  of  two  or  more  such 
reflect^BS* 
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Answers  for  Part  F  '         ^  ,  ^ 

1,     The  only  .difference  between  Theorem  14-30  and  the  result  proved 
in  the  argument  which  precedes  it  is,  in  the  notation  of  the  argu-* 
ment,  that  Theorem  14-30  assumes  that  {P,  Q,  R}  is  noncollinear 
^4vhile  the  argument  assumes  that  {A,  B,  C}  is  noncollinear.  So, 
to-make  use  of  the  argument  to  prove  Theorem  l4-30  we  need  to 
show  that  if  {P,  Q,  R)  is  n&ncollinear  then  so  T"^{f         ^i<Q)»  ^i(R)}  • 
That  is,  we  need  to  show  that  the  isometry  f^^  m^^^  noncollinear 
*   points  on  noncollinear  points.    This  sho;ild  be  obvious  since  the 
isometry  i^^  maps  lines,  onto  lines  fTheprem  14-26], 

■2,     Supppse  that  {P,  Q,  R,  S}  is  noncoplanar  and  that  f  is  an  isometry* 

By  Theorem  14-30,  if  g  is  any  isometry  which  agrees  with  f  on  P, 

Q,  and  R  then  either  g  =  f  or  g  =  h  o  f  jwhere  h  is  the  reflection 

in  the  image,  f{PQR),  of  PQR  under  f.    Since  S  ^  PQR  and  f  is 

pne-to-one,  f(S)  jff{PQR)  an«i,  so,  Ihof]{S)#  f{S).    Hence,  if  g 

agrees  with  f  on  S  —  as  well  as  on  P,  Q,  anc^  R  —  then  g  #  hof. 

Consequently,  if  g  agrees  with  f  in  P,  Q?  R,  and  S  then  g  ^  f. 
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As  a  matter  of  fa<ff,  we  can  quite  easily  prove  a  somewhat  stronger 
'  theorem. 

To  see  wKat  thig  theorem  is,  suppose  that  g  is  any  isometry  of  ^  and 
that  {P,  Q,  JR,  S}  is  noncoplanar.  By  th^  corollary  to  Theorem  14 --30 
we  know  that  any  isometry  which  agreed  Avith  g  at  each  of  the  points 
P,  Q^R,  and  S  must  be  g.  Now,  in  Exercise  2  of  Part  E  we  have  seen 
how  to  find  an  isometry  f  such  that  fiP)  =  giP\  f{Q)  -  g{Ql  fiB) 
=  giR),  and  f(S)  =^  giS).  [Explain.  What  should  be  taken  for  the  points 
A,  Cy  and  D  of  Exercise  27]  It  follows,  then,  that  ^  mustie  the  map- 
ping f  constructed  in  Exercise  2.  Let's  recall  how  f  was  obtained.  Tak- 
ing A  =  g{P\  B  =^g{Q\  C  =  giR),  andD  =  giS-),  the  ^rst  step  was  to 
choose  a  translation  /;  such  that  f^{P)  =  A.  [In  case  P  =  -A,  -  0.]  We 
then  found  an  isometry  such  that  f,^{A)  =  A  and  f^ifxiQ))  -  B.  [In 
case  f^iQ)  =  B  we  could  t^e  =  0.  In  case  f^iQ)  ^  B  we  could  take 
to  be  the  reflection  in  th^ perpendicular  bisector  of  Bf^iQ).]  It  then  fol- 
lowed that  is  an  isometry  Which  maps  P  oi\A  and  maps  Q  on  B. 
The  third  step  was  to  find  ^an  isometry  such  that  ^3(^4)  A^^h^^^ 
-  By  and  f^iif,^  ^  f\l^  }^  "  C  [Again,  could  be  taken  either  as  0  or  as 
the  reflection  in  a  plante.j  It  followed  that  ^  °  [/^  ^  /'J  is  an  isometry 
which  maps  P  on  ^4,  Q  on  By  and  R  on  C,  In  a  fourth  step— just  like  th^ 
second  and  third  — we  found  an  isometry  — either  0  or  the  reflection 
in  a  plane-such  that    ^  [f^  °  [f,^  °  fj]  maps  P  on  A,  Q  on  B,  R  on  C, 

^and  S  on  D.  This  resultant  is  the  mapping  f  which  we  know  must  he  the 
'given  mapping^.  Since  the  translation  is  either  0  or  the  resultant  of 
two  reflections,  it  is  clear  that  ^  is  the  resultant  of  at  most  five  reflec- 
tions [if  it  is  not, merely  0  or  a  plane  reflection].  We  can  obtain  a  slight 
improvement  by  noticing  that  the  only  purpose  of  the  translation  /j 
was  to  map  P  on  A .  In  case  P  7^  A  we  can  do  this  by  the  reflection  in  the 

.  perpendicular  bisector  of  AP.  With  thi^  different  beginning  we  shall 
need  different  choices  for  f^,  f.^,  and  f^,  but,  as  before,  each  will  be  either 
Q  Qv  the  reflection  in  a  properly  chosen  plane.  As  a  result  we  have: 

Theorem  14-31    Each  isometry  of    is  dther  the  , 
identity  mapping,, or  the  reflection  in  some  plane, 
or  the  resultant  of  two,  three,  or  four  such 
reflections.  ^ 

A  [Of  course,  the  resultant  of  five  or  more  reflections  is  an  isometry, 
What  the  theorem  tells  us  is  that  ^uch  an  isometry  is,  also,  the  result- 
ant of  four  or  fewer  reflections.  For  example,  the  resultant  of  three 
translations  is  the  resultant  of  six  reflections  in  appropriate  planes 
and  is  also  the  resultant  of  two  such  reflections.  Sxpi^inJ 
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« 

t 

remarked  earlier  in  thi^  commentary,  the  ^,  three,  or  four' 
in -I'heorem  14 -31  can  be  replaced  by  *or  three'.    For  our  purposes, 
however,  it  is  sufficient  to  Vnow  that  any  isometry  can  be  '*put 
together**  out  of  plane  reflections. 

Since  each  translation  is  the  resultant  of  two  reflections  a  result- 
ant of  any  number  of  translations  is  also  the  resultant  of  twice  as  many 
reflections.    However,  a*t^sultant  of  translations  is,  we  know,  a  transla- 
tion and,  so,  is  the  resultant  of  just  two  reflections. 
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Vacdbulary  Summary 
triangle 

distance  function 
equidistant 
isosceW  triangle 
right  triangle 
Pythagorean  Theorem 
triangle  inequality 
reflection  in  a  plane 
max  (a,  6) 

distance  from  P  to  Q 
bisect^ 

equilateral  triangle 


hjTX)tenuse 
mean  proportional 
isometry 
r^ultant 
min  ia,  b) 

increasing  function 
perpendicular 
bisector 

from  point  to  line 
fro^i  point  to  plane 
foot  of  a  perptodicuiar 
opngruent  figures 


Definitions 

14-1, 
14-2. 

<^  14-3. 


14-4. 


14-5^ 
14-6, 

14-7, 
14-8, 


The  perpendicular  bisector  qf  AB  is 
{X:  X    Me[B  r  AV,  where  M^is  the  midpoint  of  AS), 
(a)  PQ  is  the  perpendicular  fi:t>m  P  to  / 
^{Q  €/andP  -  Q^UV) 


(b)  PQ  is  the^  perpendicular  from  P  to 

^(Q«7randP  -  QeW^) 
The  altitude  of  a  triangle  fn>m  one  of  its  vertices  [or,  to  the 
opposite  «ide  of  the  triangle]  is  the  perpendicular  from  that 
vertex  to  the  line  containing  the  opposite  side. 

PQ^d(P,Q)   

(b)  AABC  is  an  isosceles  trian^e  with  base  AB      fiC  =  CA 
(b)  AASC  is  an  equilateral  triangle  ^  BC  ^  CA  =  AB  . 
AABC  is  a  right  triangle  with  hypotenuse  AB  ♦-^  Sa  1  BC 
f  is  an^mefay  of  ^  if  and  only  if  f  is  a  mapping  of  ^  onto  itself 
such  that  V,V^  dif(X\  f(Y))  =        Y\  : 
Xi^^.  ^-  A  fir$t  figure  \s  congruent  to  a  second  if  and  only  if  tiiere  is  an 

isometry  off'  which  maps  the  first  figure  onto  the*secand. 
14^10.  fis  a  reflection  in    ^  V^/(X)  =  X    (Af  -  X)2,  where  3f  is 
the  foot  of  the  perpendicular  from  X  to  tt.  . 
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Other  Theorems 

Ljemma.  5^-  fe'^^jlalllldll,  and  'a  •  T  =  l^'llfcll  ^       "O  or  "6  -  0  or  ^ 

a  and  b  have  the  same  seir^e)  ' 
^14-1.   [The  Triangle  Inequality]        ^  |}&1||^<     + J|  5j4  ft 
with  eqiklity  on  the  left  if  and  only  if  a  =  0  of  6  =  Oqt  a  and 
b  have  opposite  senses,  and  on  the  right  if  and  only  if  a  =  0  of 
6  =  0  or  a  knd  b  have  the  same  sense. 
•     14-2.'  (aa-dCP.Q)  ^  0  (b)  ci(P.Q)  -  O^Q  =  P 

(c)  d{Q,  P)  =  acP,  Q)        id)  dCP,  Rl^  diP,  Q)  +        R}  ^ 
14-3.  diP,  R)  =  d{P,  Q)  +  diQ,  R)^Q€PR  ^ 
^        14-4.   For  A  7^  B,  the  perpendicular  bisector  of  AB  is  the  plane  which 
contains  the  midpoint  of  AB  and  is  perpendicular  to  AB . 
14-5,   The  perpendicularbisectorof  AB  is  {if:  d(A,X)  -  d(B,X)}.    .  ^ 
14^*   A  point  P  is  equidistant  from  two  points  A  and  B  if  and  only  if^ 
it  belongs  to  the  plane  which  is  perpendicular  to  AB  at  the  mid- 
point of  AB.  > 
Corollary,  There  is  one  and  only  one  point  of  AB  which  is  equidis- 
tant from  A  and  B,  and  this  point  is  the  midpoint  of  AB. 
14-7.   The  intersection  of  the  three  perpendicular  bisectors  of  the, 
.   sides  of  a  triangle  is  a  line  which  is  perpendicular  to  the  plane 
of  the  triangle. 

Corollary  1*  The  perpendicular  bisectors  Qj[  the  sides  of  a  triangle 
intersect  the  plane  of  the  triangle  in  thi^  concurrent 
'    lines..  . 
Corollary  2*  The  lines  containing  the  altitudes  of  a  triangle  are  ^ 

concurrent  v 
14-8.   In  AABC,  (aV^lBC  -  CA  I  <  AB  <  BC  4^  CA  ^d 

(b)  DeAB  ^CD  <  max(BC, CA).   ^ 

14-9.  AABC  is  ^n  isosceles  triangle  with  base  AB  if  and  only  if  its 
^  median  from  C  is  its  altitude  from  C.  » 

14-10*  [The  Pythagoremi  T^eorein]  AABC  is  ^  right  triangle  with   

iiypotenuse  Aa.if  and  only  if  AS*  ^  BC^  +  CA^ ,  ' 
Corollary  1,  The  ratio  of  the  measure  of  the-  hypotenuse  of  an  isos- 
celes right  triangle  to  the  measure  of  either  of  its  legs  is 
Corollary  2.  The  ratio  of  the  measure  erf  an  altitude  of  an  equilat-* 
\    ^  era!  triangle  to  the  measure  of  any  of  ite  sid^  is  \/S/2. 

14-11,  A  triangle  is  a  right  Wangle  with  a  given  side  as  hypotenuse 

if  aid  only  if  the  measure  of  the  given  side  is  twice  the  mea-  • 
sure  of  the  ihedian  to  that  side. 
14-li  Ca)  The  altitude  to  die  hypotenuse  of  a  right  triangle  is  the 
mean  propor^onal  between  Uie  measures  of  the  intervals 
into  which  its  foot  divides  the  hypotenuse. 
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(b)  Either  {eg  of  la  right  Wangle  is  the  mean  proportioDal  \m-^ 
tw^en  .the  hjipotanxise  and  the  measure  of  that  one  of  the 
two  intervals,  into  which  the  foot  of  the  altitude  divides 
the  hypotenuse,  which  is  a4jscent  to  the  given  leg. 
14-13.  In  any  triangle,  the  product  of  any  side  by  the  altitude  to  it  is 
the  same  as  the.  product  of  any  otiier  side  by  the  altitude  to  it. 
CoroUary*  In  a  right  triangle,  the  product  of  the  hypotenuse  by  the 

altitude  to  it  is  the  s^e  as  the  product  of  the  f 
14-14  The  perpendicular  from  a  given  point^to  a  given  line  or  plane 
is  the  shortest  of  the  intervals  whose  endpoints  are  the  given 
point  and  a  point  of  the  given  line  or  plane. 
14-15*  The  distance  between  a  given  point  and  a  point  of  a  given  line 
or  plang  is  an  increasing  function  of  the  distance  between  the 
second  point  and  the  foot  of  ihe  perpendicular  to  the  given  line 
or  plgjie.  _^  ^ 

14-1&  If  /  ^        and  w  =  Mg^  then,  with,?-  P  -  A, 


(a) 


diP, 


P   P.  P'Q 


l{q  '  g),  and 


(b) 


P  •  P 
V- P 


p  •  g 

— ♦  — * 

9  •  R 


■p  -  r 
'q-7 


4'  ^ 


r  '  p  ^    r  '  q      r  •  r 
14-17,  If,  with  respart  to  some  orthonormal  coordinate  system,  the 
plane  ;7  is  dea^bed  by: 


and  the  point  P  has  coordinate  ^v  P^  Pa)*  ^^^^ 


-  ]     Moreover,  if^4m  coordinates      q.^,     then  P  mdQ  are  dn 
the  same  side  ox^n  oppc^te  ddes  of  ^^accqMing  as 
^^m,  4-  p^m^  A^p^m^  -  c)  {q^m^  ^  q^m^  -f  q^m^  ~  c)  is 
positive  or  negative. 

14-18.  Any  tmnslatfon  is  an  isometry.  , 

14-19,  If/is  thea'efiection  in  tt  then  f{P)  »  Q  . 
^  «?  -  P  €       and  thfe  midpoint  of  ^€  ir). 

Corollary.  Iffisfe^j  reflection  in  tt  then /(P)  -  Q  ^  f(Q)  ^  P. 

.  14«20«  The  reflection  in  a  plane  is  an  isometry.         .  ' 

14-2L  tf/is  the  reflection  in  tt  then  (a)  f(P) »  P  if  an^  only  if  P€  tt, 
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and  (W  iff(P)5^P  then  TT  is  the  perpendicular  bisector  of 

PfiPl 

14-22*  The  only  isometric  of    which  leave  fixed  three  given  non-- 
collinear  points  are  the  identity  mapping  and  the  reflection  in 
the  plane  which  contains  the  given  points. 

Corollary.  The  only  ison^try  of  9  which  leaves  fixed  four  non> 
ooplanar  points  is  the  identity  mapping. 

14-23*  An  isometry  which  leaves  two  points  fijced  also  leaves  fixed 
each  point  of  the  Hno  oozitaining  the  two  points. 

I^mma.  The  result^  of  the  reflection  in  a  plane  tt  followed  by  af 
'  translation,  a  in  the  direction  ortiu>gonal  to  rr  is  the  reflec- 
tion in  the  plane  it  -h  {a/2). 

1^24.  If  TT  is  any  plane  such  that  aclTr]-^  ando-  «  tt  4-  (a/2)  then  the 
translation  a  is  the  fisultant  of  the  reflection  i^  tt  followed  by 
refle<^on  in  or.  '        *  '     ^  / 

14*25.  If  II  o*  then  the  restiltant  of  the  reflection  in  ^  followed  by  the 
reflection  in  cr'  is  a  traitislation. 

14-2&  Any  isometry  of  ?  maps  planes  onto  planes,  maps  lines  onto 
lines,  and  presa*veB  parallelism  and  perpendicularity. 

14-27.  Any  isometry  of  W  maps  s^pinents  onto  segments  and  inter- 
vals onto  intervals,  xnkpping  e^points  on  endpoints;  it  ma|^ 
rays  onto  rays  and  Half-lines  onto  half-line^,  q^apping  vertices 
on  vertices.'  >  ^  ' 

14«2Sp  Segments  [or:  intervals]  are  Coiigruent  if  anffbniy  if  they  have 
the  same  measum 

Tiemma.  J£AB  ^  PQ  then  there  is  an  iaon^try /such  that  f(P}  A 
ana/l(Q)-S. 

Lemma.  If  AB  »  PQ,  BCi  -  QR,  and  CA  ^  RP^  then,  there  is  an 
^  isomgtry  f  such  that  fiP)  «  A,  fiQ)  *  B,  and  fXR)  »  a  " 

14-29.  Given^A,  S,  C,  and  D  a^  points  P,  and  S,  if  AS  -  PQ, 
AC  ^  PR,  AD  ^  PS,  BC  «  QR,  BD  QS,  and  CD  -  RS, 
then  there  exists  an  isojnetry  whidt  maps  P  on  A«  QonJ3,fi  on 
C,andSQnD,  _     *  ' 

14*30.  If  two  isomet];;ies  i^ree  at  each  of  three  tumcc^lii^ar  points 
then  they  agree  at  each  point  of  the  plane  which  oontains  thc^ 
three  i>oint9;  n^i^ver,  eadi  of  the  given  isomatries  is  th§  re- 
sultant  of  the  other  followed  by  tHe  reflec^pn  in  the  image  of 
tins  plan4  ^ 

Corollary*  No  two  isometries  agree  at  e^  of  four  nona)pWar 
points. 

14-31.  Each  isometry  ^fWj^  either  the  Mentity  mapping,  or  the  re- 
flection m  som^  plane,  or  the  r^ultant  of  two,  three#  or  four 
^  such  r^fi^tions. 
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1.  Suppose  that  i4SG  is  a  triaiigle  and  that  AB  =f  QandBC  =  2. 

(a)  What  is  the  range  pf  valu^  for  >IC,  the  length  of  the  third  side 
of  AASC?    .  _J 

(b)  Given  that  AAflC  is  ^  right  triangle  with  hypotenuse  AC,  com- 
~^~pu£e  '  _ 

(c>  Given  that  AASC  is  a  right  triangle  with  hypotenuse  AS,  com- 
pute AC,  

(d)  Given  that  AABC  is  isos^^ks  with  base-SC,  compute  the 
length  of  its  median  to  BC, 

2.  Suppose  that  AD£F  is  an  equilateral  triangle. 

(a) '  Given  that      =  6,  compute  the  length  of  the  median  of  ADEF 

fromF.  • 

(b)  Given  that  G  is  the  foot  of  the  perpendicular  from  D  to  EF  and 
that  DG  =  '6,  compute  both  DE  and  EG, 

(c)  Given  that  EH  and  DO  are  medians  of  ADEF,  that  O  is  their 
point  of  intersection,  and  that  DE  =  8,  compute  DO  and  OG, 

id)  With  the  information  'given  in  part  (c),  comitate  the  ratios 
DH  iDOandGO  :GE.  ^  \  ^ 

3.  Suppose  that  j^j  ^  3,  |^|  =  €,  comp^(^)    i,  and  that  A  -  0  = 
^andS  -  O  ^T,  _^ 

(a)  Compute  "a  '  6*  What  do^  this,  tell  you  about  (a, 

(b)  Cojnpute  AB .  What  does  this  tell  you  about  O,  A ,  and  S? 

4.  Given  that  a  plane  rr  is  described  by  the  equation 
•3Xj  -      -f  5:c3  >=«  6*  and  tha(^  points  P  and  Q^have  coordinates 
l3,  2,  -1)  and  (2,  -2,  1),  respe<itively,  with  respect  to  an  orthd- 

^normal  cooitiinate  system.  • 

(a)  Compute  and d(Q,7r).     *  ' 

(b)  '^Determine  whether  P  and  Q  a!te  on  nthe  same  side^  or  on  op- 
posililfe  sides  of  tt. 

In  each  of  the  following,  you  are  given  two  triangles  and  some  in- 
formation abouf  th^,  Make^use  of  what  you  know  about  isome- 
tries^  ta  help-you  gnawer  the,q  ^"""^       ^^'^  * 

Suppose  that  AB  |]  DF, 
I  «C  I FS,  gnd  that - 
the  measures  of  the  inter- 
vals lire  as  given.  Slw>is  tl^ 
AABC  and  ADEF  are  con- 
gruent 


(b)  Suppose  that  the  measures 
of  the  sid^  are  as  indi* 
catad.  Show  that  AABC 
imd  AD£C  are  isn^n^  B 
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Answers  for  Chapter  'Rest  ^ 

(a)  4  <  AC  <  8 

{h)    AC  =  n/36  ■¥  4  =  2n/T0 

(c)  36  =-4  +  AC^,  so  AC  =  4n/7.  . 

(d)  Let  M  be  the  midpoint  of  BC.    Then  AM^  +  I  =  36  [since 
AM  ±  BC],  so  AM  = 

2.  (a)    Let  M  be  the  midpoint  of  52.    Then  FM^  i  9  =  36,  so 

FM  ^  3^/3.   ,         ■  ^ 
(h)    Let  X  =  EG,  then  2x  =  DE  and  36  +       =  4x2,  so  x  ^  2^/5. 

Therefore,  EG  =  2^3  and  DE  =  4>/3.      .     '  , 
(c)    Since  ED  =  8,  DC  =  Since  GO  =  tJO,  we  have 

00^"=  16  4^002=  16  +  (4^/3  -5  d6)2.  .Thus  DO  tr  8a/3/3, 

and  GO  =  4^/3/3. 
Md)    &H:DO  =  VT/E.  GO :  GE  ,n^/3, 

3.  (a)   a-S  =  compg(ir)jiSj|2  =  62/2  =  18j  Since  a-S^^  l|al||iSi|, 

(a,S)  is  linearly  dependent,  ^  , 

;'{b)  AB  =  IlB'  All  =  |iS  -a|i,  ^nd  ||S  -?|i»^=  62-^3^-2.18.9 
'     .      So.  AB  =  3.   Since  AB  +  OA  =  3  +  3  =  6  =^  OB»  O,  A,  and 

B  are  collinear.    In  fact,  A  eOB,  . 

4.  ^  {a)    By  Theorem  14-17,  d(P,  tr)  =  VI,  and  d(Q,^)  =  13VI/10, 

(b)  P  and  Q  are  on  opposite  «ideg  of  if,    [9-8-5  -  6  .<  0  and 
6     8  +'5  -  6  >  0] 

5.  (a)    By  Theorem  14-29  there  16  an  itometry  —  «ay,  f  —  which 

maps  A  on  D,  B  on  F,  and  C  on         It  follow*  by  Thcoreip 

14-27  that  f  mSpB  AB  onto  DF,  5c  onto  FE,  and  CA  ontp  ^ 

ED,.  So,  f  maps  AABC  onto  ADFE,    Hence,  AABC  is  con- 
gruent to  ADFE.    [Note  that  the  a»»umptions  of  parallelism 

.   '     are  irrelevai^t.    Note,  also  that  thii  i«  a  preview  of  the  proof 
of  th6  tide- fide -*ide  congruence  theorem.  ] 

^^jj^  ^Sx^t^y  Ij^e^me  a*  *«»»we^^ioj^^     (a.)*  but  with  *C*  for  

and        for  T.] 

(c)  ADEC  it  an  isoacelcs  triangle  and,  «o,  ainy  isometry  will  map, 
it  onto  an  isosceles  triangle,    [This  depends  on  Theorem  14-27.] 
AABC  is  not  isosceles  and.  so,  ip  not  the  image  of  ADEC 
under  any  isometry:   Hence,  AABC  and  ADEC  are  not  ^ 
congruent. 
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(c)  Suppose  that  the  measures 
of  tiie  .$ides  are  as  indi- 
cated. Show  that  AABC 
and  ADEC  are  not  con- 
gruent. ' 


Background  Topic 


We  have  taken  your  knowledge  of  the  real  numbers  for  granted, 
reviewing  and  p^haps  adding  to  it  is  Chapt^T\4  and  in  some  of  the 
badiground  topics  at  the  ends  of  earlier  chaptere.  Like  the  latter  ex^ 
ercises,  these  exorcist  wrtl  review  some  things  you  know  and,  per- 
haps, add  to  your  k>nowledge  of  the  numbers.  We  shall  be  particu- 
larly concerned  with  the  nonnegative  integers,  0, 1, 2, 3,  etc.,  and  with 
clarifying  what  the  'etc.*  means.  We  shall  use  'Nnr  as  a  hame  for  the 
set  of  all  nonnegative  integers.  * 

To  begin  witlv  1^'s  consider  the  notion  of  the  powers  of  a  number 
—  say,  the  number  2.  As  you  know,  2^ -the  second  power  of  2— is  4, 
the  third  power  of  2  is  8,  t^e  fourth  is  ^16,  etc.  You  have  probably 
learned  something  like  "To  find  the  fourth  po^vpr  of  2,  multiply  2  by 
itself  four  [or,  maybe,  three]  tim(^.**  or  *The  fourth  power  of  2  is  four 
twos  multiplied  together."  Neither  of  these  is  very  satisfactory,  and 
we  wish  to  have  something  better.  One  better  way  of  describing  the 
powers  of  2  is  by  what  is  called  a  recursive  definition.  Such  a  clefinition 
for  the  powers  of  2  is:  « 


(1) 


20  =  1 


2,  for  a  ^Nn 


To  see  in  what  way  this  is  a  definition  of  the  powers  of  2  let's  use  it  to 
compute  the  vaiue  of  '2*'.  To  begin  with,  ^ince  4=3+1  and  .3€  -^^n, 
we  have  that  .        ,^  ^ 

2^  =  23+^  «  2^  .  2. 

t     . ,     ,  ._    _  _  ■       »  _    '  .      .   . .  ... 

Similarly,  since  ^  =  2  +,  1  and  2  cJVu,  we  have  that 

""^^^fc  2  =  22-^  •  2=  (2^  •  2)  •  2. 
A^in,  sindB  2  ^d  1  €  Nn,  we  have  that 

;  2  •  2  =  2^  + »  •  2  '  2  =  (2^  ^  2)  •  2  -  2. 


^ .  '  Finally,  9ince  1=0+  1  and  0€Nn,  we  have  that 

•2-^-  2• 


2^  •  2  •  2  •  2  20  * «  2  •  2  •  5  ^  {2^  •  2)  •  2  •  2 
and,        «  1  •  2  •  2  •  2  •  2/ 


2-  2  '  2. 


TC  199 


It  is  desirable  tha(  students  have  some  knowledge  o£  proof  by 
mathematical  induction  and  of- some  results  concerning  integers  whose 
proofs  require' mathematical  induction.    Hopefully,   students  Will  already 
have  had  some  experience  with  mathematical  induction.    Since  this  will 
not  certainly  be  the  case,  the  treatment  given  here  in^the  text  is,  though 
brief,  self-contained.    For  a  more  extended  treatment,  s^ee  Beberman 
and  yaughan,  High  School  Mathematics,  Course  3^  Heath  (19^6). 

Through  some  of  the  exercises,  the  treatment  of  mathematical 
induction  serves  as  a  vehicle  for  som6  work,  on  nonnf^gative  integral  v 
exponents. 

Our  choice  of  *Nn'  as  a  name  for  the  set  of  nonnegative  Integers  is 
not  standard,  but  we  are  at  a  loss  for  a  better. 

T^e  unsatisfactoriness  of  the  first  of  the  quoted  descriptions  of  the 
fourth  power  of  2  is  fairly  obvious.    [One  oscillates  between  'four*  and 
*  three'.  ]   That  of  the  second  arises  from  the  fact  that,  "since  there  is 
only  one  integer  2,  you  can't  find^four  of  them  to  multiply  together. 
Ifhe  recursive  definition  (1)  suggests  a  better  description:   For  any 
nonnegative  intciger  a,  2^  is  the  result  of  starting  with  1  and  multiply- 
ing by  2  a  times  in  succession.    The  satisfactoriness  of  this  descrip- 
tion in  the  cases  in  which  a  =  0  and  a  =  1  ispartof  the  motivation  for 
accepting  the  definition         -  li.    [See  answers  for  Exercise  1  of 
Part      which  follows.  ] 

The  reason  for  calling  (1)  a  recursive  definition  is  illustrated  in 
the  text  by  the  live  **backward  steps*'  taken  in  using  it  to  compute  the 
fourth  power  ^of  2,    Definitions 'like  (i)  are  sometimes  called 
•inductive  definitions'.    A.^careful  Inspection  of  proof s  by  mathematical 
induction  shows  that  each  such  proof  is  based  on  one  or  more  such 
definitions.  ,  .  ,^ 
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This  agre^  with  our  original  idea  of  the  meaning  of  *2^*  and  sug- 
gests that  if  we  wish  to  state  a  rule  describing  how  to  compute  the 
v^ue  of  ^2^'  we  might  say  ^'Start  with  1  and  multiply  by  2  four  times 
in  succession.**  Evijiently  we  can  use  (1)  to  compute,  a  step  at  a  time, . 
any  nonnegative  integml  power  of  2  that  we  wish.  And  an  equivalent 
rule  to  (1)  is: 

For  any  aeNn,  2°  is  the  result  of  starting  with  1  and  multi- 
plying by  2  a  times  in  succession. 


Part  A 


1.  Write  correct  statements  of  the  form  '2«  is  the  reault  o^  starting 
with  1  and  multiplying  by  2  a  times  in  succession'  for  a  =  2,  1, 
and  0/ 

2,  Make  a  table  of  jwwers  of  2  starting  with  2^  and  ending  with  2'^: 

a    0     1     2  ... 


2« 


\ 


3,  Consider  the  following  sentences,  uom^  of  which  we, have  1^  for 
you  to  write  (if  you  need  to]  and  some  of  which  we  have  left  in- 
ojmplete.  Write  sentences  from  the  list  imtil  you  are  su"^  you 


know  how  to  complete  the  last  one. 


r 


2"  =  1 
2«  +  2'  ^  3  ' 
2«  +  2'  +  22  =  7 

"  *'  •  ■  . 

2°  +  .  .  .  +"2*  = 
'     20  -f  .    .  +  2^  = 

^  IHir^,  If,  after  writing  out,  say,  six  of  the  sentences  you  don't  see 
how  to  complete  the  last  one,  rompare  the  right  sides  of  your  sen- 
tences with  some  of  the  entries  in  your  table  of  powers  of  2.] 

4;  Try  to  find  a  way  of  increasing  your  certainty  in  the  correctaiess  of 
the  guess  you  made  in  answering  Exercise  3.  UJint:  How  can  you 

J  use  the  result  stated  in  one  sentence  to  find  out  how  to  complete 
the  nextT} 

'    ■     .  ■  s{c 

In  doing  Exercise  3  you  must  have  found  that  2^  -f  .  .  .  4-  ^  =  63 
and  comparing  the  various  sentences  should  hgve  called  it  to  your 
attention  that  63«64-l«2*-l.  This,  and  study  of  some  of  the 
other  sentenpea,  might  have  led  you  to  guess  that  2<^  -f  .  . .  4-  2^ 
»  2^^  -  1.  You  coukj  strengthen  the  groujpds  of  your  faith  in  this  re- 
sult by  noticing  that,  since  2®  -t  . . .    ^  =  2*  -  1, 
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Answers  for  Part  A 


\ 


1,     2^  is  the  result  of  starting  with  i  and  multiplying  by  Z  twice. 
2^  is  the  ifesult  of  starting  with  1  and  multiplying  by  I  once. 


2^  is  the  result  of  starting  with  i  and  multiplying  by  2  zero  times.' 

2.  Th€2  successive  powers  of  2  through  the  tenth  power  are  1,  2,  4, 

8,   16,  32,  64,  128,  256,  512,  and  1024.    [Incidentally,  fairly  good  . 
estimates  of  higher  powers  of  2  can  be  obtained  by  using  the  fact 
that  2^^  is  approximately  1000.    For  example,  2^^  =  2*^*2^^  ^  64000.  ^ 
Actually,  2^^  =  65536.]  ^  ^  % 

3.  2*^^  -  1    [You  will  recognize  this  exercise  as  T^aylng^tb  do  with  auiiiiB 
of  geometric  progressions.    What  is  nearly  th^  general  case  is 

'taken  up  in  Exercise  1  of  Rirt  B.  ]^  . 

4.  Once  we  see,  for  example,  that  2°  +  . . ,  +  2^  =        -  1  it  is  easy 
to  see  that  2^  +  , . ,  +  2^  =  {2«  -  1)  +  2^*  =  2^  •  2  -  1  -  2^+^  -  1 

=  Z*^  -  1,    Proceeding  stepwiBe  in  this  way  from  one  sentence  to 
.    the  next,  we  can  be  certain  that  2°  +  . . .  +  2®®  =  Z^^^-  U  [Note 
the  use  of  the  recUfTsive  definition  {!)  in  justifying  the  replacement 
of  '2^.^  by  *2^-^^\] 
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2"  +  . . .  +  2*  =  (2»  +  .  .  .  +  2^)  +  2«  ,  ^ 

=  (2«  -  1)  +  2« 
=  2«  •  2  -  1  , 
=  2'  -  1 


by  the  ^gcursive  definition  (1).  More  generalfy,  you  ihight  note  that  if 
2«  +  . .  . 2»  »  2»  ♦  >  -  1  then 

■» 

 :    ^.,._fi?  .(2^*»  -  1}  +  2*** 

Tfeis,  gives  us  a  general  procedure  for  getting  each  result  [except  the 
first]  from  the  preening  one.  Clearly,  if  we  start  with  ^  =  2^  -  1*, 
which  is  equivalent  to  our  first  result,  then  by  applying  ihis  general 
procedure  69  times  we  will  end  up  with  '2®  +  ,  ,  .  +  2«'  =  2^?  -  1'. 
.  Having  such  a  general  proce<^ure  would  seem  to  justify  our  acceptance 
of  the  theorem: 

Ifo€iVnthen2*^+  2«- 2^*^  -  1, 


PfiirtB 


1.  Use  the  fact  that,  for  any  real  number  6,     =  1,  and,  if  a  £  Nn, 
^  ^  =  6«  '  6,  to  show  that 

IfaciVntben,  fDr6  ^  1,  6^ -l^  .  .  .  +  6«  ^         ^  l)/(6  -  D. 

[Hint:  Show  that  thejquation  holds  for  a  0  and  that  if  it  holds 
when  a  is  a  given  number  cciVfi  then  it  must  also  hold  when 
a  is  c  +  1.] 

2*  Consider  these  sentences:  ^  * ' 

1  =  1 

^  .  .1+3=4 

1+3+5=9 

I    +    .  .  .    +   11  =^ 


1  +  .  .  .  +  69  = 

and  answer  questions 'like  those  in  Exercises  3  and  4  of  Part  A. 
[Hint:  The  first  three  sentence  should  suggest  to  you  that  1  4-  . . . 
+  11'  is  to  be  taken  as  short  for  '1  +  3  +  5  +  7  +  9  -^  IT  and,  so, 
to  indicate  the  sum  of  the  first  six  odd  numbers.  Similarly,  the  left 
sidft  of  the  last  equation  indicates  the  sum  of  the  first  thirty-five 
odd  numbers.]  * 
3.  Show  that  if  a  is  a  positive  integer  then  1  +  . .  .  4-  (2a  -  1) 
[Hint'.  Show  that  the  equation  holds  for  a  1  and  show  that  if  it 
holds  for  a  «  c,  where  c  is  a  positive  integer,  then  it  must  hold  for 
a  -  c  -f  1.1     ,  .  , 


,TC  201 


Note  that  in  Exercise  1  of  Part  B  we  adopt  the  recursive 
definition: 

bO  =  1 

^    b^^^  =  b^.b   [a  eNn] 

The  congruence  that  0°  =  T  is  intended.    Although  it  is  custoi^ry  to 
leave  undefined  it  turns  out  to  be  natural,  as  well  as  extrenlj^ly 

convenient,  to  define  *0^*  to  be  a  muner^l  for  1«    [On  this,  see  tf^ 
teacher's  edition  of  Beberman  and  VaughanJ Course  3;   in  particular, 
see  pages  T  412(1)  -  T  412(3).] 

Answers>for  Part  B 

K     [See  the  text  immediately  following  these  exercises.  Students 
should  not  be  expected  to  do  '*very  well**  on  this  exercise*  It*s 
principal  pur^se  is  to  lead  them  to  try  and,  so,  to  be  ready  to  ^ 
appreciate  the  discussion  in  the  text,  ]  ' 

2,  [Exercise  3]  1  +  ...  +  69  =  35^   [Assuming  th^t  the  '...'s  are  ' 
interpreted  as  suggested  by  the  earlier  sentenced.  ] 

[Exercise  4]  "^€^ce  we  see,  for  example,  that  the  sum  of  the  first 
six  odd  integers  is  6^  and  note  that  the  seventh  is  2»6  +  1  then  it 
is  clear  that  the  sum  of  the  first  seven  odd  integers  is  6^+  Z  •6+  1  — 
that  is,  is  (6  +1}^  and,  so,  7^.    Proceeding  stepwise  we  would 
arrive  at  the  fact  that  the  sum  of  the  first  thirty^five  odd  numbers 

i.  35-:  ,  :  ■    ^-  -     .  ■  . 

3.  [Proof  which  students  might  very  roughly  approximate  is  given  in 
^  the  text  immediately  preceding  Part  C.  J 
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The  * . . ,  *  ^notation,  as  used  in  (2)  and  earlier »  is  often  vague,  and 
students  are  likely  to  have  difficulty  in  handling  it*    [They  have,  how- 
ever, met  it,  or  something  very  like  it,  in  the  discussion  of 
sequences  in  Copter  6  of  volume  1,  ]  In  a  more  extended  account  of 
induction  one  \^buld  introduce     2) -notation**  instead.    [See  Beberman 
and  Vaughan,  Course  3^  Chapter  10.  } 


The  use  of  the  quantifier  ^{or  each  x*  near  the  end  of  the  proof  of 
iZ)  is  motivated  by  the  need  for  'V-^'  in  the  statement  of  (Ifeg)  which 
follows.    Recall  th^i  thcf  use  of  a  *^free"  variable  in  the  antecedent,  of  a 
conditional  [(Nng)^  amounts  to  the  use  of  an  ejdstential  quantifier.  So, 
in  §tating  (Nn^)  we  must  use  the  quantifier* 


43^ 
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In  the  exercises  of  Part  A  azid  Part  B  we  have  considered  theorems 
wnceming  all  iK)nnegative  integers  [or  in  Exercise  3  of  Part  B,  all 
positive  integers].  The  hints  for  Exercise  1  and  3  of  Part  B  Jiave  indi- 
cated a  way  in  which  such  theorems  can  he  proved.  This  method  of 
proof  is  coiled  proof  by  mathematical  induction  and  we  shall  illustrate 
it  by  givii^g  such  a  proof  for  the  example  of  Exercise  1* 
What  we  wish  to  prove  is: 

.  (2)  aeNn  -^V  +  .  . .     6°  ^       »  ^         -  1)      [b  ¥^  I] 

The  expression  '6^  +  . ,  .  +  has  a  value,  for  any  value  of  V  in 
Nn,  which  may  be  d^cribied  by  saying  '"Start  with  6°  and  add  b\  6^, 
etc,  ending  with  b^"  So,  for  example,  -h  . .  .  -i-  6^'  is  equivalent 
to  '6^  +  b\  and  '6^  +  .  .  .  +  6®'  is  equivalent  to  '6^. 

Ignoring  for  a  moment  tJie  restriction  on  '6'  which  is  needed  for  the 
algebra  involving  'lib  -  1)',  this  th^rem  is  of  the  form: 

where  *Fc'  stands  in  place  of  the  sentence  -f  . . .  +  ft*'  -  (6^+  *  -  1)/ 
(6  -  D*.  The  proof  amounts  to  showing,  first,  that,  for  6  9^  1,  FO 
--that  is,  that 

(i)  '        6°  +  . . .  +  60  »  (d^o* '  -        -  1)      [6  ?*  1] 
and,  second,  that,  for  c€Nn,  Fc  — •  F(c  +  X)-that  is 

60  +  . .  .  +  t-^' {i*^*' -  l)/(6  -  1) — 

Statement  (i)  gives  our  proof  a  foundation  by  asserting  that  the  ferst 
nonnegative  integer,  0,  satisfies  the  sentence  Fa.  Statem^lt  (ii)  as- 
serts that,  for  QX^  number  ceNn,  if  ^  satisfies  Fa  then  so  does  the 
.next  number*,  c  -f  1  of  iVn,  If  we  can  justify  each  of  these  two  asser- 
tions we  Btte  justified- intuitively,  at  least -in  accepting  (2)  as  a 
theorem- ^  caii  now  give  a  proof  of  (2). 

.  (i)  Sinc^  by  defiilition,  6«  +  .  . ,  +  6«  -  6"  >=  1  and      ,  , 

(6»* '  -  l)/{6  -  1)  =  (&'  „-  imb  -  1)  =  (6  -  1)/C6  -  1)  «  I, 
for  6  f*  l„jt  follows  that  6«  +  ..',  +  6"  =  (6»*  *  -  l)/(6  -  1). 

(ii)  Sut>pose,  for  a  given  ceNn^  that  ! ! 
6°  +  . .  .  +     =  (fc*^*'  -        -  l)i 

Since      +  -f-  ft'* '  «  (6°  +  . ;  1  +  6')  +  6"^* '  itj  follows 

that  '  ^'    '  ' 
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fee  + 1  1  1  +  6c  + 1  .  4  _  5c  + 


(f-  1 


6'^'  •  6  -  1 
b  -  i 

ftic  +  1 1  +  1    _  J 

6  -  1  . 


In  short,  for  each  x, 


6-?  +  '  -  1 


ifxeNn  and  6»  +  .  .  .  +  6' 

6-1 

then  6°  +  .  .  ,  +  6'*  '  -  —  :; — -.  ' 

\    6  -  1  ■     ■      t  • 

By  (i)  and  (ii)  it  follows  1^  mathematical  induction  that 

\,  " 

'aeNn       6«  +  ,  ,  .  +  6«  =  (6»* '  -         -  1).      16  .i^  1]  . 

To  justify  formally  proofs  like  the  precedingt  as  well  as  other  proofs 
concerning  properti^  of  the  nonnegative  integers,  we  need 'three 
postulate  which  serve  to  characterize  Nn: 

C/Vnj)   OeNn  -  ' 

CiVn^)   (FO  and     [UciVn  and  Fx)  — *  FU  +  1)1) 

— •laciVn.^^Fol 

|f  you  were  to  try  to  tell  someoiie  what  the  nonnegative  integers  are 
you  might  start  by  telling  him  that  0  is  one  of  them  [{Nn\)]  that 

>    0  -h  1— or,  l--is  another^l  +  1-or,  2''-is  anoUier^  etc  liNn^)],  and 
that  you  will  get  all  of  them  by  cxintinuing  in  this  way  lOVn^)!* 
Note  that,  in  the  preceding  proof*  it  is  (Nn^)  which  is  referred  td 

^   -by  the  phrase -*by  mathematical  induction^         -  - 

Sometimes,  as  in  Elxercise  3  of  Part  B,  we  wish  to  prcve  theorems 
abqut  all  the  positive  integers,  1,  2, 3,  etc*  If  We  use  7^'  as  a  name  for 
the  set  of  all  positive  iht^ers  it  is  possible,  using  {Nn^)-(Nn^)  to 
justify  another  principle  likq  iNn^h  ' 

(Fl  and     [ix  c/^  and  Fx)  ^  F(x  +  1)])  — ^  [a  e/^       Faj  ,  ' 

^    We  shall  not  take  Ume  to  justify,  this  and  other  similar  principles^  of 

/mathematical  induction.  But  you  may  use  it  and  indicate  its  use  by 
writing  *by  ma^matical  induction', "  \ 
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*     For  example,  a  proof  for  Exercise  3  of  Pprt  B  would  run  as  foU^s: 

(i)  Sinc^  1  -h  .  .  .  -f  (2  •  1  ^  1)  =  1  and  P  ff=  1  it  follows 
that  1     .  .  .  -i-  (2  '  1     1)  =  1^  [This  is  Fl  where  Fa  is  the 

,  sentence  '1  +  .  .  .  -h  (2a  -  1)  =  d^.] 

(ii)  Suppose,  for  a  given  eel*,  that  1  4  .  .  .  +  (2c  -  1) 
-     Since  1  +  .  .  .  +  (2c  -  1)  +  [2(c  -h  1)  -  1] 

=^  [1  -h  .  .  :  +  (2c  -  1)]  +  (2c  -h  1)  it  follows  that 
1  -f  .  .  .  -h  I2(c  ^  1)  '  1]  =  c^  +  (2c  -f  1)  -  (c  4  1)^  In 
*         short,  for  each  ■  • 

,      ,  if  ;c€/*  and  1  +  .  .  .  -h  (2x  -  1)  = 

then  1  -h  .  .  .  +  mx  -h  1)  -  1]  -  (:c  -h  IF.  By  (i)  and*(ii)  . 
it  follows  by  mathematical  induction  that 

Q€l'  — *  1  +  .  .  .  +  (2a  ^  1)     a2.  ' 
3N 


♦Parte 

i.  Use  (Nn^)  and  iNn^)  to  show  that  Nn  is  closed  with  respect  to  addi- 
tion. [Hint:  Prove  that  beNn     ♦  a     6  €  Nn,  subject  to  the  restric- 
tions 'a  €  Nn\  In  other  words,  take  for  'Fb'  the  sentence 
•a     beNn  laeNn]\ 

2*  Prove:  feeATn  ^  2^*^  =  2°  •  2^  [aeNnl  [Hint:  Use  the  recursive 
definition  (1)  on  page  199.  In  part  (ii)  of  the  proof  yqa  will  need  the 
result  of  Exercise  1.]  ;     , . 

Later  in  the  course  we  shall  need  a  number  of  theorems  about  inte- 
gers and  we  shall  begin  by  proving  two  of  them  no>v.  Each  is  intuitive- 
ly rather  trivial,  but  it  is  not  trivial  that  they  follow  from  (Nn^)  -(Nn.J. 
The  proofs  will  give  you, further  examples  of  proof  by  mathematical 
induction.  The  first  theorem  says  that  each  number  in  iVn  is  non- 
negative:  — 

(3)  .         "  a€JVft  — i  0 

♦  1^  .second  says  that  there  is  50  nonnegative  integer  between  0  an4  1: 

(4)  aciVn  — [a  >  d  — ^a.^  1] 

In  proving  both  (3)  and  (4)  we  shall  need  to  use  a  lemma: 

...     a  -h  1  >  a 
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The  exercises  pf  Part  C  are  optional  since  we  are  not  concerned 
at  this  point  v/ith  students  mastering  the  construction  of  inductive 
proofs.    Here,  and  in  the  text  following  the  exercises  we  are  moj^tly 
concerned  with  understanding  iijductive  proofs.    Some  of  your  more 
capable  students  may  wish  to  attempt  these  exercises,  and  you  may 
wish  to  spend  a  small  amount  of  class  time  in  discussing  their  results. 

Answers  for  Part  C  *  - 

1.      (i).  Since  a  +  0  =  a  it  follows  that^,  for  a  in  Nn,  a  -f^  0  €  Nn. 


(ii) 


Suppose,  for  a  given  nxunber  c  €  Nn,  that  a^kc  €  Nn,  Since 
a  4-  (c  4-  1)  =  (a  +  c)         it  follows,  by  (Nn^^hat  a  +  (c  +  1)  €  Nn, 
By  (i)  and  (ii)  it  follows  by  mathematical  induction  that,  for 
a  €  Nn,  b  €  Nn         a  +  b  €  Nn» 

[The  form  of  the  conclusion  just  reached  is  suited  to  bring  out  the 
different  role s^played  by  *a*  and  *b'   in  the  proof,  Equivalently, 
and  more  naturally,  we  might  go  on  to  conclude  (by  importi^tion) 
that  if  a  c  Nn  and  b  €  Nn  then  a  +  b'  €  Nn.  ] 

(i)   2^"^^-  2^  =:  2^.1  -  2^.2^ 

(ii)   Suppose,  for  a  given  c  €  Nn,  that  2^^^  -  2^»2^.  Then 

^a+(c-hl)  ^  ^(a+cHi  .^^^  since,  for  a  ^Nn.*  a  +  c  €  Nn  lExertise 
1]  it  follows  that  =   2^^^.  2.    So,  since  2^"^^.=  Z^/Z"". 

^  ,         2^"^^''"^^>=  (E^-Z"^).  2  =  2^2^*2)  =  2^-2^^\    Hence,  for  each 
x€  Nn,  if  c  £Nn  and  Z^^^  =  2^.2^'then  2^+<*-^^)  .  Z^l^^^. 
(a  6  Nn].  . 

By  (i)  and  (ii)  it  follows  by  mathematical  induction  that,  for 

a  €  Nn,  b  €  Nn  =^  2^^^  =  2^  •  2^  [or,  •  equivalently,  if  a  €  Nn 

'   and  b  ^  Nn  then  2^^^  r  2^  *  - 

•     'I^orems  (3)  and  (4)  form  the  basis  for  some  important  theorems 
c^pcerning  integers  which  will  be  dealt  with      the  end  of  Chapter  15/  tt 
is'to  be  hoped  jthat  students  can  follow  the  proofs  given  here.  The 
irreducible  minimum  is  that  they  should  understand  tjie  theorems. 
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This  is  a  theorem  about  all  rea3  numbers  and  you  can  proVe  it  by  first 
proving  '1  >  0*.  [Hint:  Use  the  theorem  ^  i>  0  (a    OJ'^d  a  couple 
of  partsof  Postiriate5M 
.        ^        Proof  crfXS):  In  the  first  place,  since  0  =  0^  <)  ^  0.  Supped,  now  [for 
♦  ,*  a  given  number  b]  that  b  €Nn  ai«i  6  5  0,  Since  6  ^1  >  6  it  follows 

"  ^      that  6  +    >  0.  Hence,  for  each  x,  if  xeNri  and:^^  0  th^n y  +  1  >  0.  " 
'  *  Since,  also,  0  5  0  it  follows  by  mathematical  induction  that  if  d  i*  Nn  < 
then42  5  0,        .  ' 

Ppoof^  of  (4):  In  the  first  place,  since  0     0  it  follows  that  0  ^  if. 
— ♦<)  :^  0  and,  so,  that  0  >  0  — ^  0  >  1.  Suppose,  now,  that  beNn 
and  that  6  >  0       6  >  1.  Since  we  wish  to  iSfjpr  that  6  +  1,>  0 
'  6  +  1  3: 1,  we  shay  also  assume  that    +  1  >  0,  By  (3)  it  i6  suf- 

>    fident  to  consider  two  cases -that  in  which  6  >  0  and  that  jin  which 
6  *  8.  In  the  first  case  it  follows  from  one  of  our  assumptions  tiiat 
vfc  5  1  a^,  so,  that  6  +  1  5  1  -h  1>  1.  [Note  the  use  of  our  lemma  j 
So,  in  this  case,  if  6  -f  1  >  0  then  6  +  1  ^  1.  In  the  second  case 
6+l=»0-hl31  and,  so,  in  this  case  as  well,  if  6  -f  1  >  0  then 
Jb-^  1  >^  1.  Hence,  for  each  x,  if  xeNn  and  lx  >  0  — ♦a:  ^1]  then 
[x  -h.  1  ^>  0  — ♦    ^  1  >  1].  Since,  also,  0  >  0  — ►  0  >  1  it  follows 
\f  that  if  acJVn  then,  ifa'>  0,  a  5  1.  « 


C];iapter  Fifteen  • 
Mgles 

1  ....  ...  * 

15.01  introduction 

.    The  ^smd  'angle*  ia  used  in  mkny  ways.  In  this  chapter  we  shall  use 
the  following  definition:  ^ 
*  '< "  * 

Definition  15-1   An  angle  is  a, set  of  points  which  is 
the  union  of  two  noncbilinear  rays  with  the  ^ 
same  vertex. 


%     ^  •  Pig.  15-1  , 

0 

So,  for  example,  the  set  r  U  ^  pictured  in  Figure  15-1  is  an  angle.  The 
point  V  which  is  th^  cdmmon  vertex  of  the  rays  r  and  s  is  called  the 
vertex  of  r  U  s.  Each  of  the  two  half-lines  whose  verte^s  V  and  whose 
sense  i%  that  of  r  or  s  is  called  side  ofr  Us.  [To  justify  si^aking  of 
y^the  vertex  ofr  U  5  one  should  show  that  r  U  s  is  not  the  union  of  two 
other  rays  with  a'difierent  vertex.  This  is  easy  tO' prove  but,  since  it 
is  intuitively  obvious  we  shall  not  do  so,] 

When  vA  and  are  noncollinear  rays  it  is  convenient  to  use 
'jLAVB'  [read  this  as:  angle  A,  V,  B]  to  refer  tp  the  angled  U  VS*. 
Aa  in  the  case  of  'AAVB\  usb  of  ^e  symbol  %AVB'  is  justified  only 
when  we  have  proved -»or  are  assuming  — that  (4*  V,  B}  is  noncol- 
linear. Note  that  in  view  of  the  remark  at  the  end  of  the  pi-eceding 
paragraph,  /.DEF  =  if  and  only  if  .g  =  B  and  each  of  D  and  F 

belongslo  a  different  one  of  the  ^desEX  andB^,  pf  Z-ASC.'EEjiplain.] 
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According  to  the  notiori'^^of  angles  introduced  here,  an  angle  is  a  set 
of  points.    In  a  late^  chapter  we  shall  introduce  a  notion  of  sensed 
angles  according  to  which  a  sensed  angle  is  an  ordered  pair      rays  *- 
coliinear  or  not  —  with  the  same  vertex.    Both  these  kinds  of  fitngle  • 
have  their  uses.    The  word  •angle*  is  also  used  —  but  not  in  this  text  — 
where  we  would  use  'ncieaeure  of  [the]  asfgle*.  and  is  sometimefi  used  ^ 
•for  either  the  set  of  points  which  is  the  interior  —  in  our.  sense  —  of 
an  angle  or  for  fhe  set  of  all  rays  which  have  the  vertex  of  one  of  our 
angled  and  are  [except  for  their  vertex]  interior  to  it.    Each' of  these 
notions  has  its  own  advantages,  but  it  io  not  necessary  to  deal  with  all  . 
of  theni^  in  the  same  course.  f 

The  reason  for  requiring  that  the  rays  whose  union  is  an  angle  be 
noncollinear  is  to  make  it  possible  to  speak  iinambiguously  of  the  vertex 
^and  the  sides  of  an  angle.    A  union  of  two  coliinear  rays  with  the  same 
vertex  is  a  straight  line  and  any  point  of  the  line  has  an  equal  right  to  be 
called  a  vertex  of  stich  a  **^traight  angle'*. 

The  proof  tliat  an  angle  has  a  tmique  vertex  and  a  iinigue  pair  of  ^, 
sides  is  easy  once  one  has  shown  that  if  r  and  ft  are,nonbollinear  rays 
with  the  same  vertex  then  any  ray  t  C     ^  ft  is  a  subset  of  r  or  of  ft. 
To  see  this  note  that  since  a  ray  t  contains  more  than  twQ  points  then 
[If  t  ^  r  w  s]  it  must  be  the  case  either  that  at  least  two  points  of  t 
are  in  r  or  at  least  two  points  of  t  are  in  s.    It  follows  that  t  is  con* 
tained  either  in  tiie  line  containing  r  or  in 'the  line  containing  s«  -  In  the 
former  case  t  can  contain  no  poini;  of  s  other  than  the  common  vertex 
of  r  and  s.    [This  is  because  r  and  s  axe^noncolUnear.  ]  In  the  latter 
case  t  can  contain  po  point  of  r  other  than  the  common  vertex.    So,  in 
any  case,  t  C      or't  C  ft.  '  ^ 

To  show  that  an  angle  has  a  unique  vertex  and  a  unique  pair  of  * 
side^,  suppose  that  r  <^  m  =  t  wu  where  t  and  u,  like  r  and  9,  are 
noncollinear  rays  with  a' commoif  verted.    By  the  result  of  the  pre- 
ceding paragraph^  each  of  t  and  u  is  a  subset  of  one  of  the  rays  r 
and  8  and  each  of  r  and  s  is  a  subset  of  t  or  of  u.    Canvassing  the 
possibilities  for  equality,  one  easily  sees  that  either  u  -  r  and  t  =  s 
or  u  ^  8  and  t  =  r.  -        <  * 
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Each  angle  is  contained  in  a  unique  plane  [Why?]  The  plane  is  called 
the  plane  of  the  angle.  The  lines  containing  the  sides  of  an  angle  also 


i        .  Fig.  15-2 

contain  the  $ides  of' three  other  angles  which  have  the  same  vertex 
as  the  given  angle  and  are  contained  in  the  same  plane.  For  example, 
the  opposites  of  the  half-lines  which  ai;e  the  sides  of  a  given  angle  are 
the  sides  of  another  angle.  Two.  such  angles  are  called  vertical  angles. 
Either  may  be  described  as  being  the  other's  vertical  angle.  In  Figure 
15-2,  lAVB  and  LCVD  are  vertical  angles.  Name  two  other  vertical 
angles  in  Figure  15-2, 

When  two  angles  share  a  side,  and  their  other  sides  are  opposite 
halfrlines,  the  angles  are  called  adjacent  supplementary  angles.  Either 
may  be  described  as  Being  an  adjacent  supplement  of  the  other.  In 
Figure  15-2,  z^AVB  and  LCVB  are  adjacent  supplementary  angles. 
Does  lAVB  have  another  acUacent  supplement?  What  are  the  a^ja- 
ceiSii  supplements  of  Z.CVD7 

•    / ■  .     ■  ■  '  '  ■ 

Exercises  ^  ^ 

Part  A  • 

The  picture  at  the  rigJit  shows 
two  angles,  with  vertices  C  and 
whose  sides  intersect  at  points  A, 
B,  D,  and  E,  It  also  shows  a  num- 
ber of  other  angl^.  Since  the  figure 
'  shows  only  one  angle  with  vertex 
C  we  may,  in  discussing  this  fig- 
ur^t  refer  to  that  angle  as  *Z.C\  ^^IIP^ 

1.  Z.C  ^  /-BCE.  Use  the  figure  to  obtain  seven  other  three  letter 
names  for  Z.C.  ^  - . 

2.  Give  the  four  angl^  which  have  D  as  vertex.  Which  of  these  are 
vertical  angles?  Which  are  ia4iacent  supplethentary  angles? 

3<  Give  two  adjacent  supplementary  angles  neither  of  which  has  D 
as  its  vertex* 
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Answer  to  'Why?';  -Each  angle  is  contained  in  the  tinion  of  some  two 
»  intersecting  lines;  and  e^ch  two  intersecting  lines  Is  contained  in 
exactly  one  plan^. 

We  introduce  the  notion  of  adjacent  supplementary  "angles  at  this 
point  in  order  to  have  something  to  talk  about,    l^ter  in  this  chapter 
we  define  *4djacent  angles'  and  •supplementary  angles'  and  show  that 
what  we  are  here  calling  adjacent  supplementary  angles  are,  indeed, 
just  those  which  are  both  adjacent  and  supplementary*    [See  page  220.} 

4t 

Answers  to  questions;  Another  adjacent  e^pplejnent  of^AVB  is  /.DVA* 
The  adjacent  supplements  of  ^CVD  are  ZCVB  a-nd  ^CVA. - 

Parts  A  and  B  may  be  used  either  in  class  or  as  homework. 

Answers  "for  Part  A 

1,  ZBCD,  ZACD.  z:ACE.  ^ECA,  ^DCA,  IDCB,  ^ECB 

2,  ZCDP,  ZCDF,  ZBDE,  and  ZEDF  [Since  each  of  the  four  angles  has 
two  Ihree -letter  names,  there  are  other  correct  answers,  ]; 
(ZBDC,  ^EDF)  and  {^CDF,  ZBDE)  are  p?lirs  of  vertical  angles. ; 
(ZCDF^ZEDF),  (ZEDF,ZBDE),  (ZEDB/ZtDB),  and  (ZBDC, /CDF) 
are  pairs  of  adjacent  angles.  ' 

3,  ZFED  and  ZAED  (or:   ZCBD  and  ZABD] 
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'Any  angle  determines  two  regions  in  its  plane -7 the  interior  of 
the  angle  in  question  and  the  exterior  of  this  angle.  These, are  intro- 
duced ini 

Definition  15-2     ,      .   .  , 

(a)  C  is  interior  to  zJiVB  if  and  only  if  there  exist  points 
X<and  y  on      and  vW,  respectively,  such  that 

c  -  Y  =  (X  -  V)  +  (y  -  V). 

(b)  C  is  exterior  to  Z^VB  if  and  only  if  C  e  but 
belongs  neither  to  Z.AVB  nor  to  the  interior  of  I.AVB. 


■A 


Fig.  15-3 

PartB 

In  these  exercises  we  Shall  discuss  questions  oineeming  the  interi- 
•or  of      VB,  As  the  definition  suggests,  it  will  be  natural  to  use  posi- 
^  tion  vectors  with  r^pect  to  V,  We  shall  fol\ow  our  usual  convention 
in  such  cases: 

a^A  -  V,"6  =  fl  -  V,V=C  -  V,  .... 

i  ■  '  ■  '■ 

Recall  that  C  €  aPb  if  ani  only  if  there  are  nuinbers:^;;  and^'  such  that 
7=  c^:  +  lyy.  I  Explain.]  Show  each  of  the  fgUowing. 
1.  C  is  interior  to  lAVB  if  and  only  if  c*=      -f  66  wh^re  a  >  0  and 
:  6  >  0.  ■  _  :  ; 

'  2,  If  C  is  interior  to  aAVB  then  so  is  each  point  of  VC:  ^  

'  3,  Each  point  of  AB  is  interior  to  /LAVB.[Hint:  Recall  that AS  if 

%  '  and  only  if  p'^  c{l  r-  r) Tr,  where  0  <  r  <  1,1   

4.  If  both  C  and  D  are  interior  to  ^VB  then  so  is  each  point  of  CD. 
^    -       C  is  interior  to  ii^i^  Vs  if  fimd  only  if  45  intersects  V^JHin^:^ 

work  in  Exercises  2 ^nd  3  should  have  reiiiinded  you  th^it  there  is 
apoinf  of  AF  which  belongs  to  \^  if  and  only  i£^^ 
'  -s^y,  r  and  s-such  that  a(l  ^  r)  -^Tr  ^  cs,  0<  r  <  1,  and 
s  >  0,  Given  such  numbers  r  sffid  s,  show  how  to  find^numbers  o 
and  b  satisfying  the  condition  in  Exercise  1/  And,  given  such  num- 
bers a  and  6,  show/hdw  to  find  corresponding  tiumbers  r  and  $.] 


■1 

43a 


TC  208.(1) 

A  perhaps  more  fiuniliar  definition  of  'interior  of  /^AVB'  is  that 
C  is  interior  t9  i^AVB  if  it  is  on  the  same  side  of  VA^^s  is  B  and  is 
on  the  same  side  of  VB  as  is  A,    That  oup' definition  is  formally  equiva 
lent  to  this  will  follow  when,  later  in  this  chapter,  we  study  *'side8'* 
of  lines.    [See  Exercise  4  of  Part  C  on  page  2li,  ] 

AiisWerS  for  I^rt  B 

[Explanation:  =  {X:   3^3^  X  -  V  -  <A  -  V)x  +  (B  y)y} 

Note  that  we  are  essentially  introducing  cartesian  coordinates  in  A^. 
]Eixercise   1  points  out  that  the  Interior  of  ^AVB  consists  of  the  points 
which  are  in  the  "fir3t  quadrant"^  with  respect  to  this  coordinate 
system.  ]  *  ,  .  " 

1.  For  each  X  and  Y,  X  €  VA  and  Y  €  VB  if  and  only  if  there  exist 
I>ositive  numbers  x  and  y  such  that^X  '  V  =  (A  -  V)x  and 

*       Y  -  V  =  (B  -  V)y,    Comparing  >^ith  Definition  15*2(a)  and  intro- 
du^idg  the  notation  in  the  preamble  to  these  exercises,  we  see 
that  C  is  interior  to  ZAVB  if  and  only_if  ther^  are  positive 
numbers  '-^  say,  a  and  b  ^  such  that  c  ^  aa  +  Sb. 

2.  D€  VC  if  and  only  if  there  is  a  n^ber  —  say,  d  —  such  that 
d  >  0  and  D  -  V  ^  (C  -  V)d.    If  C  is  interior  to  MVB  then 
C  -  V  -  {A  -  V)a  +  {B  -  V)b  where  a  >  0  ai^d  b  >  0,    L^^i  this 
case,  D  -  V  =  (A  -  V)iad)  +  {B  -  V)(bd)  where,  since  a,  b,  and 
d  are  positive,  ad  >  0  and  bd  >  0.    So,  D  is  intCTtpr  to  MVB. 
Hence,  it  C  belongs  to  the  interior  of  ZAVB  then  VC  is  a  sub- 
set of  the  interior  of  ZAVB.  ' 


43!) 
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,   Agswefs  for  Part.B  [cent.] 
3.     ~    —  - 


4. 


5. 


P  €  AB  if  and  oaly  if  there  is  a  number  —  say,  r  —  such  that  ' 

0  <  r  <  1  and  P  =  A  +  (B  -  A)r.  'Since,  in  this  case,  and  only 
then,  P  -  V  =  <A  -  V)  ¥  [{B  -  V)  -  (A  -  V)]r  =  (A  -  V)(l  -  r) 

♦  (B  -  V)r  it  foUowB  that  P  e  AB  if  and  only  if  p  =  a{l  -  r)  +  Sr, 
where  0  <  r  <  1.  Alji  that  remains  to  showing  that  AB  is  con- 
tained in  the  interior  of  ZAVB  is  to  ijote'that,  for  0  ^  r  <  1, 

1  -  r  >  0  and  r  >  0.    Then,  apply  Exercise  1.. 

If  C  and-  D  are  both  interior  to  ZAVB,  then  there  exist  positive 
numbers  « J,  c^,  d^,  and  dg  such  that  c  =  ac^  +  Sc^  and 
3  =  adj^+  Sdg.    Let  P  €  CD.    Then  p  =  c{l  -  r)  +  3r,  where 
0«<  r  <   1.    But  ?n  -  r)  +  3r  =  t[c^{l  -  r)  +  d,r]  +  %[c^{l  -  r) 
+  d^r].    Since  the  eoefficiehts  oi'l  and  S  are  posi^ve,  it  folio w« 
that  P  is  interior  to  ^fAVB.    [The  i-esult  just  obtained  may  be 
reformulatejl.  as  'The  interior  of  ZAVB  is  a  convfex  set  of  points. ' 
Our  definition  of  'convex'  |a  connection  with  quadrilaterals 
(intersecting  diagonals)  is  framed  in  such  a  wi|y  that  4  quadrilateral 
is  convex  if  and  only  if  its  "interior"  —  a  word  we  hava  not  defined 
in  connection  with  quadi-iUiterals  —  is  a  convex  set.  ]  ' 
Suppose  that  C  i«  interior  to  MVB.    fhea  there  are  positive^ 
numbers  a  and  b  such  that  c  =  aa  +  Sb.    Let  p  =  ?/U  +  b).  Th^ 
P  €  VC  and  siiice  p  =  af*/<*  +  ^^V^  ^lWis>-  +  b)],  P  €  AB.  [Let 
r  =  b/(a  +  b).  ]  Conversely,  suppose  that  5S  intersects  VC.  Let 
P  £  AB  r\  VC.    Then  there  are  positive  nuijftbers  c  and  r,  r  <  1, 
such  that  p  =  a{l  -  r)  P  =  cq.    Therefore,  c  =  a{{l  -  r)/c) 

+  .S(r/c).    Since  the  eoe^i^nts  of  a  and  S  are  positive,  it  follows 
that  C  is  interior  to  ZAVB.  V  ^ 
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(i) 
(ii) 
(iii) 


5ug^e:8tiQnfi  for  use  of  the  exerci's&s  of  section  15.  02t 


 — —   •-^-^ -  -^i—w^  «  W  K »W 

Bart*  A  and  B  ma,y  be  used  as  homework. 
Parts  C  and  D  should  he  teacher  directed, 
P^rt  E  may  be  used  ^'homework. 


^6-02  Sicte«of  Lines,  and  A4iacent  Angles  209 

The  results  of  the  preceding  exercises  are  convenienU y  summarized 
in  two  theorems: 

Theorem  15-1   Each  segment  whose  endpoints  are    '  . 
interior  to  an  angle  is  a  subset  of  the  interior  of 
that  angle. 
Theorem  15-2 

(a)  Each  point  of  Afi"  is  interior  to  Z^VB.  ^ 

(b)  If  C  is  interior  to  /JiVB  then  so  is  each 
'  point  of  ■  ' 

(c)  C  is  interior  to  /LAVB  if  and  only  if  AB 
intersects  F?. 

[Note  that  in  part  (c),  since  {A,  V,  B}  is  noncollinear,  AS  n  VC^  con- 
sists of  a  single  point.]  Theorem  15-2  has  the  following  corollary: 

Corollary  Jf^in  AAfiC,  D  €  BC  and  £  €  CA  then 
AD  an^BE  intersect. 


Pig.  15-4 


15.02  Sides  of  Unas,  and  Adjacent  Arigres 

Theorem  15-2(c)  sugges£s  investigating  what  ban  happen  if  AFin- 
tersects  the  line  W.  The  first  two  pictures  in  Figure  15-5  show?  what 


Pig*  15-6 

may  happen  if  {A,  V,B}is  noncollinear.  The  third  iUusteates  the  case 
in  which  {A,  V,  ^}  is  coilinear.  This  third  case  should  be  fkmiliar;  how 
would  you  describe  ^AVC  and  Z^FC?  In  all  three  cases  ^VC  and 
jLBVC  are  called  adjacent  angles. 


440 


210       ANGLES         >  ^ 

Before  eiving  a  formal  definition  of 'a^acent  angles'  it  is  worthwhile 
to^S  fbout  the  ^gles  for  a n»ment  and  considermamly  the  ^.^^^^ 
A  id  B  and  the  line  t^.  It  seems  intuitively  reasonable  to  mterpret 
le^afrat  AB  inte^ecta  t^by  saying  that  A  and  B  a.,  or.  oppo.,« 
of  m  More  generally,  given  line  /,  if  P  and  Q  are  pomU 
wWd.  are  not  on  /,  but  which  belong  to  a  plan<.,r  contaimng  i,  we  shall 
t^^P  andQ  ;reonopp»site  sides  off  if  andoily  ifPQ  interseds/- 


Fig.  15-6 

And,  we  Bhail  say  that  such  points  P  and  Q  ^  on  the  .ame  side  of  I  if 
and  onlv  if  M  does  not  intersect  I.  Note  that  two  points  may  be  nei- 
^iont^e^me  side  of  /  nor  on  opposite  sides  of/.  For  e^thet  to  be 

c^  it  is  necessary  that  bath  points  belong  to 
contains  /  and  that  neither  point  belongs  to  I.  We  shall  adopt.  , 

Definition  15-3  '    ,  '  j    i  ;f  - 

(a)  P  and  Q  are  on  opposite  sides  of  /jf  and  only  n 
■   r        neither  P  nor  Q  belongs      but^  n  j  #  0v 

(b)  P  and  Q  are  on  the  same  side  of  I  if  and  only  il  r 
'    and  Q  are  [together]  eoplanar  with  /  but 

1  .     PQ  n  I  =  0.  -• 

As  a  fairly  immediate  consequence  of  this  definition  we  have: 

Theorem  15-3  Iffi.l,P^ andQ^^thenP 
and  Q  are  on  the  same  side  of  /  if  and  only  il 
Q  e^,  and  are  on  opposite  sides  of Jif  and 

1    only  ifQ  belongs  to  the  opposite  of 
We  can  now  define 'acijacent  angles'; 

Defimtion  15-4  Two  angles  are  aOjacent  if  and  only 
if  they  have  a  common  side  and  their  other  sides 
areWn  opposite  sid^  of  the  line  containing  their 

I  a)inpon  side.  .  - 

\  ■  ■  ■ 

And,  we  have:\  i 

II  Theore^  i^-^  ^^^0  and  /-BVC  are  adjacent  if  and 
I     only  if  AB  intersects  1^.. 


16.02   Sides  of  lin^s,  and  Adjacent  Aii«lea 
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Exercisea 

J 
Part  A 

1. 


Suppose  that  I  C  rr  and  that  A,  B,  and  C  ^  noncollinear  points  ^ 
of  ir  such  that  both  A  and  B,  and  A  and  C,  are  on  opposite  sides  of 

(a)  Draw  a  picture  for  these  conditions^ 

(b)  ^  Show  that  there  is  a  point  ip  /  n  AB  .  Is  there  more  than  one 

such  point?  '   

(c)  Is  there  a  point  in  Tn  AC?  In  /  n  AC?  Explain.  , 
•  id)  Is  there  a  point  in  /  n  BC?  In  I  H  BC?  Explain; 

2.  GivenI  g  ^an^noncollinear  points  A,  B,  and  C  of  ^.  none  of  which 
belongs  to  /.  In  each  of  the  following,  draw-a  picture  for  the  condi- 
tions given  and  answer  thequestion^  . 

(a)  Assume  that  neither  AB  nor  BC  intersects  /.  Are  A  and  C  on 
the  same  side  or  on  opposite  sidM  of  f? 

(b)  Assume  thatABintersects^  and  that  BC  does  not  intersect /. 
Are  A  and  C  on  the  same  side  or  on  opposite  sides  ot  U 

In  ^  of  the  following,  you  are  given  pictures  of  coplanar  rays 
withJiommon  vertex.  In  each  case,  give  at  least  one  pair  of  a^ja- 
,68  with  that  vertex,  and  at  least  one  pair  of  angles  witn 
!X  which  are  not  a«^acent  ► 
(b) 


A  . 


ParfcB 


(c) 


(d) 


Parte 


Prove  each  of  tiie  following. 

1.  The  corollary  to  Theorem  15-2 

2.  Theorem  15-3 

3.  Theorem  15-4 


It  will  be  to  our  advantage  to  obtain  an  algebraic  critenon  for  de- 
termining when  two  points  are  on  the  sam6  or  opposite  sides  of  a 
Sven  line.  We  shall  obtain  one  such  criteri^  by  re-examining  ^e 
Stuation  discussed  in  Part  B^f^a^e  208.  There-we  dealt  with  an 


TC211  (1) 


Angyera  for  F^rt  A 
1/  (a) 


(b) 
(c) 


2.  (a) 


By  Definition  1  5,.,^Mr^  o  i  ^  0/  Since  A  fi' i,  Xb  9^  j!. 
Sgu  i  r>  AB  consists  of  a  single  point. 

Yes,  i      AG  9fe  0  by  Definition  15 -3(a).;  t  rsT^      0,  since 

AC.C  AC.  *       ♦  , 

No. ;  No.    B  and  C  are  on  the  same  side  of  i,  so  I  ^  BC  =  0. 

i  BC  =  0  because  BC  S  S2.  [It  is  intuitively  dbviou«  that, 
when  A  and  B  are  on  opposite  sides  of  i  and  A  and  C  are  on 
opposite  sides  of  B  and  C  are  on  the  same  side  of  i.  This, 
and  siiiiilar  theorem^  pointed  out  in  ^Ixercise  2  can  be  proved 
on  the  basis  of  our  postulates^ and  definitions, 
however^  take  up  these  proofs,  ]  4  , 

same  side 

Ahc  


We  shall  not. 


(b)    opposite  sides 


3,     (a),  ^APB  and  ZBPC  are  adjacent;   ZAPC  and  ZBPC  are  not. 

(b)    ZDPC  and  /CPA  are  adjacent;  /DPB  and  ZCPB  are  not. 

(cl  ZCPB  and  ZBPD  are  adjacent;   ZCPA  and  ZBPD*^are  not, 

(d)    ZDPB  and  ZBPC  are  adjacent;   ZCPD  and  ZBPA  are  not. 

[There  is  more  than  one  choice  for  most  of  the  preceding 
ansyvers.  ] 
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Answers  for  Part  B  ^ 

1.     E  is  interior  to  ZABC;  sinqe  E  £  CA,    Since  ZABC  =' ZABD,  it 
follows  that  Aji  inf^rJ^^i^si^^T  15-2(c)],    Similarly,  D 

is  interior  to  ZBAC  since  O^^^A    Sinpe  ZBAC  =  ZBAE,  it 
follows  that  A$  intersects  BE.    Since  XB  and  BE  are  different 
'  iaterseqting.lines,  they  intersect  at  only  one  point,  so  that  point 
must  be  in  AD  rs  BE. 

^.     Suppose  that  R  €  i..  P    i.  and  Q  €  RP.  so 'that  i,  P.  and  Q^  are 

c^oplanar,  and  RP      |  :=  {r}.    Then,  Q  belongs  to  the  opposite  of 

RP  if  and  only  if  R  6  QP  —  that  is,Mf  and  only  if  QP  intersects  i. 

So,  Q  €  -RP  if  and  only  if  P  and  Q  are  on  opposite  iides  of  i. 

Q  belongs  to  RP  if  and  only  if .  R  ^ QP  and  Q  ^  R  —  that  Is,  since 

'  P  f^rlf  and  only  if  PQ  ^  i  =  0.    Hence.  Q  €  RP  if  and  only  if  P 

atid  .Q  are  on  the  same  side  of  I, 
#         '  st 
3.  '  Supi^se  that  ZAVC  and  ZBVC  are  adjacent.    Since  their  common 

sid4  is  VC,  their  other  sides  are  on  opposite  sides  of  VC.    In  . 

^particulate,  A  and  B  are  on  opposite  sides  of  VC,  so  that  Xb 

intersects  VC.    Conversely,  suppose  that  AB  intersects  VC 

that  is,  suppose  that  A  and  B  are  on  opposite  sides  of  VC.  It 

follows'by  Theorem  15-3  that  all  points  of  VA  are  on  the  same 

side  of  VC  as  is  A  and  all  points  of  vS  are  on  the  same  side  of 

VC  as  is  B,    So,  VA  and  VB  ape  on  opposite  sides  of  VC  —  that 

is,  ZAVC  and  ZBVC  are  adjacent. 

The  results  obtained  in  Exercises  I  -  3  of  Part  C  are  intuitively 
reasonable.    Thinking  of  the  coordinate  system  based  on  V  and  [a,  S], 
Exercise^  1  and  2  say  that  C  is  on  the  opposite  side  of  VA  from  B 
if  and  only  if  its  S^coordinatc  is  negative.    Exercise  3  says  that  C  is 
on  the  sarnft  side  of  VA  with  B  if  and  only  if  its  S-coordinate  is  positive. 
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angle,  lAVB,  and, discovered  "a  means  for  telling  whether  or  not  a 
point  C  is  interior  to  this  aS^le.  Recall  ih^t  a.~b,  andcJdre  the  position 
vectors  of  A/B,  and  C  with  ^respect  tto  V.  Sh^w^g^of  the  following. 

1.  If  J3  and  C  are  on  ojipositfi  sides  of       then  c  =  aa  +  bb,  where 
b  <  0.  [Hint:  As  in  Exercise  5  on  page  208,  there  is  a  point  common 
to  SC  and       if  and  onl^  i|"  there.are  nuihbers  -  say,  r  and  s  -  such 
:that^=  Ml  -  r)  +  CT-  and  0  <  r  <  1.] 

2.  If  7=  qa  +  6b  with  b  <0  then  B  and  G  are  on  op-posite  sides  of 
^.'[HintuGivea  a  and  given  b  <  0,  find  numbers  r  and  s  such  that 

,        =  Ml  -  r)  +  cr  ^d  0  <  r  <  1.}  '  '      _  _^ 

3.  S  and  i::  are  on  th^  same  side  of       if  and  only  if  c  =  aa  +  bb 
where  6  >  0.  IHmi:  See  Definition  15-3.1 

4.  C  is  interior  to  ^AVB  if  and  only  if  B  and  C  are  on  the  same  side 
of4^  and  A  and  C  are  on  the  same  side  of  V2f.  p. 


Partp 


f 


Continuing  witfi  the  situation  dealt  with  in  Part  C,  let  a  be  the  linit 
vector  in  the  sense  of  VA,  Assume  that  c  -  aa  ^  bb. 


h  Show  that  c*=^  uu  4  Tfc^  where  (^=^al0|. 

2.  Show  that  c*'-^  "iTcT-  H)^  (b  -  u(b  -  'i^)]b.\Hint:  Use  Exercise  1 
^  "      to  compute  'q^  ^  ] 

jMljl^    3.  Conclude  thatB  and  C  ^  onthe  same  or  ojpposjtesid^  of  VA  ac- 
7*^'      cording  as  the  N^ctors*"? '  u)  and  7-  li  ic  •  u)  have  the 
same  or  opposite  sense. 
4.  Give  geometrical  interpretations  of  the  vectors  referred  to  mExer- 
^   '  cise3>  [Hint:  How  might  you  describe  thepointB  -  jb  -  uib  -  u)] 

with  reference  to  B  arid  V^?] 
*         5.  Compute  the  norms  of  the  vectors  referred  to  in  Exercise  3. 

6.  Use  the  results  of  Exercises  2.  3,  and  5  U>  calculate  the  value  of '6' 
in  case  B  and  C  are  on  the  sanje  side  of       In  case  B  and  C  are  on 
p  /  "opposite  sides  of 

*  7.  Show  that  C  is  interior  to  ^AVB  if  and  only  if    and  C  are  qn  the 

•      ,  same  &}de  of      and       .  " 


•  .'Jm-ib  ■  uY 


[Hint:  By  Exercise  2,  c=  'u[(c  ■  u)  -  (b  ■  lOiJ  +  ^6.  Now,  use  the 
result  of  Exercise  6.] 
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Answer.s  for  Part  C  ^  ,  .  *  . 

[As  indicated  in  the  preamble,  we  are  dealing  with  ZAVB 

particular,  A  ^  V  and  B  ^VA.  with"  c  =  aa  +  Sb,  C  C  VA  if  and 

only  if  b  =  0,    Note,  for  future  applications,  that  A  4  V  and  B  / VA 

if  and  only  if  j{a,  B)  is  linearly  independent.  ] 

1.     Suppose  that  B  and  C  are  on  opposite  sides  of  VA,  ,  Let 
PC  O  VA  =  .{?)•    Then  p  =  as  for  some  s   >  0,  and. 
p  =  S(I  -  r)     c r,  where  0  <   r  <    l.v  Therefore,  as  -  S(l  t 
•f  cr  —  that  is,  c  -  a(s/r)  +  S[(r  -  i)/r].    Since  0  <   r  <  1, 
(r  -  i)/r  <  0.       .  ^ 

2«     Suppose  that  c  =  aa     Sb,  whefe  b  <   0,  ^ince,  by  the  preamble 
to  these-exerciseS)  (a,  S)  is  linearly  independent,  it  follows  that 
B  ^VA  and,  since  b  9^  Q,  that  C  ?^VAv   So,  to  show  that  B  and  C 
are  on  opposite  sides  of  VA  it  is  sufficient  to  find  a  point  P  which 
belongs  to  BC  ^  VA.    This  amounts  to  finding  num]>ers  s  and  r,  * 
with  0  <   r  <   I,  such  that  as  ^  S(l  -  r)  +  cr*    It  follows  from  our 
assumption  concerning  c  that  aa  =  c  +  S»  -b  ant^  since  1  -  b  ^  0^ 
that  a[a/U  -  b)J  =  b^     5[-b/(l  -  b)].    Taking  r  =  /(I  -  b), 

it  follows  that  I  'I  ^  -by(l  -  b)  >  0.  ' 

3.  By  Definition  i5;^3,   B  and  C  are  on  the  same  side  of         if  and 
ojjly  if  they  are  coplanir  with  VA,  neithe  r^belongs  to  VA,  and  they 
are  not  on  opposite  sides  of  VA»    Since,  by  a^s sumption  in  these 
exercises,  B  ^VA,  it  follows  that  B  and  C  9,re  on  the  sam^  side 
of  VA  if  and  only  if  c  -  aa  +  Sb,  where  b  i^  0  [to  make  sure  that 
C  ^VA]  and,  by  Exercises  I  and  2,  b  ^  «0  [to  make  sure  that  C 
and  B  are  not  on  opposite  sides  of  VA],    He^ce,  B  and  C  are  on 
the  same  side  of  VA  if  and  only  if  c  =  aa  i  Sb  with  b  >  0. 

4.  B  a,nd  C  are  on  the  same  side  of  VA  if  and  only  if  c  =  aa  +  ^b, 
where  ib   >  0,    Similarly,  A  and  C  are  on  the  same  side  of  VB 
if  and  only  if  c  ^  aa  4  Sb,  where  a  >  0,    [The  taeit  afsiMuption, 
in  application  of  Exercise  3  is  that  {A,  V,  B}  is  noncollinear 
Compare,  now,  with  Exercise  i^of.Part  B  on  page  E08, 
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Answers  for  Bart  D 

—  


1. 

2. 


3* 


a/|{a{j  and,  so,  aa  =  u(a  jfa  j| ). 
By  Exercise  1,  c»u  =  (uu  +  Sb)*u  -  w  +  (S-ulb.    So,  c 
=  c  -  u{u  +  (S«i5lb3  =  (c  -'uu)  -  u(S-u)b  =  Sb  -  u(S«u)b 
=  tS  -u(S.u)]b. 

By  P^rt  C,  since      ~  ^a  ^  Sb,  B  and  C  are  on  the  same  side  or 
on  opposite  sides  of  VA  accordin^as^  b  >  0  or  b  <  0.  By 
Exercise  Z,  S  -  2<S»u)  and  c  ^  u(c  •  u)  have  the  same  sense  or 
opposite  senses  according  as  b  >  0  or  b  <  0,    [Note  that  this 
criterion  for  points  to  be  on  the  Same  side  or  on  opposite  sides 
of  a  line  is  entirely  analogous  to  the  criterion  given  in  Theorem 
14-17  for  points  to  be  on  the  same  side  or  on  opposite  sides  ofa 
plane.  ] 

The  point  B  -  [S  -  u(S-u)]  is  the  foot,  F,  of  the  perpendicular  from 
B  to  VX .    So,  S  -  u(S«u)  is  the  translation  from  F  to  B,  Simi- 
lar!^, c  -  u(c-u)  is  the  translation  from  G  to  C,  where  G  is  the 
foot  of  the  perpendicular  from  C  to  According  to^Exercise  3, 

B  and  C  ar*  on  thfi  same  side  of  vA  if  and  only  if  these  transla- 
tions have  the  same  sense.  B 


/  F 

G  A 

c  ^vl  , 

c-l (c  u> 
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8.  Let  i;  and  w  be  the  unit  vectors  in  the  senses  of  £  -  V  and  C  -  V, 
and  suppose  that  C  i  VX.  Show  that 


(a)  C  is  interior  to  ZA  VB  if  and  only  if  B  and  C  are  on  the  same 

W  '  U         _  V  *  u 


side  of  yA  and 


(b)  C  €      if  and  only  if  S  and  C  are  on  the  same  side  of  VX  and 


w  '  u 


u 


[Hint:.  For  part  (a),  note  that  •  (7-  u>  =-  |jc|tl  -  {w-  Tp]. 
Then  use  Exerci$a  7.  For  part  (b)  note  that,  by  the  hint  for  Exer- 
cise 7,  7c  [^^  if  and  only, if  7-  7=  (b  •  where  6  >  0.  Then 
proceed  as  in  part  (a).] 


[Note  that  the  sense  of  each  of  these  translations* is  a  subset 
of  [VA]^  and  that' each  sense  wl^ich  is  a  subset  of  this  bidirection 
••determines**  a  side  of  VA.  ] 

6*     From  Exercise  2,   jbj  is  the  ratio  of  the  norms  computed  in 

Exercise  5.    By  Exercise  3,  b  ^yjjcti^  -       u)^/n/ j  |S  1 1  2  -  {S .  u)^ 
in'case  B  and  C  are  on  the  same  side  of  VA  and  b  has  the  oppo- 
site value  incase  B  and  C  are»on  oppo^te  sides  of  VA. 
7.     With  c  -  aa  +  Sb,  C  is  interior  to  ZAVB  if  and  only  if  a  >  0 
^and  b.  >  0.    Now,  b  >  0  if  and  only  if  B  and  C  are  oii  the  same 

 __side  of  VA  and^  by  Exercise  6,  this  is  the  case  if  and  only  if 

b  -  -  -  {S.u)e.    By  tKe'.hint  it  follows  that 


* 

In  Exercise  3  of  Part  C  you  showed  that,  given  a  line  /,  a  pdint  V\€l, 
and  a  point  B  ^  l,B  and  C  are  on  the  same  side  of  /  if  and  only  if  C  -  V 
is  the  sum  of  a  vector  in  the  direction  of  I  'and  a  v^rtor  in  the  sense  of 


'Fig.  15-7 


with  this 


lue  for  'b\  a  >  0  if  and  only  U    ^.^  >  ^'U'v/Hcilg  ■  (c 'u)^ 
.  TC  213  , 
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(a)  By  the  hint,  '^\]c\\^  -•{?.tt}g  =  -(w.^P  and 

.     .  -'(S.SF  *   U^l^/i  -  (v'S)2.  .Since  w  =  t/\\c]\  and 

v  ?  S/J|Sj|,  the  desired  Result  is  readily  obtained  from 
£xercrse  7,  .  ' 

(b)  {The  hint  tells  all.  ]   .  ^ 


fi  7.  In  Exercises  3  and  4  of  Part  P  you  showed  that^if  S  4 1,  andF 
and  G  are  the  feet  of  the  perpendicular  from  B  and  C  to  /,  then  B  and 
C  are  on  the  same  side  of  /  if  and  only  if  S  -  F  and  C  -  G  have  the 
same  sense. 


In  the  following  exerd^es  you  will  see  how  to  simplify  th^  results 
obtained  in  Exercise  8.  This  will  lead  to  9  new  interpretation  of  dot 
products  of  unit  vectore  which  will  be  of  fundamental  i^nportance  in 
all  our  later  work. 


4io  ■■' 
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PartE 

Consider  the  function  /  which  is  defined  for  all  x  such  that 
-1  <  «  <  1  by  : 

'  ■  ■ 

'        ,  .     ftx)  =  .   

1.  (a)  Compute  the  value  of /"  at  i  and  at  i  Which  value  is  greater? 
(b)  Suppose  that  a  and  6  are  two  arguments  of /"such  that  a  >  b. 

Make  a  coEgecture  concerning  fia)  and  f(b)._  ^  

2.  Suppose  that  1  >  a  >  fc  >:  0.  Show  that  oVl        >  faV^l  - 
[Hint:  You  have  handled  problems  like  this  in  Exercise  8  on 
page  8.]  , 

a  It  follows  from  Exercise  2  that  if  a  and  b  are  arguments  of  f 
such  that  a  >  6  >  0  then  /"(a)  >  fib).  [Explain.]  Suppose,  now, 
that  o  and  6  are  arguments  of  f  such  that  0  i  a  >  6.  What  can 
you  conclude  about  fia)  and  fib)?  [Hint:  If0^a>6>-1  then 
1  >  -6  >  -a  >  0,] 

4.  You  have  shown  that  in  two  of  three  cas^  in  which  o  >  6, 
fia)  >  fib).  What  is  the  thixd  cade?  Is  fia)  >  fib)  in  this  case 
also? 

5.  Show  that,  for  any  ailments  a  and  b  of  f,  if  fia)  >  fib)  then  a  ■>  ^, 
Iflint:  Prove  the  contrapositive.]  -         .  .  j 

We  can  now  use  the  results  obtained  in  Part  E  to  simplify  those  in 
Exercise  8  of  Part  D.  These  results  are  concerned  with  a  line  ^nd 
points  B  and  C  which  belong  to  a  |>lane  rontaining  this  line  but  do  not 
belong  to  the  line.  The  vectors  u,  u,  and  u;  are  unit  vectors  in  the  senses 
of  A  -  V,  B  -  V,  and  C  -  F.  From  Exercise  8(a)  and  your  work  in 
Part  E  it  follows  that 

(1)  C  is  interior  to  ^  VJ3  if  and  only^f  B_and  C  are  on 
the  same  side  of      and  w  >  u  >  v  '  u 

and,  similarly,  that  ' 

(2)  B  is  interior  to  Z-AVC  if  and  only  if  B  and  C  are  on  ' 
the  same  side  of  1^  and     •  u<l'  u.  [Explain.] 

From  Exerci.se  8(b)  and  your  work  in        E  it  follows  th!^t 

J3)   zCilVC  =  zl>lVB  if  and  only  jf  B^djC  are 
4[jn   on  the  same  side  of      and  w  ■  lt  =  v  -  u.  ^■ 
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Answers  for  Part  E 

iV   (a)    f|l/2)  =  l/^/3,    f{l/3)  =  ^7^/§l-T^^^  ^ 

^    (b)   f(a)  >  f(b)  .  I 

2.  Suppose  that  1  >  a  >  b  ^  0.    It  follows  that        >  b^  and  that 

0  <   1  -  a^  <   1  -  b^.    So,  sjl  -        <  s/l  -  b^^^and,  since  b  <  a, 
bN/1  -  a2  <  as/1  -  b^, 

3.  [If  a  and  b  are  arguments  of  f  «uch  that  a  >  b  ^  0  then 

1  >  a  >  b  ^  0.    By  Exercise  2,  ifl   >a>b^30  then 
a/s/I  -        >  b/Vl  -  b2  and,  »o,  f(a)  >  £(b).  ]  Suppose  that  if  a 
and  b  are  arguments  of  f  such  that  0  >  a  >  b  'then  0  ^  a  >  b  >  - 
and,  so,  1   >  -b  >  -a  ^  0.    So,  by  Exercise  2,  ras/1  -  (-b^ 

<   -bVl  -  (-a)2  and,  hence,  bVl  -  a^  <  aVl  -  b^.    As  in  the 
preceding  bracketed  explanation  it  follows  that  f{a)  >  f(b). 

4.  The  third  case  is  that  in  which  a  >  0  >  b*    In  this  caee,-^ 
.  .f{a)  >  0  >  f{b). 

5.  We  have  seen  that,  for  any  arguments  a  and  b  of  f,  if  a  >  b  then 
f|a)  >  f(b).    It  follows  that  if  f(a)  ;^  f(b)  then  a  ;^  b  —  that  is,  if  * 
fia)  <  fib)  then  a  ^  b.    So,  interchanging  'a'  and  'b*  it  follows 
that  if  f{a)  >  f{b)  then  a  ^  b.    [Note  that  if  f(a)  >  f{b)  then 

fU)  >  f(b).  ]  Hqwever,  if  a  ^  b  then  f{a)  =  f(b)  and,  so, 
f(a)  ^  f(b).    Hence,  if  f^a)  ^  >  f{b)  then  a  >  b, 

[Note  that  we  now  know  that,  for  any  arguments  a  and  b  of  f, 
f(a)  >  f{b)  if  and  only  if  a  >  b.  ] 

Results  (1)  and  {Sf  follow  from  (a)  and  (b)  of  Exercise  8  of 
Part  D  by  virtue  of  the  r^it^lts  of  Part  E.    (See  the  immediately  pre- 
ceding bracketed  remark.]  The  result  U)  is  mejely  a  restatement  of 
{1)  obtained  by  interchanging         and  'C\  and  W  and  'w'. 

Theorem  15-5  follows  from  (l)  -  (3) J^etause,*  in  any  case,  w-u 
is  greater  than,  equal  to,  or  less  than  v*u. 
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Explanation  called  for  in  the  text ;^ Theorem  IS -^5  follow^  directly  from 

-  (3)  and  the  fact  that^  for  the^numbejs^w  -Xj  jind  v  -u,  ^t  must  be  the 
case  that  either  w*u  >  v«u  or  w^^u  =  v*u  or  w*u  *i  v*^.  — 

In  case  B  and  C  are  on  the  same  side  of  VA  it  is  natural  to  say 
that  ZAVC  is  smaller  than  lAVB  if  and  only  if  C  is  interior  to  Z^VB. 
By\(l>  on  page  214,  the  latter  is  the  case  if  an«J  only  if  w 'u  is 
greater  than  v»u.     So,  w«u  appears  to  give  information  as  to  the 
size  of  MVC.    The  greate;r  the  number  w-u  is,  the  smaller  is  ZAVC, 
[It  is  also  almost  obv^us  that  congruent  angles  —  which  should  be  con- 
sidered as  having  the  same  si^RQ       have  the  same  cosine.  ] 
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One  consequence  of  (l)-(3)  w^ph  is  worth  recording  is: 


Theorem  15-5  If  B  and  C  are  on  the  same  side  of 
PI  then  either  C  is  interior  |q  /.AVB,  or  C  €  VS, 
or  B  is  in^iibr  to  lAVC. 


[Explain,] 

1 5.03  Cosilnes  cf  Angles 

'fhe  results  of  {l)-(3)  also  suggest  tKat  the  dot  product  lof  unit  vec- 
tors in  the  semises  of  the  sides  of  an  angle^can  be  used  to  give  us  an 
ide^  of  the  ^'size*'  of  the  angle.  [Explain,]  So,  it  may  well  be  worthwhile 
to  introduce  a  word  to  use  in  referring  to  such  dot  products.  The  usual 
word  is  cosine^  which  we  introduce  in:  ^ 

Definition  15-S  The  cosine  of  an  angle  is  thejdot 
product  of  the  unit  vectors  in  the  senses  of  the 
sides  of  the  angle. 

What  is  the  cosine  of  an  angle  whose  sid^  -are  contained  in  per- 
pendicular lines?  What  can  you  say  about  any  angle  whose  cosine  is  0? 
What  theorem  tells  you  that  the  absolute  value  of  the  cosine  of  ^any 
angle  is  less  than  1? 

It  is  distomary  to  abbreviate  the  phrase  'the  cosine  of  to  *cps\  So, 
for  example:  ^ 


TheoremJ5-"6  cos  /.ABC  -  (a^  'h)/(M\  S),. 
where  a  =  A  -  C  and  6  =  B  -  C,  . 


Part  A  / 

earli 
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By  an  eailier  definition,  ^=  comp^U^,  for  any  unit  vectors  u 
and  7!!  So,  cos  lACB  ==  comp^  (y),  where  u  and  c;  are  the  unit  vectors 
in  the  senses  of  i4  •  C  and  B  -  C  Using  this,  we  can  link  up  the  no- 
tion of  the  cosine  of  an  angle  with  notions  concerning  orthogonal  pro- 
jections. Show  that: 

1.  %  4[l\       pt^ii]  iS)     iTdfeil  cos  lACB%  where  a*  is  either  of  the 
unit  vectors  in  [i],  A  »  C    IT,  and  S  =  4f'4-  ^ 

2.  B  ^dlit      proj,  (S)  -  proj^  (C)  «  HiCB  cos  ^ACB),  where  tTand 
A  are  as  in  Exercise  Ji. 

3*  B  -  C  ^  Cfl  — * d:(prq|,  (C),  proj,  (B))  =  cKC, B)|cos  ^ACBl  where 
^^A^C€[ll 
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The  cosine  of  an  angle  whose  sides  are  contained  in  perpendicular 
lines  is  0.    The  Schwarz  Inequality  [Theorem  11^8]  tells  us  that  tlie 
■Til'ini'liit*  TnliiP  (7f  f^^  grNc=f^^  w-f  pT^y  ^ngle  ^ft  Iqss  th^n  }^    [Note  that  ^^nit 


vectors  in  the  senses  of  the  sides  of  an  angle,  are  linearly  independent,] 

Note  that  cos  is  a  function  whose  domain  is  the  set  of  all  angles 
in  S.    The  construction  procedure  illustrated  in  Figure  15-10,  together 
with  the  Schwarz  Inequality,  shows  that  the  range  of  cos  is 
{x:    )x|  <   l}.    Later  we  shall  have  a  co^ine  function  whose  domain  is 
the  set  of  sensed  angles  [see  TC  206]  and  whose  range  is 
{x;    jxj   <;   l}.    We  ^ hall  also  have  a  cosine  function  with  the  same 
range  whose  domain  is         Although  these  three  functions  will  have  to 
be  distinguished  from  one  another  [and  from  still  other  cosine  func- 
tions] it  would  probably  be  ultimately  more  confusing  than  not  if  we 
invented  different  names  for  them.    So,  we  shall  follow  mathematical 
usage  and  call  each  of  them  *cos'. 

The  proof  for  Theorem  15-6  is  trivial  since  a/||a|)  and 

are  the  unit  vectors  in  the  senses  of  VA  and  VB,  reapectively,  and 

since  .(if/||a|l).(S/j|Sl|)  =  (it. S)/(|la|l|161|).  '  • 

Suggestions  for  the  exercises  of  section  15.03: 
(1)   Part  A  and  the  discussion  of  Theor^sm  l^-^l  should  be  developed  in 
class.  ^ 

(ii)  After  appropriate  examples.  Part  B  may  be  used  ^s  homework. 

(iii)  Part  C  may  be  used  as  homework  (either  with  Rirt  B  or  as  a 
separate  assignment,  )  ^< 

(iv)  Part  O  should  be  teacher  directed  so  that  students  realize  the 
importance  of  the  result*  , 

(v)   Part  E  may  be  used  for  homework. 

Answers  for  Part  A 

1.  Suppose  that  ^  ^{^].    It  follows  from  the  choice  that  {A,  B,  C}  i^ 
noncollinear  and  that  cos,,/ACB  =  u«b/||bjj.    Since  proj||j  (b) 

=  u(u.S)  it  follows  that  projj|j  (S)  =  u(  j|Sil  cosZAC^). 

[Note  that  the  two  pos8ib|^  choices  for  u  are  equally  effective. 
They  result  in  different    choices  for  A  and  in  angles  whose 
cosines  are  opposites.    Since  the  choices  for  u  are  also  oppo" 
sites  things  work  out  as  they  should,  ] 

2.  Suppose  that  B^CU).    IX  follows  that  B  -  C  f!  [i]  and  so,  by 
Exercise  1,  that  pi*ojj^j  (B  -  C)  =  u{  j  j  B  -  C  1 1  cos  ^CB).  The' 

desired  result  follows  irom.  the  fact  th&t  projj^j  (B  -  C)   

=  P^^jj        "  P^oJi        [Theorem  i2-21(a)j  and  the  fact  that 

||b  '  CW  ^  cb.  ,  , 

3.  [This  results  from  Exercise  2^by  taking  norms,  ] 

,    ^      '  TC216 

Fir^t  explanation  asked  for  in  connection  witli  Figure  15-9;  In 
this  case  CB  =   |)v||  =^1. 

Sec6nd  explanation:  u»{B  -  A')  =  u»v  -u«u  cos       a  u  •  v  -  u  •  v  =  0 

||B  -  A'!|2  =  ||v  -  S  cosZC||2  =  1     {cosZC)2  -  2CS.  v)  coB  IC 

=  1  -  (cos^C)^,  for  u«v  -  cos^C*      '  ^ 

,        ^      .      .  453  . 
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>tote  that,  hy  Exercise  3,  the  ratio  in  which  an  interval  BC  is  fore- 
shortened wheii  it  is  projected  orthogonally  onto  a  Hne  /  is  the  ab- 


^  r 

solute  value  of  the  cc^ine  of  **the  angle  between  the  lines  BC  and 
Despite  the  vagueness  of  the  latter  phrase,  the  preceding  statement 
helps  to  give  a  notion  of  the  significance  of  cosines. 

More  information  can  be  obtained  from  Exercise  2.  Suppose  given  an 
angle^  ZC,  with  vertex  C,  and  suppose  that  u  and  v  are  the  unit  vectors 
in  the  senses  of  its  sides.  Suppose  ihati4  =  C  +  u  andi?  =  C  +  i;.  Let 
i^CA  and  let  A'  =  proj^  iBl  By  Exercise  2,  A'  -  C  =  cos  ZACB 
=  IT  cos  Z-C-  [Explain.]  '  _  - 


^[/f  =  cos  ZC] . 
Fig.  15-9 

This  interpretation  of  cos  ZC  — which  kmounte  to  recognizing  that 
cos  Z.C  =  com^(i;)— can  be  used  to  suggest  a  method  for  obtaining 
angles  with  a  given  cosine.  To  see  how  this  comes  about,  note  that 
B  -  A  ^1;  zTc^s  ZC.  It  follows  that  B  -  A'  is  a  vector  in  [u\^  and 
that  the  square  of  its  norm  is  1  -  (cos  ZC)^.  [Explain.] 

By  reversing  the  procedure  we  went  through  in  the  pr^:eding  para- 
graph we  can  obtain  descriptions  of  angles  which  have  a  given  rosine. 
Specifically,  given  a  number  k  such  that  \k\  <  1  it  is  easy  to  fiiid  points 
A,  By  and  C  such  that  ojs,  /LACB  =  A.  To  do  so,  let  C  any  point,  u  any 
unit  vector,  and  n  any  unit  vector  in  [i^^.  Use  these  to  locate  points 
il'and  B  such  that  cos  /.ACB  -  k.  For  example,  to  draw  an  angle 
/-ACB  >Shose  rosine  is  i  we  riote  that,  in  Fig.  15-9,  ^  f  so  that 
A'  -  C^ii)  and  B  -  A'  q  1^-^(1).  Thus,  A'C  -  f  and  BA' 
-  Vl  -jfe2=:|.  So,  S*-i4'  =  nil!)  and  a  picture  of  tiie  required  angle 
looks  like  t^is: 
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Fig.  15-10 

On  your  paper,  you  should  follow  this  proceduire  ani^  draw  an  angle, 
lACB,  whose  cosine  is  i,  and  angle,  LPQR,  whose  cosine  is— f.  And, 
be  prepare  to  justify  your  results. 

The  argument  given  in  the  preceding  paragraph  shows^at,  for  any 
real  number  k  such  that  l/^l  <  1,  there  are  many  angles  which  have  k 
cosine.  To  describe  the  situation  mo^  explicitly,  let's  see  what  our 
freedom  in  choosing  the  point  C,  and  the  unit  vectors  u  and  n  amounts 
to.  In  choosing  Cy  you  were  choosing  the  vertex  of  the  angle  in  ques- 
tion. Your  choice  of  u  then  completed  the  detennination  of  one  side, 
CA,  of  the  angle  [since,  pr^umably,  you  chose  i4  to  be  C  +  13.  Your 
choice  of /T determined  a  side  of  the  line  CA  which  [  assuming  you  chose 
BtobeC  +  u/f-hn*Vl  -  f^]  contained  all  points  of^e  angle's  other  ^ 
side,  cM.  [Explain.]  Consequently,  you  have  proved  'li^f*  of  the  fol- 
lowing: .        \  ' 

Theorem  15-7   Given  a  number  k  su^  that  \k\  <\^, 
and  given  a  half-line  r,  there  is  one  and  only  one 
angle  wht^  cosine  is    which  has  r  as  one  of 
its  sides,  and  who^  other  side  is  contained  in  a 
given  side  of  the  l^e  containing  r.^  \^ 

How  do  you  know  that,  as  the  theorem  a^rts,  there 'is  at  most  one 
such  angle? 


PartB 

1/^Use  the  pixx^ure  sugg^ted  by  Fig.  15-10  to  dl%w  angles  whose 
cosines  are  as  follows;  - 
(a)  0      (b)  I    -CO  ^      (d)         le)  -A      (f)  V2I2 
[Hint  For  part  (0,  note  that  V2/2  -  l/v¥ (Why?),  and  that  V2/2 
is  approximately  O.7.] 

2.  Complete  the  argument,  outlined  in  the  text,  which  shov/s  that 
^   there  exists  ail  angle  such  as  d^cribed  in  Theorem  15 -7. 

3.  What  result,  noted  a  few  pages  back,  tells  you  that  there  is  at  most 
one  angle^uch  as  described  in  Theorem  16--  7? 

•  \ 
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Explanation  preceding  Theorem  15-7:   B  -  C  =  uk  +  nVl  -  tfo, 

since  n  €  [A  -  C]*^  aad  VI  -  k^  >  0,  all  points  of  CB  are  contained  irj 

the  •n-side'  of  CA.    [See,  if  necessary,  answer  for  E'ifcercise  4  -of  - 

Part  C  on  page  212.] 

We  know  by  (3)  on  page  214  that  there  is  at  most  one  angle  of  the 
sort  specified  in  Theorem  15-7. 

Answers  for  Part  B 
1.     (a)        .  . 


B 


n=  V 


coeZACB  =  0  [u- v  =  0] 


(c) 


n(3/5) 


{b)  . 

\ —k — \ — 4 — 
C      u(4/5)    A'  A 

.     cos  MCB  -  4/5 

■  =  3/5] 

(d)    [n/1  -  (I2/UP  5/13] 

B 


u^4/6)C  II  A 
cosZACB  ^  -4/5 


C  A'A 
cosMCB  =  12/13 


(e)  \B 


(f) 


I 


A        C  A 
cosZACB  =  -5/13  cosZACB  = 

(Note  that  for  part  (f)  we  might  locate  B'  €  CB  such  that 
B'  -  A  -  it.  1  ^ 

Let  C  be  the  vertex  of  r  and  let* u-  be  the  unit  vector  in  the  sen^e 
of  r;    Let  n  be  the  unit  vector  in  [u]*^  such  that  P  belongs  to  the 
given  side  of  the  line  containing  r  if  and  only  if  P  ^  ua     nb  with 
b  >  0.    Now,  let  A  =  C  +  S  and  B  =  C  +  3k  +  SVl  -  k^.  It 
fellows  that  j|B  -  C||  =  1  and  (B  -  C)*{A  -  C)  =  k.    So,  since 
t|A  -  C||  =  1,  cosZACB  =  k. 

Result  (3)  on  page  214  tells  us  that  th^e  is  at  most  one  angle  of 
the  sort  specified  in  Theotem  15-7.  i 
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Parte 


/ 


Consider  AASC,  with  C  -  fi 
=  aL  v4  ^- C_=  iuTand  B  -_A_=_gI 
and  101  Igj  and  |jc|-  c. 
Note  that  a" -f  T-f  ~c  =  ^ 

1.  Show  that  c<ia  Z,i4  =  (-6  -  c)Kbc).  Obtain  similar  formulas  for 
cos  Z.B  and  cos 

2.  Show  that  cos  zl^  =  (a  -  c  +  (^)Kbc).  Obtain  similar  formulas  for 
cx)s  LB  and  ojs  Z.  C. 

3.  Obtain  three  other  formulas^iiroilar  to  those  of  Exercise  2,  f«r  the 
opines  of  Z.i4,  zLB,  and  ZC. 

4.  Use  results  from  Exercises  2  or  3  to  show  that 

a  cos  LB  -¥  b  £X)a  lA  =  c. 
Interpret  this  result  in  terms  of  projections. 

5.  In  each  of  the  following^ou  are  given  some  information  about  a 
triangle.  M^e  a  skefch  of  the  triangle  in  question  and  use  the 
results  of  Exercises  1  -4  to  help  in  answering  the  questions  about 

,  these  triangles.  * 
<a)  Given  AASC,  with  AC  -  5,  Afi     7,  and  cos  LA  -  t  What  is 
BCl  cofi  LBl  cos  ZC? 

(b)  Given  i\ABC,  with  AC  =  12,  Afi  =  9,  and  fiC  =^5,  compute 
the  cosine  of  LA,  LB,  and  LC. 

(c)  Given  ZABC,  with  AS  =  8,SC  *  4,  andCA  =  3,  compute  the 
cx>sines  of  Z.^,  LB,  and  lC. 

(d)  Given  APQi?,  with  PQ  =       QR  and  PR  -  5.  What  are  the 
cosines  6f  l9,  lQ,  and  lRI 

,  (e)  Given  that  AASC  is  equilateral,  compute  the  oxsines  of  Z-A, 
LBy  andUc. 

6.  Suppose  that  ADEF  is  isosceles  with  base  ^F.  Show  that 

cos       =  cod  lF.  ^     \  ' 

7.  Use  results  from  Exercises  1-^3  to  "show  that  if  cos  Z-C  5  0  then 
cos  lA  >  0  and  cds       >  0, 

8.  Suppose  that  AABC  is  a  right  triangle  with  hypotenuse  AB, 
.  (a)  What  iscos  ^C? 

(b)  Find  formulas  for  cos  LA  and  (XiS  LB  in  terms  of  the  measures 
of  the  sides  of  AASC.  "  - 


Part  D 


1«  Show  that,  for  aii^  vectors  a  and  l>, 
2.  (a)  Show  that 


cos  Zj4Cfl  =5 


Mm 

where  a  =  -A  -  C  and  6  =     -  C. 

■  i  ■ 
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Answers  for  Part  C  .        ^  . 

l>     Since  ZA  -  Z^JAB  and  since  C     A  =        and^B  -  A  =i  c  it 
follows  from  Theorem 'l5-^>  that  cos  ZA  =  (-S^c)/!  j] -Sjj  f|c 
Since  11-^1)  y  j  I ^Ji  =  ^        _ JML  follows  that 

cos  ZA  =  (-•fe«c)/(bcK    gimilariy,  col  ZS     t'^^^t/ftra-)  ain^  — 

cosZG  =  (-a  .Si/tab).  •  ' 

2.  Since  a  +  S  +  c  =  "5,  «S  =  a  +  c .    So,  by  Exercise  i, 
c<^sZA  =  (a.c  +  c^)/{bc),    [Note  that  c-c  =   i|cil^  =  c^.  ] 
Similarly,  cos  ZB  =  (S«a+  a2)/{ca)  and  cos  ZC  =  +  b2)/(ab). 

3.  Since  a  +  S-l-c=:       c  =  -{a  +       and  -S^c  -  ^  •  a  +  b^.    So,  by 
^     Exercise  1,  cosZA  =  (S«  a  +  b^)/fbc).    Similarly,  coaZB 

=i  +  c2)/(ca)  and  cosZC  =  <a  •  c  +  a2)/(ab). 

4.  a  cOsZB  +  b  cosZA  =  (S.a+aS?)/c  +  (a-c  +  c^)/c  =  [{a  +  S  +  ?)-a 
+  c^]/c      c;   By  Exercise ,  1  of  Part  A,  assuming  that  u  is  the 
unit  vector  in  [c       proj^^ (a^=;  -u{a  cosZB)  and  projj^j  (S) 
=  -3(bcos^).    So,  projp^  ijSf*?f^  =  -il(a  cosZB  +  b  cosZA). 
Since  a  +  b  =  -c,  and  since  ^  '=^^^1^,  it  follows  that  --uc  ^  -c 

projj^j(*c)  =  -r^Ca  cos  ZB  +  b  CQ^  ZA).  Hence, 

c  =  a  cos  ZB  +  b    cosZA.    [This  is,  of  course,  an  alternative"  ^ 

proof  of  the  conclusion.  ]  .       *  ^  . 

5«     [These  problems  are  somewhat  difficult  at  this  stage.    They  ^re 
'inserted  here  to  give  students  the  feeling  that  the  formulas  can  be 
used  for  calculating  numerical  results,  ] 

■{a)    BC  =  3n/2;  -  cbs  ZB  -  n/Y/Z;  cos  ZC-=  -^/z/^0  [U«ing.  the  

^  formulas  for  'cosZA*  in  Exercises  1-3  and  the  given  values 
l^for  *cosZA',  'b',  and  'c\  we  find  that  5*  c  =  -28,  =  -21, 

and  b»a  =  3.    Comparing  the' values  given  for  *qasZB'  i«i  ^ 
Exercises  1  and  2  shows  that  a  =  5v2  knd,  then, 
cos  ZB  =  V2/2,    We  can  now  use  the  formula' for  *co»  ZC 
from  Exercise  1  .to  find  that  cosZC  =  -'s/¥/lO.J  . 

(b)   cosZA  =  25/27|  cosZB  =  -19/45;  ^<:os  ZC  =  li/l5   [Use  the 
result  of  Exercise  4  and  two  similar  results  to  obtain  three 
equations  in  *cosZA',  'cosZB',  and  'cos  ZC'.] 

{c\   There  is  no  such  triangle,    [If  one  fails  to  notice  this  and 

applies  the  method  which  was  successful  in  part  (b)  one  obtains 
the  equations:*  cosZA  =  19/16,  cos  ZB  =  7l/l6,  cos  ZC  =  -13/8, 
,  Since  the  absolute  values  of  the  values  of  cos  are  less  than  I, 
^    these  equations  cannot  be  satisfied,  J    "  . 

(d)  cosZP  =  S/12  =  cosZR;  cosZQ  =  47/72 

(e)  cosZA  ^  cp&ZB  -  ^^^.^i^dtt^/^ 

6*  Using  two  equations  like  tJ^^^^Exercise  4  we  have  d  cos  ZF 
+  f  cos  ZD  =  e  and  d  cos^T?  e  cos  ZD  =  f.  Since  e  =  f  and 
d      0  it  follows  that  cosZF  =  cos-ZE. 


^5s 
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Answers  for  Part  C   [cont.]  ^  V;  , 

7      By  Exetci^es  2.  and  3,  if  cos  ZC  <  .0  then      %  +^  ^ 

a  fc  +  a2  .<:  0.  ^  Since,  by  Exer^cise  l,vcosZ^=*  {-b  •  c)/(bc)  and      v  ; 
^os/B  =  <%?,'  S5/{ca3  it  fpUows  that  if\o^^^^  0  then 

cos/A  >  p  und  tos.ZB  >  0.   |M  the  terminology, to  be  introduced 
later  —  in  particular,  see  Exercise  1-  of  Part  C  on  page  236  —  _ 
the  resxiit  of  this  exercise  cfan  be  easprj&Wd  by  s^a.ying  that  each 
triangle  lias  two  acute  i^ngles.  ].  \ 

8.     (a)   cosZC  =  0  -^by  Efte^cise  1]        .    /'  - 

(b)   cos  ZA  =  b/c  and  cos  ZS^^  a/c   [^^  Jxe^rcise^ '3  and  I] 

[Students  might  now  reconsider^Exercises  .^^^d)J  5|e.)^  anti  6 
making  use  of  the  fa<;t  that  the  altitude  t;p  tMs^bas^  <)f  an    .  ' 
isosceles  triangle  is'a  median.  ]  .  '    .  'ii:,  ,^** 

Answers  for  P^rt  D  .  '     .   ♦       •  * , 

2.     (a)    cosZACB  =  112 11  1 {^li)  and,  by^  Exercise  !, 

a-S  =  [l!a||»+  -  l|^-al}«V2.  /iThc  reault  of  Exercise  2 

is,  of  course ,  the  Cosine  Law,  and  will  be  identified  as  suth  in  ^ 
the  next  chapter.  Students  \»j|iU'  appreciate  its  utility  if  they  are  ; 
required  to  re-do  Exercises  5  and  6  «»ina  this  result.]     ,  ./.^L.... 


*  ■  * 

3.     (a)    Since,  by  Theorem  14-E6,  an  isometry  maps  lines  on  lines  it 
follows  that  if  {A,  B,  C)  w^re  collinear  then,  since  f"^  is  an 
Isometry,  {P,  Q,  R)  wouJ4  be  coUinear.    Since  this  is  not  the 
case  {A,  B,  C}  is  nonc^l linear. 

(b)  Since,  by  TheoreiriJ^4-27.  |maps  ravs  onto  rays,  preserving 
vertices,  f  maps  RP  lonto  CA  aiid  RQ  onto  CB.    So,  f  maps 

"Z PRO  onto  ZACB.       -  ^    ~'  ~  7^ 

(c)  Let  P  -  R  =  Q  -  R  =  fi  A  -  C  ^  a,  and  B  "  C  =  It  i 
follows  that  Q  -  P  -  q  -  p  and  B  -  A  =  b  -  a.  Since  f  is  an 
isometry  which  maps  P  on  A.  Q  on  B,  and  R  on  C  it  ^ 

'  follows  that  m\  =         win  -  ilfifb       il^-  ^ii  =  ii^'^ti 

Hence,  by  Exercise  2,         ;  . 

^^'^''^^  -      zmim         •  .  •  ■ 
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(b)  Suppc^  that  AFQi?"  i8  such  that  PQ  =  8,  QR  =  9,  and 
nP «  11,  "Make   use  of  the   result   in  (^a)  to  compute 

3.  Given  /lP/?Q  and  an  jsometiy^  which  mapsP  on  A,  Qi>nB  j  and  12 

on  C,  show  that '  ^  *      ^  . 
.    (a)JA,5,C)lnoncolUnW,  '  *     ,  % 

(b)  /maps/P^Q  ont^zACB^and.  ^  * 

(c)  cos  ^CB  =  cos  j:rPRQ'  4 


Id  Exerpsll^^^Part  D  you  have^^own  that  congruent  angles  have 
Jhe  sanxe  GpsirBj'TO  suggests  trying  to  show  that ^gles  which  have 
the  same  i:^ine  are  congruent  As  in  Exercise  3,  this  can  be  done  by 
ufeing^e  result  o&tained  in  Exercise  2, 

Suppose  that  £.C  arid  Z/2  ai*e  an^I^  which. have  the  same'co'Sinfe. 
,W6  wisk  to  show  that  there  is  an  ^soxnetry  ^hich  maps  ZJ?  onto  zC. 
>  Reeall  that  we  have  already  shown  that,  given  points  A,,^,  C,  P,  Q ,  and 
R  such  that  AB  -  FQ,  BC  =  QR,^  and      ^  RP^,  there  is  an  isometry 
which  maps pQnA,Q  oruB ,  and R  on  C.  If,  in  acfdition,  {P\^f  R }  is  non*^ 
^^n;n6jar,  it  follows  as  in  Exercises  3(a)  and  <b)  that  {A,B,  C]  is  non- 
cpllindar^  and  that  the  isometry  in  question  maps  lPRQ  on  So, 
'  returnipg  to  our  jgivm  angleS,*/,C  aftd  ZjR.  all  we  lieed  do  is  find  points 
*^A,  S,     ami  Q  si^ch  that       is  Z^<^B,       ds  £PRQ,  AB  -  PQ.  BC 
-  QR;  afid CA  -  RP.  This  is  easy  enough  to  do.  iFor  we  may  choose  i4 
andp  on  Ihe^ sides  <>f  ZC  and'<;hdose  P  andjQ  ^n  the  sides  of*^  in 
.  such  a  way  th^t  the  last  two  eguations  are  satisfi^.  [Forex^mple/ye 
can\G^o^e  all  fourpojnts.to  be  the  iipagef  of  C  and^,  respectively, 
\  under  tjqp^  unit  translation^  4n  the  sienses  j)f,the  sides  of  the  respectiye 
.^^angles.)  Theriy  usin^  the  insult  of  Exerci^  2  and  the  assumption  that 
coe^C  ^'  Cos  AJJ,  it  follows  at  once  that  AB  ^  TQ.  Con&e^uently,  we 


Theorem  15 -  S  Angt^  are]  congruent  if  and  didy  if: 
they  have  the  tSame  cosine.  <^ 


^  *Thi8  tliteoreiDi  is  analogous  <tQ  an  earlier  one  which  told,  us  that  inters 
vals  are  congrti^nt  if  and  only  if  t^ex  hav;e  the  saxhe  ineasure.  W6  shall 
use      as  an  abbreviation  for  *is  congruent  to*.  So,  for  example,  The- 
*  •  oi^em  15-^  andJhe  analogoi^s  theorem  conceraing  intervale  can  be 
■  ' -Vrestateiais:  .  ,  .  \  .      V'  , 

#  '       ■  '        ' ,  .■ '    I'  _   . .  > .    '  . 

<f  ■  ■ 
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In  view  of  Theorem  15rB  it^'is  reasonable  to  think  of  the  cosine  of 
an  angle  as  a  measure  of. its  size.    For,  according  to  the  theorem  and 
our  intuitive  notion  of  the  maa^iing  of  'congruence', 'angles  have  the 
same  size  -  [atid  shape]  if  and  onl^  if  they  have  the  same  cosine.  This 
'•cosltie-meas^e^*  for  angles  has  some  pecularities-  and  disadvantages. 
i^ot  one  thing,  Tne  values  of  cos  are  real  numbers  between  -1  and  1; 
for  another,  the  greater  the  cosine,  the  smaller  the  angle;   fo,r  a  third, 
there  ife  nb  way  of  '^adding  angles"  so  tl\at  tht^coaine -measure  of  their 
sum  is  the  sum  of  their  cosin^^-measures .    When  we  con^ie  to  deal  with 
circles  we  shall  be  able  to  introduce  a  more  satisfactory  angle - 
measure.,   Until  thfin  we  c^ui  do  more  than  oiie  might  expect  with  cosine- 
ra.easures.  \  ^         -  •*  ^  ' 

It  is  a  thought  which  might  be  worth  a  teacher' s  brooding  pvei^that, 
while  we  measure  sizes  of  intervals*  we  seem  to  measure  shapes  of 

angles/'.  .         ■  ' 


TC  220    ;      •  »  * 

Answers  for  Pkt't  g>     .          *          »  n 

1/    Let*^  u  and  v  be  unit  vjscto^s  in  llie  senses  o(  and  D  -  V, 

respectively.    Then  cosZBVD  =^  u  •  v  =  {-u)  *(-v)  -  cos  ZAVC,  ^ 
Therefore,  ZAVC  S  IBWD,         ^        ,  *         '  • 

Z.     cos^aVc  +  cos^BVC  =  (--11)^/-%?)'+  u«<-'v)     ^0.  where  u,  y  are 
as  defined  in  the  answer  to  Exercise  i,  *  , 

(a)  They  are  congruent. 

(b)  Their  cosines. are  opposites.  ,  *  *  . 

4,  Since  lAVC  arid  ZBVC  are  adjacent  angles  $here  are  numbers  — 
^ay,  s  and  t       s.uch  that  0  <   r  <   iVatid  <Ss  -         -  r)  t^r. 
[See  hint  for  Exercise  1  of  Part  C  on  page  212/]   Since  VA  and 
VB  are  not  oppo^ites^^and  [because  MVC  and  ZBYG  are  adj^acent] 
are  not  the  same,  {5,  v )  is  linearly  independent  and,  so,  .*  ^0.. 
Let,  a  ='{1  -  r)/s  and  b  -  r/s.    Since  1  -  r  and  r  are  both  posi- 
tive and  s  #  0  it  folioV^  that  a  and  b  are  both  positive       a  and 
b^re  both  negative.    Since  w  =  ua  V  vb^  u«w  =  a  +Ju^v)b^anci 

\     .  v*w  =  ^* v)a  +  b.    Hence,  ciOfiMVC  4^  cosZBVC  =  ujjy^-Vw 
'  =  '(a*4-  b)(I  4  u»  v)  ^  Q,,  [Sinc_e  _a  and  b^are  both  positive  or  both 
\   negative)  a  +  b      0|  since  (u,  v)  is  linearly  independent, 

^1  -hS*v  #  0.  )'  *  ■  ^  :  "  '       ^  " 

5.  By  i'heorem  X5-8,  an  angle  is  congruent  to         if  and  only  if  its 
cosine  is  cos^R  and,  by'D^iinjtion  iS*4,  U  is  adjacent  to  ^AVC 
if  and  only  if  its  side  o^ter  th^n  VC  is  on  the  opposite  side  of  VC 
from 'A.    By  Theorem  there      oneaiid  only  one  angle  which 

'  satisfies  these  coxMiitip^'*  -[.-^^^'''y^'^p^^j*...  .  i^,,  -  *. 
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Part  E  ^  s^^ 
^  Referring  to  the  figure,  show  that 

1.  AAVC  s  iMVD 

2.  cos  /LAVC  +  cos  ABVC  =  0 

3.  What  may  you  conclude  ab^ut  A 
(a)  vertical  angles?  (b)  ac^acent  supplementary  angles? 

4.  Suppose  that  [contrary  to  the  figure]  Z^AVC  and  ^BVC  are  ad- 
jacent angles  whose  sides  VA  and  VB  are  not  opposite  half-lines. 
Show  that  ODS  aAVC  +  cos  ZMVC  ^  0.  [Hint:  Let  "a,  V,  and  u;  be 
thermit  vectors  in  the  senses  of  VA.VB,  and  VC.  Show,  first,  that 
w  ^  ua     vb,  where  a  and  6  are  both  positive  or  both  negative,] 

5.  Show  that,  given  /^AVC  and  ziS!,  there  is  one  and  only  ope  angle 
congruent  to  /lR  which  is  adjacent  to  UWC  ansl  has  VC  as  one 
8i4e.  [Hint:  Use  Theorems  15-8  and  15-7  and  Definiton  15-4.] 

In  Exercise  3(a)  you  probably  noticed:  * 
« 

II  Theorem  15-9   Vertical  angles  are  a)ngnl@nt. 


1 5.04  Supplementary  Angles 

Before  stating  the  results  obtained  in  Exercises  3(b)  and  4  of  the 
preceding  Exercises  we  need: 

Definition  15-6   A  filiet  and  a  second  angle  are  supple- 
mentary [and  each  is  a  supplement  of  the  other]  if 
and  only  if  they  ^e'coiigrtfent  to  adjacent  angles 
whose*  tiona>mmon  si4es  are  opposite  ha}f4i^es. 

In  short,  angles  are  supplementary  if  and  opiy  ^f  they  are  congruent  to 
what  we  have  already  called  ^a^jacent  supplementary  angles*-  By 
Exercise  3(b)  and  Theorem  15-^  it  follows  that  tl}e  sum  of  the  cosines 
of  auppbmentary  angles  is  2ero.  By  ^xercis^  4  and  5  and  Theorem 
15  "  8  it  follows  that  the  sum  of  the  cosing  of  nonsupplementary  angles 
is  not  zero.  So,  we  have: 

Theorem  15- 10        and  /.C  are  supple^ientary  i^tnd  , 
'  only  if  cos  jLR  +  ots  Z.C  =  0. 

Since  any  alngle  is  congruent  to  itself  it  follows,  by^^Definition  15^-6, 
that  adjacent  angles  whose  noncommon  ^ides  are  oppbsite  half-lines 
are  supplementary.  On  the  other  hand,  it  follows  from  Exercise  4  and 
Theorem  15- 10  that  a4jacent  ^n^les  whose  noncommon  sides  are  not 
site  l:^C-lines  are  not  ^upplfinen^ry.  [Explain.]  So,  we  have; 


»    *       *  15*04   Supplemental^  Angles  221 

•'^  . 

Corollary   Adjacent  angles  are  supplementary  if  and 
only  if  their  noncommon  sides  |tre  opposite  half-lines. 

In  view  of  this  our  use  of  'supplementary'  in  Definition  15-6  is  con- 
sistent with  our  use  of  this  word  on  pagfe  2Q7. 

Since,  by  theorem  15-8,  congruence  of  angles  amounts  to  equality 
of  their  cosines  it  follows  by  Definition  15-6  that  any  two  supple- 
ments of  a  ^ven  angle  are  congruent  and  that  any  angle  which  is  con- 
gruent to  some  supplement  of  a  given  angle  is  also  a  supplem^ent  of 
that  angle.  [Explain.]  If  an  angle  is  its  own  si^plement,  what  can  you 
say  about  its  fcosine?  Are  there  any  such  angles? 

Exercises  * 
PartA 

"  Suppose' that  the  half-lines  s  and  ^  are  the  sides  of'ilQ  and  that  the 
' .  half- lines  u  mud  vj^e  the  sides  of  aR. 

1.  Suppose  that  s  ||  u  and  t  \\  v.  What  can  you  say  about  cos  Z.Q  and 
cos  /lR?  About  £Q  and  aR?  [Hint:  Let  and^  be  the  unit 
vectors  in  the  sextse^  qf  s,t,fi,  and  What  can  you  say,  for  example, 
about  s  and  u7\ 

2.  Prove:  *       ■  ^ 

Theorem  15^-11  '  If  the  sides  of  one  angle ^an  b^|§ti red 
with  those  of  another  in  such  a  way  that  pairecflifdes  are 
parallel  then  the  angles  are  either  congruent  or 
supplementary.  They  are  congruent  if  each  two  paired 
sides  have  the  same  sense  or  if  each  two  paired  sides 
^      have  opposite  senses^  They  are  supplementary  if  some 

paired  sides  have  the  same  sense  and  the  othpr  two  paired 
sides  have  opposite  lenses.         '  *  » 

3.  Copsider  the  picture  at  Ihe 
right,  and  assume  thati  {|  m.  In, 
eadi  of  the  following  give  two 

.angles,  one  whose  vertex  is  G 
and  one  whose  vertex  is  f?,  which 
satisfy  the  stated  cx>nditiona. 
Tell  whether  the  angles  are 
congruent  or  supplementary. 

(a)  Sides  of  the  angle  at  G  have  same  senses  as  sides  of  angle  at  H, 

(b)  Each  side  of  the  angle  at  G  has  the  sense  opposite  that  of  a  side 
of  the  angle  at  i/. 

(c)  One  side  of  the  angle  at  G  has  the  same  sen^e  as  a  side  of  the 
angle  at  H  while  the  other  side  of  the  angle  at  G  has  .the  sefise 
oppc^i te  that  of  the  other  side  of  the  angle  a t  // . 
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To.  see  tlxat  the  sum  of  the  cosines  of  nonsupplementary  angles  is 
not  0,  note  that,  given  one  of  them  we  can,  by  Exercise  5,  find  an. 
angle  adjacent  to  it  which  is  congruent  to  [and  so  has  the  same  cosine] 
as  the  other.    Since  the  given  angles  are  not  supplementary  it  follows 
fro9)  Definition  15^6  that  the  none ommon  sides  of  the  adjacent  angles 
are  hot  opposite  half-lines.    So,  by  Exercise  4,  the  sum  ofiH^eir 
cosines  is  not  zero.    Hence,  the  sum  of  the  cosines  of  the  given  angles 
is  not  aero,  #  * 

That  adjacent  angles  whose  noncommon  sides  are  not  opposite 
half-lines  are  not  supplementary,  note  that^  by  Exercise  4  the  sunri  of 
the  cosines  of  such  angles  is  not  aero  and,  so,  by  Theorem  15-10,  the 
angles  are  not  supplementary. 

,  Theorem  15-10  could,  of  course,  h^ve  been  used  as  a  definition 
of  'supplementary'  and  Definition  15-6  be  deduced  as  a  theor^jm. 
Definition  15-6  seems,  however,  to  be  better  nnotivated  as  a  flefini- 
tion«    In  the  sequel  we  will  find  Theorem  15-10  the  more  convenient 
of  the  two  to  use.  ,  » 

Suggestions  for  the  exercises  of  section  15,04: 
(i)   Part  A  should  be  teacher  directed  to  insure  proper  application  of 

Theorem  15-11.  ,    >  , 

(ii)  Part  B  may  be  used  as  homework  since  the  work  has  sonxe  simi- 
larities to  Part  A.  \ 
{Hi)   Part  C  may  be  used  eithe'r  as  supervised  class  exercises  or** as 
homework,  but  should %;^ot  be  qmitted. 


^  Samj^le  Quiz 

* 

1.  Make  a  sketch  of  an  angle,  ^^PQR,  whose  cosine  is  5/8. 

2.  Lrocate  the  point  A  of  QP  such  that  QA  =  8.    What  is  d(A,QH)? 

3.  Locate  the  point  B  of  QR  such  that  QB  =  4,    What  is  d{B,  QP)? 

4.  Let  S  be  such  that  Q  6  SH.    What  is  co^ZPQS? 

5.  Suppose  that  QP  =  4  and  QS  =  3.    What  is  PS? 

Key  to  Sample  Quiz 

1,     Here  is  an  appropriate  sketch 
of  an  angle,  ^PQR,  whose 
cosine  is  5/6,  together  wi\h' 
the  joints  A,  B,  and  S. 
described  in  2  -"5. 


3.  sJW/2 

4.  *  rB/8   ;         ^  -  S       \Q  B 

5*     sf45  [See  Exercise  Iz^  page'*  218,    SP^  =  PQ^  -f-  QS^     2*  PQ*QS« 
cosZPQS,  ]  ^ 
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^  ^An  angle  is  its  own  supplement  if  and  only  if  its  cosine  is  its  own 

opposite  —  that  is,  if  and  only  if  its  cosine  is  0.    Such  angles  are  just 

those  whose  sides  are  perpendicular,    [The, term  *  right  angle'  is  intro 

duced  in  Definition  15-10.] 

* 

Answers  for  Part  A 

1.  Usine  the  notation  introduced  in  the  hint,  since  s  1 1  u,  ^  =  u,  or 
s  =   -uj    since  t  jUy^  t  =  v  o^  t  =   -v.    It  follows  that  »»t  =  u«v 
[in  two  cases]  or  s  •  T  =   -(u»v)  [in  the  other  two^cases].  Hence, 
cos  i^Q  and  io8 /.K  are  the  same  or  are  oppoisit^si    [So,  ^Q  and 
ZR  are  congruent  or  are  supplementary..] 

2.  "  [The  proof  is  given,  essentially,  in  t*ife  answer  for  Esc'ercise  1.] 

3.  (a)    ZBGA  and  ZGHF;   congruent   [ZCGH' and  ZDHE,  or  ZBGC 

and  ZGHD,  or  ZAGH  and  ZFHE,  would  do  as  well.] 

<b)    ZBGA  and  ZDHE;   congruent   [As  in  part  (a)  there  are  thr^e 
, other  correct  choices,  ]  > 

{c)    ZBGA  and  ZEHF;   supplemjentary   [This  time  there  are  five 
other  correct  choices.  ]  ^ 
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4.  Consider  the  picture  in  Exercise  3,  together  with  the  assumption 
that/ijm.  . 

(a)  Give  three  angles  which  are  congruent  to  i£GC, 

(b)  Give  three  angles  which  ote  supplements  of  I.BGC. 

(e)  Describe  a  translation  which  maps  lDHE  onto  lCGH.  What 
is  the  image  of  /^HF  under  this  translation?  .   .  r*- 

5.  Consider  AAfiC  with  1 1|  fiC,  f& 
'  shown  in  the  piatura  at  Uxe 

right. 

<a)  Give  an  angle  which  has 
vertex  A  and  is  congruent 

to/,€,    /  ' 

'  (b)  Give  an  angle  which  has  vertex  A  and  is  supplementary  to  Z.C. 

(c)  Give  an  angle  which  has  vertex  A  and  is  congruent  to  Z,CBD. 
id)  Give  an  angle  which  has  vertex  A  and  is  suppjtementary  to 

^CBD.      .  ^ 


1.  Suppose  that  Z.Q  and  Z^Ji  are  in  ^allel  planes,  that  s  and  t  are 
the  sides  of  ZQ,  u  and  v  are  the  sides  of  Z,R,  and  tha£  s  1  u  and'' 
t  J.  Draw  several  picture  to  illustrate  this  situation  and  make  a 
conjecture  conceniing  zlQ  and  iJi.  [Hint:  It  will  be  sufficient  to 
consider  the  case  in  which  Z.Q  and      are  in  the  same  plane.]  ^ 

2.  Would  your  conjecture  seem  reasonable  if  the  places  of  ZQ  and 
Z.R  were  ^ot  parallel? 

3^  Prove:         ^        ,     S  '  ^  .  ^ 

^  •  ■ 

Theorem  15- 12   Given  angles  in  parallel  plan^,  if 
the  sides  of  one  angle  can  .be  paired  v^th*those  of  ^ 
the  other  in  such  a  way  that  paired  sides  are  per- 
pendicular, thep  the  angles  are  either  congruent 
or  supplementary. 

[Hint:  Let  5,  ty  u,  and  v  be  theunit  vectors^  in  the  senses  of  s,  u,  and 
*v.  In  the  situation  described,  and  {t,  v),  say,  are  orthonom\aI  and 
rX  ^  -         It  follows  ^at 7 t^  lfs**  7)    IK?- 1^  and,  since     =  I, 

Find  ah  equation  similar  to  the  last  which 
will  enable  you  to  conclude  that  {s  -  (f  =^  {u  ^  ^ 

4,  In  each  of  the  following,  you  are 'given  a  point!)  in  the  interior  or 
the  exterior  of  zJB ,  and  that  A  and  C  are  the  feet  of  the  perpendicu- 
lars from  D  to  the  lines  containing  the  sides  of  IB  .  Decide  whether 
zADC  is  congruent  to,  or  supplerb^fc^ry  to  ^B\.  and>be  prepared 
to  explain  youi*  ^swer. 
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An^jUN^for  Part  A   [cent.]  ^ 

4.  (a)    ZGHD,  ZFHE,  MGH 

(b)  z^BGA,  ZGHF,  ZCGH  [and  ZDHE] 

(c)  G  -  H;  ZHGA 

5.  (a)   ZGAF  ^br:  ZEAC]  (b)  ZGAE  [or:  ^CAF] 
(c)  v:EAB  ,  (d)  ZFAB 


Answers  for  Part  B 


[There  are,  of  course,  many  suitable  pictures.] 
Conjecture:  2q  and  ZR  are  congruent  or  supplementary  1 

2.  No*    [A  limiting  case  may  be  enlightening.    Consider  ZACB  in  a 
plane  7r  and  tJD  perpendicular  to^gr.    tu  might  be  thought  of  as  a 
**very  small  angle"  and  ^ACB  can  be  qf  any  si»e.    Starting  from 
this  it  is  easy  enough  to  envisage  counterexamples  to  the  conjee- 
ture  in  case  the  angles ^are  not  in  parallel  planes.    Another  pro"* 
cedure  is  to  consider  plane«s  tt  and  cr  perpendicular  to  the  sides 
of  a  given  angle  and  choose  a  point  in  their  intersection.  Almost 
any  angle  with  this  point  as  a  vertex  and  whose  sides  are  subsets  of 
3r  and  o",  respectively,  will  be  relate^  to. the  given  angle  as  in  the 
instructions  for  this  exercise,  1  ,  \ 

3.  oppose  that        has  sides  s  and  t,  that  ZK  has  sides. ,u  and  v, 
and  that  m  Xn  and  t  i  v.    i^t  «,  1^,  u,  and  v  be  urdt  vectors  in  tllk  ^ 
senses  of  s,  t,       ind  v,  respectively.    It  follows  that  |"s,u)  and  (l,  "^  * 
are  drthonormal  knd,  sin^e  s,  T,  u^  and  v  aH  belong  to  the  same 
bidirection,  that  both  (s,  u)  and  (I,  v)  are  bases  for^t^s  bidirectioa, 

'I^  further  follows  [see  Theorem  11  •ill  that  a  =  1(s«t)^f  v(s»v»)- 
and  that  v  =  s(v»  s)  -f  u{v*u).    Since  |[|||'  =      and  (|,  v)  is  oxtbp-  , 
normal,\l  =  (s -t)^  4  (s  -  v)^.    Since  >||v|j  -  1  and.  (s.vl)  is  c^fetBo*. 
normal,  1  =  (v  •  s)^ -f  (v  •u)^.   So,  (s^tP  =  {^-vF  and  cos  ZQ  i§ 
the  same  as,  or  is  the  opposite  of,  cos2r.   rfencc,  ZQ  and  ZR  are 
congruent  or  supplementary.  ^  * 
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(d) 


(e) 


-_0- 

C 


Cf) 


♦6.  Using  the  notation  of  the  hint  for  Exercise  3,  show  that  s  •  t 
=  -  (a*  •  if  u  •  Tand  s  •  v  are  both  positive  or  both  negative,  and 
that  s  •  f  =  u  •  tJ  if  one  of  «  •  ^  and  s  •  i;  is  positive, and  the  other 


\^  negative.^  [Hint  Use  the  fact  that  u  •  s  =  0.] 


PartCk 


ERIC 


!•  Consider  an  anglq,  /LABC,  and  a  point  D  in  the  interior  of  lABC, 
{^)  Draw  a  picture  of  an  angle  coplanar  with  Z^IBC  and  whose^ 
vertex  is  D,  whose  side$  are  perpendicular  to  the  sides  df^ 
and  which  is  supplementary  to  lABC:  How  D^^y 
,  .    such  angles  are  there? 

(b)  Draw  a  picture  of  an  angle  coplanar 'with  /ABC  afid  whose 
.  vertex  is  D^'jvhose  sides  are  perpendicular  to  the  sides  of 
/lABC,  and  which  is  congruent  to  zABC.  How  many  such 
angles  are  there?  T  -  ^ 

2* /Replace  the  word  'perpendicular'  with  'paraller  in  Exercises  1(a) 

^  and  1(b)  ^d  draw  pictures  of  the  angles  so  descril^. 
3.  Consider  an  angfe^  ZABC,  and  a  point  D  in  the  exterior  of  ^BC.  ^ 

(a)  liepeat  Exercises  1(a)  and  Kb)  in  this  case 

(b)  Repeat  Exei^se  2  in  this  case. 

Given  LABC  and  a  point  D  exterior  to  Z^ABC.  In  each  of  the  fol- 
lowing, draw  an  angle  with  vertex  D  which  satisfies  tiie  given 
oohditions. 

(a)  One  side  of  ZJ)  is  plu'allel  to  a  side  of  lH  is  congruent 
tS^zsABC,  and  zi)  and  LaBC  have  exactly" one  point  in  com- 
m(mj     ^  ■ 

(b)  One  side  of  Z-D  is  p^^lel  to  lABC,  LB  is  "supplementary  to 
ZABC,  and  /J)  lABC  have  exactly  one  point  in  com- 
mon/ 

"  (c)  The  sid^  of  Zj)  are  perpendicular  to  the  sid^  of  lABC,  z.^4s 
'  congruent  to  lABC,  and  /J)  and  lA^C  have  exai^y  four 
points  in  common, 
(d)  The  sides  of  ZJ)  are  peri^fei^cular  to  the  slides  of  lABC,  CD  is 
supplMaentary-to.  z^C,  and  LD  aiui  \A]^C  have  e^i^y 
two  points  in  (^nmK)iiu  ,  * 
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Answers  for  Part  B  [cont,] 


4.  (a) 


supplementary  [Looking  at  the  picture,  cos        <  0  and 
cos        >  0,  so  ZB  and  /D  are  not  congruent  and,  so,  must 
be  supplementary,  ] 


(c) 
(d) 
(e) 
■(f) 


supplementary  [cos  ZD 
congruent  [cos  ZB  >  0 
congruent   [cos  ZB  <  0 


0] 


5. 


>  0  and  cosZB  < 

and  cos  ZD  >  0]  ,  , 

and  cos  ZD  <   0]  ■  ^ 

congruent  and  supplementary  [cosZB  =  cos  ZD  =  0] 

supplementary   [cos  ZD  >  O  and  cosZB  <  0] 

Since      =  t{^^l^^+^{s  •  v)  and  u  •  s  =^  0  )t  follows  that      ^  ^ 
(u^tKs't)  +  (u-v){s»v)  =  0.    ^M(ni  this  it  follows  tjiat  if  u-jt  and 
s"*  V  are  both  positive  or  both^^^ative  then  one  of  s and  u*v 
must  be  positive  and  the  othet  negative  or  both  must  be  0»  Since 


and  u»v  are  either  equal  o-r  opposite  it  follows  that 
s«t  =^  -<u>v).    Similarly,  if  one  of  u-Taxid^s  -v  is  positive  and 
the  otheiris  negative  then  both  of  %*\  and  u»v  must  be  positive 
or.  both^m^st  be  negative,  or  both  must  be  0,    So,  in  this  case, 
s»t  =  u»v-    [it  is  interesting  to  check  these  re  suits  for  various 
figures, like  those  in  E>f€rcise  4.]  "\ 

Exercise  5,  abdVe,  gives  a  way  of  sorting  out  the  ca^^s  in  which 
angles  with  corresponding  sides  perpendicular  are  supplementary  from 
those  in  which  they  are  congruent.    A  less  definitive,  but  conceptually 
simpler  m^hod  is  given  ^  Exercise  3  of  Part  E  on  page  259.    For  the 
most  part  we  shall  expect  students  to  settle  this  question  of  congruence 
vs.    supplementarity  by  inlspecti©n  of  a  figure. 

Map—**  ■  ■»  ' 

Answer^  for  Part  C 

1.  (a)    [Therrf  are  many  figures^]  In  case  ZABC  is  not  a  right  angle 

there  aire  two  •'such  angles'*;    incase  ZABC  is  a  right  angle 
,  there  are  four, 

(b)    [Remarks  given  for  (a)  apply  he rp  also.]  * 

2.  {a),  (b)   [See  comments  for  Exerciefe  1.] 

3.  U)i  (b)   [Same  comments  as  for  Exercises  1  and  2.  ] 

■  .» 

4.  [D  must  be  chosen  with  some  care  if  ZABC  and  D  are  to  be  the 
same  for  all  four  parts.  ] 


(b) 


B 
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15.05  Parallel  Lines  and  Transversals 


ERIC 


A  line  which  crosses  two  coplanar  lines  at  different  points  is^  called 
a^^mrm  ^ronsi^er^oZ  of  the  given  lines.  In  Fig,  15-11,  ^  is  a  common 


transversal  oil  and  m  since  I  and  m  are  coplanar  [Why?],  10  i'^  {A}, 
m  n  /  =  {B},  and  A  ¥^  B.  [In  same  figure,  /  is  a  common  trans- 
versal of  7n;ai^d  t,  and  m  is  a  common  transversal  of  /  and  t.  Can  you 
draw  three  coplanar  lines  such  that  only  one  of  them  is  a  common 
transversal  of  the  remaining  two?5  There  are  eight  angles  each  of 
which  either  hhs  A  as  its  vertex  and  is  contained  in  /  U  f  or  has  B 
as  its  vertex  and  Is  contained  in  m  U  t.  Each  of  th^e  angles  has  one 
of  its  sides  contained  in  t  and  its  other  side  on  one  or  another  side  of  ^ 
The  four  angles  which  haye  AB  or  BA-as  a  side  are.  called  interior  an- 
gles; those  which  have  —BA  or  —  AB  as  a  side  are  called  exterior  an- 
gles,      two  of  the  eight  angles  which  have  different  vertices  and  are 


ailernale  interior 
angles 


consecutive  interior 
angles 


alternate  exterior 
angles 


consecutive  exterior 
angles 


Fig.  15-12 


both  interior  angles  or  both  extterior  angles  ^are  called  consecutive 
angles  or  alternate  angles  according  as  they  have  sides  on  the  same 
side  of  t  or  on  opposite  sides  oft.  Finally,  two  angles  with  different 
'  vertices,  one  of  which  is  an  interior  angle  and  the  other  an  exterior 


co^esponding 
angles 


corresponding 
angles 


Fig.  15-13 
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In  Figure  15-11,, i  and  m  are  coplanar  because  they "itit^ r sect 
at  C.  • 

-    Three  coplanar  lines  of  which  two  are  parallel,  and  the  third  Y» 
not  parallel  to  them,  furnish  an  rxample  of  three  coplanar  lines  such 
that  one  and  only  one  is  u  comnnpn  transversal  of  the  other  two. 

Two  consecutive  angles  —  one  at  A  and  one  at  B  —  cither  have 
as  sides  AB  and  BA,  respectively,  or  have  as  sides   -AB  and  -bX, 
[And  their  other  sides  are  on  the  same  side  of  t.  ] 

Two  alternate  ancles  —  one  at  A  and  one  at  B  —  either  have  as 
sides  A§  and  bX.   respectively,  or  have  as  sides  -K^  and  -bX. 
[And  their  other  sides  are  on  opposite  sides  of  t.  ] 

Two  corresponding  angles       one  at  A  and  one  at  B       either  have 
as  sides  a5  and  - bA,   respectively,  or  have  as  sides  and 
[And  their  other'sides  are  on  the  same  side  of  t,  ] 

Thi  preceding  remarks,  together  with  Theorem  15-11,  furnish  a 
proof  of  Theorem  15-13  on  page  225.    To  see  how,  consider  two 
parallel  lines  crossed  by  a  transversal  t  at  A  and  B«    Given  two  con- 
secutive angles  we  can  pair  their  sides  and  bA  or  — a5  and  -bX, 
as  the  ca^e  may  be,  to  bbtairi  corresponding  oppositely  sensed  sides, 
and  pair  the  other  two /sides  to-obtain  corresponding  sides  which,  since 
they  are  parallel  and  ori  the  same  side  of  t,  have  the  same  sense.  [See 
Exercise  3  of  Part  A  on  page  225.]   It  follows  by  Theorem  1$'-Ii  that 
consecutive  angles  are  supplementary.    Similarly,  in  the  case  of 
altei^ate  angles  w;e  obtain  two  pairs  of  oppositely  sensed  sides;  and 
in  the  case  ol  corresponding  angle^^e  ^obtain  two  pairs  of  similarly 
sensed  sides.    So,  by  Theorem  15-11,  alternate  angles  are  congruent 
and  corresponding  angles  are  congruent.  ^ 

Alternatively,  we  could  prove  Theorem  iS-^Sfe  -by  using  the 
isometry  B  -  A  to  establish  the  congruence  of  corresponding  angles,, 
noting  that  this  isometry  maps  a3  ontg  -^W^  [and  ^aS,  onto  Sa] 
and^maps  that  one  of  the  pai4|l^^  lines  which  contains  A  onto  the  one 
containing  B,  and,  also,  that      maps  a  given  side  of  t  onto  itself. 
Then,  we  could  establish  the^.rest  pf  the  content  of  Theorem  15-13  by 
dealing  with  vertical  angles  and  adjacent  supplementary  angles. 
However,  having  Theorem  15-11  the  former  proof  of  Theorem  15 --13 
is  more  natural  and  much  simpler^ than  the  one  just  sketched. 


Suggestions  for  the  exercises  of  section  15.05: 
(i)   Parts  A  and  B  may  be  used  for  homework  after  the  terms  intro- 
duced on  pages  225  and  22^  have  been  illustrated. 
'  (ii)  Part  C  could  be  use.d  as  a  team  assigronent  or  as^lass  discussion 
material.  ^  * 
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angle,  are  called  corresponding  angles  if  they  have  sides  on  the  same 
side  oft  Note  that  in  the  case  of  two  alternate  angles  or  two  cx)nsecu' 
tive  angles,  the  sides  of  these  angles  \|^{ch  are  contained  in  t  have  op- 
posite senses.  [Why?]  In  the  case  of  two  correisponding  angles,  th^  sides 
which  are  contained  in  t  have  th^ame  ^ense.'f  Why?]  x 


Exercises 
Part  A 


1.  In  the  picture  at  the  right,  t  is 
a  common  transversal  of  /  and 
m.  The  numerals  can  be  used  in 
referring  to  the  angles.  For  ex- 
ample, iiPj  and  Z.P3  are  vertical 
angles,  and  the  a^^acent  supple- 
ments of       are       and  Z.Q3. 
List  pairs  of  angles  which  are  (a)  alternate  intai^or  angi^ 
(b)  alternate  exterior  angles  (c)  consecutive  intdrior  angles 
<d)  consecutive  exterior  angles  (e)  a)rresponding  angles. 
%  in  the  picture  at  the  right,  m 
II  n  and  /  is  a  common  transvei^- 
sal  of  m  and  «.  P  em^  Q€  n,  and 
neither  betongs  to     Af  is  the 
vertex  of  two  opposite  half-lines 
a)ntained^in  m,  and      is  th^ 
vertex  of  two  opposite  half-lines  contained  in     Show  that  P  and  * 
Q  are  on  opposite  sides  of  /  if  and  only  if  P  ~  M  and  Q  -  N  h^e 
opposite  senses,  [Hint  Itefcall  Part  C  on  page  211.]  '  ' 

Show  that,  with  I,  m,  a^  n  as  in  Exercise  2,  those  sides  of  alteis[wtel 
angles  whicl^are  not  x^)ntained  in  /  have  opposite ^nses  andthOs^. 
sides  of  ronsecutiv^ or  corresponding  angles  vi^ich  are  not  con- 
tained in  /  have  iae  same  sense.  '  ' 

Mhepref;^^^^  Of  the  angles  formed  by  two  parallel 

^'^iik^'^^  4  commo 

aii^e§  (ijpe  congruent,  any  two  corresponding         '       '  \  ; 
'i  ^  ^dsiglmi^^^  congruent,  and  any  4;wo  consecutive  "     '  ^ 
ai^^supplementary. 


3. 


.4. 


I 


S.  Su^po^^t  /  n  r==  {P},  that 
^  £  f,^^  £hat  Q  9^  P.  How  many 
lines  are  there  through  Q,  and 
^coplanar  with  I,  such  that* a  giv- 
en angle  at  P  is  congruej:it  to  its  alternate  angle  at  Q? 
6*  What  theorem  [or  theorems]  from  this  chapter  would  you  use  in 
justifying  your  answer  for  £a(;erci$e  S? 


Answei^s  foryart  A  * 

-lT-t^r-«i^£r2»a^   -t^-t^^Tt&^ir-lt^rtQ^  ~ 

{€)   (ZPi^ZQ^),.  (ZPg^ZQg),  {/P3,ZQ3),  UP^,ZQJ\        '  /  * 

Z.     Since        it  n,  and  neither  P  nor  Q  belongs  to  i  there  is  a        '  >  ^  ■ 
number       say,  t  —  such  that  t  ^  0  and  P  -  M  =  {Q.-  N)t.  Sinc« 
f  Q  -  N  =  {M^  -  {Q  -  M)  it  follows  that  P  -  M  ^=  (N  -  M) ^  -t 

+  (Q  r  M)tf    By  Part  C  on  page  Zl2  it  follows  that  P  and  Q  ^r^: . 
on  opposite  sides  of  i  if  and  only  if  t  <  0.    But,  since 
P  -  M  =  (Q     N)t,   P  -  M  and  Q  -  N  have  opposite  senses^  if^end" 
only  if  t  <  0.    Hence,   P  and  Q  are  on  opposite  sides  of  i  if  ^ 
only  if  P  -  M  and  Q  -  N  hav'e  opposite  senses,    [Note  that  it 
follows  that  P  and  Q  are  on  the  same  side  of  i      and  only  if 
P  -  M  and  O  -  N  have  the  same  sense.  ] 

3'.     In  the  case  of  alternate  angles,  the  sides  not  contained  in  i  are  con* 
tained  in  opposite  ^H^es  of  |  and  so,  by  Exercise  1,  have  opposite 
senses.    The^.iide9; Of  consecutive  or  corresponding  angles  not  con- 
tained in  i  are'  cpntained  4n  the  same  side  of  t  and  so,  by  Exercise 
1,  have  the  salitie  ^en^e.  " 

4.  [A  proof,  using  definitions  and  Exercise  3  has  been  given  in  the 
-precedii^  commentary,]  "  » 

5.  Just  one. 

6.  Theorems  15-7  anS  l'5-8.  * 
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If  you  answered  Exercises  5  and  B  correctly,  you  have  in  hand  most* 
of  the  proof  of  tl)e  part  of  the  following  theorem  whieh  desds  with, 
alternate  angles: 

Theorem^  15-14   If  some  two  alternate  dr  corresponding 
angl^  fonned  by  two  coplan^r  lines  and  a  common 
transversal  are  <S)ngruent,  or  sonie  two  consecut/ive  angles 
are  supplementary,  then  the  lines  are  parallel. 

Here  is  a  proof  of  the  part  of  the  theorem  defiling  with  alternate  angles: 
Suppose  Jthat  Z,  i,  P,  and  Q  are  as  in  Exefcise  5,  and  let  be  one  of  the 
four' angles  contained  in  /  U  1  Let  r  be  the  half-line. with  vertex  Q 
whose  sense  is  opposite  to  the  sense  of  that  side  of  IF  which  is  con- 
tained in  t,  [In  Fig.  15-14,  r  is  QP  if  /P  is  either  lP^  or  lP^  and  is 
if  /.P  is  either  ^P^  or  LP.,]  By  Theorems  15  ^  7  and  15  -8  there  is 
just  one  angle  which  is  congruent  with  Z.P,  which  has  r  as  one  of  its 


t 
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sides,  and  whose  other  side -say,  s-is  on  the  opposite  side  of  f  from 
the  side  oi  LP  which  is  not  in  t.  So,,  the  line  which  contains  the  half- 
line  sis  the  only  line  through  Q  and  coplanar  with  /  such  that  ZP  is 
congruent  to  its  alternate  angle  at  Q.  Since,  by  Theorem  15-13,  the 
parallel  to  /  through  Q  is  such  a  line  it  follows  that  the  parallel  to  / 
thi^QUgh  Q  is  the  only  such  line.  .  ^  * 

* 

PartB  , 

i.  Prove  the  part  of  Theorem  15-14  which  deals  with  corresponding 

angles. 

2i.  Prove  the^  part  of  Theorem  15-14  which  deals  with  consecutive 
angles.  ' 

3.  Use  the  two  theorems  of  this  section  to  show  that,  given  two  a>- 
planar  lines  and  a  common  trins versa!,  if  some  two  alternate  or 
corresponding  angles  are  congruent^  or  some  4wo  a>nswutive 
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In  view*  of  Theorem  15-13  for^ltfernate  angles,  Theprem  15-14 
for  alternate  angles  will  be  proved  onC£i  we  show  that,  given*an^  angle . 
at  P,  there  is  just  one  line  through  Q  cbplanar  with  i  such  that  the 
alternate  angle  at'Q  to  the  given  angle  at  P  is  congruent  to. the  given 
angle.    For,  since,  by  Theorem  15-13,  the  parallel  to  i  th/ough  Q  is 
one  such  line  it  follows  that  this  parallel  is^thfe  only  such  line—  so. 
"the  coplanar  lines  of  Theorem  15-14  must  iJe  parallel.    To  treat  the 
corresponding  angle  case  of  Theorem^  15-14  it  is,   similarly,  sufficient 
to  show  that^  given  aCn  angle  at  P,  there^is  just  one  liu^e  through  Q 
coplanar  with  i  such  that  thq  angl^e  at  Q  corresponding  to  the  given 
angle  at  P  is  congruent  to  the  given  anglt;.    Similarly,  to  treat  the 
adjacent* angle  case  it  is  sufficient  to'  show  that,  given  an  angle  at  P, 
there  is  just  one  line  through  Q  copjlanar  with  I  such  tl^at  the  aagle  at 
Q  adjacent  to  the  given  angle  Bt  P  is  supplementary  loathe  given  angle.  . 

In  all  three  cases  we  know  by  Theorem  15-13  that  the  parallel  to  i 
through  Q  "works'*  'and,  to  prove  Theorem  15-14,  it  is  just  a  matter 
of  showing  that  there  can  be  no  other  line  through  Q  coplanar  with  i 
which  **works".  *  '  •  ' 

« 

Answers  for  Part^B 

1.     Using  the  notation  in  Kxerciso   5  of  Part  AT  l«^t  ZP  be  oije  of  the 
four  angies  contained  in  f      t.     I^'t   r  be  tht?  half-line  with  vertex 
Q  whose  sense  is  the  samtT  as  the  st^nse  ctf  that  side  pf. /P  which 
*  is  c^nt^ined  in  t.     By  Theourems  15-7  and  15-8  there  is  just  one 

angle  which  is  congruent  with  ZP,  which  has   r  as  one  of  its  sides, 
and  whose  other  side  —  say,  s  —  is  on  the  same  side  of  t  as  th^  side 
of  IP  not, in  t.    So,  the  line  which  contains  the  h^ir-iine  s  is  the  only 
line  through  Q  and  coplanar  with  i  such  that  /_P  is  congruent  with  its 
corresponding  angle  at  Q.    Since,  by  Theorem  15-13,  the  parallel  to  i 
through  Q  is  such-a  line  it  follows  that  th^  parallel  to  i  through  Q  is  the 
only  such  line ,  , 
•2.     Using  the  notation  in  Exercise   5  of  Part  A,  let  ZP  be  one  of  the 
angles  contained  in  i      t.    Let   r  be  the  half-line  with  vertex 
w^ose  sense  is  the  opposite  of  the  sense  of  that  side  of  ZP  which 
is  contained  in  t.    By  Theorems  15-7  and  15-8  there  is  just  one 
.    angle  which  is  supplementary  to  /P,  which  has-  r^  i^s  one  of  its 
sides,  and  whose,  other  side  —  say,   s  —  is  on  the  6ame  side  of  t 
as  the  side  of  ZP  not  ih,t.    So,  the  line  which  contains  t^he  half-lin'e  s 
.  '  \s  the  only  line  through  Q  and  coplanar  with  i  such  tliat  /_P  is  siipple- 
meatary  to  its  consecutive  angle  at  Q..  ^ince,  by  Theorem  15-13j/lhe 
parallel  to  f  through  Q  is  such  a  line  it  follows  that  the  pa rallel  to  i 
through  Q  is  the  6nly  such  line.  ' 

3/     By  Theorem  15-14,  if  some  two  alternate  or  cor  ruspondin^  angles 
are  congruent,  or  some  two  coBsecutive  angles  are  supplementa rv , 
then  the  lines  are  parallel.    By  15-13  if  the  lines  are  parallel  then 
*any  two  alternate  oy  corresponding  angles  are  congruent,  and  any 
two  const^cutive  ang\bs  are  supplementary.  ^         •  " 
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angles  are  supplementary,  then  any.  two  alternate  or  correspond- 
ing angles  are  congruent  and  any  two  ckuisequtive  angles  are  sup- 
plementary. '  . 


Parte 


Given  aAVB,  let  u  and Vbe  unit 

vectors  in  the  senses  otA  -  V  ^nd 

B  ~  y.  Let  €  be  the  ppsition  v^tor 

of  a  point  C  with  respect  to  V  and 

suppose  tha\  C  belongs  to  the  plane 

of  ZAVB.  More  explicitly,  suppose 

that  c  =  aa  +  iA.  We  wish  to  in- 

vestigate    the    possibility  that 

lAVC  apd  iLBVC  are  congruent.  '  •  • 

Show  epch  of  the  following.  {^As- 
sume tV^atCf^ZA  VS.]  .  ^ 

lAVC  3  /^VC'if  and -only  if.TcUV  ^if  and  c,^  '6.  [Hint  Note 
th^t  ^VC  «  ZSVC  if  and  only  if  c*'  =x7'  'v.  [Why?]  What 
do^  this  tell  you  about  o  and  6?] 

2.  For  C  interior  to  ilAVB,  lAVC  -  ZSVC  if  andonly  ifVe  U-h  V]^ 

3.  C  is  ecjuidistant  from  the. lines  and  if  and  only  if  lAVC 
and  /Bl^C  are  either  congruent  or  supplementary.  [Hint  Recall 
that  d(C,  VA)  --f^-lK^^  zi^ll.  [Why?]] 

4.  For  C  interior  to  ^Vfi,  d(C,  VA)  ='  d(G,  FB)  if  and  only  if 
^AVC     ^VC.  ^ 

For  C  interior  to  Z^^B  and  /LAVC  ^  IBVC, 


cos  Z^VC 


1     cos  ZAVB 


6.  Given  that  C  is  exterior  to  zAV^fi  and  aAVC  ^  Z-BVC,  express 
cos  /lAVC  in  terms  of  cos  lAV^,  ^ 

,      \  .  r 

/  •      .         '  . 

15.06  Bisectors  of  Angles. 

Tm  exercises  of  Part  C,  above,  suggest  the  following: 

Definition  15-7   The  bisector  of  an  angle  is  the 

half-line,  interior^  to  it  such  that  the  two  ahgles  which 
\  have  this  half-line  for  one  side,  and  one  of  the 
sides  of  the  given  angle  for  the  other,  are 
Mngruent.  ♦  »  • 

Note  that  Exercise  2  of  Part.C  shows  4iiat,  for  any  angle,  there  is  one 
and  only  one  half-line  which  satisfies'  the  randitions  given  in  Defini- 
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An^wyrs  for  Pa  rt  C 

1.  /Ave  ^   /BVC  ifiindonlyif  cos/AVC  =  cos/BVC,  and  thr  lattiT 

■  is  thc-case  if  and  onlyjl^  xi- c/!|c  II   =  >?-c/j|cJj.    Ho,  ZAVC:  /ISWC 
if,  and  only  if  u«c   -    v-c.    Sint;^  c   -  ua  4  vb  it  follows  that  ' 
IhVC  -y-  ZBVC   if  and  onl^y  if  a  f  (J-  vjb  -    (v.J)a  \  b  —  that  is,  if 
and  only  if  (a  -  b)(i  -  u  •  v?")       0.    SintT  (u,  v)  is  linviy-ly  indi'pcndont 
[wc  arc  **givon"   /AVB)  it  follows  that  u*v       1    i  iiil^^i  1 
/AVC  ^   /.JSVC   if  and  only  if  a  -    b  —  that -is,   if  and  only  if 
c   '    (3  +  v^a  €  [u^  V  ). 

2.  C  is  interior  to  /AVB,  with  c   -   ua  +  vb  if  and  tin ly  If  a  and  b 
are  both  positive .    Honee,  f  o  r- C  inte  rior  to  ZA  VB,  /AVC  ^  /HVC 
if  and  only  if  c  -  (u  +  y)ix  where  a    ^  0  —  that^,  if  and  only  if 

c  €  I  uN  V  ]  \  ' 

3.  The  foot   V  of  the  pe  rjiehdicula  r  from  C  to  VA  is  V  +  u(c  •  u).  So, 
,   d(C,  VA).-  -  Fit    T    !|e{^U-.J)||       >/||c|i^-  -  (e*  J-V..  It 

follows  that  d(C.  VA)  ^  d(C.  VB^  if  and  only  if   |  j  e  |  j        (e  •  u)'  ' 

-  I  |c  1)^      (c  •  v)*'^       that  i6,   if  and  only  if  (c  •  u)^  -   (^e-v^.  This 
iattt.'r  IS  the  case  \\  and  only  il  c  •  u  -  c  •  v^or  c*  •  u  +  c  •  v       u  — 

,that  is,   if  and  only  if  /AVC  and  /BVC'  are  <;ongrurnt  br  .  i 
supplsm'enta  ry .  ,  •  ,  '  ' 

4.  By  ExercisV   3,  if  ZAVC  ^  ZBVC  then  d(C:,  VA)  -  d(C,  VB), 

*  - 
Suppose,  then,  that  C  is  interior  to  /AVB  and  that  d(C3,  VA) 

~  d(C,  VB),    It  follows  that  c  +  vb,  with  a  and  b  positive, 

« and   [by  the  work  for  Exercise  3]  that  (c'u)*''  -    (c**v)'''.  So, 

c  •  u  ^  ^  a  +  (u  •  V )b,  r  •  V    -       •  v )a  +  b,  and   [a  4  (u  •  v  )b 

-  [{u*v)a  4  b]*^,     Frojti  the  last  it  is  readily  shown  thai 

(a^  -  b^){i  -  {y  v)^]  -10.    Since  (u,v)  is  linearly  independent  it  * 
follows  that  a^  -  b*'^  =  OVind,   sijii-e  a  and  b  are  positive,  that 
a    '   b.    So.  by  Exercise  ^  ZAVC  /BVC. 

5.  Suppose  that  C  is  4nt<' rior  to  /AVB.  and  that  /AVC  ^   /BVC,  It 
^/ollows  by  Kxercisf   2  that  r  ^  ^Vi  -f  v)a,  witli  a     *  0,  Ho, 

I  =   2ai^(l  f  J.v)  aWc?/[|c||    ^  (uj^  v)/sIl{\  A  ^^*v).  Henee. 

/    cos/AVC   -  u*{c/\\c\\yy/(\  ^u^v)/s!z(l  :^  u.  v)  -  ^/l      u«  v/^ 
=  n/U     *^os  /AVB)/Zv^y   '  V  ■  . 

^,    *In  case  C  is  ext't^ rfo^'to  /A V B  and  /AVC  ^  /BVC,  .the  argunu^nt 
in  Exerc^jse   S  applies  with  the  exception  that  a  ^   0»and,  so, 
N/a^  -  -a.    So,"  c<;/ije'||   ^   --|u  +  v)/vi(lvTrv ),  and  cus/AVC 
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Svipposo  that^AHGD  is  1  paraVclqni-ani. 

(a)  Which- paira  of  angles  oi  A^)'aro  congruent'^ 

(b)  Which  pairs  ol  angU-«  of  ABCD  arc  st^ppU-rnvnta  ry?_ 
Suppose  that  IK)RS  is  a  irapfv.uid  with  b..sf«    1^  '.vntl  Rij, 

(a)  Givi-  a  supplt  nu-nl  of  /PQH.  » 

(b)  -Cavf  <!  supplvmt-nt  of  ZR-'iP- 

(c)  Givi-  an  anfjU-^which  is.i  ongrm-nt  to  /PKS. 

{d)    Ciivi-  an  angU-  coniJ  i  u«-nt  to  ^PQH. 

Suppo'5icjT>*it  BC  1 1  KG  i  I  DK,  ■  "> 
as  shown  in  Iho  picturf  wt  thf 
rif»ht.        '    ,        I  ' 

(a)  Givf  tvvo.angUfH  which  an-  congrut-nt  to  ZCBA. 

(b)  ~  Givf  two  angU-8  «;^hk  h  arc  c^ngriu-nt^to  /AFG. 

(c)  Give  a  supplement  td  ZBtf. 

(d)  Give  a  KuppU-nu-nt  to  ZADI-:. 
(f)    Givf  a  |uppU-mcnl  to  ZBAG. 


All  S.iniplf  Qui/  ' 

{a)    /DA3,  */DCB;  /AnC,  /ADC:  .  , 

(b)    /OA-B.  ZAHCJ  ZABC.  /.BA.C;  VABC.  /.BCD;  ZBCD. 

(a)    ZQRS  V  ibr  /SPQ  "(^')  /|^'" 

(a)    ZKGA.  ZADK  (b)   /KGB,  /ADF.  .. 


tion  15-7.  So,  it  is  Exercise  2  whichjustifies  our  speaking  of //te  half- , 
line  which  satisfies  thtfse  conditidns.  Exercise  2  also  gives  us  important 
information*  as  to  what  half-line  this  is: 

Theorem  1 5  - 1 5   The  l^isector  of  z.  A  VB  is  tl^ehalf-Jine 
with  vertex  V  whose  sense  is  that  of  Q/l|a|  +  'hlwi^ 
where  0*=  A  -  V  BXiAh  =  E  -  V,  \ 


Exercise  4  gives  us  another  way  of  describing  the  bisector  of  an  dngle: 


Theorem  15-16   The  bisector  of  an  angle  consists  of 
those  points  which  are  interior  to  the  angle  and 
are  equidistant  from  the  lines  contaifting  the  sides 

'  of  the  angle. 


/in  th?  Sense  of 


Fig.  15-16 


/CI>A 
idj  /QSR. 

[(.:)  ZCKG 


Exercised 


Part  A 


(d)  /KGB. 


(c)  /CAD 


Consider  Z.AVB  and  its  bisector 
VS.  Let  a*,T,  and  e*be  the  p<^ition 
vectors  oiA.B,  and  C  with  respect 
toV. 

1.  How  do  you  know  that  FC  inter- 
sectaAF?  , 

2.  In  what  ratio  does  UiQ^int  of  intersection  of  VTfand  AB  divide 
the  interval  f«>i?^  ioBTlHint:  Recall  that  the  point  whose  posi- 
tion vktor  is'ad  -,  r)  -hTr  divides  the  interval  from  A  txSB  in  the 

'  ratio  r  :  (1  -  r),  and  use  Theorem  16-15.]  .    ' ; 

3.  Show  thgjt  the  bisector  of  ^AVB  bisects  the  interval  AB  if  andonly 
if  A  andS  are  equidistant  from  V.   , 

4..  Show  that  the  bisector  of  /lAVB  is  perpendicular  to  AB  if  and 
.  oyilyif>landSareequidistantfroinV.tHini:UsQTheoremi6-i5.3 
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Suggestions  for  the  exercises  of  section  15.06^: 
U)   Pa^t  A  may       used  in  conjunction.with  the  discussion  preceding 

and  following  it.  *  • 

(ii)   Parts  B  and  C.(except  for  Exercise  5,   Part  C)  are  appropriate' 
^  Cdr  homework.  .  .  ^       .  . 

(iii)  '  P»rt  D  should  be  deveioped^nde r  teacher  direction. 

(iv)  Part  E  maybe  used  either, as  a  cla'ss  exercise  o'r  as"  homework .  * 

Answers  io\  Part  A 

-r — '  t  , 

1.  C  is  inteVior  to  /AYB^^sj^ce  C  is  on  its  bisector.  T4ierefore, 
by  Theorem  15-^(c),   VC  intersects  AB. 

2.  Let  D  be  the  point  of  inte rsection  of  VC  and  AB.  Then 

3  -  a(l  »  r)+lyr.  whore   0  <    r  <    1,  and  A  '   {a7||a|]  i  b/l|b||)c, 
wher^  c   >  0.    Solving  for  *c\  we  hav^e  c 1 1 b  |  j  1 1 a  j  | /(  |  j a  |  j  +  | ) b  | 
\     Therefore,   r=    1 1 a  j  | /( 1 1 a  1 1  +  1 1  b  1 1 ).  and  1      r       1 1 b  1 1 /(  j] a  |  i  M I  ^  } 
So  D  divides  the  interval  from  A"  to  B  in  tin'  ratio   ||a(|':  ]|Sj|. 

3.  By  Exercise  Z,   D  is^the  midpoint  of  AB  'if  and  only  if   |'ja*j;|  :  ||b|l*' 
=   i  —  that\i^^  if  and  only  if   ||a|]   =    |lSj|.    Since  d(V,  A)  ^'  |ja|| 

*   and  d{V,B)  =  the  result  follows . 

4.  By  Theorem  15-15.,  the  bisector  of  /AVB  is  perpendicular  to  AB 
if  and  only  if  {a/||a*||  +  S/||p||Hb  -  a)  -  0,    The  latter  is  tk>  case 
if  and  only  if  [(a  •         1 1  a  |  ]  1 1  b  1 1 )  f  ll[||b||  -  =  0  and,  so. 
since  cos  ZAVB -1,,  if  and  only  if  = 

.      'If*  . 
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Explanations  called  fox  ijl  the  tC2it:    The  perpendicular  bisector  of  AB 
^  is' the  set  of  all  points  equidistant  from  A  and  B,    It  ^consists  of  a 
plant  wi^ich  is  perpendicular  to  AB  at  its  midpdint.  ''The  bisecto.r  of  -  , 
the  given  angle  is  a  half-line  which  is  clearly  a  subsbt  of  the  plane  just 
described*  ^ 

Placing  the  point  of  a  pair  of  compasses  at  th^  vertex  of  an  angle 
and  drawing  an  arc  which  cuts  both  sides  of  the  angle,  two  points  of  the 
angle  are  located  each  of  which  is'equidistant  from.the  vertex  of  the 
angle.  .   ,  '  * 


15.06   Bisectors  of  Angles 

Exerc4es  3  and  ^suggest  a  procedure  for  drawing  bisectors  of  an- 
gles. If  one  marks  two  points  ^4  and^  v^ich  are  on  the  sides  pf^an  angle 
and  are  equidistant  from  its  vertex  V^hen^by  B?tercises,3  and  4,  the 
bisector/ of  the  angle  is  contained  in  the  perjSendicul^ar  bisector  of 
AB.  iEx|flain.]  More  specifically,  the  bisector  of  the  angle  is  contained 
in  the  line  of  in^rsection  of  the  plane  oHiie  angle  and  the  perpendic- 
ular bisector  of  AB^  THe  point  V  belonj^vto  the  line  and  so  d^jes  any 
point  of  the  plane  of  the  angle  which  is^equidistantifrofn  .4  and  B. 
When  drawing  figures^  it  is  easy  to  mark  such  points  by^using  copi- 
passes.l  Explain.]  Draw  some  angles  and  practice  the  procedure  just  • 
outlined  for  drawing  their  bisectors. 

Xhe  exercises  of  Part  A  suggest  '         • ' 

a  number  of  theorems  concerning  *  '  ^• 
triangles.  To  state  these  it  is  con- 
venient  to  introduce  a  notion  some- 
what like  the  notions  of  medians 
and  altitudes.  Briefly,  the  angle  bi- 
sector of  AABC  from  the  vertex 
C,  or  to  the  side  AS,  is  the  interval 
of  the  bisector  of  iSCA  which  'has 
as  endpoints  the  vertex.  C  and  the 

point  D  in  whijcsh  the  \>isector  of  ^  ^ 
/LBCA  intersects  JW^  Note  that,  like  medians  of  triangles  and  alti- 
tudes of  triangles,  angle  bisectors  of  tiHangles  are  intervals. 

When  dealing' with  a  triangle  it  is  jconvenient  to  describe  the  three 
angles  each  of  whose  sides  contains  a^ide  of  the  triangle  as  being  an- 
gles of  the  triaijgle.  For  example,  ^BCA  is  m  angle  of  l^ABC.  More 
specifically,  lBCA  is  the  angle  of  AABC  at  C.  Similarly,  z^CAB  is  the 
^gle  of  AABC  at  A  ,  [Make  a  similar  assertion  ronceming  the  third 
.angle  of  A4BC.]  ^  ^  ' 

We  can  now  state  the  following  definition: 

Definition  15-8   The  angle  ^bisector  of  a  triangle  from 
a  given  vertex  is  the  interval  whose  endpoints  are 
the  given  vertex  and,  the  point  at  which  the  bisector 
of  the  angle  of  the  triangle  at  this  vertex  inte^s^K^ 
the  opposite  side.  .  '  • 

Note  that  your  answer  for  Exercise  1  of  Part  A  should  be  relevant  to 
the  question  as  to  whether 'Definition  15-8  is  acceptable  as  a  defini- 
tion. [Explain.]  •  ;     *  '  -  ' 


Fig,  i^-'ie 
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The  result     Exercise  2     Part  A  can  be  stated  as  fcdlows:  *  , 


Theorem  15-17   In  AABC,  the  endpomt  on  AB  of 
the  an^le  bisector  from  C  divides  the  interval 
from  A  to  B  in  the  ratio  of  CA  to  CB. 


CD  \s  the  angle  bisector  from.C. 
D  divides'the  interval  from  A\o  B 
in  the  ratio  CA.CB.  ^ 


The  results  of  Exercii^s^  and '4  yield  ^the  following  theorems: 

Theorem  15-18  AABC  is  isosceles  with  base  AB 
if  and  only  if  its  a^Ie  bisector  from  C  is  its 
medianprom  C.^ 


Theorem  15-19  AABC  is  isosceles  with  base  AB 
if  and  only  if  its  angle  bisector  from  C.is  its 
altitude  from  C.  ' 


[Of  what  earlier  theorem  do  these  theorems  remind  you?]  There  is 
anbther  theorem  about  the  angle  bisectors  of  a  triangle  which  follows 
at  once  from  Theorem  15-17  and  Ceva's  Theorem.  [For  the  latter  see 
page  367  of  Volume  IJ  From  your  experience  with  medians,  altitudes, 
and  perpendicular  Jbisectors  you  may  guess  that  this  theorem  is: 


I 


T)ieorem^  -  20   The  angle  bisectors  of  a  triangle 
are  concurrent.        |  . 


This  theorem  follows  easily  from  Theorem  !  5  - 1.7  and  Ceva's  Theorem, 
And,  as  you  will  see,  there  is  a  slightly  longer  proof  using  Th«>rem 
15-16.  . 


Parts 


1.  Use  your  answer^  for  Exercise  2  of  ParT  A  to  obtain  a  probf  of 
Theorem  16-17.  .  ' 
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2.  Suppose  that,  in  AABC,  A#?  is 
the  angle  bisector  from  A .  Sup- 
pose, as  usual,  that  BC  -  a, 

/  CA  =  fc,  and  AB  =  c. 

(a)  What  is  the  ratio  olBR  y 
/?C? 

(b)  Suppose  that  a  =  ^,  6  =  3, 
.     and  c  =  6.  What  is  Si??  J?C? 

I  Check  your  answers  by  add- 
ing them.]  .  

3.  Ceva's  Theorem  says  that  if^,  S,  and  T  are  points  of  BC.  CA,  and 
AB^  respectively,  then  A5!  BS,  and  CT^are  conourent  if  and  only 

~  if  Bi?  •  CS  •  AT  =  RC  -.SA  ■  TB.  [Draw  a  pidlure.3  Use  Ceva's 
Theorem  and  Theorem  15- 17  to  prove  Theorem  15-20, 

4.  In  each  of  the  following,  you  are  given>a  picture  of  a  triangle  and 
somel^nformation  about  it.  Do  the  required  computations. 


(a) 


(b)  Given 


Gisen-.DE  =  5,^=  6,  and 
FD  =  8  ;  DC  and  EH 
are  angle  bisc 

Compute:  DH,  HF,  FG,c 
GE  ' 

Right  triangl|, 
AABC,  with  hy- 
potenuse SC,  AB 
.  -  =8  and  AC  =  6; 
A^istheaititade 
from  A  and  AD  is 
the  angle  bisector 
from  >L  \  ' 

Compute:  CE,  A^.CD.  aid 
AD 


(c) 


Given;  Same  information  as  in  (b);  CF  is  the  angle  bisector 

from  C;  G  is  the  point  of  intersection  of  CF  and  AD^ 
Compute:  AF/FB/CF,  CG/GF,  and  4G/GZ) 
(d)  Given:     Right     triangle,  - 
•   AABC,  vvith  hy- 
potenuse BC;  AB 
=  5and^£i^'l2r^ 
angle     bisectora  » 
BF"and  CF  inter- 
sept  in  the  point 

Compute:  SE,  CF,  CG,  and  GE 


4S3  ' 
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Answers  £or  Part  B    '  ;v  * 

1.     By  Exercise  I  [but  us^H  tho  notation  of  T)n-Qr<Tn   15-1?)  tbi-  t'ncl 
point  on  AB  of*the  angle  bisector  from  the  opposite  verte  x  div^ides 
the  inter-val  from  A  to  B  in  the  ratio   |  |'a  |  j  /  [  |  h  1 1 .  vvhert>  a      A  -  C 
'and  H  -  B  -  C.    Since    If'A  -  c!|       C:A  and    ||H  -  c1|   r   c:b,  the 
thcbrem  follows.  .  . 

jvR,   nS.  a^d  CT  are  cont:i>r reiit  if 
and  only  if  BR-CS-AT*:^  K'C  -  SA  *  tl^. 


3. 


If  a5  i^  the  angle  bisector  from  A  of  AARC  theo,  Theorenr^ 
15 -it;  BR  =  a,c/{b  +  e)  and  --RC  =^  ab/(b  +  c ).    If  BS  is  the  angle 
Sisector  from   B  then  CS  -  ba'/ic  i  a)  and  SA  -  bc/(c  i  a).  If 
CT  is  the  angle ^i5isectdr  from   C  then  AT  -  cb/(/  +.b)  and  . 
*TB  -  ca/(a*i'b).    So,  the  aQgle  bisectors  are  concurrent  tf  and 
only  if  4  .    ^  '  • 


ba  >.cb 


ab 


be 


ca 


b*+  c  **c  i  a'a  ^  b  ^      .4  c       if  a  .a.i  b: 
Since  the  latter  is  always  the  case,  the  angle  bisectors  of  artria^gie 
are  aoncurrent,         „  -  * 

(a)  DH  -  40/11;  48/11;    FG  -  48/13;    GE  =  30/l3 

(b)  CE  =   i8/S;   AE  =  Z4/5;    CD  -  30/7;   AD  -  l^^/l  ^ 
[(AD)^  =  (CD  -  CEP  +  (AKP] 

(c)  AF      3;    FB  =  3;    CF  =  3\T;    CG/GF  =  I  [Theorem  15-17, 
,^CF];   AG/CD  =7/3  . 

■(d)    BE  =   5^/r3/3   '[(^Kp  -  (AE)^  +  (AB)^];   CF  =  l^^/^^/5; 
CG  =  2>/H;   GE  =  Z.^/3  . .  * 


5i  •• 
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Answi'i:^^  for  PiirtH 


6.  Prove  Theorem  15-20  as-sxiggested  below.  B^in  by  Cdnsidering 
hABC  whose  angle  bisectors  are  AR,  BS,  and  CT.    /  *  ^ 
(a)  Show  that  . tKere  is  a  point— say,  P  - which  belongs  tc?  both 
*    AR  and  BS]  [Hint:  For  this,  ali-roujoeed  know  is  that  R  eBC 
^      and  S  €  CA".  Wha^t  theorem?]  ' 

{b^how  tha^  P  is  equidistant  from       and  '  ' 

(c)  WHat  else  do  ybu  n&ed  to  knoW  in  order  to  infer  that  P  tielongs 

1  to  the  bisector  of  ^C?# 
(a>  Sh6w  that  P  belbn^p  to  the  bisector  of  Z.C .  [Hint :  It  is  relevant 
thatFcA^andthatlJeCS'r]    .       •  ^  . 


(a) 
.(b) 

(c) 


AH  and  BS  intt-rsect. 


Ihf 'corolla  ry  to*Thcun*fti 
^^ft   P  he  thf  point  of  irtt<* f bfdion .  ^  * 

Since    P  bi  longs  to  th<'*  nngU^  bi^i  t  tor  from  A,  d(P,  AB) 

-   d(P,  AC).    Sim  c   P  belongs  to  the  an^lV-  bi'st-t  tor  fron^  B,      '  ^ 

d{P,  BA)  V  d(P,BC).    So,   P  in  ccjuidintant  from  CA  and  CB. 

in  .ord^l  Jo  us^r  Tht'oronrj  15-16  need  to  know  t^at  D  i» 
intiTioj  to  ZC,  ^  ^  * 

Since   H  €^OB.   /C  ==  ,ZRCA.    So,  aincv   P  €  AR,   P  is  interior' 
ro  ZC.    [ThL'orem^,lV^(»)l   Sinc<*    also,  -P  is  equidistant  from. 
th<'  sides  of  ZC  it  follows  that   ^  belpngs  to  tfie' bisfcctor  of  /C.^ 


(e)  ,  Show,  thai  P  €  CT. 


;  Parte 


s 


1.  Show  Ikat  the  lin^  containing  the  bisectors  of  adjacent  supple- 
mentary angles  an?  perpenaiculat*  '  . 

2/Given  two  intersecting  lines,  describe  the  sfet  consisting^  of  all 
points  which  are  in  the  plane  of  th^^  lines  and  are  equidistant 
from  these  Hnes.       4       ^  ^ 

3.  Suppose  that  tt  is  the  plape  cxjntaining  two' Tmes  i  and  m  ^yhich 
intersect  at  a  fx)int  V.  Show  that  a  point  P  is  equidistant  froip  / 
and  m  if  and  only  if  the  foot,  F,  of  the  perpendicular  from  P  to  tt  is 
equidistant  from  I  and  m.  [Hint:  Slioav  that  the  plane  perpendicu- 
lar to  /  which  contains  P  also  contains i^.  So,  obtain  a  rela.tion  be-* 
tween  cf(P,  /),  cUF,  /),  and  PP.]    ^  .'^ 

"4,  Describe  the  set  of  ail  points  which  are  equidistant  from  two  inter- 
secting  lines.  |. 
*5*  Show  that  the  lines  a)ntaining  the  bisectors  of  two  coplanaf  an-\' 
gles  which  share  a  side  are  perpendicular  if  and  only  if  the  angles  ' 
■are  a^japent  supplementary  angles.  [Hint:  Let  u,     and  w  be  the 
unit  vectors  in  the'senses  of  the  sides  of  the  angle,  w  being  in  tha 
sense  of  the  shared  side.  Since  (u,  w)  is  linearly  independent  and 
the  angles  are  ooplanar,  v  -  ua     wb.  Show  that  u     w  1  v  w 
{Why?)  if  and  only  if  a  -h  6  +  1  =  0  — that  is,  if  and  only  ifv  ^  m  ;\ 
-  wia '  -ft  1 ).  Use  the  fact  that      =  1  (and  the  linear  independence 
of  («,  w)  and  {v,  w))  to  show  that  v  -  m  -  wia  +  1)  if  and  only  if^ 


*Part  D 


Suppose  that  A,  and  G  are 
points  of  a  plane  a  and  that^  with 
respect  to  the  orthonormal  coordi- 
nate system  for  a  which  is  shown 
in  the  figure,  they  have  the  indi- 
cated coordinates.  We  must  find 
an  equation  for  the  line  .which  con- 
tains the  bisector  of  lABC. 


A  (6,14) 


I, 


3. 


,  (v)    Nfsxn  part.  (a).   CT  and' AR  inttMsecU_  Since  /P^C  CT  o>AR,  P 
must  be'tJheDointi  of  intersection  of*  CT  and  AR. 

|By  .(a)  .and*  (e),  the  an^l«  bisectors  .of '  AAIJC  are  concur  rent  at.  P.  J 
Answei^  for  Pajt^C  ■  ^*  P 

'1.     Given  two  adjacent  supplerTU'nta  ry  angles,  let  u  be  the  unit  vector-* 
in  the  sense  of  their  common  side^    Then  the  unit  vectors  in  the 
senses  of  their  other  sides  are  ^.pposites        say,   v  and   -v  The. 
senses  of  the  two  angle  bisectors  are,  by  Theorem  ^15-15,  that  of 
^U  4  V  And  u  V  -Vri^i^edpcctively,    Si^ce   {u  +  v)«(u  -  v)  =  0  it 
, follows  that  the  angle  tjisectors  are  perpendicular. 

Two  intersecting  lines  contain  the  side  a  of  four  angles,  and  the 
paints  equidistant  from  the  two  lines  aTid  in  their  plane  consist  of 
the  point  of  intersection  and  the  points  in  the  bisectors  of  the  fdur    .  " 
angles.  ^     ■  - 

The  caSe  in  which   P  €  ^  is  trivial/  So,   suppose  that         t  and  let 
F  be  the  foot  of  the  perpendicular  from  /P  to  't.     Let  ^ff.  be  the 
.plane  perpendicular  to  J  which  contains   P.    Since  PF  X  t  and 
I  C  ir  it  follows  that  PF  A  i  and,  so,  ;that  Vf  <'   (7,    Hence,  ,F  €  ff. 
Now.  by^  the  Pythagorean  theorem,  d(P,l)''  "  d(  P,  F)''  i  d(  F, /)^' 
and,  similarly,  d{P,m)2  =  d(  P,  F)'^  4  d(  F,  m         Hence,  d^Py  4) 
=  d(P,  m)  if  and  only  if  d(F,  I)  =  d(F,m).  r 

4,    .'The  set  of  al)  points  equidistant  frorp  two  intersecting  linefejs  the 
union  of  two  pe  rpendicula  r  planes  each  of  %vhich  is  pe  rpendity>Uar  to 
the  plane  of  the  given  lines  and  pdntaining  the  bisectors  of  the  'angles 
'   contained  in  the  union  of  the  two  lines-. 

In  Exercise  >  we  pro N»^d ^HSI  tl)e  anglei^ sectors  of  txdjacer^ 
supplc^tnentary  angles  are  perpendicular.    So,  all  that  remains  is 
to  show  that  if  the  angle  bisectors  of  coplaniar  angles  sharing 
a  side  are  perpendicular  then  the  amglor^re?  adjacent  and  supple- 
mentary —  that  is,  that  the  noncorr^on  sides  of  these  angles  are 

^        oppositely  sensed  haif-lfnes.  .  The  that  the  angles  are 

coplanar  and  share  a  §ide  is  emboi3ie|(ln  the  notation  introduced  in 
the  hint  —  in  particular,  that  v      ua>^b.    The  ^as^iimptioti  th^t  ^ 
the  angle  bisectors  are  jjerpendicular  amounts^to  saying^ that  la  +  w 
and  V  +  w  ar^  orlhogonal  —that  is,  Jhat      +  w)  •  [ua  +  w^b  4-^;  )J  =  0. 
Thij^-lapst  reduces  to  *(a  4  b  4  IKl  +  u*  w)  =  0'.    So,  since  {u,w)  • 
is  linearly  independent,  we  have  that^a  4  b;^-  1  =  0  and,  so,  that 

,        V  =  ua  '  w{a  4  j  ).    Since  v  is  a  unit  vector  it^'follows  [on  _^ 

cdJi^puting  the  square  of  the  norm  of  v]  that  2a{^  4  I)(i  ^  u»w)  -  0, 
ance  (u.^)  is  linearly  independent  it  follows  Uiat  a{a  4  1)  =  0.  ^ 
Since  jv,  w)  is  linearly  independent,^ and  v  -  ua  4  wb,  it  follows 
that      4  0.    So,  a  -  —1.  and  v  -  -u.  ^  ^ 

...    •     -  ■  ■     4SG  .. 


15.06  Bisectors  of  Allies  £33 


1«  Find  equationscof  the  form  *ax  +      +  c  -  0'  for  the  hnes^  and 

2*  Show  that  if  P  is  a  point  which  belong^to  cr,  has  co^inates  {x, 
and  IS  on  the  same  side  of      as  is  C  then 

>  13 

[Hint:  fiecall  Theorem  14-17  on  page  175  and  the  discussion 'pr^ 
ceding  it.]         •         :  ' 
3.  Sho^  that  if  P  is  on  the  same  side  of      as  is  ^4  then 


4.  Given  thatB  e  CC\  find  an  equation  for  the  line  which  contains  the 
bisector  of  Z^C.     .  '   ^.       ^       ^  T 

.5.  Find  an  equation  for  the  line  which  contains  tiie  biseelor  of  lABC\ 

(a)  by  usin^  Theorem  15-16,  and         •      .  ^ 

(b)  by  using  Exercise  1  of  Part  C  and  Exercise  4,  above. 

Find  equations  for  the  lines  which  contain  the  bisectors  of  Z CAB 
and  of  LBCAy  respectively.  {Hint.  First  find  an  equation  for  X^. 
*  Don*t  expect  your  answers  to  be  as  neat*^  as  those  for  Exercises  4 
and  5  ] 

Use  the  equations  obtained  in  Exercises  4  and  6  to  show  that  the 
lines  containing  the  bisectors  of  the  angles  of  AA5C  are  cxrncur- 
rent.  [Hint  The  easiest  way  to  do  this  is  to  show  that  the  left  side 
of  an  equation  for  the  bisector  of  ZB  is  a  linear  combination  of  the 
left  sides  of  equations  for  the  bisectors  of  ZA  and  Z.C.  Of  o^urse, 
the  equations  must  be  in  the  fotm  'ca:  +  6y  +  c  =  0'.] 


Xs  in  Part  D,  air  points  referred  to  in  the  following  exercises  ^long 
to,  a  plane  a-  and  all  equations  and  aK>rdinates  are  with  r^pect  to  an 
orthonotmal  coordinate  system  for  a*.    ^  * 

1.  Suppose  that       and      are  described  by  the  equations: 

lac  +  fiiy 3  =  0,      %  -  Sy  +  5 
*  ■  ,  *  . 

Suppose,  also,  that^the  point  with  ooordinates  (1,  1)  is  interior  to 
ZPQi2p  Find  an  equation  for  the  line  cx}ntaimng  the  bisector  of 
iPQR. 

2,  Suppose  that  U;  V,'  and  W  have  coordinates  (4, 4),  (0, 1),  apd  (5, 13), 
r^pectively: 

.  (a)  Find  an  equation  for  the  line  wlych  contains  the^bisector  of 

(b)  Find  a^  equation  for  the  line  which  contains  the  bisecto^'  of  the 
,       adjacent  supplements  of  /JJVW.  - 

4S7 
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Answet-s  for  Part  D  ^.  ' 

'i;  .  BA:    12x  -  5y  -  Z  =   0;   BC:    4x  +  3y  -  10^  0  •  ;  * 

2^     We  dan  use  Theorem  14-17  by  considering- the  equation  of*B'A  to  ' 
be  an  c>quation   fdr    the  plane  ^     containing  BA  and  perpen- 
dicular to  cr.    For  any  P  €  «r,  d(P,  BA)  =  d{P,         So,  by  Theorem 
s^^   14-17,  d(P,  ^)  =    |l2x  -  5y  -  +  5^.    FoV  P  on  the  same 

side  of  AB  as  is  C  it  follows  by  the  second  part  o£  Theorem 
that  the. coordinates  {x,  y)  of  P  must  be  such  that  (iZx  -  5y  -  Z^- 
^       (12-  -2-5-6  -^2)  >^0  —  Vhat^,  suchthat  f2x  -  5y  -  2  <  0.  So. 
'  for  such^oints,  dtP,  Xb)  =  -(12x  -  5y  -  2)/l3.  . 

3,  By  reasoning  sirifxija^r  to  that  in  gxercnse^  g  we  see  that  if  F  is  on 
the  same  side  of  BC  as  is'  A  then  d{P,  BC)  =  (4x  ^  3y  ^  - 

4,  By  Exercises^  2  and  3,   P  is  interior  to  ^ABC  ^nd  equidistant  from 

and  BC  if  and  only  if,  for  its  coordinates  (x,  y), 
-•{IZx  -  5y-  2)/l3  and  {4x  +  3y  -  10)/5  are  equal  and  positive,    [if  * 
they  are  equal  and  negative  then  P  is  on  the  bisector  of  ZABC's 
vertical  angle.]  So,  the  equation  *-(i2x  -  5y  -  2>/l3  =  (4x  +  3y  -  1 0)/5' 
is  an  equation  of  a  line  which  contains  the  bisectpr  of  /ABC.  A 
.   simpler  eqii^tion  is  * 8x  -I-  y  -  1 0  =  0' ,  ^ 

5,  (a)^  In  this  ease  we^are  interested  in  points  on  the  same  side  of  BC 

as  is  A  but  on  the  opposite  side  of         from  C.    So,  by  argu- 
*ments  like  those  in  Exercises  2,  3,  and  4  we  find  the  equation 
*{12x  -  5y  -  2)/l3  =  {4x  ^  3y  •«  10)/^  or,  more  simply,  • 
.  'x  -  8y  +  15  =  0\   ^ 

,      (b)    By  Exercise  I,  the  line,  we  seek  is  pv" rpendicular  to  th^fof 

Exercise  4  and,  sb,  has  slope  l/S.  '  Since  it  also  contains  B 
its  point-slope  equation  is  *y  -  2  =  (x  -  l)/8'  which  simplifies 
to  *x  -  8y  +  15  ^  0*. 

6,  -   (13  +  12n/2)x  -  {13  4  5V2}y  4  (104  -  Isfl)  =  0; 

1  (5'  -  4>/l)x  -  J5  +  3^/T)y  +  (40  t  lOVz}  ^0  '  "  ^ 

7,  [{13  +  lZs[Z)x  -  (13  +  5\r2^y  i  (104  -  Zsp.)]5  -  [{5  -  4a/2)x 

-  (5  4  3^/2)y  4  (40  4  10a/2)]13  ^  [^x  4  y  -  X0]X4sfZ.    So,  any  point 
common  to  tjie  lines  containing  the  bisectors  of  zTA  and  AC  also 
belongs  to  the  line  containing  the  bisector  of  ZB.    There  is  a  point 
common  to  the  first  two  lines  since  the^  are  coplanar  and,  their 

.  equations  show,  are  not  parallel,    [(i3  4  llsfl}*  -(5.4  3'>/2) 

-  -(13  +  5n/2)(5  -  4^[Z)  #0]  '  ' 

Answers  fojr  Pa rt  E 

1.  X  4  Sy  -  10  -  0  ,  '  ^ 

2.  (a)    9x  -  7y  4  7  =  0  (b)  7x  4  9y  -  9      0  ■  "  .       ^  v 


234 


ANGLES 


15.07  Ordering  Angles  by  Size 

Whatever  method  we  might.use  to  fort  angles  according  to  size,  we 
would  probably  agree  that  congruent  angles- have  the  same  size.  Of  two 
.noncpngruent  angles  it  is  customary  to  say  that  the  "shalrp^"  one  is 
the  smaller  and  the  ''blunter"  one  is  the  larger.  It  is  easy  to  judge  the 


^    '  /,C  is  smhlleV  tharr  ^PRO 

*  5  is  interior  to  /.P«0  and  LPRS^^j^^  C 
*  • 

_^  Pig.  15-18 


relative  sharpness  of  angles  which  are*  related  as  are  /-PRS  and 
iPRQ  in  the  figure.  This  suggests  that  we  adopt: 


r 


Definition  15^9        is  smaller  than       [and  ZJ?  is 
larger  than  Z.C]  if  and  only  if  Z.C  is  congruent  to 
an  angle  which  shares  a  side  with  /Ji  and  whose 
other  side*  is  interior  to  ZJ2. 


Recall  that>  given  ZC  and  aPRQ,  there  is  one  and  only  one  angle 
-say,  ZPiiS- which  has  for  a  side,  which  is  a)ngruent  with  ZC,] 
and  whose  other  side  is  contained  in  the  same  side  of  ^mis  Q.  [What 
theorems?]  Moreover,  the  s?de  R^  is  interior  to  /^PRQ  if  and  only  if 
cos  /LPRS  >  cos  2LPRQ.  [Why?]  So^  by  Definition  and  Theorem 
,15-8,  we  have: 

Theorem  15-21   A  first  angle  is  sn^aHer  than  a 
se<X)nd  if  and  only  If  the  cosine  of  the  first  angle 
is  greater  than  the  cosine  of  the  second, 

■  ■       s."  ' 

It  is  also  worth  recording  here  a  theorem  which  is  almost  an  immedi- 
ate consequence  of  Definition  15-9: 

„>  J|  Theprqm  15-22   If  C  is  interior  to  Zu^VB^ then 
>        11    ^Li^FC  IS  smaller  than  ^ylFS. 

lExpIaia.  Why 'almost'T)  ,  • 
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,         For  Theorem  i5-E2  we|neq;d,  besides  Definition  15-9,  the  fact 
that  an  angle   [/AVC]  is  congruent  to  itself  and  the  f^ct  that  if  C  is  - 
'interior  to  ^AVB  then  so  is  each  point  *of 

The  properties  of  isometries  which  underlie  properties  (i)  '  (iii) 
of  cong/iience,  are,  for  (i),  that  6  is  an  isonrvetry^  fpr  that  the" 

inverst?  o^an  isonrietry  ia  an  isometry,  and  for  (iii),  that  a  resultant 
of  isometries  is  an  isometry.  *  \ 

Suggestions  for  th^  exerc ises  of  section  15.  07f 
(i)    ^rt  A  and  t>ie  discussion  pr.ecedijig  it  should  be  treated  in  clasa. 
(ii)    Part  B  and  ^xercises  1-6  of  PaYt  C  can  be  used  for  homework, 
(iii)   Exercis*e  6  of  Part  C  and  Part  D  should  be  teacher  directed. 
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I  We  have  seen  in  the  preceding.chapter  that  thte  relation  of  being  con- 
gruent-^l^as  some  of  tHe  properties  of  the  relation  of  being  identical 
to.  For*  examj^le, 

•  U)  ^  ,     ^  =  ZA 

J*'    Ail)  ZJi  ^  LB  — >  ^  ^  LA       LA  ^  LB  ^  4JB  =  LA 
'  Vii)        -  AS  and       =  lC)  '   {LA  =  lB  apd-Z-S*  -  lC) 
•     .     .   -^^4=VC'     '  -~*lA^lC' 

In  other  words,  both  coAgnience^and  identity  are  (i)  r^exive,  (ii)  sym- 
jnetric,  and  (iii)  tran^tiye.  That  identity  has  these  properties  follows 
from  out  rules  of  logic,  alone;  that  congruence  has  these  properties 
follo\^  [by  piyt  rules»  of  lo^ic]  from  properties  of  isoibetries.  |Wh$t 
p^bpytiesT]    '         -  ' 

The  same  propejrties  of*  congruence  [at  least,  for  angibsl  also -follow 
from  the  ctorresponding  properties  of  identity  an  A  Theor$ts;i  1^-8.  This 
suggests  that,  by  using  Theorem  15-21^  we  can  obtain/prop^rties  of 
the  relation  of  being  smaller  thap  [for  angles]  from  profterties  of  the 
greater- than  relation  for  reai  nuiybers.  ^ 

Exercises 
Part  A 

Use  Theorems  15-8  and  15-21  [and  real  number  theorems]  to  es- 
tablish each  of  the  following.  In  each  case,  give  tlija  corresponding 
postulate  or  other  theory  concerning  greater- than> 
'  1.  Of  two  noncongruent  angles,  one  is  smaller  than  the  other. 

2,  No  angle  is  smaller  than  itself. 

3.  If  a  first  angle  is  smaller  than  a  second,  and  the  second  is  smaller 
than  a  third,  then  the  first  angle  is  smaller  than  the  third. 

4*  If  jLA  as  z,S,  and  Z.fi  is  smaller  than  Z.C,  then  /^A  is  smaller  than 


Parts 


1.  Prove: 


Theorem  15-23   If,  in  /lABC  (md  ^PQR,  QP  ^.  BA 
and  QR  ==  BC  then  ^PQ^  is  smaller  than  ^ABC 
if  and  only  if  PR  <  AC.^ 
✓  '  ' . 

2.  Suppose  that  AABC  is  an  isosceles  triangle  with  base  BCl  that 
AB  =  5  ^  AC,  and  that  BC  =  6.  . 

(a)  Make  use  of  Theorem  15-23  to  show  that  lABC  is  not  smaller 
than  Z.ACB. 
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Ans^rs  for  Part  A  V  " 

 ^  _  *  1^  ,  . 

i,    ■  Since,,  of  two*  real  nurnbers,  one  is  greater  th&n*the  other  it  follows, 

by  Theorem  15-21  that,  of  twotangles  with  diffe rent  cosines",  one  is 
•  smaUer  than  the  other.    And,  by  Theorem  15-8,  noncongruept 

angles  have  diffe  tent  cosine s# 

Z,  ^  Sinct^  rto'real  humber  is  greater  than  itself^^he  cosine  of  no 'angle 
'   ,  ,  is  greater  than  itself.    So,  b^  Theprern  IS-Tt,  no  angle  is  smalle^r 
than  itself.         ^  •        ,  '  »  ; 

^3.     Suppose  that  a  ^rst  angle  is  smaller  than  a  second  and  the  second 
is 'amaller  thanla  third.    It  follows,  by  Theorem,  15-21,  that  the 

.  <^     cosine  of  the^fii-st  angle  is  greater  than  the  cosine  of  the  second  ^ 
^      angle  and  the  cosine  ortftSe  second  angle  is.  great^^r  than  the  cosine 

^        of  the  third.    Since  if  a  fijbst  reai  number  is  greater  than  a  second^ 
and  the  second  i®  great*er  than  a  third,  then  the  first  real  number 
is  greater  than  ^^e  third  it  follows  that  the  co&ine^f  the  first  angle 
is  greateK^than  me  cosine  of  the  third  angle.    So,  by  Theorem  IS-Z'l, 
the  fi3;st  angle  V  smalfdr  than* the  third  angle.*  Hence,  if  a  fir^t 
angle  is  smallerlthan  a  second,  and  the  isecondis  smaller  than  a 
third,  then  the  first  angle  is  sn^allcr  than  the  third, 

4.     Suppose  that  ZA  ^         and  '^B  is  smaller  than  a^C,    It  follows,  by 
Theoren^  15-8,  that  dos  ZA  =  cosZB  and,  by  Theorem  1 6-21 ,  that 
cos  ZB  >  cosZC.    Hehoe,  cosZA  >  cos  ZC  and,  so,  by  Theorem 
^5-21,  ZA  is  smaller  than  ZC.    Hence,  if  ZA  ^  ZB,  and  ZB  is 
smaller  than  ZC,  then  ZA  is  smaller  than  ZG. 

Answers  fo^r  Part  B  , 

1,  By  Ej^ercise  2  of  Part  D  on  page  218,  cos  ZQ  >  cos  ZB  if  and 
only  if  PR  <  v^<:.  So,  by  Thsorem  15-21,  ZQ  is  smaller  than 
ZB  if  and  only  if  PR  <  ^^C, 

2.  {a)    Consider  ZABC  and  Z^B,    Sinbe  AB  =  AC  and  5C  -  CB, 

the*  conditions  of  Theore^m  15-23  hold.    But  AC  ft  AB, 
'therefore,  ZABC  is  not  smaller  ttian  ZACB. 
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(b)  Now,  §how^tiiat  lACB  is  not  smaller  than  lABC, 

(c)  What  do  the  results  in  (a)^and  (b)^suggest?  Is  this  a  familiar 
^result?        •  ' 

(d)  Let D  be  the  point  of  SC(such  that^D     5.  Show  that>lZ?  ^  6,^ 
and  use  this  fact  to  sKow  that  LB  is'  smaller  than  iBAG . 

(e)  Is  the  angle  opposite  the  base  of  an  isoscel^  triangle  always 
larger  than  the  ot^er  angles  of  the  triangle? -^xplain.  , " 

3.  Suppose  that  AASC  is  such  that  AB     5,  BC  =  6,  and  AC  =  8. 
LetD  be'tKe  point  onAC  such  that  AD  =  6.  [Draw  a  picture.]  »  ' 

(a)  Show  that  SZ>  <  8. 

(b)  Show  that  A  A  is  smaller  than  lABC.  ^ 
A.  lUsing  the  procedure  suggested  in  Exercise  3,  give  an  argument  to 

support  the  foi towing:  * 

I^  a  first  side  of  ai  triangle  is  longey  than  a  second  side  of 
ihe  triangle  then  the  apgle  opposite  the  first  side  if  larger 
than  the  s^igle  opposite  the  second  side,  ^ 
6.  In  each  of  the  following,  you  are  given  the  lengths  of  the  three 
sides  of  a  triangle.  In  ^ach  c^ise,  you  are  to  order  the  ai^l^  of  the 
triangie  aax)rding  to  size  from  largest  to  smallest 

—     13,Bd=  l2MC  -  5 


(a)  AB  =  3,  AC  =  6*  Sg  =^  8  ;  (b)  AB 
ic)  AB  =  10,  BC  -  10,  AC  =  8  (d)  AB 


10,  BC  =  10,  AC  = 


I*artC 


Definition  15-- 10  ♦ 

(a)  A  right  angle  is  an  angle  who§e  sides  are 
perpendicular.  . 

(b)  An  acute  angle  is  an  angle  which  is  smaller 
than  a  right  angle. 

(c)  An  obtuse  angle  is  an  angle  which  is  l^arger  ^ 

than  a  right  angle,  ;  ^ 

L  Show  that  an  angle  a  right  angle  if  and  only  if  its  cQ|inqJs  Ms 
ah  acute  angle  if  an^  only  if  its  cosine  is  positive,  ai^i  an  obtuse 
angle  if  and  only  if  its  cosine  is  negative. 

1  .(a)  Suppose  that  an  ai^le  is  obtuse.  What  kind  of  an  angle  is  a 
supplement  of  the  given  angle?  Explain. 

(b)  What  kind  of  an  angle  is  a  supplement  of  an^cute  angle?  Ex- 
Rlain.  -      «  •  / 

(c)  Is  there  an  arigle  which  is  its  owji.  supplement?  Justify  your 

answer  ^ 
3,  Show  that  any  two  right  angles  are  congruent,  any  angle  congru- 
ent to  an  pcute  angle  is  acute,  and  any  angle  congruent  to  an 
obUise  ^uigie  is  obtuse.  - 
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Ans^vers  for  Part  B    [copt.]  ' 

—  ^  -  « 

2,  (h)    Since  AB  ^  AC,  /ACB  is  notf sm^Uet  than  ZABC, 

{c)    It  follows  from  Exercise   1  of  Part  A  and  parts  (a)  and  (b) 

that  ZACB  ^  lABp.    Yes,  it  is  a  familiar  result  that  the  base 
^   angles  of  an  isosceles  triangle  are  congruem, 

i>  Since  A*D  <   DC  +  AC       1  +  5  it  follows  that  AD  <  6.    Now,  - 
consider  ADBA  and  ABAC,   ^BD  =  AB,  BA  =  AC,  and 
DA  <  BC.    So,  by  The'o;^xn  15-23,  ZDBA  is  snialier  than 
ZBAC.  '  ^ 

(e)    No,    The  angle  opposite  the  base  of  an  isosceles  triangle  is 
»    larger  than  the  othfer  angles  if  and  only  of  the  base  is  longer 
than  the  other  sides. 

3,  (a)    Since  BD  <  JOD  &  BQ  =  2  +  6  it  follows  that  BD  <  8. 

(b)'   Consicfer  ABAD  and  AABC,    DA  =  CB,  AB  ^  BA,  and 
BD  <  CA.    So,  by  Theorem*! ZA  is  smaller^tban  ) 
ZABC.  *  '  ^ 

4,  In  AABC,  suppose  that  AC  >  BC,    Let  D  be' the  point  of  AC  such, 
that  AD  =  BC.    Then  BD  <  DC  +  BC  =^  (AC  -  BC)  +  BC  =  AC. 
So,  BD  <  AC.    Comparing  ZDAB  and  ZABC,  we  have  AD  =  BC  / 
and  AB  =  AB,    Since  BD  <  AC,  it  follows  that  Li)Ah  is  smaller 
than  ZABC.  -  . 

(a)    ZA,  ZB,  2fC    (b)  ZC^^  ZA,  ZB  .  (c)    ZC  ^  ZA,  ZB    (d)  ZB,  ZC^^ 


connection  with  Definition  15- 10(a)  you  might  point  o^it_that  we 
may  now  say  that  AABC  is  a  right  triangle  with  hypotenuse  AB  it  and 
only  if  ZC  is  a  right  angle.    [Compare  with  Definition  14 -7<.  ]  . 

Answers  for  P&x^t_C  \ 

1.  If  u  and  V  are  unit  vectors  in  the  senses  of  the  sides  of  an^angle 
then  the  cosine  of  the  angle  is  u«  v  and  is  0  if  and  only'if  u  -L  v  — 
that  is,  if  and  only  if  the  sides  are  perpendicular.    By  definition, 
the  last  is  the  case  if  and  only  if  the  angle  is  a  right  angle.  It 
follows,  using  Theorem  15-21  and  Definition  15-10^  that  an  angle 
is  acute  if  and  only  if  its  ct>sine*  is  greater  than  0,  and  is  obtuse  if 
and  only  if  its  cosine  is  less  than  0.    So,  an  angle  is  acute  if  and 

/    only  if  lis  cosine  is  positive,  and  is  obtuse  if  and  ohly  if  its  cosine 
is  negative. 

2.  (a)    A  suppfement  of  an  obtust;  angle  is  an  acute  angle.    For  ZB  is 

a  suppleinent  of  ZA    i<  and  only  if  cosZB     cosZA  :=  0  and  if 
the  latter  holds  for  corfZA  <  0  then  cosZB  >  0. 

'\     (b)    A  supplement  of  an  acute  angle  is  an  obtuse  angle.    For  if 
'  cosZB  +  cosZA  =^  0,  where  cosZA  >'0,  then  cosZB  <  0. 

(c)    An  angle  is  its  own  supplement  if  and  ohly  if  it  is  a  right  angle. 
For  cosZA  +  cos  ZA  =  0  if  and  only  if  cos  ZA  =  0,  and  C 
cp^  ZA  -  0  if  and  only  if  ZA  is  a  right  angl^.  \ 

3.  Any  two  right  angles  have  the  same  cosine,  to  wit,  0.    So,  by 
Theorem  15-8,  any  two  right  angles  are  congruent.    Since  congruent 
angles  hav,e  the  same  cosine  it  follows  that  an  angle  congruent  to  an 
angle  whose  cosine  is  positive  ha^  a  positive  cosine  and  an  angle 

'    congruent  to  an  angle  whose  cosine  isr  negative  has  a  negative  cosine. 
So,  by  ISxercise  1,  an^gle  congruent  to  an  acute  angle  is  acute  ' 
and  an  angle  congruent  to  an  obtuse  angle  is  obtuse. 
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4.  Cotisider  AABC,  with  IX  my 
^    point  such  that  C^BD^  and 

s;j>with'C£  in  the  sense  of  BA,  as 
shown  in  the  picture  at  the 
right. 

(a)  Show  that  LACE  ^  ZJBAC 

lECD  ^  lABC. 

(b)  Which  is  larger,  ^ACE  or  ^.ACDl  Explain. 

(c)  Which  is  the  larger  of  lACD  and  iBACl  Of  lACD  'and 
^  CABCl  Explain.  . 

5.  Consider  dJCLM,  with  obtuse 
angle  lliMK,  and  with  JV  any 

.  point  such  tiiat  MeLN,  as 
shdwn  in  the  picture  at  the 
right. 

<a)  How  do  you  show  that  aKMN  is  larger. than  either  /lL  or 
ih)  Can  a  triangle  have  more  than  one  of  its  angles  obtuse?-Ex- 
plain.  -r  o 

(c)  Can  a  triangle  have  more  than  one  of  its  apgles  right?  Ex^ain. 

(d)  Given  that  a  triangle  has  a  right  angle,  what  can  you  say  about 
the  other  two  angles  of  the  triangle? 

6.  Show  that  the  common  side  of 
adjacent  acute  angl(^  is  inte- 

^  nor  to  ttie^l^gle  whose  sides  are 
the  noncommon  sides  of  th^ 
acute  angles*  [Hint:  Suppose 
that  w  is  the  unit  vector  in  the 
sense  of  the  common  side  and 
-that  u  and  v  unit  vectors  in 
the  senses  of  the  ^ther  sides. 
Use  Ei^iBrdse  1  of  Part  B  on 
'  page  208  and  Exerdse  1  of  Part 
C  on  page  212J  • 

*7.  Show  that  the  ^mmon  side  of  a^jac^nt  angles  is  interior'^  the 
angle  whose  sides  are  the  noncommoA  si^es  of  the  adjacent  angles 
if  and  only^  the  sum  of  the  cosines  of '^ese  angles  is  positive. 


V 


PartD 


1.  Supjpose  that  (u,  v)  is  orthqsorrnal  and  that  w  is  a  unit  vector  in 
(u,  v],  Show  that  iw  -  lif  +  {w  •^y'  =  1.  ' 

2.  Suppose  that  (u,  IJ)  is  orthonormal  and  that  w  isa  unit  vector  such 
that  (w  &  (w  =^  1.  Show  that  Ii;€[u^l3.  [Hint:  Let  T  be 
a  unit  vector  orthogonal  to  both  u  and  v,] 
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Answers  for  Part  C  [cont.]. 


4^     (a)    ZACE'  ^   ZBAjC  because  these  angles  are  atlte mate  interior  

a n gle^g  f o rm e 6  by  the  transversal         of  the  parallel  lines 
and  CE,    /.ECU  ^  ZABC  because  thege^angles  are  correspond- 
ing  angles  forrned  by  the  transversal  BC  of  the  parallel  lines 
.     K^ant^ct.,      •    *  *  •  '      *  ;  •  . 

,  {hf  lACD  fs  larger  than  ^:ACE.    Tlii§  will  follow  from  Theoreni 
'    15-22  once  we  have  shown  that  E  is  interior  to  /ACD.    To  see 

this,  begin  by /loting  tl^t  S[a8  in  Exercise  2  of  Part*  A  on  page 

225*],  since  fiA  and  CE-have  the  sam'^  sense,  A,  and  E  are  op. 
^the  same  side  of  S^ijce,  similarjty,  B  and  E  are  on 

T opposite  sides  of  K^,  D  and  E  are  on  the  same  sidex»f  AC, 

Hence,  E  is  interior  to  ^ACD,    [See  Exercise- 4  of  Part  C 

OH  page  212.  ]        ^  •  - 

(c)  'Since  ZBAC  5?  /ACE  and  ^ACD  is  larger  than  ZACE  it 

^  follovOs  that  lACD  is  lar^r  than  ^:BAC.    Since  /ABC  ^  /ECD 
and  ZACD  is  larger  than  /ECD  [by  the  same  argument  as  givjen 
for  part  (b)]  it  follows  that  /AjCD.  rs  larger  than  /ABC. 

5,     (a)    The  argiunents  given  in  answer  to  Exercise  4  apply  to  any 

'triangle  —  in  particular  to  AKL*M«  " 

(b)  No.    Referring  to  the  notation  pf  the  figure,  If  /KML  is  obtuse 
then,  by  Exercise  Ma,},  /KMN  is  acute  and,  by  Exercise  4, 
/K  and  /L  are  smaller  than  /KMN.    And, .  an  angle  smaller 
than  an  acute  angle  canuot  be  obtuse  [since  a  negative  number 

,j  cannot  bfe  larger  than  a  positive  number]. 

(c)  No»  by  the  same  reasoning  as  in  (b)'[and  since  a  negative 
niimber* cannot  be  greater  than  0],  » 

id)    If  a  triangle  h<i»s  a  ri^t  an^le  (or  an  obtuse  angle]  then  its 
other  ..two  angles  are  acute. 

Using  the  notation  of  the  hint  it  follows,  since  the  angles  are 
adjacent,  that  v  =  wa  +  ub,  where  b  <   0.    [See  Definition  15-4 
and  Exerciate  1  of  Part^  C  on  page^212,  J  Since  the  angles  are, 
acute  we  know  tha£  w»  v  >  0  and  w  •     >  0,  Since 
w  •  V  =  a  4-  {w  •  u)6  >  Oji  and  since  w  •  u  >*  0  and  b  <  0,  it  follows 
that  a  >  0,    So,  w  =s  u(-b/a)  +  v/a  where _ -b/a  >  0  and  /a  >  0. 
Hencd,  by  Exei^cise  1  of  Part  B  on  page  ^8,  the  common  side 
(who/c' sense  is  that  of '  w]  is  interior  to  the  anjle  formed  by  the 
noncommon  sides  [whofie  selises  are  those  of  u  and  v  ]. 

As  in  Exercise  6,  v  =  wa  +  ub,  wh^e  b  <  0.    We  wish^o  show  ^ 
that  a  >      if,  and  only  if  w » u  +  w  •  v  >  0,    [For,  then,  w  will  be 
uf-b/a)  f  v^,  with  -b/a  >  0  and  /a^  >^0  if  ^d^only  if 
w      +  w  •  V  >  0.  ]   Now,  1  "  v  •  v  ^  fw  •  v)a  4  ,{u*  v)b  and 
-  (w*u)a  +  b.    Combining  these  results  we  see  that 
1  +  u»  v  =  (w*  u  +       v)a  +  {I  +  u- v)b  and,  so,  that  {1  +  u»  v)(l  -  b) 
=  .  (w*u  -1^  w-v)a.    Since  1'+  u*  v  >  9^  atid  b^  <^  0  [sathat  1  -  >  >  0] 
it  follows  that  a  >  0  if  and  only  if  w-u  +  w-v  >  0. 


6. 


0 


49 


Answers  for  Part.-D 


TC  237  (2) 


going  through  the  algebra,  we  might  merely  have  referred  to 
Theorems  11-11  and  H-I2.  ]  ^   •  . 

2'     Suppose  that  Ic  is  a  unit  vector  orthogonal  to  u  and  v.  Then  (u,  v^k) 
'    is  orthonormal  and  w  =  u(w  •  u)  f  v(w  ..v)  +  Ic(w  •  S)  and  1  =  w^w 
=  (w.iJ)2  +  (w-vF  +  (w-ITF.    So^  w  ■  g  =^  0  if  and  only  if 
{w«u)2  +  (w.v)2'   =   1  —  that  is,  ^J' €  [u,  v  ]  if  and  only  if  % 
(w  ■  uP +:  jw  .  v)2  =   1.    [Note  that  the^only  if -part  is  another  . 
solution  for  Exercise  1.] 
*  * 

-     •       •  ■      .        ^/  ' 

TC238 

3,    ^Following  the  hint  it  is  clear  that  the  desired  angle  is 

L(h  +  wlA(A  +  v)  if  it  is  the  case  that  (u^w)^  +  (v  .  wP  =  I  and 
>  0.    Since   jjw  -  u(w*a)l|^  =  f  -  (w>u)g  it  follow  s^hat 

^       V  =  [w  "  u(w.u)]/yi  -  <w*u)2.    So,  v-w  =  4l  -  {w.3p  >  O^^d, 
sp,  {u  '  w)^  +  (v  •  w)2  =  1 . 
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3.  JBuppose  that  LA  aiid       are  acute  angl^  such  that  (co$  LAf- 
^     (cos         =  1.  Show  that  there  is  an  angle  which  is  congruent 
with  lB,  adjacent  to  LA^  shares  a  given  side  with  LA,  and  wHbse 
other  side  is  p^rj)epdicular  to  the  other  side  qI^lA,  {Hint  Let  w  be  , 
the  unit  Vector  m  the  sense  of  the  given  side  of       and  let  u  be 

-    the  unit  vector  in  the  sense  of  the  other  side  of       Consider  the 

^  — — - — ^  — » 

half- line         4  u)  where  v  is  the  unit  vector  in  the  ii«|{se  of 


15.08^  Complementaiiif  Angles 


We  have  defined  ijipplemen^aiy  angles  as  being  angles  which  i^e 
(X)iigruent  to  adjacent  angles  whose  noncon\mon  sides  opposite 
half-lines.  In  a  sij^lar  vein,  we  adopt: 

Definition  15-11,  A  first  and  a  second  angle  are^ 
com^lemeptfiuy  tand  each  is  a  oomfSlenient  of  the 
other]  if  and  only  if  they  are  congruent  to  adjacent  '  ^ 
acute  angles  whose  nonoommon  sides  are  perpendicular 
.  ^  half-iines.  - 

*.    compfementary  » ^  |^-# 


congry8nt_ 


Pig.  15-19 

As  is  the  case  with  supplementary  angles,  whether  or  not  angles  are 
complementary  depends  on  their  cosines;  ^  ^  ' 

Theorem  15 --24  LR  and  Lf  are  ajmplementary  if  • 
and  only  if  oos  lR  >  0,  cos  lC  >  0,  and  ^  ^ 
(cos  LMf  +  (cos  zlC)2.  -  1.   ^  ^ 

Weaisohfive:  . 

Corollary  Adjacent  angles  ar^wmplem^tary  if  and 
only  if  they  are  acute  and  their  nonoommon  sides 
are  perpendicular  half^lines.  [ 
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Ex€rcke» 
Part  A 


i.  What  is  the  ix^sine  of  an  angle  which  is  its  own  cx>tnpb^ment?  Check 
your  answer  by  using  the  formula  in  Exercise  5  of  Part  C,  page  227, 

2»  Suppose  that  AA^  is  equilateral,  and  F  i^  tlie  foot  6f  its  ^It^tude 
from  A.  Show  that  /.CAB  and  jLFAB  are^complementary. 

3.  ^how  that  any  angle  ^hich  is  congruent  to  some  complement  of  a 
gfven  apgle  is  also  a  complement  of  that  angle. 

4.  Show  that  any  two  complements  of  a  given  angle  are  congruent, 

5.  Prove  Theorem  15-24.  [Hint:  Refer  to  earlier  exercises,] 

6.  Prove  the  OTrollary.  lUint:  The  if-part  is  trivial.  For  the  only  if- 
part,  recall  Exercise  5  of  Part  E  on  page  220,  and  use  Exercise  3 
of  Part  D  on  page  238,]  ^ 


Part  B 


Consider  AABC  with,  as  usual, 
V  -  Bj  V=-A  -  C,  and  V 
^  B  -  A.  Show  that  AABC  is^ 
right  triangle  with  hypqtenuse  AB 
if  and  only  if  and  LB  are 
complementary.  \ffint\  Let 
D  -  A  -  a  and  show  that  the 
coroUaty  to  Theorem  15-24  can  be 
applied  to  Z.CAB  and  LB  AD.] 


^artC 


suppose  that  AABC  is  a  right 
triangle  with  hypotenuse  BC  anjjl^ 
that  AD  is  the  altitude  of  AABC 
from  A,  m  shown  at  the  right. 
Make  use  of  the  results  in  Parts  A 
and  B  to  do  the  following. 

1.  Show  that  each  of  the  following  pairs  of  angles  are  complementary, 
(a)  IB/LC  Xtii  LB/lBAD  (c)  lC,  lCAD  (d)  lBAD.  lCAD 

2.  What  can  you  say  about  LB  and  4^CAD7  About^C  and  Z^AD? 
Justify  your  answers: 

3.  Assume  that  LB  is  its  ofm  complement 

(a)  Show  that  both  AABD  and  AACD  btjb  isosceles*  triangles. 

(b)  Is  AABC  isosceles?  Explain. 

*   (c)  Show  "that  aS  is  the  angle  bisector  of  lBAC, 

(d)  Describe  an  isometry  which  maps  AABD  onto  AACD.  What 
does  this  tell  you  about  AABD  and  AACD? 

4.  Let  /  be  the  line  through  A  aAd  parallel  to  IbS.  Given  that  E  and  F 
are  points  of  I  such  that  A  eEF^md  B  is  in  the  interior  o?  lEAC, 
fi^w  thatXEAS  and  zJ'AC  are  romplementary. 


ERLC 


49'J 


TC  239  0) 


If  you  use  Part  A  of  the  exercises  tp  illustrate  the  ideas  introduced 
in  this  section,  then  Parts  B  and  C  mayl)e  used,  as  hoinework. 
Answers  for  Part  A  »  • 

i  [   ■—       ^  -■■ 

1.  ^  By  Theorem  15-24^  an  apgle  is  its  own  complennent  if  and  only  if 

the  s£uare  of  its*  cosine  isi/Z  —  that  is,  if  and  only  if  its  cosine 

is  nTz/^. 

By  Definition  i5-U   and  lL:?cer9ise  5  of  Part  C  on  page  303.  an 
angle  is  its  ovjsci  complenie'nt  if  and  only  if  its  cosine  is  v(l  +  0)/i  ~ 
that  is,  if  and  only  if  its  cosine  is  sfz/Z, 

2.  By  Theorem  15-19,  AF  is  the  angle  bip.ector  from  A  of  AABG. 
We  have  seen  earlie r  that  cosZCAB  =5^^  i/2  [Exercise  5{e)  of 
Part  C  on  page  218],    It  follows  [by  Exercise  5  of  Part  C  on 
p^e^Z2?]  that  cosZFAB  =  \/Z)/l'  =  Sinc«*i/2  and  . 

,    >/3/2  ar€  botk  positive  and  the  dum    of  their  Squares  is  ^  it 

follows  by  Theorem  i5-j34,  that  ZCAB  and  /FAB  are  comjnementa 

3.  Suppose  that  ZB  is  a  complement  of  ZA  and  that  ZC  ^  ZB.  It 
follows  by  Theorem  15-24  that  cosZA  and  cosZB  are  positive  and 

-     that  (co8ZA)2  4  ^cosZB)^  =  1;   and  it  follows  by  Theorem  15-8  ^ 
that  'cosZC  =  cosZB*    So,  cosZA  and  cosZC  are  positive  and 
(cosZA)^+  (cosZG)^  =  1  whence,  by  Theorem  15-24,  ZC  is  a 
complenieTit  of  ZA.       '  ' 

4.  Suppose  that  ZA  anS  ZB  are  complemei^tfi  of  the  same  aingle.  It 
follows  from  Theorem  15-24  that  cosZA   >.  0,  cosZB  >  0,  and 
(^osZA)2  =  (cosZB)^.    So,  it  follows  that,  cos  ZA  ^  cos  ZB  and,  by 
Th^rem  15-8,  that  ZA^^  ZB. 

5.  '^  The  if-part  has  been  established  in  Exercise  d  of  Part  D 

238.    Suppose,  then,  that  ZR  and  ZC  are  complement 
ZAVB  and  ZBVD  be  adjacent  acute  anglers  .congruent 
respectively,  which  a      such  that         X  VD^Lret  u, 
•  unit  vectors  in  the  senses  d^vS,  and  ^^B,  respectively/  It 

follows  that  (u,  v)  is  orthonOrmal  and  that  w  €  [u,  v  ].    So,  ^by  , 
Exercise  1  of  Part  D,  (u%w)^  +  (S?-wF  =  >  /-  that  is,  <co«ZAVB)^ 
\  {cosZBVSF  -  1.    Since  ZAVB  and  ZBVD  are  acute  angles,  * 
cosZAVB'  and-cosZBVD  are  positive^    Since,  by  Theorem  15-8, 
'    cosZR  =  cos  ZAVB  and  cos  ZC  ^  co*  ZBVD  it  follows  that 
^,co8*ZR  >  0,  cosZC  >  0,  and  (coaZR)^-!-  (cosZC)^  =  K  fo 

6.  The  if-part  is  a  trivial  consequence  of  Definition  15 -fl  because  W 
each  angle|is  congruent  to  itielf.    Suppose,  then,that  ZABC  and 
ZCBD  are  complementary. adjacent  angles.    It  follows  from  the 
theorem  thai  cos  ZABC  >  ^0,  cos  ZCBtT  >  t),  and  ' 
{cos  ZABC )2  -f  (coSZCBDF  =  1.    By  Exercise  5    of  Part  E  on 
page  220,  ZCBD  is  the  only  angle  with  side  BC  whicfi  is  adjacent  , 
to  ZABC  and  whose  cosine  is  posZCBD.    By  txercise  3  of  Pa'rt 

D  on^page  238,  there  is  such  an  angle  which,  in  addition  has  its 
side  other  than  bS  perpendicular  to.  bSw^  It  follows  that  BD  X  BA. 
So,  adjacent  complementary  angles  have  their  f)oncommon  sides 
pe  rpe^?!6T^ular*     \       .  . 
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Answer  for  Part  B  * 
  .  ■ 

Let  D      A  '  a.    Since  C  =  B  +  a  it  follpws  thafr  C  and  D  are  on 
opposite  sides  of  AB  [Exercise  2  of  Part  A  on  page  and,  so,  that 

ZCAB  and  ZBAD  are  adjacent  angles.    By  the  cprollaryl  these  angles^ 
are  complementary  if  and  only  if  they  ar«  ac^te  and  AC  i.  AD.  Since 
AD  II  BC,  AC  X  AD  if  and  only  if  ZC  is  a  right  angle.    Also,  ; 
ZBAD  S   ZB.    [Computation  shows  that  they<}iave  the  same  cosine.]  So, 
ZtAB  and  ZB  ar^  complem.entary  if  and  only  if  they  are  acute  and  ZC 
is  a  right  angle.    'Suppose,  now,  that  ZC  is  a  fight  angle.    It  follows  by 
Exercise  !?(d)^of  Part  C  oxi  page  237  that  ZCAB  and  ZB  are  acute. 
So,  if  ZC  is  a  right  angle  then  ZCAa  and  ZB  are  complementary.  On 
the  other  ^nd,  we  have  shown  that  if  ZCAB  a^d  ZB  a»€  coiShpleinentary 
then  ZC  is  a  right  angle.    Hence,  in  AABC,  ZA  and  ZB  are  comple- 
mentary if  and  o|ily  if  ZC       a  right  angle  —  that  is,  if  and  only  if  AABC 
is  a  right  triangle  with  hypotenuse  AB. 

Aa^swers  for  Part  C  ^ 

1.  (a)    ZB  -^nd  ZC  are  complementary  because  they  are  aciite  angles 

of  right  AABC.  ■  V  ' 

(b)  ZB  and  ZBAD  are  corx^pl^i^^i^tary  beccause  t^ey  are  acute 
^       -    angles  of  right'  ABAD.*  *       .    .  ' 

(c)  ZC  and  ZCAD  are  complementary  because  they  are  acute 
angles  of  right  ACAD., 

'       id]    ZBAD*  and  ZCAD  are  complementary  because  they  are  acute 
adjacent  angles  whose  noncommon  sides  are  p>erpendicular. 
[They  are  complementary,  also,  ^because,  by  parts  (a),  (b), 
and  (c),  they  are  complements  of  complementary  angles;  and 
it  is  easily  proved  that  complements  of  complementary  angles 
,  are  complementary.) 

2.  ZB^  ZCAD  because  their  sides  can  be  matched  so  that  corre- 
spopding' sides  arc  perpendicular  and,  since  both  are  acute,  they 
cannot  be  su^ppl^mentary,    For  the  same  reason,  ZC  ^  ZBAD. 
[Aj^oth^r  reason  for  the  congruence  of  Z?^  and  ZCAD       that  both, 
are  complefne^nts  of -ZBAD,  by  ^rts  (b)  and  (d)  of  Exercise  1, 

'    Similarly,  ZC  and  ZBAD  are  complements  of  ZCAD  and,  so,  are" 
CQngruent.  ]  ^      ^       .  .-•'^  ? 
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Answe  rs  vfor  Part  C  [cont.] 

3.     (a)  .Since  ZB  is  its  own  complement. it  is  congruent  to  its^ 
."S^  complements,  ZBAD  and  ZC.    Also,  ZB  is  congruent  to  ZCAD. 

It  follows  that  ABAD  and  ACAD  have  congruent  angles  at  B 
and  A  and  at  C  and  A,   respectively.    So,  ABAD  and  ACAD 
are  isosceles,  the  respective  ^ases  being  BA  and  CA. 

ih)    As  in  part  {aT,  AABC  hafe  congruent  angles  at' B  and  C.  So, 
it  is  isosceles,  with  base  BC . 

(e)    It  follows  from  Theorem  15-19  that  the  altitude  AD  to  the 
,    base  of  isosceles  AABC  is  the  angle  bisector  of  the  ;triangle 
from  A.    So,  a3  is  the  bisector  of  ZBAD, 

\d)   Vhe  reflection  in  the  plane  containing  Xd  and  perpendicular  to 
ABC  maps  each  of  A  and  D  on^itself  and  maps  B  on  C. 
[Recall  that,  by  Theorem  15-18,  the  altitude  from  A  is  the 
median  from  A.]   So,  this  reflection  is  an  isometry  which,,  by 
Theorem  14-Z7,  iriaps-'AABD  onto  AACD.    It  follows  that 
^'  AABD  ^  AACD.  "  '  '  ' 


4.     Since  E  and  C  are  on  opposite  sides  of  aB  it  follows  that*E  -  A 
and  C  -  B  have  opposite  senses  and,  so,  F  -  A  and  B  -  C  have 
opposite  senses.    So,  F  and*  B  are  on  opposite  sides  of  AC,  Hence, 
ZEAB  and  *ZB,  as  well  as  ZFAC  and  ZC  are  congruent  {as  alternate 

^      interior  angles].    Since  Z?  and  ZC  are  complementary^  so  arc 

ZEAB  and  ZFAg,  ^  '  . 

•»  " .  ' 

Sample  Quiz 

Given  right  AABC.  with  hypotenuse  BC,  assuirie  that  AB  .=  3,  - 
AC  =  12,  and  that  XIS  is  the  angle  bisector  from  A. 

1.  Compute  BD,  DC,  and  cosZABC 

2.  Compute  AD.    (Express*  answe x^n  simplest  radical  form,  ] 

3.  Order'  the  angles  of  AABD  according  to  size  from  largest  to 
,    smallest.  ^ 

Key  to  Sample  Quiz  v 

I.-   65/17;   156/17;   5/13   [See'^ExerciBe^,  page  218.] 

■172      'J  ,       ^  ,.  ..  ■     ■  . 

3.     MDB,  ZABD,  ZBAD  [This  ^oUo^w8  f.Tom  the  fact  that  ■  ' 

6\B  >  AD  >  BD.  1  ■  . 

(Note;  The  result  of  Exercise  2  of  the  Sajrma^e  Quiz  suggests  the  follow- 
ing theorem:  •  ''f^ 

Given  right  AABC  with  hypotenuse  AB  =  a  and 

AC  =  b,  the  angle  bisector  from  A' has  measure  . 

^:4-     hc^J^/{h.A  c). 

This  is  an  appropriate  proWiem  t6  assign  as  extra-credit  work  or  as  an 
••dM'iginar*  on  an  examination.  The  algebra  in  the  proof,  based  on  the 
cosine  law,  is  no*  difficult.  ] 
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15.09  Sines  of  Angles 


When  dealing  with  vectors  a  and  6  we  have  frequently  made  use 
of  the  vector  ^  ' 


(*) 


This  last  vectqjr  is  orthogonal  to  b  and,  in  fact,  is  in  the  direction  which 
is  orthogonal  to  [6]  and  is^ contained  in  [a,Vl-  More  specifically,  the 


a  -  6 


a  -  b 


,       .  .    Fig.15'20  .  , 

vdctor  {*)  is  the  projection  of  cTin  the  bidirection  [b]^.  Since  (*)  belongs 
to  [cty  b]  and  is  orthogonal  to  b,  the  square  of  the  norm  of  (*)  is  the  dot 
product  of  a  with  (*):  ' 


= » - 


The  numerator  of  this  last  fraction  is  also  familiar.  As  you  should  re- 
call^ its  value  is  nonn^gutive,  and  this  value  is  ^ro  if  and  only  if  (^^^  b) 
is  linearly  dependent*  Moreover,  for  a  and  6  not  0,    '*  . 


|0f».(^.T,»  =  &»(i-|^). 


Hence,  in  case  Jthe  senses  of  a  and'6  are  those  of  the  sides  of  the 
norm  of  (*)  is  '  ' 
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Explanation  of  the  range  of  sin:    Suppose  jjiven  a  number  a  such  . 

that  ^  <  a  <  1.    It  follows  that  0  <  sil  -  a^"  <   1  and,  so.,  that  there 

is  an  angle  —  ^y, -^C  —  such  that  cosZC  =  n/I  -  a^.  So, 

VI  -  (cos  /C)^  =   |a|  and,  since  a  >  0,  it  follows  By  Definition  15*^12 

that  sin^C  -  a.    Hence,  for  any  positive  number  not  greater  than  1,' 

there  is  an  angle  whose  sine  is  that  number,    [if,  in  addition,  a  ^  1 

then  there  are  noncongruent  angles  which  have  a  as  sine.    For,  we  can 

choose  ^/.C  .so  that  cos        =  -Vl  -  a^  and,  as  above,  show  that 

sinZC  =  a.  ]  .        •     •  . 

Kn  angle  whose  sine  is  1  is  an  angle  whose  cosine  is  jO  —  that  is, 
is  a  right  angle. 

Supplementary  angles  liave  the  same  sine. 

,The  sum  of  the*squares  of  the  sines  of  complementary  angles  is  1, 
[Apply  Definition  15-12  to  each      a  pAix  of  complementary  angles.] 

•   *     *     *     ,  ^  '  * 

Suggestions  for  the  exercises  of  section  15,09:  ^ 
(i)   Part  A  and  the  discussion  preceding  should  be  ;ieveloped  in  class. 

Be  sure  to  Illustrate  applicktions  of  Definition  15-12, 
{ii)   Parts  B  and  C  may  be  used  as  homework, 
(^ii).  Part  D  may  be  developed  as  a  class  project. 
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So,  vl~-  {<»s  lCY  is  the  ratio  in  which  an  interval  contained  in  one 
side  of  lC  is  foreshortened  when  it  is  projected  into  a  plane  perpen- 
dicular to  the  other  side  of  ZC.  Finally,  Vl  -  (coSVCy  is  referred  to 
implicitly  in  Theorem  15-24.  In  fact,  this  theorem  can  be  restated  as: 

/-R  and  <dC  are  romplementary  if  and  only  '  " 
if  Z.C  is  acute  and  cos  4/2  =  Vl  -  (cos  ^C)^^. 

The  preceding  suggests  that  we  intixxiuce  an  abbreviation  for 

'Vl  -  (cos        The  usual  one  is  'the  sine  of  '  or,  merely,  'sin 

We  do  so  in: 

II  Definition  15-12   sin  zC  -  Vl^^s  ZGF  ' 

Notice  that  the  sine  of  any  angle  is  a  positive  number  which  is  not 
greater  th^  1  and  that,  given  any  such  number,  there  is  an  angle 
which  has  this  number  as  its  sine.  [Explain.]  Wh^t  can  you  say  of  an 
angle  whose  sine  is  1?  What  can  you  say  about  the  sin^  of  supplfemen- 
tary  angles?  About  the  sings  of  complementary  angles? 

' • 

ExePcises  . 

Part  A  '  ^ 

Earlier  we  learned  that,  for  any  linearly  independent  vectors  a 

and  6,  o       ^  ^ 

(^*)  ^  COS  =    -r^  ^   ^ 

where  A  ^  C  ^Snd  T  =  B  -  C.  Thus,  knowing  the  norms  of  a, 
%  and  V  -  0^  we  can  mak0  use  of  {**)  and  oopapute  the  cosine  of  a 
given  angle,  ^AcB.  And,  making^ use  of  Definition  15-12,  we  can 
i  compute  the  sine  of  that  angle.  In  each  of  the  foUowing,  you  are 
given  some  information  ^bout  a,  6,  and  6  -  a.  You  are  to  do  the  re- 
quired comnutations. 

1/  ,  •     ■  Given:  Ijofl  -  15,  ijfell  =  14,  and  - 

ll^-"^!-:  13 
Copxpute:  cos  /.G^  sin  Z.C,  and 
V  ^X,,^^^  the  leng^' AD  of  the 

/_   perpendicular  from  A  to 

C      D        5*  S  W 

2.  Given  the  same  information  as  in  Exercise  1,  let  E  be  such  that 
B  rSe.  Compute  cos       sin  ^lB,  cos  l  ABE,  and  ain  /^ABE. 
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Answers  for  Part  A  •  * 

1.  COSMIC  -  3/5j   sinZC  =  4/5;   AD  =  1 2 

2.  c^slB  =  5/13;  sinZB  =  12/13;  cos  ZABE  =  -5/13;  sinMBE  =  12/13 

.  .  e  ■   ■  ■ 

TC  242  (1) 

3.  AB  =  13;  cosZA  =   5/13;  -sinZA  =  12/13;  cosZB  =  12/13;  ♦ 
sinZB  =  5/13;    AD  =  25/13;   CD  =  60/13 

4.  cosZACD  =  12/13;    einZACD  =  5/l3;  cosZDCB  =  5/13; 
sihZDCB  =   12/13  ^  , 

5.  cosZA  =  13/20;   cos  ZB  =  37/40;   cos^G  =  --5/16; 
sinZA  =  Nr23T/20;  sinZB  =  N/2Ti/40;  ^  sinZC  =  ^231/16 

[If  students  are  struc^t  by  the  ubiquity  of  *'n/Y3T\  you  may  be  able 
to  nudge  them  into  discovering  that,  with  d  =  V23l/^0,  8inZA  ==da, 
sin  ZB  -  db,  and  sin  ZC  =  dc.    If,  so,  they  will  have  discovered  an 
instance  of  the  Sine  law       Theore^n  16-4  on  page  259v] 

6.  CD  -  \^23l/5   [Recalling  the  discussion  preceding  the^j. exercises, 
CD  =  8  sin^B      4  sinZA];   AD  —  13/5  [==  4  cos  ZAj;/"  • 
cos/ACD=  sflTl/Ztij  .sinZACD  r  13/20;  cos  ZBCD  =  Vl3r/40; 
sinZBCD  =  37/40 

7.  .AE^  =  26/5;  cos  MCE  =  31/200;   sinZA^IE  =  13nA 231/200 


^      .TC242  (2)  V 

■  •      .  ■       '        '     ■  7        •  ' 

Answers' for  Part  B  '  ' 

1*.     {See  {^)  on  page  241  and  Definition  15-12.] 

"  \     •  N  .  . 

2.     Congruent  angles  have  the  same  3ine|   supplementary  angles  have- 

the  same  sine.    For  congruent  angles  have  the  same  cosine  and  the 

.     cosines  of  supplementary  angles  are  opposites  andppposit^s  have 

*'    .the  same  square,    [See  Definition  15-12,  ]  ♦  ' 

3»     Angles  which  have  the  same  sine  are  either  congruent  or  supple- 
mentary.   For,  if  sin^B  =  sin^^C  then,  by  Definition  15-12,- 
(cosZB)^  =  (coslC)^  and,  sp,  cosZB  r  cosZC  or  cosZB  +  cosZC 

4#     (a)    cosZB  =  sin^A;   sinZB  =  co^ /.A;   If  lA  and  IB  are  comple- 
mentary then  both  are  acute  and  {cos  ^A)^  +  (cos  ZBp^=^  1,  It 

follows  that  cos  ZB  =Wl  -  {co9  ZAP^  =  sinZA  and  siiiZB 

=  sJV "  {cob  IB)^  -  cosZA.i  [Note  that  it  is  essentia^l  for  this 
a-rgument  that  cos  ZB  >  0  and  cos  LA  >  0.  ] 

"^"(b)    Given  that  lA  is  acute  and  sinZA  5=  eosZB  it  follows  that  lA 
and  ZB  are  complementary*    For,  since  cos  ZB  =  sinZA  >  0 
it  follows  that  ZB  is  also  acute  and  since  cosZB  ^  sinZA 

^  n/1  -  (cosZA)^  it  foHows  that  (cos  ZAP  4  (cos  ZB)2  =  1. 

5.     (a)    If  sinZBAC  =  1  then  cos /BAG  ^  0  and,  30,  ZBAC  is  a  right 
angle,  ^ By  Theorem  15-7*there  is  j\i8t  one  right  angle  which 
'has  AB  as  one' side  and  its  other  side  on  a  given  side  of  i« 

<b)   Since  sinZBAC  <  I,  cpsZBAC  ^  0  and,  so,  -cosZBAC 
1^  cosZBAC.    There  is,  by  Theorem  15-7  just  one  angle  — 
*    say,  ZBAD  ^  whose  cosine  is  —cosZBAC,  which  has  BA 
as  one  side  and  whose  otherv  Side  is  on  the  same  sid®  of  i 
as  is  a5.    Since  thia  angle  is  supplementary  to  ZBAC,  it 
%as  the  saime  sine  as  does  Z$AC« 

(c)    There  are  two'#uch  angles.    They  are  the  angles  with  AB  as 

side  and  with  other  side  on  the  same  side  of  i  as  is  AC  and 

whose  cosines  are  nAI  -*  a^  wd  -VI  -  a^.    By  Theorem  15-7 

there  is  just  on^i  angle  of  e9.ch  kind  and,  by  Definition  15*^12, 

any  angle  whose  sine  is  %  has  one  of  the  specified^Oiiines« 
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3. 


Given:      =-^5,  ]!6l|  =  42,  and  . 

Compute:  AS,  cos^Z-A,  sin  ZA, 
.     COS  Zfi,  sin  TETRAD, 
and  CD 


^   A  B 

4.  Given  the  same  information  as  in  Exercise  3.  Compute  a>s  lACD, 
sin  CACD,  cos  n)CB,  and  sin  Zi>CB. 

5.  n  Giveci:  l^ABC,   with  sj[de-meas- 
\  Q  ures' as  indicated, 

^  Compute:  cos  lA^  cos  /fi, 

cos  Z.C.  sin  /  A,R\n  /  ft, 
^  and  sin  LC. 

6.  Given  AABC  as  described  in  Exercise  5,  letlUS^be  its  altitude 
from  C.  Compute  CD,  AD^  cos  Z.i4CJ2,  sin  CACD,  cos  IMCD,  and 
sin  iBCD,  ^ 

7.  Given  AABC  as  described  in  Exerci^  5,  let  E  be  the  point  on  line 
AB  such  that  AACE  is  isoscel^  with  base  AE.  Compute  AE, 
cpB  LACE,  and  sin  jlACE. 


1.  Consider  lACB,  where  a  ^  A  ^  C  and  b  ^  S  -  C.  ShQw  that 
sin  /IACB  = 


2.  What  can  you  say  about  the  sines  of  twa  congruent  angles?  About 
the  sin^  of  two  suppiementaiy  angles?  Give  argimients  in  ^pport 
of  your  answers.  . 

3.  Supper  that  two  angles  have  the  same  sine.  What  can  you 
about  the  angles?  Give  m  argument  to  support  your  asswerr 

4.  Consider  an  acute  angle,       end  another  atigle,  lB. 

(a)  Given  tiiat  LA  and  ZJ5  are  complementary,  what  can  you  s^ 
about  0)6  l£7  Abcnit  pin  z^?  Explain  your  answex^. 
.  <b)  Assume  that  sin  LA  «  cos  zJ(.  What  can  you  say  about  L,A 

:  and  Z3?^praih  y^  — — ^ 

5.  Supipose  Uiat  >l  ai^  5  are  two  points  of  a  Une  i,  and  that  C  ^  i. 
(a)  Given  Uiat  sin  lBAC  «  1,  what  can  you  say  about  l.BAC^ 

How  many  angles  have  the  san^  sir^  as  Z^4C,  have  AB  as 

oneside,  andhave  the  other  aide  on  the  same  side  cf  las  is  AC? 

Explain  your  answ^. 
<b) .  Assume  that  sin  LBAC  <  1.  Show  that  thei^  is  an  aagle^-say, 

ZJ^AD— which  is  different  from  lSAC,  wlu^  side  AD  is  <^n. 

the  same  side  of  I  as  isi4C,  and  whose  mne  is  thatof  ZLBAC, 
Cc)  Given  any  number  a  such  that  0  <  a<  1,  how  many  angles 
^  are  there  whose  sine  is  a,  which  have  AB  as  one  side,  and  whose 

other  sides  ai^  on  the  side  of  I  which  contains  AC?  Justify  j^ur 

answer.  * 


15.09  Sines  of  Angles 
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There  are  a  jiumber  of  theorems  concerning  sines  which  are  analo- 
gous to  some  of  our  earlier  tlieorems  concerning  cosines.  Some  which 
are  suggested  by  the  exercises  just  completed  are:   


TheoreT7vJ5~25  mn /^ACB  = 
where  a  =  Z  -  C  and  b     B  - 


Theorem  15-26   Angles  are  cx)nginient  or  suppie- 
.   mentary  if  and  oiriy  if  they  have  the  same  sine. 

Theorem  15-27   Given  a  number  a  such  that 
0  <  a  <  1,  and  given  a  half-line  r,  there  are 
two  and  only  two  angles  whose  sine  is  a,  which 
have  r  as  one  side,  and  whose  other  sides  are 
on  a  given  side  of  the  line  which  contains  r. 

Theorem  15-28  Two  angles  are  complementary  if  , 

and  only  if  one  of  them  is  acute  an^ts  sine  is  the 

cosine  of  the  other.  *     '  . 

<  ■ 
Notice  that  the  cosine  of  an  acute  angle  is*he  sihe  of  any  complement 

of  that  angle. 


Parte 


h  Show  that,  fpr  any        (cos  Z.Af  ^  (sin  /LAT  =  1^^ 

2.  Con^Iete  each  of  the  following. 

(a)  Given  that  LA  is  obtuse  and  sin  Z,A  =  i  cos       =  — 
(fa)  Given  that  LA  is  a^l»te  and  sin*^A  =    cos  V' 

(c)  Given  that  sin  LB  =  H  and        is'a  a>mp|emem  of  Zfi, 
cos       =  and  sin  ^C  =  —.      ^  ' 

(d)  Given  that  lA  and  lC  are  supplements  and  cos  Af<  ^ 
sin  lA  ^  — ^ 

ie)  AABC  is  such  that       ^  13,  BC i4,  and 
sin  lA  =  and  sin  ZJ3  *  — 

3.  In  each  of  the  following,  you  are  given  a  picture  and  sqme  informa- 
tion about  it  Dq  the  indicatal  computations.  /  ^ 

^  <b) 


B      D  "^C 
Compute:  BC,  SD,  AD, 
sin  jLB,  and 
.Sin  itCAD 


Given:  cos  ZD  =  i 
Compute:  EG,  GF,  cos  lBEG, 

sin  zF,*^  and 

BinLGEF 
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Answers  for  Part  C  ^ 

1.  [This  comes  directly  from  Definition  15-12.]  ^ 

2.  ^  k)  --s^/z        *  (b)  >/r/4 ; 

£)  -12/13;  5/13  •  •  (d)  VT/Z 

(e)    56/65r  12/13 

3.  (a)    BC  =  25;   BD  =  49/25;.  AD  -   168/25;    sin/B  =  24/25; 

sinZCAD  r  24/25 
(b)    [DG  =  6]  EG  =  8;   GF  =   8^3;   cos  ZDEG  =•-  4/&;   sinZF  =  1/2; 

sin 

'>  ■  . 


Sin 
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Answers  for  Part  C  [cont.] 

4,     (a)        -  i'JJT/lO  [Use  of  Part  A  on  page  241  .  ] 

,.,41  .3  \r3  _  4  -  3NyT  ■       .     ,  ■ 

(b)   

{c)    They  are  equivalent, 
Ai^swers  for  Part  D 

1,  Sinc&  and  ZP^  are  adjacent  it  follows  by  Pefinition  15-4sthat 
Q  and  R  are  on  opposite  sides  of 

2,  Since  Q  and  R  are  on  opposite  sides  of  P§  it  follows^b^  Exercise 
3  of  Part  !D  on  page  ZiZ  that  v  -  ^(w*^)  and  u  -  v?{u*  w)  have 
opposite  senses.  i  «^ 

'S.     s}l  -  (v-wF;   sjl  -  fu*wP  ■  «  ^ 

4.  [uw  -  (5-w)(v.w))/^/l  -  (v-vD)^;   ^/l  -  {u-w-P* 

5.  The  angles  are  supplementary;   so,  the  sum  of  their  cosines  is  0. 

6.  By  Exercises  4  and  5,  [u»v  -  {u  •  w){y  ••'w)]/vl  -  <v*w)^  * 
^  ^nAI  -  (u-w)^.    So,  u-v  ^  (u«w)(v*wT-        -  (u•wp^/^^lT•^P 

^      that  is, 

cosZQPR  =  cosZPiCosZP^  -  sinZP^  sinZPg. 
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4.  (a)  Given  the  information  in  Exercise  3(b),  compute  cos  lDEF, 

(b)  Evaluate  the  expression: 

•  i 

cos  LDEG  cos  lFEG  -  sin  l^DEG  sin  iJEG 

(c)  Compare  your  results  in  (a)  and  (b). 


PartD 

Suppose  that  LP^  and  Z-P2  ^® 
adjacent  angles  which  are  not  sup- 
plementary, as  shown  in  the  pic- 
ture at  the  right  Let  u,  w,  and  i; 
be  the  unit  vectors  Q  ^  P,  S  P, 
and  £  -     as  shown. 

1.  Q  and  12  are  on  opposite  sides  of  PS.  Why?  ^ 

2.  Show  that  the  vectors  IT  -  uAv  *  w)  and  i4  -  iaAu  •  u;)  have  op-,; 
posite  senses.  ^ 

ft    3.  What  is  the  norm  of  i;  -  w{v  •  wY?  Of  u  -  uAu  •  i£?)? 

4.  Compute  the  dot  products  with  u  of  the  unit^vedtors  in  the  sexises 
^  of  y  -  uKt^  -^w)  and  u  -       ;  u;). 

S^What  is  the  relationship  between  angles  whose  cosines  are  the 
^  numbers  you  coxn^ted  in  Exerdse  4?  What  does  this  tell  yoU  about 

these  cosines?  "  -> 

6.  Make  use  of  your  results  so  far  to  sbow  that 

^  ^QP/?     cos  ilP,  cos  ZJ^2  -,sin  4P,  sin 

15.10  Dihedral  Angles 

We  have  found  the  notion  of  angle  to  be  a  quite  useful  one.  Basically, 
angles  are  two-dimensional  olgects,  for  any  two  nona)llinear  rays  with 

the  same  vertex  are  contained  iiL^  -  -  :  — -   

exactly  one  plane  and  plan^  are 
.two-dimensional  objects.  An  ana- 
logue in  Sniimensionalf  space  to  an 
angle  is  a  dihedral  ahgle,  \^hich  is  . 
the  unidn  of  tWo  noncoplanar  half-  * 
planes  with  a  a)mn«)n  edge.  The 
half-planes  which  make  up  a  given 
dihe^al  angle  are .  ^metiines- 
calied  the  faces  of  the  dihedral 
angle. 


Fig.  15-21 
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In  referring  to  dihedral  angie,  it  is  customary  to  give  a  *Toi*  point" 
name  by  naming  a  point  in  one  fac^,  two  points  on  the  edge,  and  a  point 
in  the  other  face.  For  example,  the  dihedral  angle  picture  in  Fig  1 5  -  21 
is  /J)-AB-C.  [Read 'zJ)-AB-C'  as  'dihedral  angle  D,  A,B>CM  Alternate 
^ays  of  referring  to  this  same  dihedral  angle  are  '^'BA-C\  'lC-AB- 
D\  and  '^C  BA'D\  [This  corr^ponds  t9  "th^ee  point"  names  for  angles, 
such  as 'iCABC'J  ^ 


Part  A 


Givdh  two  intersecting  planes,  how  many  dihedral  angl^  are  con- 
tained in  their  union?  4 

2.  Suppose  that  ^P-QR-S  is  A  dihedral'  angle. 

(a)  iGive  the  two  plan^  whose  union  contains  ^-QR-S. 
,  (b)  Whiat  is  the  edge  of  th^  given  dihedral  angle? 
(c)  Give  at  least  two  other  ways  of  referring  to  ^.P-QR-S. 

3*  Fold  a  piec^  of  cardboard  so  as  to  form  a  model  of  a  dihedral  angle, 
Mark  a  point  A  on  the  edge  of  the  dihedral  angle  and  draw  a  ray 
AB  in  one  of  its  faces. 

(a)  Draw  a  ray*AC  in  the  other  face  so  that  IBAC  is  acute, 

(b)  Draw  a  rayAP  in  the  other  face^so  thai  ^BAD  is  obtuse. 

<c)  Now,  try  to  locate, a  ray-?; say,  >4£-1n  the  other  face  so  that 
LBAE  is  right 

4.^  Of  which  of  the  following  might  the  intersection  of  a  plane  and  a 

dihedral  angle  consist?  Explain  your  answers. 
'    (a)  A  liufe.  ^  ^    (b)  "A  point. 

(c)  Two  parallel  lines,  (d)  Two  intersecting  lines, 

(e)  Aji  angle.  (f )  Two  di^oint  rays. 

^  « — » «  ■     "  ^' 
6.  Supp<»e  that  PQ  is  the  edge  of  a 

dihedral  angle  and  the  points  ii, 

B,  C,  and  13  i^e  chosen  in  the    .  ^  . 

faces  of  the  ^hedral  angle  so  * 

that  the  rays  PA, "Pg,  QC,  and  / 

are  pe^ipendixcular  toPQ^ 

;  shown  in  the  picfctire  at  the 

right 


(a)  What  can  you  say  about  /LAPB  and  Z.CQD7  Explain  your  an- 

(b)  Suppose  that   APS  is  a  right  angle;  What  can  you  say  about 
the  faces  of  l.A-PQ-D'?  About  LCQBl  Explain  your  answers. 


o  ■ 
ERIC 


513 


»  TC245  .  . 

Answers  for  J^art  A 

1.  Four.  *  '  ^ 

2.  (a)    p6r  and  SQR 
,      (b)  OR 

(c)  The  most  obvious  answers  are  the  following: 

is-qk-'pI  ZS-RQ-P,  zp-rq-s 

3.  [It      probably  best  tb  have  this  done  as  «e?ttwork,  discussing  the 
results  when  all  the  students  have  had  a  chance  to  see  **what  is 
going  on"  with  their  own  models.    For  making  the  models,  index 
cards  should  serve  quite  well,]  ^ 

4.  (a)    Yes.    Any  plane  which  contains  the  edge  of  a  given  dihedral 

angle  and  does  not  contain  either  of  the  faces  of  the  dihedral 
angle  is  such  that  its  intersection  with  the  dihedral  angle 
consists  of  a  line* 

(b)    No»    Any  plane  which  contains  a  point  of  a  given  dihedral  single 
intersects  the  plane  of  one  of  the  faces  in  a  line.    If  this  line-is 
parallel  to  the  edge  of  the  dihedral  angle,  it  either  is  the  edge 
or.  is  contained!  in  one  olf  the  faces  of  the  dihedral  angle,  so  that 
the  intersection  of  the  plane  and  dihedral  angle  consists  of  a 
line.    If  this  line  is  not  parallel  to  the  edge  then  it  intersects 
the  edge,  so  that  the  intersection  of  the  plane  artii  dihedral  angle 
consists  of  an  angle.    In  any  case,  the  intersection  cannot  con- 
sist of  a  point.  , 

{c}    Yes,    Any  plane  which  is  parallel  to  the  edge  of  a  dihedral  angle 
and  inters-ecting  both  fac^s  of  the  dihedral  angle  is  such  that  its 
intersection  with  the  dihedral  angie  consists  of  two  pacaliel  lines 

(d)  ^lo.    By  the  argument  in  (b),  we  can  obtain  two  rays  with  the 
same  vertex  as  the  faces  of  a  dihedral  angle  are  half -planes, 

(e)  Yes,  .  See  the  argiimeat  in  (.b).  ^  . 

(f)  » No.   A  plane  cannot  contain  exactly  two  points  of  the  edge  of  a 

V  dihedral  angl«  and,  for  the  intersection  of  a  plane  and  a  dihedral 
angle  to  co^isist  of  two  disjoint  rays,  that  would  have  to  be  the 
case,  *■     "  .  *  .     ■  • 

5.  (a)    They  are  congruent,  for  their  corresponding  sides  are  in  the 

same  sense,  "  ^ 

^"   :tb)   The  faceB  ef-^A^PQ'^B  areijerpendlcuiar  h^lf^ 

arfe  subsets  of  perpendicular  pls^nes*  i^CQD  is^  right  angle>for 
it  is  congruent  *to  right  /^APB.  ^  , 
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&  Consider  the  angle,  Z.APB,  d^cribed  in  Exercise  5«  lAPB  is  a 
subset  of  lA'PQ-D,  I^cribe  another  dihedral  angle  which  has 
lAPB  ^one  of  its  subsets.  Are  the  sides  of  /^APB  perpendicular 
to,  the  e^ltfb  of  any  one  of  these  other  dihedral  angles? 

\ 

The  angles,  lAPB  and  described  in  Exercise  5,  above,  are 

somietimes  call^  plane  angles  of  the  dihedral  angle,  /LA-PB-D,  By 
definition,  a  plane  angle  of  a  dihedral  single  is  an  angle  which  is  a  sub- 
set of  the  dihedral  angle  and  whose  wdfi9J«:si^^ 
of  the  dihedral  angle. 


PartB 


1.  How  many  plane  angles  does  a  given  dihedral  angle  have? 

2.  What  can  you  say  about  the  plane  angles  of  a  dihedral  angle? 

SL  Can  the  intersection  of  a  plane  and  a  dihedral  angle  b^  a  plane 
angle  of  the  dihedral  angle?  Explain. 

4,  Supper  that  I.APB  and  ZCOD  are  plane  angles  of  A  A-PQ  B  and 
/.C-OR'D,  respec^vely,  and  that  Z.APB  a  Z.COD,  Do  you  think 
that  lA'PQ^B  and  I.COR  D  are  congruent?  [Reniember,  to  an^ 
swer  *Yes/  means  that  you  believe  there  is  an  isometryvy?hich 
ma|^  one  of  the  dihedral  angl^  onto  the  other.}  Justify  your  an** 
swer.        '  \ 

5.  Suppose  that  we  define  the  cosine  of  a  dihedral  angle  to  be  the  co- 
sine of  any  of  its  plane  aisles.  How  would  you  define  the  fol- 
lowing. > 

(a)  acute  dihedral  angle 

(b)  right  dihedral' angle 

(c)  obtuie  dihedral  angle 

(d)  supplementary  dihedral  angies 
&  Suppose  that  plane  angles, 

LAPB  and  jLCQD,  oVlA-PQ- 
JO  are^ht  angl^siEsothat  Z.A'-  . 
PQ'D  is  a  right  dihedral  angle] 
— and  tfaatiiP^  PQ^^CQ--^ 
-  8  and  PB  «,15,  as  shown  in 
the  picture  at  the  right 
(a)  Find  AB.A^i^B,  AD,  CD, 

QB;md€B\ 
(h)  Tind  the  cosine  values  of  ■ 

lABP,    zADP,  lCDQ, 

ACPQ.emdjLCBQ. 
^  Cq)  OtdBT  the  aisles  given  in  ' 

(b)  according  to  size  fVom 

smailest  to  largest 
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An^wers  for  Part  A    [cont.]  ^ 

6,     Choose  any  line  which  contain^^  P  aij^  is  not  a  subset  df  either  plane 
Which  contains  a  face  of  M-PQ-D,    The  union  of  the  two  half-planes 
with  thid  line  as  e^ge  and  containing  A  and  B  is  a  dihedral  angle 
one  of  whose  subsets  is  lAPB.    Since^g  is  the  only  line  which 
contains  P  and  is  perpendicular  to  APB,  we  have  that  the  sides  of 
^ARB  are  not  perpendicular  to  the  edge  of  the  newly  constructed 
dihedral  angle.    Thus,  MPB  is  not  a  plane  angle  of  that  dihedral 
angle,  ^  . 

Answers  for  Part  B 


4-r-'- feliftit^ly  manyr  4^^^^^       point  xsf  t^e-edge-iyf  the  dth«drai 
angle.  ]  ,  ' 

2.  They  are  all  congruent,  ^  . 

^  .  «•  ■ 

3.  Yes.    Any  plane  which  is  perpendicular  to  thd  edge  of  a  dihedral 
angle  is  such  that  its  intersection  with  the  dihedral  angle  is  an  angle 
whpse  sides  are  perpendicular  to  that  edge  and  whose  vertex  is  on 
that  edge.   And>  such  an  angle  is  a  plane  angle  of  the  dihedral  angle, 

4.  Yes,    Let  f  be  any;  isometry  which  maps  ZAPS  onto  ZCOD,  We 
lose  no  generality  by  assuming  that  PA  =  OC  and  PB  =  OD.  Then, 
f(A)  =  C,  f{P)  =  O,  -and  «B)  =  D,    Also,  f  laiaps  the  line  through 

P  and  perpendicular  to  APB  onto  the  line  through  O  and  perpen- 
^  dlctUar  to  toD.    Thus,  f  maps  P3  onto  65.    Hence,  f  maps 
ZA-^PQ-B  onto  i^C-OR-D.  ^ 

5.  (a)    One  whose  cosine  is  positive, 
(b)    One  whose  cosine  is  0, 

». 

<c)  -^One  whose  cosine  is  negative. 

(d)   A  p»ir  of  dihedral  angies  the  stim  of  whose  cosines  is  0. 

6.  Ca)    AB  :=  17|         n  8^/^;   PD  ^  8\^;  AD  =  8n/3;  CD  ^  ^^^2l  QB  =  17 

CB  =  VISS 

(b)  15/i7;   sfz/S;   sJz/Z;  ^^1^   17/^/353  [  , 

(c)  z^G3Q,  MBP,  MDP.  ZCDQs  ZCPQ 

I 
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15.11  Chapter  Summary 
V^abulary  Summary 

angle 
vertex  of 
side  of 
interior  of 
exterior  of 
plane  of 
'^odfifne  of 
sine  of 
bisector  of 
vertical  angles 
adjacent  angl€^ 
right  angle 
acute  aqgle 


obtuse  angle 
(jUhedral  angle 

faces  of 

edge  of 

plane  angl^  of 
supplementary  angl^ 
"ooiSplementary^Sigles 
opposite  sides  of  / 
same  side  of/ 

angle  bisectors  of  a  triangle 
transversal 

alternate  interior  angles 
corr^ponding  angles 
consecutive  interior  angl^. 


16-1* 

15*2. 


15-3* 


15^. 


16-5.- 


15-a 


1£k8. 


An  angle  is  a  set  of  points  which  is  the  union  of  two  noacol- 

linear  rays  which  have  the  same  vert^. 

(a)  C  is  interior  to  /LAVB  if  and  only  if  lii^re  exist  points  X 
and  y  oh  Vi?  and  1^,  respectively,  such  that 
C  ^  V  ^  iX  -  V)  ^  {Y  -  V).  ^ 

(p)  C  is  exterior     ^  AVB  if  and  only  if  C  eAVB  but  belongs 
neither  to  ^AVB  nor  to  the  iiiierior  of  /iAVB. 

(a)  P  and  Q  are  on  opposite  sides  of  I  if  and  only  if  neither  P 
^  ■  nor  Q  belongs  to  /  but  PQ  D  /  9^  0. 

(b)  ,  P  and  Q  are  on  the  sanie  side  of  lif  and  only  if  P  and  Q  are 
"  ^    [together]  ooplanar  with  /  but  PQ  n  /  =  0, 

^Two  ^glea  are  adjacent  if  smd  only  if  tiiey  have  a  common 
side  and  their  other  sides  are  on  opposite  sides  of  the  line  con- 
taining  tiieir  common  side. 

The  cosine  or  an  anglais  the  dot  piaoKiuci  of  the.iinitvectorsin 
the  sens^  of  the  sides  of  the  angle. 

.'and  a  second  angle  are  supplementary  [and  each  is  a 
mt  of^  the  other]  if  and  only  if  th^  are  congruent  to 
jc^t  angles  whose  nonoommon  sides  are  opposite  half- 
lines.  " 

The  bisector  of  an  angle  is  the  half-line  interior  to  it  such  Uiat 
the  two  angles  which  have  this  half-line  for  one  Side,  and  one 
of  the  sides  of  the  given  angle  for  the  pther,  are  congruent, 
The  angle  bisector  of,  a  b^angle  from  a  given  vertex  is  the 
interval  whose  endpbihts  are  the  .given  vertex  and  the  point 


248       ANGLES  . 

at  Which  the  bisector  of  the  angle  of  the  triangle  at  this  vertex 

intersects  the  oppc^ite  side. 
15-9.   Z-C  is'smaller  than.^/J  [and  Z:/?  is  larger  than  zC]  if  and 

only  if  Zip  is  congruent  to  an  angle  which  shares  a  side  with 

zJf  and  whose  other  side  is  interior  to  Zl? . 
15*10.  (a)  A  right  angle  is  an  angle  whose  aid^  are  perpendicular. 

(b)  An  acute  angle  is  an  angle  which  is  smaller  than  a  right 
angle. 

(c)  An  obtuse  angle  is  to  angle  which  is  larger  than  a  right 
—  ^  ^ — angler"^^^ — 

15-11.  A  first  and  a  second  angle  are  comple^^entary  [and  each  is  a 
complement  of  the  other]  if  and  only  if  they  are  congruent  to 
a4jacent  acute  angles  whose  noncommon  sides  are  perpendicu- 
lar half-lines.    * 

15-12.  sin  IC  =  ViT  (cos  cCf 

.  •*  ,  • 

Other  TheoTem$ 

15-1,   Each  segment  whose  endpoints  are  interior  to  an  mg\e  is  a 

subset  of  the  interior  of  that  angle. 
15-2.   (a)  E^ch  point  of  AB  is  interior  to  Zi4VB.  \ 
lb)  If  C  is  interior  to  /^AVB  then  so  is  ea<^  point  of  VC. 
(cs)  C  is  interior  to  ^AJ^  if  ^d  only^ AB  int^^ 
Corollary.  If,  in  AABC,  D  €  BC  and  JS:  €  CA  then  AD  and  B^?  inter. 
.  sect. 

'        15^   ISR^l.P  4 1,  and  Qe  W  then  P  and  Q  are  on  the  same  side  of  I 
if  and  only  if  Q  c  RP,  airf  are  on  opposite  sides  of  I  if  and  only  if 

Q  belongs  to  the  opposite  of  BP.   . 

15^.   z,4V'Candz5VCai:e£tc^jacentifandonlyifABinM^^  , 
15-B.'  IfB  and  Care  on  the  same  side  of      then  either  C  is  interior 

to AVB,  or  0  €l^,  or  B  is  interior  to  z. A  VC. 
15-6.   cos^ACB^ia  -miUl^k^ 

y^BrC'  ^   \:  

15-7.   Given  a  number  k  siuih  tiiiat  \k\  <  1,  and  given  a  half-line  r, 
^ere  is  one  mtd  only  one  angle  whose  ooaine  ia  k,  which  has  r 
as  one  of  ita  sid^  and  who^  side  is  contained  in  a  gi^ven  side 
\  irf  the  line  containing  r.  .         .  :^  . 

1&8.   Angl^  are  congruent  if  and  only  if  th^  have  t^ie  satme  cosine-  / 
\        15-9.   Vertical  angles  are  tongruent  • 

15-  10;  /JR  and      ai^  supplementary  if  and  only  if  ooa  4i?  ^  cox  /.C 

•  '  .    « a  ■■  /  ' 

poroUary.  A^ae^t  angles  a^  snpplemfmtary  if  and  <mly  if  their 
noncommon  sides  are  OKXJSite  half-lines* 

16-  11*  If  the  sides  of  one  angle  can  be  paired  with  th^ 

such  a  way  that  paired  sides  are  parallel  th(6n  the  angles  aye 
either  cxmgruent  or  supplementary.  They  ar6  congru^t  if  '(■"[ 
each  two  paired  sides  hav6  the  saiM  sense  or  if  each  tw5  p^ 
sides  have  opposite  aensea.  lliey  are  snm>lement»ty  if  some 
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two  paired  sides  have  the  same  sense  and  the  other  two  paired 
sides  have  opposite  sen8^. 

15*12.  .Givan  angles  in  parallel  plan®,  if  the  sides  of  one  angle  can 
be  paired  with  those  of  the  other  in  suph  a  way  that  paimi 
sides  are  perpeiuiicular,  then  the  angles  are  either  congruent 
or  supplen^nt€iry. 

15*13.  Of  the  angles  formed  by  two  parallel  lines  and  a  commpn  trans- 
versal, any  two  alternate  angl^  are  congruent,  any  two  a)r- 
responding  angles  are  congruent,  and  any  ^wo  consecutive 
Angl^  are  supplementary. 

15-14*  If  some  two  alternate  or  (X)rr^ponding  angles  formed  by  two 
coplaiiar  lin^  and  a  common  transversal  are  congruent,  or 
'soin0  two  consecutive  angles  are  supplementary,  then  the  lines 
are  parallel.  a  / 

15-15.  'Hie  bisector  ofJ^AVBJs  the  half-Hne  with  vertex  V  whose 
sense  is  that  oirfl^j^l  4- where"?  ^  A     VandV=  S  -  V. 

15-lfi.  The  bisector  erf*  an  angle  cx>nsists  of  those  points  which  are  in- 
t^srior  to  the  angle  and  are  eqiUdistant  fr^ni  the  ^nes  contain- 
ing the  sides  .of  the  angle.  ' 

15-17.  In  AABC,  the  endpoint  of  AB  of  the  angle  bisector  from  C  di- 
vides the  interval  &iDmi4  toBin  the  ratio  of  CM  tojCB. 

15*18.  AABC  is  isosceles  with  base  AB  if  and  oni^if  its  angle  bisector 
from  C  is  its  median  from  C.  

15^19.  AABC  is  isoscel^  with  base  AB  if  and  only  if  its  angle  bisector 
from  C  is  its  altitude  from  C. 

15*20.  The  angle  bisectors  of  a  triangle  are  concurrent 

15*21.  A  £^  angle  is  smaller  than  a  second  if  and  only  if  the  cosine 
of  the  first  angle  is'greater  than  the  (»aine  of  the  second. 

15*22.  If  C  is  mterior  to  lAVB  then  iiA VT  is  smaller  than  ^V^. 

15-23,  If,  in  AABC  and  iPQH,  QP  -  BA  mdQR  =  BC  then  /J'QR 
is  smaller  than  2LAB€  if  ^i?niy  if  Pi?  <  AC. 

15*24.  ZJ?  ftod  are  a>mplel^tary  if  and  only  if  fcos  ^  >''  0, 
cos  ^C  >  0,  and  {cos  Ui^  -h  (cos  /.Cf  «  1. 

CoroUary.  Adjacent  ang!@  are  a}mpletifientary  if  and  only  if  they 
are  acute  and  their  noncommon  sides  are  perpendicular 

,  half-lines.  ' 


15«2&  sin  ZAQB 


where      A  -  C  and  b  -  M-  -  C.  *  ^ 

15*26.  Angl^  are  congment  or  supplementary  if  and  only  if  they 

have  the  same  sine.       ^  ^  >  ^ 
15*27#  Given  a  number  a  such  th^t^  <  a  <  1,  and  given  a  half-line  r, 
there  are  two  and  ozily  two  angles  whose  sine  is  a,  which  have 
r  as  one  side,  and  whose  other  si4g^  are  on  a  given  side  of  the 
line  which  contains  r,  \ 
i6*3B*  Two  angles  are  complementary  if  and  only  if  one  of  thexfi^^  q 
acute  aiui  its  sine  is  the  <xjsin^<rf  the  other. 
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CAc^pter  Test 


1.  Suppose  that  Z.C  is  an  angle  whose  cMine  is  V2/2.  Compute  each  of 
the  following.  , 

(a)  sin  * 

(b)  cos  2lP,  where       and  zJ^  are  complementary 

(c)  cos  LQ,  where and  Z.Q  are  supplementary 

(d)  sin  ^Q,  where  /.C  and  Z.Q  are  suppieme^itary 

2.  In  dABC,  AB'^  6,  BC  =  15,  and^A  =  12,  Supper  that^  and 
BE  are  the  angle  bisectors  from  A  and  B ,  respectively, 

(a)  Compute  BD,  DC,  AB,  and  EC. 

(b)  Let  P  be  the  point  of  intersection  of  AD  and  BE.  In  what  ratio 
does  P  divide  the  se^ent  from  A  to  B?  The  segment  from  B 

,toE? 

(c)  Compute  cos  zA,  cos  ZB,  and  cos  lC. 

3\  Assume  tlxat  cos  ^  =         ^iB  =  A,  cos       =  -i  and  c4s  lD 

—  ^    (a)  Which  of  the  anglra  are  acute  and  which  are  obtuse? 

(b)  Order  ^e  angles  aoiording  po  size  from  smallest  to  largest.  - 

(c)  Which,  if  any,  of  the  angles  are  complementary? 
id)  Which,  if  any,  of  the  angl^  are  aupplementai^? 

4.  Suppose  that  A  ABC  is  a  right  angle,  that  a  =^  A  -  B  and 
^     c*^  C  -  B,  and  that  a^and  c  are  unit  vectors.  Let  Z?,  ^,  F,  and  G  be 
points  such  that 


P  =  B  -h^'      ^  c'iand 


^B  ai'  +  e§, 
G  =  B  -h  a'i  +7- 


ERIC 


(a)  Which  of  zABZ^^and  ^ABE  is  larger?  Explain  your  answer. 

(b)  Which  is  the  larger  of  /LCBG  and  ZABP?  Exylmn  your  answer. 

(c)  Show  that  E  and  F  are  qt\  the  ^me  side  of  BD. 

(d)  Show  that  B  and  G  are  on  opposite  sides  of  BD, 
5*  Consider  the  parallel  lines  I  and      .        .  , 

m  and  transversa!  t  shown  in  .  ^ 

the  picture  at  the  fright  In 
.  each  of  the  following,  give  a 
pair  of  angles  of  tibe  sped^ed 
^ype  and  tell  whetW^they  are 
congruent  or  supplCTienl 

(a)  alternate  p£terioE^«Itgfes 

(b)  .corresponding  angles 
Cc)  cpnsecutive  angh 

(d)  alternate  interior  knglm        ^  ^   ^ 

6.  Suppose  that  C  is  a  point  such  that  AC  and  BC  are  the  angle  bisec* 

tors  of  and  ZB,,  r^pectively,  where  /LA^  and  Z.B,  are  as 
'    d^crib^  in  Exercise  5,  Prove  the  following. 

(a)  ^CAS  and  ^©SA  are  complementary,  . 

(b)  AACB  is  a  right  triangle. 


Answers  for  Chapter  Test 


1. 
2. 


3. 


(a) 
(b) 
(c) 

(a) 

(c) 
(d) 
4.  (a) 

(b) 

•  (c) 

id) 


6.  (a) 


7. 


(b) 
id) 


'JT/z 

BD  = 
6/5;' 


-5 


(b)  ^^Z/2 
=  10;  AE 


(c)  -n/T/2 

24/7;   EC  =  60/7 


37/40 


lA,  IB,  and  ID  are  acute;  ^C  is  obtuse. 

ID.  lA.  IB.  IC  .  . 

/B  and  ZD  are  complementary.  »  -» 

lA  and  ^C  are  Bupplementary. 

MBE.    For,  cos  ZABD  =1/'^,  cosZABE  =  S/n^ZS,  and 
3/sfZ5  <  l/'/Z, 

ICBC.    For,  cosZCBG  =   -Z/^.  cobZABF=  -Z/'JU,  and 
-2/0/5  <  -2/»/l3. 

E  -  B  =  (D  -  B>|-+        and  F  -  B  =  (D  -  B)*  -J+  c|.  So, 

E  knd  F  are  on  the  same  side  oi  BD  as  is  iC<  ^ 

E  -  B  ='(D  7  B)j+  c|-  and  G-B  =  (D-B)«^+c«  So. 

C  and  G  a]^fi,.«n  oppoiite  sides  of  BD. 

(ZA^.Z^)  [or:    (ZA^.ZBg)!;  congruent 

CZA^,ZB^}  [or:   {[A^,  ZB^).  (ZA3,ZBg).  (ZA^,  ZB J];  congruent 
(ZA^.ZBg)  [or;  (ZAg,  ZB  j,  UAg,  ZBj.  (ZA^.  ZBg)]}  »upple- 
mentary  . 

(ZAg,ZB^)  [or;   UAg.ZB^)];  congruent  '   : 

"bosZCAB  =  <s/(l  +  co8ZAg)/2  and  cos  ZCBA  =  ^(1  +  co»ZB^)/2. 
So,  ZQAB  and  ZCBA  are  both  acute  [since  their  cosines  are 
positive]  and  ^cobZCAB)^  +  «cosZCBA)=      {1  +  co»ZA2)/2 
+  |1  +  coeZBi)/2  =  I  6lnce  cosZAa  +  cosZBj  =  0  [since  ZA^ 
And  ZBi  are  supplementary}.    Hence.^^AB  and  /CBA  are 
complementary.  ' 

It  was  proved  in  Part  B  on  page  239  that  a  triangle  two  of 
■whose  aagies  are  cenaplementary  is  a  right  triangle, 

l/^/5      .  (e)  2/^/5  ■      if)  2/>/T 
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7.  Assume  that  AABC  is  a  right 
'  triangle  with  hypotenuse  SC, 
that  AD  is  the  altitude  fron^ 
and  that  AB     6  and       =  12, 
as  shown  in  the  picture  at  the 

/  right.  Compute  each  of  the  fol- 

^^^..^^Jmmi^  — ,   

(a)  BD  (b)  AD 

id)  cos  ^        .         (e)  cos^C 


(c)  DC 

if)  sin  ADAC 


Background  Topic 


In  the  exercises  at  the  end  of  Chapter  14  [pages  199-205]  we 
learned  how  to  use  three  postulate: 

(Nn,)  i^^Nn  ,        ^  • 

(Nn^)   aeNn  —♦a  +  IciVn 

(iVnj)  FOand  V_,(x€iVnandF:c)  — ♦FCo:  4^  1) 

— *^[a€JVn -^  Fal  '  ^ 

to  prove  theorems  cont^ming^Jonnegative  integers.  [Recall  that  'ATn' 
^was  adopted  as  p^name  for  the  set  of  nonnegative  integers.]  Among 
t^e  theorems  proved  were: 

(1)  *  acJVn— ♦a^O  [(3)  on  page  204] 

(2)  a  ciVft  — ^  [a  >  0  --^  a  5- 1]      [(4)  on  page  204] 

In  the  fqllowing  pag^  we  shall  see  how  to  prove  theorems  about  all 
integers  that  is,  £^ut  the  nuitibers 

.  •  .  "^3,  ^^2,   l»-0,     2f  3f  * . .  • 

[We  ^all  use  T  as  a  name  for  the  set  of  all  integers.]  To  prove  such 
theorems  we  need  a  postulate  telling  us  what  numbers  are  integers. 
Since  the  integers  are  just  the  numbers  which  either  ar^  nozm^gative 
integers  or  have  nonn^ative  integers  for  their  opposite  we  shall 
'adopt  * 


For  example.  Postulate  (I)  tells  us  that;  sinc^,  hy- iNn^)  and  (iVn.p, 
If  ATn  and  since  — U»  1/^lc/,  As  another  example  of  the  use 
of  (I)  ^jtfe  shall  provei 


(3) 


ae/  — •Ca  <  0  — »  a  5  -1] 


[As  you  may  guess,  (3)  is  not  very  far  in  meaning  from  (2),  and  is  not, 
-in  itsdf  veVy  startling,  Neverthel^s,  we  Seed  it  as  a  lemxna  to  more 


important  theorem^  O  i  > 
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In  these  exercises  we  continue  the  study  of  the  integers  which  was 
begun  in  the  Background  Topic  at  the  end  of  Chapter  14,    As  in  those 
exercises,  we  are  not  here  attempting  to  teach  students  to  ^^rite  ji^oofs 
by  mathematical  induction.    Students  will  have  an  opportunity  to  prac- 
tice this  in  a  later  chapter.    At  present,  we  are  aiming  at  oiUy  the 
ability  to  recognize  and  un4erstand  inductive  proofs.    In  addition  we  « 
^ish  to  call  attention  to  the  important  result  ^8)  on  page  254,  This 
result  —  which  we  shall  use  lajer  —  is  intuitively  obvious;   but  the 
^difficulty  of  the  proof  may  give  students  a  respect  for  its  importance! 


ANGLES 


Procrf  of  (3):  B^l^astulate  (I)  it  is  sufficient  to  show  that  a  €  iVn  -7* 
[a  <  0  — ♦  a  S  -iVand-^eNn  — *  [a  <  0  a:^  -tlThe  fin^CMs 
trivial  sinci,  assuming^that  a  €  JVn  and  that  a  ^  -1,  it  followrfrom 
the  former  and  (1)  that  a  it  0,  and  so,  that  a-^-l  rr^a^O.  Thus, 
^  <  0  — -1  sothataeiV/^'-^  [a  <  0  -^a^  -1].  To  establish^ 
the  second  it  is  suffldent  to  iwte  that,  by  (2),  -ceiVn  — >  [-a  >  0 
— ^  i  1]  and  to  note  that  -tz  >  0  if  and  only  if  a  <  0  and  that 
— a  i  1  if  and  only  if  a  ^  —1. 

As  a  third  example  of  the  use  of  (I)  we  shall  prove  a  theorem  which, 
like  (3),  is  a  Ifemma  to  a  more  important  tha^rem: 

(4)  a€l  -  let 

Ptoof  of  (4):  As  in  the  proof  of  (3)  it  is  sufficient  to  show  that  a^Nn 
a  -  1  €/  and  that-^  €iVn  ^a-iel,  [We  shall  prove  the  first 
by  induction.]  As  we  have  seen  it  follows  by  (iV«,),  (A^n^),  and  (I)  that 
Since  rf  -  X  ^  -1  it  follows  that  0  -  1  c/.  Suppose,  now,  that 
b€Nn  and  that  b  -  lei.  Since  (6  -f J)  -  1  =  6  it  follows  that 
(6  4^  1)  -  1  ^Nn  and  so,  by  (I),  that  (6  +  1)  -  1  €/.  (It  doesn't  matter 
^that  we  did  not  need  to  use  the.  assumption  th£^t  b  ~  leL]  Henc©,  for 
each       if  xeNn  and  x  -  le/  then  (r.-l-  1),-  lei.  Since,  also, 
0  -  l€/it,folIows  that  if  aeNn  then  a  -  IcI 

To  complete  the  proof  of  (4),  supper  that  -ru  6  Nn.  It  follows  by 
(Nri^)  ti^at  -a  4-  l€  ATn.  So,  since  Ha  -  1)  *  ^  -h  1  it  follows  that 
-ia     l)€Nn  and,  so,  by.  (I)  that  a  -  l^L  Hentae,  if  -aeNn  then 

L  Show  that  -uel^aeL  [Hint:  Begin  with  'By  (I),  -c  «/  if  and 

only  if  M      '  ,     .  . 

2*  Show  that  a  ^/       a  +  1  €7.  [Hint:  Use  Exercise  1  and  (4).] 

* '  '  * 

For  ease  of  reference  we  shall  list  the  results  you  obtained  in  Part  A: 

(6)  '  ^c'Siafi/ 

(6)  ^     a€l  -r*a  4^  1  €/  ^ 

^  Before  proceeding  further  we  need  to  n^ify  iNn^)f  our  pripdple 
of  mathematical  induction,  to  justify  a  method  similar  to  mathe- 
maticai  induction  for  establishing  theorems  about  all  integers.  It  is 
not  difficult  to  see  intuitively  what  is  needed.  Suppose  giv^  a  sen- 
tence Fa  which  we  wish  to  show  feolds  for  all  integral  values  of  V. 
It  rfiould  be  sufficient  to  establish  FO,  to  show  that  if  Fa  holds  for 
a  ^  b^Nn  then  it  kslds  for  a  =  6  -t-  It  and  to  show  that  if  it  holds 
for  a  »  6  where  -6  eNn  then  it  holds  for  a  «  6  -  1.  In  other  words, 
we  need  two  •^inductions*' --one  up  through  thg  nonpegativf  integers, 


« 


TC252 

Proving  (4)  is  a  first  step  toward  proving  that  the  difference  of  any 
two  integers  is  an  integer  —  that  is,  that  I  is  closed  with  respect  to 
subtraction.    The  latter  iheo rem  t9gether  with  the'closur^  of  I  with 
respect  to  oppositing  [see  Exercise  1  of  Part^A)  implies  that  I  is 
closed  with  respect  to  addition. 

Answers  for  Part  A 

U     By  (f),        €  I  if^and  only  if  .(-a  €  Nn  or  --a  €  Nn).    Since  — a  =  a 
it  follows  that  (-a  €  Nn  or  --a  €  Nn)  if  and  only  if  {a  €  Nn  or 
-a  €  Nn)  —  that  is,  if  and  only  if  a  € 

2,     Suppose  that  a  €  I.    It  follows  by  Exercise  1  that  -a  €  I  and.  bo» 
.    '    'by  (4),  that  -a  -  1  €  I.    Since  -a  -  1  =  -<a  +  1)  it  follows  that 
-{a  +  1}  €  I  and,  so,  by  Exercise  1,  that  a  +  1  €  L    Hence,  if 
a  €  I  then  a  +  1  €  I. 

TC  253  . 

The  ^'Theorem*'  —  which  might  be  thought  of  as  the  principle  of 
mathematical  induction  for  I  [rather  than  merely  for  Nn]  —  is  impor- 
tant and  should  be  made  intuitively  obvious  to  all  students.    The  same 
applies  to  its^orollary  on  page  253.  ^  The  proof  of  the  theorem  is  very  • 
simple  but,  ppssibly,  subtle*  ^ 

The  proof  of  (?)  is  complicated  by  the  fact  that  the  sentence  Fa  of 
%he  corollary  is  a  universal  generalization.    We  have  doile  our  best  to 
point  out  what  is  tcybe  proved  at  each  stage  and  to  choose  variables  and  » 
indices  which  may  be  of  some  mnemonic  aid.    Nevertheless,  the  f>roof 
is  a  difficult  one,  and  you  need  not  expect  all  studerits  to  follow  it.  All 
studepts  should,  however,  understand  the  theorem  which  is  being  proved. 

^  .  ■  . 
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theorem  (8)  is  important  and,  in  the  text,  we  have  formulated 
what  it  says  in  several  ways.    Typical  consequences  of  the  theorem  are 
that  an  integer  which  is  less  than  3  is  less  than  or  equal  to  2,  and  that 
an  integer  which  is  less  than  -I  is  less  than  or  equal  to  -2.  Contrast 
this  with  the  fact  that  if  a  real  number  is  less  than  3  [or,  less  than  -1], 
that's  all  Vou  know  about  it. 

Answers  for  Part  B 

1      By  {T)  if  a  and  b  are  integers  then  so  is  b  -  a  and,  hence,  by  {3), 
if  b  -  a  < -a  then  b  -  a  ^  -1.    But,  b  -  ^  <  a  if ^nd  only 4f  J>  <  a. 
and  b  -  a  <  -1  if  and  only  if  b  <;  a  -  I.    Hence,  if  a  and  b  are 
integers  then  b  <  a  only  if      ^  a     1.  , 

2,  By  <8),  if  0  e  I  and  a  €  I  then  a  <  0  only  if  a  <  0-1.  But, 
^0  -1  =•  -1,  and  it  l»  a  theorem  that  0  €  l»  .  Hence/  {3). 

3,  Since,  by  a  previous  theorem,  a  -  1  <  (a  -  1)  +  1  =  a  it  follows  ^ 
that  if  b  <:  a  -  1  then  b  <  a. 

4.  {a  €  I  and  b  €  I)  =^  (h  <  b  ^  a  -  1  ] 

5.  Suppose  that  a  €  I  and  b  €  I.    It  follows  by        tliat  -a  €  I  and,  so, 
by  {7)  that  b  "  -*a  €  I.    But,  b-  -  -a  =  b  +  a.    Hence,  if  a*€  I  and* 
b  6  I  then  a  4-  b  6  L 
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^nd  one  dov^  through  the  non{x>sitive  integers.  This  suggests  the 

Theorem      .    "  ^  ^  , . 

FO  and  V,[<;c€iVn  and  F«)  --*F(i 1)]  and     .  ' 

V^[(-^eJVn  and  F*)  — *F(«  ^  1)1        '     *  ' 

In  view  of  (iV/*,)  and  (/)  all  that  remains^to.a  proof  of  this  theorem  is 
tp  show  that  '  , 

'     (/^andV;[(-^  €JVn  and  F*) -^/'U  -  1')]) 

-r*[-aciVn  —  fa].  ^ 

or,  equiv^ently  [siiM^ — o a]  that  ' 

(FO  and  V  and  /i-HcJ).  —  F(-x  -  1)])  ^ 

^     ■  '    ,  ■  \  '■■  ■ 

But,  this  is  merely  (Nn^)  for  the  sentence  Ga  ^tdiiied  from  Fa  by 
substituting  '-n'  for  *a\  "  . 

In  place  of  the  theorem  we  can  often  use  the  simpler: 

Corollary 

m  and     l(x  €  /  and  Fxlr*        +  1)  and  Fix  -  1))])  ■  ^  * 

*»        .  ■ 

This  follows  from  the  theorem  and  (D  sinte,  by  the  lattelt  if  a  e'Mn 
then  a  €/ and  if --t;^  € iV;i  then  a  € /. 

*  As  an  e3i;:^mple,  we  shall  use  the  corollary  and  Theorems  (4)  and 

(6)  to  proy^that  /  is  dos^  with  r^pect  to  subtraction.  Specifically,  Part 

we  sh^l  prove: 

(7)     °  a€l -^Vf,lyil y  - a€lX 

"  whidx,  tor      piinx»e  of  tising-feff  ajroHaryr  is  a  t»nvenieittrrestate-  -^v; 
ment  of  '{a.e/  and  b  eD  —♦  6  ~  aep.  la  the  proof  our  sentence  Fa^ 
jmll  be      \y  c/         -  o  e/]'.  We  shall  need  to  establish '/''O.  Then;  j 
assiuming  thai  bel  and  Fb,  we  shall  need  to  deriv^  F(6  +1)  and  . 
•  Fik  -  1).  •  *  '  -  - 

Proof  of  (7):  Since  p  -  0       it  follows  that  if  6  ei  thep  b'—Qel.  *  * 
Hence^  Vj^tye/ — -  Oc/j.  '  / 

Supposte^  now,  that  b^I  and  Vj,  i>c/  — -  fte/].  We  wish  to  / 
^  ab&wt^t  -  .  * 

'     lyci  — ^J' T  (6  +         and  V„  b-fr/ "^5^  ^  (6  ^  !)«/]. 
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For  the  first,  we  note  that,  for  any  c  «/,  c  -  4-  1)  =  (c  -  1)  6and 
th&t,  by.  (4),  -  1  €  /.  It  follows  fVoi^ur  assumption  that  .  v 
» (c  1).-  6€/  and,  so,  that  d  -  (6  +  1)  He^ce, 
V^LVf/;— ^y  ^  jd  4  Del]. 
For  the  second,  we  note  tfi^t,  for  any  cc/,  c  -  (6  -  1)  =  (c  1)  -  6 
and  that,  by  (6),  c  ^  1  el.  It  follow^ from  oui^  assumption  that  (c  1) 
-  6€l  and,  so,  that  c    (6     De/.  Hence,  V^-lye/  — ♦y  -  (6  -  1) 

.  :     ■   .  • 

Sinqp  we  have  established  that     [y  el      y  -  0^1]  and  that^ 

V^TUc/'^dV^lyc/— ♦y  -  X€I])  '^' 
'    -   (Vj,[y€/  — y  -ix^  l)^n  and  V^Iyc/  — y  -  U  -  De/])] 

we  may  conclude  from  the  CQroUary  that       • ' 

[This  is  a  much  more  (implex  inductive  p^p^  than  any  you  will  be 
asked  to  give  in  this  course,]  '  ^ 

It  is  now  ea&y  tp  use  (7)  and  (3)  to  prove  an  important  generaliza- ' 
tionof  (3);  '     : / 

.    (8)  (a€/and^€/) -^[6  <  a 6  S  a  -  1] 

Ihia  theorem  expre^^  the  ""disa^ten^"  of  the  set  of  integers — any 
integer  less  than  one  of  them  id  at  most  as  large  the  preceding  one. 
Another  way  of  putting  it  is  to  say  that^  for  any  a  el,  a  -{1  is  the 
greatest  integer  which  precedes  a in  particular,  each  int^er  Has, 
among  the  integers,  an  immediate  pr^ecessor.  This  is  an  essentii^"^ 
difference  between  &e  siet  /  of  laill  int^ers  and  the  set  ^  of  all  real 
numbers.  Between  any  two  real  numbe^is  there  is  another. 

1.  Prove  (8).  [Hint  In  proving  17)  we  have  i^ujwn  that  if  a  el  and 
bel  then  b  ^  aeL  Consider  the  instaiy^  of  (3)  obtained  by  sub- 
stituting    -  a' for  V  J  ^ 
J!.  Shpw  Uutt  (3)  follows  from  am  ingtam^  kS$)*   'i   \. : 

S.^Show  that,  for  any  real  numbers  a  and  6,  if  &  ^  a  -  1  then  6  <  a. 
XH'mtr.  Recall  that  on  page  205  you  have  proved  that*  for  any  real 
riumi)er  c,  c  <  c  ]-f-  1.]       %  -  ^  > 

4«  Use  (8)  as^  (3)  to  obtain  a  stronger  result  which  includes  (8). 

5.  Show  that  /  is  closed  with  respect  to  addition,  [Hi/i*:  Use  (7)  jmd^ 


Chaptei^  Sixteen 

Triangles  and  Quadrilaterals 


1 6.01  The  Cosines  of  the  Angles  of  a  Triangle 

We  shall  adopt  our  usual  notation  as  given  in  Fig.  16-1.  Atxor^ing 


7  c 

Fig.  ,16-1  * 

to  this,  in  AABC,'a  =  C  -  Bjb=.A  -_C.T=  iB  ^A,  a  =  j|a||,  b  = 
and  c  =  |^[.  Note  that  each  of  (a,T),  (6,  c5,  and  (c.'a)  is  linearly  inde- 
pendent arid  that  ,  ' 

(1)  a*  +  T+c'=^, 

In  an  earlier  exercise  we  have  seen  that  ^ . 

(2)  cos  /.A  =  cos  AB  =         .  and  coaZ.C  =  — 

[Explain.]  The  adjacent  supplements  of  thd  angles  of  a  triangle  are 
called  exterior  angles  of  the  triangle.  So,  for  example,  AABC  has  two 
exterior  angles  with  vertex  A  [or:  at  A].  These  exterior  angles  are  con- 
gruent [Why?]  and  their  cosine  is  (6  •  c5/(6c).  [Explain.]  The  angles 
of  AABC  at  B  and  C  are  s^d  to  he  opposite  each  of  the  exterior  angles 
at  A. 

Using  (i>  and  it  is  ea^  to  establish  two  useful  relations  among 
the  measures  of  the  sides  of  a  triangle  and  the  cosines  of  its  angles: 
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Since         and  c  are  vectors  in  the  senses  o£  the  iideB  of  ^A, 

-b • c        b  •  c 


cos^A  = 


be  be 


Since  supplementary  angles  have  opposite  cosines,  the  cosijae  of  an 
ea^terior  angle  of  AABC  at  A  is  {b«c)/(bc). 

The  Projection  Theorem  and  The  Cosine  Law  are  very  powerfiU 
theorems.    They  are  roughly  equivalent  in  tKat  ^ach  can  be  derived  from 
the  other  and  various  consequences  of  the  other.    This  is,  however,  not 
an  easy  task  and  it  is  more  sensible  to  prove  each  indej^ndcntly  of  the 
other. 

Students  should  be  asked  to  give  two  similar  fomlulas  for  each  of 
those  in  the  two  parts  of  Theorem  16-1  and  Theorem  16-2.  ^ 
b  cos       +  c  cos  ZB  -  a  ,        c  cos  ZA  +  a  cos  ZC  =  b 

a  -  b  cos/C   ^  "  ^  cosZA 

cosZB  =  ^  *  cosZC  ^j; 


a2  =  US  +  c2  -  2bc  cfosZA       b^  =  c^  +       -  2ca  cosZB 
cosZA  ^   ^   cosZB  - 

In  addition,  there  are  three  formulas  which  can  be  obtained  by  trans - 
forming'the'^threc  of  Theorem  16-l(b)s 

yn      c  -  b  COS  lA  ^  a  -  c  cosZB 

«  < 

'                       b  -  acos/C  ..         .  , 

cosM  =   ^ — ^ 

Students  should  be  assured  that  they  are  not  required  to  memoriae 
all  these  formulas.    They  should  remember  parts  ^a)  of  both  theorems 
in  some  form  which  enables  them  to  apply  the  appropriate  alphabetic 
variants  to  any  given  trianglej  and  they  should  be  arware  of  the  possi- 
bility of  transforming  these  exp?r«stfions  as  is  done  in  esUblishing  .parts 
<b). 

Suggestions  for  the'exercises  of  section  16*01; 

'    (i)  Do  Exercises  1  and  2  of  Part  A  under  teacher  dir^^ction.  Use 
Excrciste.  A  to  illustrate  applications, 

(ii)  Exercis^I-4,  Part^B  should  be  teacher  directed.'   Use  Exercise 

5,  Part  B  to  illustrate  applications.  ^  . 

iiiii  F^rt  C  xn^y  b^  used  for  homework,  but  no  student  needs  to  do 

all.  seven  exercises.    Be  sure  to  illustrate  each  of  the  seven  re- 
sults in  class.  > 

Uv)  Part  D  should  be  done  by  all  students.   These  exercises  are  im- 
portant applications. 
|v)  Part  E  caxi  be  used  as  either  class  discussion  material  or  as 

homework.  Be  sure  students  understand  applications  of  theoremt 
16-3  and  16-4.  ^  . 

(vi)  Part  F  should  b«  directed  by  the  teacher,    ^e  sure  to  illustrate 

applications  of  Theorems  |6-5  and  16-6.  \ 
(vii)  Parts  G  and  H  may  be  used  for  homework. 

(viii)  Part  I  makes  a  nice  seat  activity  in  class.   The  teacher  can  bffar 
individual  help  during  this  activity. 
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Theorem  16-1   [The  Prcijection  Th«>rem3^n  AXSC, 
(a)  o  cos /.S  +  d  cos  Z.4,=  c 
c  -  aonk  jLB 


and  (b)  cos  z.>l  = 


b 


TJ^eorem  16-2  [The  Coaine  Law]  In  AABC, 
(a)  c2  =     -I-  6*  -  2aA  cos  4C 


and  (b)  cos  z.  C  = 


20^ 


y  r 


Exercises 


Part  A 


1.  Prove  Theorem  16-1.  , 

2.  Prove  Theorem  16-2. 

3.  In  eac|i  of  the  following  parts, 
you  are  given  certain  iBfonna- 
tion  about  a  triangle,  AABC, 

*  Make  use  of  the  results  in  The- 
orems 16- 1  and  16-2  to  do  the 
indicated  computations. 

(a)  a  *  6,  6  «  9,  and  c  »  8.  Compute  cos  Z  A  and  cos  ZM. 
-  (b)  6  "  10,  c «»  6,  and  cos  Zj4™  i  Compute  a,  aSs  Z.C,  and 
cos  iLB. 

(e)  a  ^.10,  6  a*  6,  and  cos       «       Compute  c  and  oos  /.A. 
id)  a  s  9»  6  »  8,  and'tos       =  |.  Compute  cos  Z  CT  and  6. 


PartB 


Given  AABC  where,  as  usual,  AS  =^  c,  BC  «  ji,  and  CA  »  6. 
1.  Show  that  ' 

(a)  cos  ZA  -f  cos       «  (a     6)(1  -  cos  /lOIc,  and 

<b)  cos  ^  -  cos  ZB  =  (6     a)(l  +  cos  ZO/c. 

EHini:  Use  two  instances  of  part  (b)  of  the  Projection  Theorem,] 

%  Showthat^         -{a  ^  6)2  -c^ 
(a)  1/f-  cos       ^  and' 


Answers  for  Part  A  ^ 

1.  (a)   a  cos^B  +  b  cosZA  =  a[-2.?/{ca)]  +  bI-S.?/(bc)] 
.    .      ,  .    =  {-?-a+-S:.?)/c  =  -a  +  S).?/c  [Sj'^^^j 

c«c/c  =  c  [Since  c  0] 

(b)    This  follows  at  or^e  from  part  (a)  since  b  #  0. 

2.  (a)   a2  +  b2  -  Zab-c^/^C  =       +  b^  +  2ab  [a-S/taU)] 

=  a2  +  b2  +  2(a-?j  [Since  ab  ?6  0] 

=       +  S).{a  +  S)  " 

=  ll-cll=  =  •  . 

(b)  This  follows  at  once  from  part  (a)  since  ab  ^  0«  ^ 
^3.     (a)    cosZA='5/6,    cosZB  =  1/10 

(b^    a  =  8,    cosZC  =  4/5,  cos  IB  =0 

(c)  c  «  4VT5,  hoBlA  =  3/VT5  '  . 

f    .  ■' 

id)    b  =  ^/73.    cosZC  =  S/-/?!  ,  - 

Answers  for  I^rt  B  ,  . 

1.     (a)   co8^A  +  cos/B  =  (b  -  a  cos  ZC)/c  +  (a—  b  cosZC}/c 

=  {a  +  bHl  -  cosZC)/c  t 

{h)   cos  ZA  -  cos       =  (b  -  a  cos  £C)/c  -  (a  *  b  cos  ZC)/c 

=  (b  -  aXl  +  coaZC)/c 

Z,     (a)    1  +  cosZC  =  1  4-  (a^  +  b»  -  c^)/(2ab)  =  (2ab a^ +  b^  -  ca)/(2ab) 

=  [(a  4  b)2  -  c2]/(Zab)  , 

{b)    1  -  cosZC  ^  Uab  ^       -  b^^  +  c^)/(2ab)  -  [c^  -  (a  -  b)^?l/{2ab} 

<c)    1  +  cosZC  =  ((a.-Kb)2  -  c«]/(Zab)  ^  (a  4  b  4  c)(a  4^b  -  c)/(2^h\ 

1  -  cosZC  =  (c^  -  ia  -  b)^)/2ab  =  (c  4  |a  -  b)Hc  -  (a  -  b))/Uab) 

[For  each  of  parts  (a),  (b),  and  (c),  students  should  be  asked  to 
give  two  formtilas  similar  to  ihe  given  one,  ]  . 

■* 

At  this  point  it  would  be  worthwhile  to  ask  students  what  theorems 
concerning  triangles  they  can  deduce  from  Exercises  1  and  2  of  Ps^rt 
B.    [Seven  such  theorems  are  given  tham  in  Part  C  to  prove,  but  the 
more  they  think  of  for  themselves,  th^  better.] 


^  Ir — eoB^-e-^ 


2£tb 


[Hint:  .JJse  part  (b)  of  the  Coaine  Law  J  . 

ip)  Moke  use  of  the  r^ults  in  (a)  and  G>)  to  show  that 

■•.1      .  . 

'     ^  ■          ^     (a  4-  6     c){a     &  -  c)  , 
1  +  co<?  Z.C  —and 

•^^  2ab 


,n  f c     g  -  b){c  +  b  a) 
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3.  Show  that 

"    siii  iiC  »  \Aa  +  6 +'c)f^'^F+  c)(c  -  hV^^^h'-'^ji'lah). 

[Hint:  Use  Exercise  2.} 

4.  --Let  s  =  (a  +  6  +  c)/2.  Is  is  sometimes  called  the  semiperimeter  of 

AABC]  Show  that 
,  U  (a)  s  -  c  =  (-a  +  6  +  cV2,  and  [so]  that 

■♦        _____  . 

(b)  sin  ZC  =  2Vs(s~-"aks  -        -  e/ (aiY 

5.  In  each  of  the  following,  you  are  given  measures  for  three  sides  of 
AABC.  Do  the  indicated  computations. 

^    (a)  o  =  5,     =  9,  c  ^  7.  Obmpute  sin        by  Exercise  3  and 
sin      by  Exercise  4,  * 

(b)  a     8,  6  =  8,  c  =  12.  Compute  sin  ^A,  sin  ^B,  and  sin  I.C. 

(c) ^c  =  12,  b  =  13,  c  =  5.  Ck)mpute  sin  ^ii  and  sin  I.  C. 
{d)'a  =  24,  6  =  7,  c  =  26.  Compute  sin  Zli^  and^in  I.B. 

^      -  , 

l^ove  the  following  corollaries  of  the  Projection  Theorem. 
No  two  angles  of  a  triangle  are  supplementary.  [Hint  Use  Exer- 
cise 1(a)  of  Part  B.  Recall  that  |cos  ^Cf  <  IJ 

2/  Excch  triangle  has  at  least  two  acute  angles.  [Hint  Show  that  ^t 
leaiflt  one  of  any  ti^o*angles  ef  a  Wangle  must  be  acute,] 

3.  Any  exterior  angle  of  a  triangle  is  larger  than  each  of  the  angles 
of  the  triangle  opposite  it.  < 

4*  A  triangle  is  isosceles  with  a  given  side  as  base  if  and  only  if  the 
'  angle|of  the  triangle  at  the  endpoints'of  the  given  side  are  con- 
gruem, 

5.  A  triangle  is  equilateral  if  and  only  if  it  is  equiangular,  [By  defini- 
tion, a  triangle  is  equiangular  if  and  only  if  each  two  of  its  angles 
are  congruent.]  ' 

6.  If  two  sides  of  a  triangle  are  not  congruent  thep  the  angle  opposite 
itiie  longer  side  is  larger  than  the  angle  opposite  the  shorter  side. 

7.  If  two  angles  of  a  triangle  are  not  congruent  then  the  side  opposite 
the  larger  angle  is  longer  than  the  iide  opposite  the  smaller  angle. 

■  *   ^  "  ■ 

In  each  of  the  foUowing,  you"  are  given  a  figure  and  some  informa- 
tion about  it.  Give  arguments  to  support  the  stated  conclusions. 
1.  ©iven:  BD  =  AD 

Conclude:  (a)  .40  BC 

(b)  is  smaller 
'    than  ^ABC 

(c)  LADB  is  larger  \ 
thaniie  ^^B' 


irtD 
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Answers  for  f^rt  B  [cont.] 

3.  By  definition,  ^sinZO^  =  1  -  (cos  ZC)^  =  ( 1  +  cos /CH  i  •  cos  ZC) 

^  ^  (a-^b-fcKa-fb-c)  (c^a-bXcfb-a)    [By  Exer- 

"     -     2ab  *  2ab  cise  2(c)], 

So,  sinZC  can  be  computed  from  the  given  formuXa.  [In  taking 
square  roots  on  both  sides,  note  that,  by  definition,  sinZC  >  0 
and  that  2ab  >  0.  ]  '  • 

>.       ♦    a  +  b  +  c,        _  a  -f  b  4-  c  -  2a  ^  -a  -f  b  c 

4.  (a)    8  -  a  J  a  -  j     ;  ^ 

[Similarly,  s  -  b  =  {a  -  b  +  c)/2  and  s  -  c  -  {a  +  b  -  c)/l.\ 

(h)    [By  substitution  from  Exercise  4(a)  into  the  formula*"  of 
Exercise  3,  ] 

5.  (a)    sinZA  ^  VTT/6,    sifiZB  =  3>)Ti/10 

(b)  sinZA  =  \(T/^  =  sinZB,  sinZC  =  Sv/T/g? 

(c)  flinZB  ^  I,    SinZC  =  3/i3  '  \ 

(d)  SinZA  =  2.4/25,    sinZB  =^  7/25 

[Ltead  students  to  notice  a  partial  icheck:   (s  -  a)  4  (s  -  b)  +  (s  *  c)'= 

Answers  for  Part  C  ^ 
1      By  Exercise  1(a)  of  Part.  B,  for  any  two  angles,  .ZA  and  ZB,  of  a 
triangle,  cos  ZA  4  cos  ZB  ^jt  0.    [For,  a+  b  «8t  0.  cosZC'^  1,  and 
c  ^  0.  ]  Hence,  no  two  angles  of  a  triangle  are  supplementary. 

2.  By  Exercise  1(a)  of  Part,  B,  for  any  two  angles,  ZA  and  ZB,  of  a 
triangle,  cosZA  +  cosZB  >  0.    [For,  a  +  b  >  0,  cosZC  <  1,  and 
c   >  0.  ]  Hence,  at  least  one  of  any  t>^o  angles  of  a  triangle  must 
be  acute.    So,  each  triangle  has  at  least  two  acute  angles. 

3.  Suppose  that  ZA^^  is  an  exterior  angle  at  A  of  AABC,    It  follows 
that  cosZA+  cosZA,  7  0.    But,  as  in  Exercise  2, 

cosZA  +  cosZB  >  0.    l^^nce,  cosZB  >  cos ZA^  ^nd,  so,  ZA^^^s 
larger  than  ZB.    Similarly,  ZA^  is  larger  than  ZC. 
4      From  Exercise  1(b)  of  Part  B  it  follows,  since  1  +  cos  ZC  4  P 
and  c  #  0,  that  a  =  b  if  and  only  if  cos  ZA  =  coS  ZB  —  that  is,  if 
and  only  if  ZA  ^  ZB.    Hence,  AABC  is  isisceles  wi^  base  AB 
if  and  only  if  ZA  a  ZB.  ^ 

5.  [This  follows  •'directly  from  Exercise  4.] 

6.  Suppose  that,  in  AABC.  b  >  a.  ^Since  1  +  cos  ZC  >  Q  and  d  >  0 
it  follow*. frxjtn^^Exexeise  Ubi  of' P^rt^^  that  cos  ZA  >  cosZB  — 
that       that  ZB  is  larger  than  ZA.  ' 

7.  Suppose  that,  in  AABC,  ZB  is  larger  than  ZA.    It  follows  that 
cosZA^>^co8ZB  and,  since  1  +  cosZC  >  0  and  c  >  0,  it  follows 
from  Exe^'rcise  1(b)  of  Part  B  that  b  >  a. 
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Answers  for  Part  D 

1.     {a)    AC  -  AD  +  DC  =  BD  +  DC   >  BC,  by  Theort^m  i4-8(a}, 

*  (b)   Since  BD  =  AD  it  follo^g  by  Exercise  4  of  Part  C  that 

lA  ^   ZABD.    Since  D  £  AC,  D  is  interior  to  ZABC  and,  so, 
ZA«D  is  smaller  than  ZATBC  [Theorem  15-22].    So,  ZA  is 
smal^fer  than  MBC. 

(c)    ZADB  is  an  exterior  angle  of  ABDC  and  ZCis  one  of  th^* 
angles  opposite  it.  ,So  fby  Exercise  3  of  Part  C],  ZADB  is 
larger  than  ICJ 

,  ^  TC258 

•2.     By  two  applications  of  Theorem  14-8(a).  RS  <  RQ  f  QS  <,RQ 
+  QP  +  PS. 

3,  (a)    By  two  applications  of  the  exterior  itngle  inequality,  ZDCF  is 

larger  than  /CBF  =  .^CBE,  and  ZCBE  is  larger  than  ZAEB. 
,  Hence,  ZDCF  is  larger  than  ZAEB.  j 

(b)    ZFEA  is  larger  than  lABK  =.ZABF,  and  ZABF  is  larger  than 
each  of  IF  and  ZBCF. 

(Note  how  the  "Given"  ensures  equality  of  ZCBF  and  ZCBE  and 
of  ZABE  and  /ABF,  as  well  as  justifying  assertions  about  which 
angles  are  exterior  angles,  etc.] 

4.  Let  T  be  the  point  In  which  P§  intersects  QR.    Then  PT TQ 

=  PS  +  ST  +  TQ  >  PS  +  SQ.  Similarly,  PR  4  RQ  =  PR  +  RT  4  TQ 
>  Pt  +  TQ.    So,  PR  4>Q  >  PS  +  SQ, 

5.  (a)    By  the  triangle  inequality,  SP  +  SQ  >  PQ,  SQ  +  SR  >  QR, 

*      and  SR  i  SP  >  RP.   Addin^^  we  see  that  {SP  +  SQ  4^  SR)2 
>  PQ  +  QR  +  RP.  I 

(b)    By  Exercise  4,  SP  4  SQ  <   QR  4  RP,  SQ  +  SR  <  RP  4  PQ, 
and  SR  4  SP  <   PQ  4  QR^  .Adding,  we  see  that  V 
{SP+SQ4  SR)2<  {PQ4pR4RP)2. 

6,  {a)    By  hypothesis,  AC  =  A^^  =  DB.    By  the  triangle  inequality, 

AD  >  DC  -  AC  =  DC  yDB  =  BC.  ^ 

(b)    By  hypothesis  and  Exe^tise  4  of  Part  C,  ZC  ^  ZABC.  By 
-  the  exterior  angle  inequality,  ZABC  is  larger  than  ZD.  Hence 
ZC  is  larger  than 

iCr}  Since  ZC  is-laxgej^^ihan  ZD^  AD  >  Ail.   And^  .aince  AB.=  AC*^ 
AD  >.  AB.    On  the/other  h^nd  AD  <  AB  4  DB  =  AB  4  AB 
=  2AB.    So,  AB  <f  AD  <  2AB. 


Answers  fpr  Part  E 

1.  Supf^ose  that,  in  AA^C,  BC  >  CA  and  let  D  be  the  point  of  BC 
such  that- CD  =  CA^  Use  the  notation  in  the  figure.  Since  D  is 
interior  to  ZCXB  ^  ZA,'  ZA  is*  larger  than  ZA^.  By  Exercise  4 
of  Part  fc,  since  jbD  =  CA,  ZAj,  ^  ^JD^^.  By  the  exterior  angle 
inequality  ZD^  is^  larger  than'ZB.    Hence,  ZA  is  larger  than  ZB. 
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2.  Given:  PQRS  is  a  quadrilateral '  P 
Conclude:  flS  <  i?Q  4  QP  +  PS 


3.  Given:  B  eAC,    C-€BD,    and^     .  j 

EeBF. 

Conclude:  (a)  /-DCF  is  larger 
than  lAEB 
(b)  lFEA  is  larger 
than  each  of  ZLF 
and  I.BCF  A 

4.  Given:  S  is  a  point  in  the  interim 

or  of  APQi?, 
Conclude:  PS  +  SQ  <  PR  ^  RQ 
6.  Givien:  5Lis  a  point  in  the  interi- 
or of  APQi?. 
Conclude:  (a)  SP  +  SQ  4  SR  is 
greater  than 
,  UPQ  4  Q/?  ^  RP) 

(b)  iSP  +  SQ  4  SR  is 
less  than 
PQ  +       ^  RP 
[Hint  Use  Exer- 
cise 4.] 

6.  Given;  Isosceles  triangle,  ' 

AABC,  with  base  BC, 
B€DC,  AB  =  BD,  and 
A^DE. 
Conclude:  (a)       >  SC 

^     (b)  ziCisIai^erUian  q 

(c)  AB<kD<  2AB 


1.  In  proving  the  theorems  in  Ex- 
ercises 6  and^  7  of  Part  G  you 
probably  Exerdse  1(b)  of 
Part  B.  Th^  gu^mpanying  pic- 
ture suggests  another  way  of 
solving  Exercise  6  by  using  Ex- 
ercises 3  and  4  of  Part  B  and  A 
two  theorems  from  Chapter  15. 
Give.^tMs  proof,  {Hird:li  is  as- 
sume, as  in  the  figure,  that 
BC  >  CA  and  that  CD  ^  CA.] 


\  '  laOl  l%e  Cadn€«  pf  the  An^eikof  aTriw^ 

2,  Use  the  theorems  of  Exercises  4  and  6  of  Part  C  to  prove  the  theo- 
rem of  Exercise  7. 

a.  In  ^plying  Theorem  15-26  it 
is  useful  to  have  ways  of  being 

'  certain  that  two  angles  are  not  ^ 
supplementary.  Show  that  if  * 
each  dde  of  one  angle  intet^ects 
both  sid^  of  another  angle,  then 
the  angles  are  not  supplement 
,tary.  [Hint  Assume  that  the  angles  are  /.A  and  Label  three 
of  the  points  of  intersection  so  that,  as  in  the  picture,  they  are  in 
'  the  order  A,  C,  i>  oh  a  side  of  /-A  and  in  the  order  B.  D,  E  on  a  side 
of  jLB.  then  ^DA  =  /LBDC  and  lA  is  opposite  the  exterior 
ZJBDA  of  AADE.  Now  use  Exercise  1(a)  of  Part  B  and  Exercise  3 
of  Parte.]  /  a  , 

4.  In  Exercise  3  of  Part  B,  above,  we  saw  that 


fiin       =  6  +  e)(-a  -h  6  -h  c){a  -  6  +  c)(o  ^  h  c) J  (2a6). 

Make  use  of  this  result  to  show  that,  in  C^ABC,' 
sin  Zi4     sin  ^  sinZ-C 


_  sin  Z-C 


6-  According  to  Theorem  14^8,  jn  A  ABC,  \a  ^  b\  <  c  <  a  ^  b.  De^ 
rive  this  result  by  making  use  of  Gc^ine  Law.  [Hint:  S^e  Exercise 
2of  Part  B,  abovej  \ 
6,  Assume  that  a,  6,  and  c  are  positive  nuinbeVs  such  that 
ja  -  6|  <  c  <  a  +  6.  ^ 

'    (a)  Show  that-1  <  ~ — -  <  1. 

,2ao 

(b)  Make  use  of  part  (a)  to  show  that  there  is  a  triangle  whose  side 
measures  are  a,  6,  and  c.  [Hint:  Consult  Theorem  15-7  and  the 
ine  Law-]  '         ,  ' 

in  the  exercises  just  completed,  you  proved  the  following  theorems^ 

Theorem  16-3   If  a,  b,  and  c  £ire  positive  numbers 
sudjitliat 

\a  -  b\       <  a  +  b 

then  there  is  a  triangle  whose  si^e  taeasUres  are 
a,  bp  and  c.  * 

Theorem  16-4  [The  Sine  Law]  In  AABC, 
'  sin^Z.^     sin  Z-B     sin  I.C 


I 
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Answers  for  Part  £  {cont.]  ^ 

2.  Suppose  that,  in  j^vABC,  lA  is  larger  than  ZB.    Then  either 

BC  <  CA,  or  Bp  ^  CA,  or  Bcf  >  CA.    By  Exercise  6  o£  Part  C,  ' 
if  BC  <   CA  Xherk  lA  is  smaller  than  ZB;   and,  by  Exercise  4,  if  « 
BC  =  CA  thep  ZA  ^  ZB,    Sirfte  neither  of  theise  is  the  case  it 
foil ows /that  BC  >  CA.  *  ,  - 

3.  Fallowing  the  hint,  we  note  that       the  exterior  angle  inequality, 
ZBDA  is  larger,  than  ZA  and,  s6,  ^cos  ZA  >  cosZBpX.    Also,  by 
ExercU«  Ma}  of  Rirt  B,  "cos  Z^tTC  +  cos  ZB  >  0.    Hente,  since 
ZBDC  =  ZBDA  it  follows  that  cos'ZBDA  +  cos  ZB  >  0^   So,  since 
cosZA  >  coaZBDA  it  follows  that  cos  ZA  +  cosZB  >  0  and,  so, 
th^t  ZA  and  ZB  are  not  supplementary, 

4.  Since  c  #  0,  • 

sinZC  _  V(a  "I-  b  -t-  c)(-a  4  b  -I-  cKa  -,h  ^  c){a  -f  b  -  ^ 
•  ^  Zabc  •  ' 

'  Making  use  of  the  cyclic  synxmetry  of  our  notation  it  i's  easy  to  s^e  ♦  - 
that  the  rfght  sides  of  s^imilar  formulas  for  *  a  in  Z  A/a' ^  and  •sinZB/b* 
are  equivalent  fractix>i>s.    Hence,  .  .  ^ 

r  sinZA      sinZB  sinZC 

a  b  c 


5.     Since  1  +  co^Zt  >  0  and  1  --^cosZC  >  0  irfoliows  by  Exercise  2 
of  Part  B  [which  follows  from  the  cosine  law]  that  (a  +  b)^  -  c^  >  0 
and  c2  -  (a  -  b)^  >  0.    Hence,   [a^-  bj^  <        <  (a  +  b)2  and,  since 


a 


-  b|,  c,  ^nd  a  +  b  aYe  all  nonnegative,   |a-b|  <q<a  +  ^. 


\ 

6.     (a)    Since  ja'-  b|,  c,  and  a  4  b  'are  all  nonnegative. 

ja  -  bt'*<  c  <  a  +  b,  and  |a  -  b|2  =  {a  -  bP,  it  fallows 
that  '       ;    '  •  / 

a«  +  b2  ^.  2ab.  <     <  a^  4       4-^  2ab,        /  * 
•  ■ 
i  a2  +  b2  -  c2  -  2ab  <  0  <       +•      -      +  2aV.  \  ' 

?A.^f^-  c^  -  i  <  0  <  il±^i^+  1.    [.ince  2ab  >  0] 
2a D  ^ao 

and,  so,  that 

2ab 

(b)    By  TheoremM5-7  atid  part  (a)  there  is,  at  any  chosen  point  C, 
an  angle  —  say,  ZC  —  such  that  cosZC  =  (a^  f  b^  -  c^)/{2ab). 
On  one  aide  of  tiii*  angle  let  A  Jie  the  point  at  a  dlfltanc  e  b 
^      from  C  and,  on  the  other  side,  let  B  be  the  point  at  a  distance 
a  irom  C.    Then  AABC  is  a 'triangle  which  has  two  sides  of  - 
measure  a  and  b^  respectively.    By  the  cosine  law,  the  third 
side  —  that  opposite  ZC  —  )^«  measure  c  [bficaus*,  in  part, 
of  the  choice  made  for  cosZC]; 

Theorem  16-3  will  be  used  later  to  show  that  splfla res  [and' 
coplanar  circles]  intersect  ••as  they  should. .  ^ 
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PartF 


1.  Making  use  of  the  Projection  ^eorem  and  the  Sine  Law  show  thai, 
in  a  right  triangle,  ^ 

'  (a)  the  cosine  of  &n  acute  angle  ia  the  quotient  of  the  a4}acent 
[that  is,  the  leg  contained  in  the  angle]  by  the  hypotenuse,  and 
(b)  the  Bin^  of  an  acute  angle  is^the  quotient  of  the  opposite  leg 
by  the  hypotenuse.  ^  . 

2,  Given  a  triangle^  AA8C,  we  know  that  c  -  b  ooS-ZA  4^  axps  LB. 

(a)  Show  that  c  sin  Z.C  =  b  sin      cos      h-  a  sin  lC  eos  cB\ 

(b)  Make  use  of  the  result  in  (a)  and  the  Sine  Law  to  show  that 


^0  -  b 


(*)  sin  lC  =^  sin       cos  £.5  +  cos  ^  sin  LB 

3.  Consider  thenpictur©  of  A  ABC 
shown  at  the  right.  Note  the  ex- 
terior angle  at  C.  The  picture, 

together  with  an  exercise  from         ^A^-  -  ^  c 

Chapter  16  sugg^ts  a  pi^f  for 
the  following: 


{*♦)  The  cosine  of  an  exterior  angle  at  .C  is 
cos  lA  cos  LB  -  sin  lA  sin  LB, 

Prove         ^  ' 
4«  (a)  In  hABC*  what  can  be  said  about  l€  and  an  exterior  angle  of 
A  ABC  at  C?  What  can  be  said  of  the  cosines  of  these  angles? 
(b)  Making  use  of  C*'^)  and  your  answers  in  (a),  express  cos  lC  fn 
terms  of  the  sines  and  cosines  of  LA  and  LB, 


* 


Some  of  tjie  results  of  Part  F  are  summarized  in  the  next  two  the- 
orems: .  - 

Theorem  16-5   In  a  right  triangle,  the  cosine  of  an 
acute  angle  is  the  quotient  of  the  a^jlKren^ 
the  hypotenuse,  and  the  sine  of  an  acute  angle  is 
the  quotient  of  the  opposite  leg  by  the  hypotenuse. 

*  ,         •  ■ 

Theorem  16-6  In  AA0C, 
cos  lQ  =  Hcos  lA  cos       -  sin  L.A  sin  /M\  and 
sin  lC  =  sin  LA  cos  l£  +  cos  Z.A  sin  /JB, 


Answers  !^or  Part  F 

1      (a.)   Suppose  that  AABC  is* a  right  triangle  with  hypotenuse  Sp, 
'  Then,  cos/B  "  0  and,  by  Theorem  16-Mb),  cos^A  -  c/b, 
Bixnilariy.  cosZC  =  ^a/b.    [Alternative,  solutflta:   Suppose  that 
AABC  is  a  right  triangle  with  hypotenuse  AB!!^  Then,  ^in^C  - 
and,  by  the  sine  law,  sinM  =  sjc  and  sinZE  ^  b/c.    The  fact 
^  that  cofiZA  =  b/c  and  cos^B  =  a/c  follows  from  the 

Pythag<J*ean  theorem  and  the  fact  (see  Part  B  on  page  239)  : 
•  that  cosZA  >  0  and  cos  ZB  >  0.  ]  ^  q 

sinZA  =  Vl  -  (cos  ZAP  =  ^/^^7^/b2  -  sfb^^/b  =  a/b 
[since,  in  the  notation  of  part  (a),  b^is  the  measute  of  the 


PartG 


la  6ach  of  the  following,  you  are  given  a  figure  and  ^me  informa- , 
tioh  about  it  Make  use  of  the  results  in  Theorems  16-3  Uux)Ugh 
16-6  to  do  the  indicated  ooms^lations. 


(b) 


hypotenuse].  Sj^ilarly,  sinZC  =  c/b. 
[These  results  are  of  sufficient  importance  that  it  would  be  well  for 
you  to  stress  the  alternate  solution  foi  part  {^)  in  class  — •  with,  of 
course,  an  appropriate  picture.  '  Do  not  be  surprised,  however,  if 
students  prefer  to  use  the  sine  law  directly,,  rather  than  theSe  , 
classical  formulas  for  the  sines  and  cosines  of  the  acute  angles  of 
a  right  triangle.    On  the  other  hand,  the  cosine  formulaa  hav6  been 
oreehadowed  in  Part  A"  on  page  215  and  the  text  immediately 
following  it;  and-the  sine  formulas  have  been  foreshadowed  on 

ge  240. 3  - 
(a\   This  results  immediately^^ from  Theorem  16 -Ma),  as  quoted -in 
the  preamble. 

By  part  (a),         .  '  •  „ 

Lie  h.o.^A^'^^.^o.LB^^  : 


=  "b  cos  lA  * 


sinZB 


4  a  cos 


=  coalA  sinilB  +  yosZB  sinZA, 


rrhe  result  I*)  tells  us  that  once  we  know  the  cosines      and,  hence, 
the  sines  —  hi  two  angles  of  a  triangle  then  we  know-  (at  least)  the^ 
sine  of  the  third  angle.    The  re'sult  of  Exercise  4(b)  shoves -us  that 
we  also  Know  the  cosine  of  the  third  angle  and,  so,  know  its  aixe. 

3.  Since  B  =  (C  +  c)  +  S,  B  an^  C -  b  are  on  opposite  side,  of  'C«C  +  c ) 
and,  so,  ZBCie  +  c)  and  HQ  +  £)$(C  -  S)  are  adjacent  angles  They 
are  not  supplementary  since  (-b,  c)  is  linearly  independent.  It 
follows  that  Exercise  6  of  Part  D  pn  page  244  applies.  Direct 
romputatS^  of  their  cosines  shows  that  ZBC(,C  +      and  /CBA  have 
the.  same  cosise,  as  do  ^(C  +  ?)C(C  -  S)  and  ZA.    Hence,  (*«). 

4.  {Bi   IQ.  »«d  kn  exterior -angL  of '  AABG  at  C  are^sueplementary  and, 

so,  have  opposites  forxosines,  * 
>   ,  (h)   cosZC  =  sin^A  sinZB  -  cos^A  cosYB. 
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1. 


^3. 


\ 


4. 


1. 


2. 


Giv^:  In     AAflt,    AC  =  7, 
flC     6,    sin  ^ 
an4      is  acute. 

Compute:  sin  Z.i4,  sin  ZC,  and 

In  Exercise  1,  replftc^  'acOte'  by 
'obtuse'  and  dp  the  required 
computing.  - 
Given:  Right  triangle,  /SDEF, 
with  hypotenuse  DF,  al- 
titudeSG,£)£  =  S,  and 
£7  -  12. 
Compute:  cos  ZJ",  cos  ZJ),  DO. 
sin'^GEF,  and  GE 

Given;  Right  triangle,  dJPQR. 
with   hypotenuse  PR, 
Q/?  =  3,  and  8inZ.P  =  i 
Compute:  PR,  PQ,  §in  Ui,  and 
4        '■'  '  cos  /lR 
Giveh:  AA^jp  with  median  S^, 
^  5,  AC  =  8,  and 
cos  Zi4  = 
Confpute:  BC,    sin    Z,C,  fiD, 
'sin  and 
^sip  ^ASC 


A  ship  sails  due  north  for  15  miles  from  a  point  P  to  a  pwnt  Q  and 
then  sails  due  west  for  20  miles  to  a  point  i?. 

(a)  How  far  is  R  from  P? 

(b)  A  second  ship  stalls-  at  a  point  S  which  is  5  miles  due  east 
.   tfroni  P  and  sails  directl^^  towanfe  R.  How  far  is  S  from  R? 

(c)  Compute  sin  ^/2SP  and  sin  Z.SQ/?. 

A  ladder  leaning  against  a  wall  is  said  to  be  in  a  "safe"  position 
when  ita  foot  is  1  foot  from  the  b^  of  the  wall  for  each  4  feet  of 
ladder.  *^  . 

(a)  How  far  from  the  base  of  a  wall  ^ould  the  foot  of  an  18-fdot 
'     ladder  be  placed?  •  \ 

(b)  How  far  ui>  a  wall  would  the  top  of  a  14-foot  ladder  in  safe 
^   ^  position  reach?  ^  .  ^ 

(c)  What  i#  th%  cosine  of  &e  ''safe  angle"  of  a  ladder  which  is  16 
feet  long?  *  ^ 

Assume^  that  ports  A  and  C  are  28  miles^  apart.  A  ship  Ij^ves  A 
sailing  tbwarid  a  point  B  and  a  ship  leaves  C  sailing  toward  the 
same  point  B. 

(a)  Given  that  cos  zBAC  =  I  and  cos  /MCA  ^  yiil  how  far  B 
u     is,fromi4  and  from  C.  ;  •  ' 
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Answers  for  Part  G 

1.  sinZA  =   Z/7.    BinlC  ^  {4sJT-^  3n/5)/21,    AB  =  4n/I  +  l^JT  [Vse  the 
sine  law  and  the.  given  data  to  find  sin^A.    Since  ZB  is  acute,  ZA 
which  is  opposite  a  shorter  side  is  also  acute.    So;  sirice 

sinZA  =  2/7  and  sinZB  =  l/3,  cos  ZA  ^  'aM  cos  IB^-^  l^fZ^l 

Find  sinZC  by  Theorem  16-6  and  AB  by  the  eine  law.] 

2.  SinZA  =   2/7,    sinZC'=  (3n/T-  4Nr2)/2l,    AB  ^  3>/T  -  4n/T 
[Computations  similar  to  those  for  Exercise  1  except  that,  since 
ZB  is  obtuse,  cos  ZB  =  -Z\JT/3.    Note  that  since  ZB  is  obtusg, 
ZA  must,  as  in  Exercise   I,  be  acute.    (See  Exercise  ,Z  of  F^rt 
on  pag>2  257  •  )]       ,  - 

3.  cosZF  -   12/13,    cosZD  =  5/l3,    DG  -  25/13,  sinZGEF  =  12/13, 
GE  =  60/13 

4.  PR  -  6,    PQ  =  3n/3,    sin  ZR  -  n/T/Z,    cos  ZR  =  l/2 

5.  BC  =  7,    sinZC  =   5>/I/l4,    BD  =  sfU,    sinZDBC  ^   10/(7n/7),  . 
■   finZABC  =  4n/T/7 

Miswc  rs  jfor  Part  H 

1,  {a)    25  miles               '  '      (b)   5>/34  miles '  (cos  ZSPR  -  -4/5] 
(c)    sinZR-SP  =  3/^/I4,  sinZSQR  =  ^/^fVS'  " 

2,  (a)    9/2  feet  (b)   7^^T/2  fe^  (c)  l/4 

3,  (a)    B  is  30  milt-s  from  A  and  26  miles  from  C.    [Use  Ex^jrcisc 

Z  of-  Part  F  to  find  that  sinZB  =  56/65.  ] 
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•  /     .  ■ 

Aftgwers  for  Part  H  [cont,]  ^ — , 

•  3.     ^    l5\IT5/4  miles   [Use  the  cosine  law,  computing  oos from 
  part  (a)  an  )  ,  :  

(c)  2  0V397/13  miles         55.3  miles]   (Rough  check:   If  the  ship 

■    .  from  A  travelled  ut  26  mi/hri  the  distance  between  thf  ships 

.  .  after  2  hours  would  be  twice  the  distance  between  A  and  C.  J 

(d)  20/n/597/13  hours         3  hours  and  37  minutes] 
'4.     (a)    10>/442  pounds  (b)  103/(5n/442) 

5,  (a)    80  pounds  (b)   -l/8  '        (c)  9/16 
Answcrg  for  ^art  I 

1.  (b)  No. 

2.  (a)    [Students  may  wish  to  refer  to  page*216  for  a  method  of 
*  constructing  ZA,  ) 

(b)    No.  ^ 

3.  (b)  No* 

4.  (b)    Yes,    There  are  t%vo  triangles  which  satisfy  the  given 

conditioni^, 

5/   (b)    Nd.  • 

6.  (b)  No- 

Exercise  1  of  Part  I  fore^shadows  the  side^sidc-side  congruence 
theorem;   Exercise  2  foreshadows  s^a/s.  ;   F.xercise  >^orestodowfi 
^a,s,a^;   Exercises  3,  4,  and  5  explore  some  of  the  po'ssibiiities  of 
the  '•ambiguous"  case.    These  are  included  in  Theorem  l6-7  on  page 
266  and  in  its  first  corollary  on  page  269.  > 
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(b)  Assume  that  the  ships  leave  B  at  the  same  time,  move  at  the 
same  rate,  and  continue  to  travel  along  tJieir  original  courses. 
How  far  must  each  ship  travel  before  they  are  50  miles  apart? 

 (c)  Assume,  again,  that  the  ships  le^ve  B  at  tl\e  yame  time  travel^ 

ing  along  their  original  a)urs^.  However,  assume  that  the 
ship  from  A  travels  at  25  miles  per  hour,  while  the  ship  from  C 

I  travels  at  30  miles  pe?  hour.  How  far  apart  are  the  ships  after 

2  hours? 

(d)  Given  the  conditions  in  part  (c),  how  long  is  it  before  the  ships 
are  100  miles  apart? 
4.  Forces  of  70  pounds  and  150  pounds  act  on  the  same  point  at  an 
angle  whose  a>sine  is  |. 

(a)  What  is  the  magnitude  of  the  resultant  of  these  forces? 

(b)  What  is  the  cosine  oTthe  angle  between  the  resultant  force  and  • 
the  fyr^  of  150  pounds? 

5*  Two  forces,  one  of  f  pounds  and  one  of  100  pounds,  act  on  the  same 
point  The  resultant  of  these  forces  is  a  force  of  120  pounds  acting 
at  an  angle  whose  cc^ine  is  I  with  the  100-pound  force. 

(a)  Compti^e  the  magnitude  of  the  force 

ih)  What  is  the  cosine  <rf  the  angle  between  the  force  of  /'pounds 
and  the  force  of  1(X)  pounds? 

(c)  What  is  the  cosine  of  the  angle  between  the  force  of /"pounds 
an4  the  [resultant]  force  of  120  pounds? 

[For  these  exercises,  use  compass  and  ruler.] 
L  (a)  Draw  a  triangle  whose  side  lengths  are  2,  3,  and  4  inches. 

(b)  Can  you  carry  out  the  instruction^  in  part  (a)  so  as  to  obtain 
a  triangle  which  does  not  have  the  saiiie  size  and  shape  as  the 
one  you  have  drawn? 

2.  (a)  Draw  A  ABC  such  that ^4     i  and  the  leiigths  of  4^  and 

Ad  are  2  inches  .and,  3  inches,  respectively, 
(b)  Repeat  Exercise  Kb)  for  AABC  

3.  (a)  Draw  APQi?  such  that  cos      «  --i  and  the  lengths  of  FQ  and 

QR^ are  2  inches  and  3  inch^,  respectively, 
(b)  Repeat  Exercise  Kb)  for  £sPQR.  -   

4.  (a)  Draw  Af/JK  such  that  cos  /Ji/  «  I  and  t&  lengths  of fltJ  and 

J^are  4  inches  and  3  inches,  respectively. 

(b)  Repeat  Exercise  Kb)  for  Aff  JK.      ^  '  

5*  (a)  Draw  MMN  such  thai  a>B  /LL  -  ^  and  the  lengths  ofiJIf  and 
MN  are  3  inch^  and  4  inches,  respectively.  . 
(b)  Repeat  Exercise  Kb)  for  ALMiV. 
&  (a)  Draw  ASTt/  such  that  cos         i,  cos       ^  i  and  the  length 
of  ST^is  3  indies/ 
(b)  Repeat  Exerci^  Kb)  for  ASTU.  ^ 
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16.02  Congruence  Uteorems 

Recall  that  ^r^  f*nn£rr7iAiif  i£nnA  nnly-if  ^^^>rp>4«nftn isemetry  - 

—that  is,  a  distani^-pr^erving  mapping  of  ^  onto  itself- which  maps 
one  set  onto  the  other.  We  know  that,  given  points  A,B,P,  and  Q ,  there 
is  an  isometry  which  maps  A  on  P  and  B  on  Q  if  and  only  if  AS  =^  PQ, 
and  we  know  that  any  such  isometry  maps  AB.  onto  PQ.  Also,  given 
A,  B,  C,  P,  Q,  and'/?,  tfiere  is  an  isometry  which  maps  A  on  P,  B  on  Q, 
and  C  on  /2  if  and  only  if  AB  =  PQ,Be  ^  QR,  arid  CA  ^  RP.  More- 
over, if  {A,  B,  C}  is  nonrollinear  then  there  are  just  two  such  isome- 
tries,  anAboth  map  A^C  "Onto  P^R  in  the  same  manner.  [Each  of  these  ^ 
two  isometric  is  the  resultant  of  the  other  followed  by  the  reflection 
inP$R7]    '  ' 

It  follows  that  an  isometry  which  maps  the  vertices  of  AABC  on 
those  of  APQR  also  maps  A  ABC  onto  APQR^  [Explain.]  Convereejy, 
an  isometry  f  whiqh  maps  A  ABC  onto  APQ/?  must  map  {A,B,  C}  onto 
{P,  Q,  !?}.  [To  see  that  this  is  so,  suppose  that  f  maps  A  on  a  point  of 
PQ.  Then  f-*  must  be  an  isometry  whidi  maps  PQ  onto  an  interval- 
contained  in  AABC  which  contains  A.  Sinc»  there  is  no  such  interval, 
f  does  not  map  A  on  a  point  of  PQ.] 

Prom  the  preceding  paragraph  we  see  that  a  first  triangle  is  con-  ^ 
gruent  with  a  second  if  and  only  if  there  is  an  isometry  w^ch  maps  the 
vertic^^of  the  first  triangle  on  those  of  the  second.  So,  as  far  as  points 
in  the  planes  of  the  triangles  are  concerned,  such  an  isometry  is  de- 
termined by  ^  matching  of  vertices  of  one  triangle  with  those  of  the 
other. 

We  shall  indicate  a  matching  of  the  vertices  of,  say,  AABC  and 
APQR  by  expressions  like: 

ABC  <^PQR,CBA^^QRP,  etc.  ^ 

The  first  of  these  indicates  that  A  is  matched  with  P,  B  with  Q,  and  C 
with  /?,  The  second  indicates  that  A  is  mstehed  with  P,  B  with  J?,  and  \ 
\  C  with  Q.  [In  how  many  ways  can  the  vertices  of  one  triangle  l» 
matcl^ed  with  thc^  of  another?]  With  respect  to  the  first  of  these  two 
matchings,  A  and  P  are  correspofuiing  vertie^,  ZJB  and  are  cor 
responding  angles,  and  CA  and  RP  are  corresponding  sides .  [  Give  some 
vertices,  some  angles^  and  some  sides  which  are  corresponding 
tices,  angles,  or'sid^  with  respect  to  the  second  featching,] 

We  shall  say  that  a  matching  of  the  vertices  of  a  first  triangle  with 
those  of  a  second  is  a  congruence  if  and  only  if  there  is  an  isometry 
which  maps  each  vertex  of  the  first  triangle  on  the  corresponding  ver- 
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The  statemei]it8  made  in  the  first  paragraph  can  be  justified  by 
references  to  Theorems  14-27,  14-29,  fnd  14-30. 

A n  i  s om e t r y  w h ic  h  rn a p s  t he  vc  r t i c  e of  one  t  r  ia n gl e  QjLlhQgjg  .of  

another  must,  by  Theorem  14-27,  map    the  sides  of  the  first  triangle 
onto  those'  of  the  second  and,  so,  must  map^the  first  triangle,  itself, 
onto  the  second  triangle.  ^ 

The  vertices  of  one  triangle  can  be  matched  with  those  of  another 
triangle  [or,  with  its  own  vertices)  in  exactly  six  ways.    [Note  that 
each  of  these  matchings  can  be  described  by  ai^y  one  of  six         ^  - 
sentences. "] 

Here  is  a  list  of  pairs  of  corresponding  vertices,  corresponding 
angles,  and  corresponding  sides,  with  respect  to  the  matching 
CBA  QRP: 

(A,  P),  {B,R),  (C,  Q),  (ZA,  ZP)^B,ZR), 
(ZC,ZQ),  (BC,rQ),  (CA,  Sp),  PR) 

Pictures  with  curved  arrows  indicating  corresponding  **parts*'  of  two 
triangles  may  be  a  help  at  first;   but  students  should  learn  early  to  list 
corresponding  vertices,  angles,  and  sides,  und^r  a  given  correspondei 
without  the  help  of  figures.  i 

*    *  * 

Suggesfions  for  the  exercises  of  section  16.02: 
(i)   Part  A  may  be  us^d  to  illustrate  the  discussion  preceding.it, 
(ii)  Part  1b  should  be  teacher  directed,  followed  by  cjc^ples  of  the  , 

application  of  the  various  triangle  congruences, 
^ii)   Part  C  aiyd  D  may  be  used  for  homework, 
(iv)   Part  E  may  be  used  as  a  class  exercise  or  as  homework. 
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tex  of  the  second  trian^.  Clearly,  if  a  matching  of  vertices  of  tri- 
angles is  a  congruence  then  corresponding  **p^Lrts"  [that  is,  corr^pond- 
irig  sides  or  corresponding  angles]  of  the  triangles  are  congruent.  As 
we  shall  see^^he  converse  is  ^|so  a  theorem -a  matching  is  a  con- 
gruence if  e;|||  side  and  each  axilfle  of  the  first  triangle  is  congruent  to 
the  correspcmding  part  of  the  second  triangle. 


Exercises 
PartA 


i 


L  (a)  Draw  two  noncongruent  triangles,  A  ABC  and  APQ/?,  and  list 
all  pairs  of  parte  which  correspond  with  respect  to  the  match- 
ing ABC  Q/fP. 

(b)  Without  making  a  drawing,  list  all  pairs  of  ^arts  of  £sJKL  and 
ASTU  which  c6rresp6nd  with  r^pect  to  the  matching 

'  Jia  "  rSLT.  With  respect  to  the  matching /CiJ  «  SI/T. 
2«  Given  A  ABC  and  ALMiV,  describe  a  matching  for  which  ^ 

(a)  Afi~and  MN  are  corresponding  sides; 
<b)  Z3  and  Z.M  are  €»rr^poijding  angles; 

(c)  AB  and  LM  are  corresponding  aid^  and  LA  and       are  cjor- 
responding  angles; 

(d)  AB  and  iM  are  corresporfiling  sides  and  Z.C  and  lN  are  cor- 
responding angles; 

<e)  Zi4  and'  ZJtf  are  corresponding  angles  and  lC  and  are 
corresponding  angles. 
3.  (a)  Give  a  ni^atching  of  the  ver- 
tices 6f  A  ABC  with  those  of  ^ 
AACD  s\xch  that  lA^  of 
AABC   corresponds  with 
LADC  and  AB  corresponds 
with  53". 
/(b)  Give  a  matching  of  the  ver- 
ti<^  oitnADC  with  thc^  of 
ACDB  such  that  side  CD  of 
AADC   correspomia  with 
side  CI?  of  ACDB  but  Z.i4C2) 
does  not  correspond  with 
SBCD. 

4  (a)  What  parts  of  AMNP  and  AJKL  must      ^ngruent  if 
MNP^^—-^  KLJ  is  a  congni§n<»? 

(b)  Suppose  that  MNP  < — ►  KLJ  is  not  a  congruence*  Does  it  fol- 
.   low  that  AhiNP  #  LJKLl  Make  a  drawing  to  illustrate  your 

answer. 

&  (a)  Give  MJ  of  the  matchings  of  the  vertic^  of  AABC  with  th(^ 
oiAABd.  ^ 


ERLC 
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Answgrs  for  Part  A  ' 

1.  (a)    {M.ZQ)MZB,ZR)M^C,ZP)MBC,  RP)MCA^_PO).  JAB^) 

(b)    {/J,  11),  (ZK.ZS).  UUl\i),  (KL.SU).  (LJ.UT),  (JK.  TS); 
[same]  •..  ' 

2.  (a)    ABC  —  MNL   [or:   ABC  *— '  NML] 
(b)    ABC LMN  [or:  ABC*— 'NML] 

{c)    Aric  —  MLN  .     ■       '  , 

(d)    ABC  —  LMN   [or:   ABC  MLN] 
(o)    ABC  —  MLN 

3.  (a)    ABC  —  DAC  (b)   ADC         BCJD  ^   

4.  (a)    m  S  IK.    ZN  ^  lU    IP  ^  ZJ.    NP  ^   LJ,   PM  ^  JK, 

MN  ^  KL 

(b)    No.;   [Any  drawing  which  shows  two  congruent  triangjes. 

AMNP  and  AJKL,  will  do  if  the  vertices  are  labelled  so  that 
MNP- — -  KLJ  ie  not  a  congruence.  } 

5.  (a)    ABC  — '  ABC,    ABC  —  ACBr  ABC  *-*  BAC,  ABC  — *  CBA, 

ABC EGA.    ABC  *— '  CAB 


0 
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.     (b)  Is  there  at  least  one  of  the  naatchings  in  (a)  which  is  a  con- 
gruence? Explain. 

(c)  Suppose  that  two  of  the  matchings  in  (a)  are- congruences. 
What  can  you  say  about  A  ABC? 

(d)  Suppose  that  three  of  the  matchings  in  (a)  are  congruences. 
What  can  you  say  about  A  ABC? 

6.  Suppose  that  the  matching  ABC  < — ►  DEFof  the  vettice&of  A  ABC 
and  AD£^F  is  such  that  the  corresponding  sides  are  Congruent 

(a)  Show  that  the  corresponding  angles  are  congruent. 

(b)  Is  the  given  matching  a  congruence  or  notV  Explain  your 
answer, 

7.  Suppose  that  the  matching  ABC  < — ►  DEF  of  the  vertices  of  A  ABC 
and  ADEF  is  such  that  the  corresponding  angles  are  congruent. 
Need  the  matching  be  a  congruence?  Explain  your  answer. 


It  is  a  theorem  that  a  matching  of  the  vertices  of  a  first  triangle  with 
those  of  a  second  is  a  oongnlence  if  and  only  if  each  side  and  each  angle 
of  the  first  triangle  is  congruent  to  the  corresponding  part  of  the  second 
triaiigle.  There  are,  however, ^several  more  easily  applied  theorems 
than  this,  and  we  shall  collect  the  most  important  of  these  **cx)ngruence 
theorems"  in  our  next  theorem.  [They  are  already  suggested  by  the 
exejcises  of  Part  I.]  Each  of  these  congruence  theorems  asserts  that 
a  matching  is  a  congruence  if  each  of  only  three  specified  parts  of  the 
first  triangle  is  congruent  to  the  corresponding  part  of  the  secx)rui  tri- 
angle. Consequently,  each  of  these  theorems  enables  us  to  conclude 
that  certain  intervals  or  angles  are  congruent  once  we  have  estab- 
lished the  congruence  of  other  intervals  or  angles. 

In  stating  the  following  theorem  we  shall  refer  to  an  angle  of  a  tri- 
angle as  being  included  between  the  two  sides  of  the  triangle  which 
are  su^ts  of  the  angle  in  question,  and  of  a  side  of  a  triangle  as  being 


'  Fig.  16^2 

included  between  the  two  angles  of  the  triangle  which  contain  the  side 
in  question.  For  each  tlieprem,  we  shall  also'give  its  conventional  nick- 
nai^ie— 'as.s-V  's  a-s/,  etc.— in  which  V  stancjp  for  *side^  and  *a'  for 
'angle'. 


5i8  \ 
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Answers  for  Part  A  [conj.] 


5. 


6. 


(h)    Yes.;    sinci*  6  is  an  isometry  the  matching  ABC  * — ^  ABC  is 

a  congruence.  '  ' 

(c)  ^  If  two  of  the  matchings  are  congruences  then  the  triangle  is 
isosieles  [and  may  be  equilateral],    [if  either  of  the  last  two 
matchings  is  a  congruence  then  the  triangle  is  equilateral.  ]  ^ 

(d)  If  three  of  the  matchings  arr  congruences  then  the  triangle  is 
equilateral  [and  all  six  matching^  are  congruences].  , 

(a)  This  follows  from  the  cosine  law  anc^'the  fact  [Theorem  14-28] 
that  congruent  intervals  have  the  same  measure. 

(b)  Yes.    By  the  lemma  on  page   190  [or,  by  Theorem  14-29]  and 
by  Theorem  14-28  it  follows. that  if  A^jjjjl  DE,  BC  ^  EF, 
and  CA  ^   FD    then  tile  re  is  an  isometry  which  maps  A  on  D, 
B  on  E,  and  C  on  F.    This  being  the  casef  the  matching 

'  ABC  — ^  DEF  is  a  congruence. 

7.     The  matching  need  not  be  a  congruence.    Consider  the  following 

figure,  in  which         It  AC.  Clearly, 
ABC  ^ — ^  DEF  IB  a  matching  for 
which  corresponding  angles,^are  con- 
gruent buKfor  which  corresponding  ¥ 
sides  are  npt  congrucint. 


\ 


■\- 
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TlT^f  igm  16-7  A  matching  of  the  vertices 
of  a  first  triangle  with  those  of  a  second  is 
a  congruence  if 

(a)  each  side  of  the  first  triangle  is 
a>ngruent  to  the  c»rr^ponding  side  of 
the  second  [8.s,s.],  or 

(b)  each  of  two  sides  of  the  first  triangle  is 
congruent  to  the  corresponding  side  of 
the  second  and  the  included  angles  are 
congruent  [s.a.s.],  or 

(c)  each  of  two  sides  of  the  first  triangle 
and  the  angle  opposite  the  second  side 


is  congruent  to  the  corresponding  part  A 
of  the  second  triapgle  and  the  angle 
opposite  the  first  side  is  not  a 
supplement  of  its  coiWsponding  angle 
[s,s-fii^],  or 

(d)  each  ^f  two  angles  of  the  first  triangle 
is  congruent  to  the  corresponding  angle 
of  the  seconci  and  the  included  sides  ^e 
congruent  [a.s.a.l,  or 

(e)  each  of  two  angl^  of  the  first  triangle 
and  the  side  opposite  the  second  angle 
is  congruent  to  the  corresponding  part 
of  the  second  triangle.  Fig. 


The  proof  of  Theorem  16*-7(a)  is  suggested  in  the  first  paragraph  of 
this  section;  Theorem  16 -7(b)  can  be  derived  from  Theorem  16 -7(a) 
by  use  of  the  Cosine  Law.  [iExplain.]  As  an  example  of  how  congruence 
theorems  may  be  used,  suppose  that  A  ABC  is  isosceles  with  base 
Since  CA  =  CB,  AB  BA,  and  EC  ^  AC  it,  follows  by  Theorem 
16 -7(a)  that  the 'matching 


ABC      >  BAC 

is  a  TOngruence.  Consequently,  A  A  «  iiB.  [Show  in  a  similar  manner 
that  if,  in  AASC,  ^A  «  IjB  then  CA  =  CB4 

PartB 

1.  Show  how  Theorem  16-7^)  follows  from  Theorem  14-29  and  an- 
o^er  theorem.  ?  « 

:  a  Prove  Theorem  16-7(b), 


550 
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The  parts  of  this  theorem  must,  of  course,  be  gone  over  in  class 
to  make  sure  that  students  understand  them.    Parts  (a)  and  (b)  ar^  ' 
siiQple  enough  and  are  illustrated  by  Exercises  1  and  2  of  Part  I  on 
page     262.     In  fact,  part  (a)  has  been  proved  in  Exercise  6{b) 
of  Part  A  on  page  265;   and  part  (b)  follows  easily^  from  part  (a)  by 
the  cosine  law.    Having  made  these  points  clear,  proceed  to  part  (c), 
which  is  one. way  of  resolving  the  anr^b^guous  case.    An  example  has 
been  given  in  Exercise  4  of  Part  I,  and  figures  like  the  following 
should  help  to  show  what  is  going  on.    The  matching  ABC         DEF  is 


2nd  fid« 


St  sidf 


v 


D>  


one  which  satisfies  the  conditions  in  part  {c).    The  matching 
ABC  — ^  D^E^F^^  satisfies  all  but  the  last  condition  in  (c).    The  dashed 
line  in  the  figure  for  AABC  shows  how  the  ** second  side"  can  occupy  a 
second  positu3n  so  that  all  but  the  last  part  of  the  condition  of  |^rt  (c) 
is  satisfied,  j  The  ambiguous  case  is  discussed  again  in  the  exercises 
0$  Part  D  on  page  268,  leading  to  Corollary  1  on  page  269, 


Part  (d) 


of  Part  I,  and  should  offer  no  difficulty. 


of  Theorem  16^7  has  been  foreshadowed  in  Exercise  6 


Part  (e^ 
since,  if  one 
can  easily  c 
you  are  give 
to  a*  s« a. 


of  Theorem  lb--!  —  **a.a.s."  —  is  not  often  taken  up 
has  degree-measure,  or  radian-measure  for  angles  one 
mpute  the  measure  of  the  third  angle  pf  a  triangle  once 
the  measures  of  two  angles.    Doing  so  reduces  a«a«s« 
our  treatment  we  have,  as  yet,  only  '*cofiine -measures' 


but  the  same  reduction  can  be  carried  out  by  using  Theorem  16-6,  So, 
Theorem  16-7(e)  follows  from  Theorem  16 -7{d)  and  Theorem  16-6. 


a.  s 


If,  in  AAteC,  ^  IB 
a.,  so  thit  CA  =  CB. 


then  ABC        BAC  is  a  congruence  by 


Answe 


rs\j>r 


irt  B 


1,  [See  answer  for  Exercise  6(b)  on  page  265.  ] 

2,  Consider  a  matching  ABC         PQR  for  which  BC  ^  QR, 

CA  ^  RP,  and  IC  ^  ZR.    It'follows  that  BC  =  QR,  CA  =  RP, 
and  cos/C  -  cos'^R.    So,  by  the  c^^*ine  law,  AB  "  DE  ajid^  hence^ 
AB  S  DE.  *  It  now  follows  by  Theorem  l6-7(a}  that  ABC  PQR 
is  a  congruence.  ' 


16u02  CoDgnienf^  Theorems  267 


TC 


a.  Prove  Theorem  16  -  7(c).  [Hinf.  Suppose  that,  in  A  ABC  and  APQR,  • 
AB  ^]  BC  as  QR,  ^  iJP,  and  and  Ut  are  not  supple- 
mentary. Use  the  Sine  l^w  to  show  that  sin  £C=  sin  zlR.  Use  this, 
the  assumption  that  and  4/?  are  not  siypplementary,  and  two 
other  theorems  to  conclude  that  ^  a  /.Q/Then,  ^ply  Theorem 
16^  7(b).] 

4  Prove  Theorem  16^7(d).  [Hint:  Suppose  that,  in  AABC  and  APQJ?, 
z>i  a  /LP,  l£  3  ^Q,  and  AB  »  PQ.  (Conclude  tiiat  Z.C  »  ZJZ  and 
use  the  Sine  Law  and  Theorem  16 -7(b) J 

5.  Prove  Theorem  16 -7(e), 


In  each  of  th^  following,  you  are  given  a  figure  and  certain  informa- 
tion about  it  You  are  to 

(a)  locate  two  ti^^jEi^p^ltes  in  the  figure  which  you  believe  to  be  con- 
gruent,    ^  >y 

(b)  indicate  pairs  oX  oongrueiit  parts  you  wish  to  use  to  establish  a 
congruence,      ^  ^ 

(c)  tell  which  congruence  theorem  you  are  appl)dnfe^  and 

(d)  give  a  matching  which  is  a  congruence. 


Answers  lor  Part^B  [cont.] 
3*     Consider  a  mate })ing  Afcc 


PQR  -  for  ^hi^li  A3  ^  PQ. 


§^  ^  QWf  lA  ^  *ZP^,  ai^  i!:Gsanc('4|^  aru  not  supplcmt'ntary*  By 
th«  Bit^  law,  sinZC  =  AB(8i«/^BC%^  ABisinZP/QR)      "  ^ 
?  AB<§inZR/pb)' -  ^iaZI^r  since  A©      Pp.    Since  sinZC  =^  sinZR, 
ZC  and  ZK  are  jeith^r  8.upplime»|ary  oi*  congruent^   So,  since  these 
angles  are  not  guppi^mentary,  '^R»    Since,  also,  ZA  ^  /P 

it  follows*by  Theorem  1 6-^' that  ,Cos  ^B.  5^  c^s  ZQ  and,  so,  that 
:      ZB  ^  ZQ.    Since,  also^  ai>d  Sc       Qr  it  follows  by 

Theorem  l6-'?tb)  that  ABC  V*  PQR  is'^'cdhgrfiience; 

4.  CcJnsidor  a  matchiiig'  ABC  ^  PgR  fpr  >«4hich  '/A  ^  ZP;-ZB  ^  IQ. 
andwAB  ^   PQ.    U  follows  by  TheofiSin  16-6  that  cos ZC  =  cos  ZR 
and,  so,'  that  ZC       ZR,^  By  the  sinfe'  law,  BC*  r  ^inZA{  AB/sin  ZC) 
=  sinZP('PQ/sin.ZR)  =  QR.    So,    BC  ^  SR.    Since,  also,  AB  t:^  PQ 
and  45  ^   ZQ  it  follows  by  Theorum  n^-7(b)  that  ABC  ^  PQR  is 
a  congruence*    [Alternatively,  one  can  use  the  method  for  showing 
that  BC  ^  QR  to  show,  al«o,  that  CA      RP.    Then,  Theorem 
l6-7(a),  becomes  applicable*,  ] 

5.  By  Theorem   I6-6,  if  two  angles  of  a  triangle  are  congruent  to  two 
angles  of  another  then  the  temainihg  £!Lngle«  arc. also  congruent. 
This  remark  reduces  part  ^e)  to  part  (d). 

Answers  for  Part  C  ' 


1, 


c  • 


Given:  >  is  the  midpoint  of  •'Gi^en:  AB     FE,  BC  =  DE, 

both  BCand  AD  _     and  M  is  perpendic- 

^       '       ular  to  both  AB  a^d 
FE 


Given:  BE  ==  CD  and 
BD^CE 
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Given;  BD  and  GE  are  per- 
pendicular to  CF, 
DC  =  GE,  and  LA  is 
a  right  angle. 


4. 


(a) 

(c) 
(d) 
(a) 
<b) 
(c) 
(d) 

(a) 
(b) 
(c) 
(d) 
(a) 
<b) 


AAEB  ^  APEC 

AE  ^  DE,  EB  OS  EC,  ZAEB  a  ZDEC 
Theorem  l6-7(b)  [or?  s.a.s,} 

AEB         DEC  *  » 

■-      ■  s 

AABD  S  AFEC 

AB  ^   fE,    BD  S  IpC,    MBD  ZFKC 
Theorem  1 6-7(b)^  [or:   s.a.  ) 
ABD  — *  FEC 


ABEC  ^  ACDB,  -  * 

ET:  ?s  EC  S  5b,  CB  ^  BC>  , 

Theorem  l6-7<a)   [or:  s.s.s,] 
BEC  —  CDB 
ABCD  ^  AFGE  1  ^ 

CD  ^  GE,  ^BCD  ^  ^FGE  [for,  both  are  complemi^nts  of 
^F],  ZCDB  5?   ^GEF       '  ^         '  -  . 

(q^  Theorem  l6-7(^)   [or;  a.s.a,,]  ^  V 

id)    BCD.—  FGE 
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>  « 


D  C 


Given:  AC  1  BD  at  the  lAid- 
ppint  E  oISB 


Given:  i4C  is  the' bisector  of 


Givep:  ^  is  the  perpendic-  ^- 
uhtr  bisector  of  BD, 
.    CF  is  the^  bisector  of 
;LACE,nndAC  ^  EC 


Given:  AACD  is  isosceles 
*     with  base  CD, 
AC  1  AE,  and 
AB  lAD 


Given:  B  i&  the  fnidppint  of 
^.and  ^  ^  ZJ)Cfi 


Given:  is  th^  angle  bi- 
sector of  ^J)AE,  and 

^  .  BCf  is  the  angle^  bi- 
sector of  ^DBE 


.PartD 


ERIC 


1.  Iteaw  two  noncongruent  faiangles,  A  ABC  and  APQi?,  such  that 
Q^,  CA^  S?^  and  jLA  ^  ZP.  [Hint:  Drawing  congruent 
right  triangle,  AABC  and  APQ^R,  may  suggest  how  to  proceed- 
^Making  /-A  and  zP  about  ''half  of  a  right  angle^  will  help,] 
£iy  'Hieorem  16 -7(e),  the  triangles  you  drew  in  Exercise  1  are  such 
t|i«t  zS'and  jLQ  are  supplementary.  Show  thai  it  ft  not  po^ifale 
**\    tp  find  triangles  Hke^  t^ose  of  Exercise  1  ^hich  satisfy  the  addi- 
tional condition  that  ^£^d  jLQ  are  both  acute. 


«9r 
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Answers  for  Part  C'^  [cont*]  . 

S^Na)    ACDE       ACbE^  '  •  . 

   w  . 

(b^cE       CE;.    ED  ^  EB,    ZCED  S  ZCEB 

(c)    Theorem  l6-7(b)  [or:^  s.a.s.]  ^  '  ^ 

^    '    (d)  '  CD-E  ^  CBE  ^  ^,  ^  '  '  ' 

[Alternatively,  AADE  ^  AABE.    Bring  out  in  clasi  that  both 
<:DE         CBE  and  ADE        ABE  are  congruences  and  fish  for  ^ 
'    .recognition  9f  the  f^ct  that,  by  s,^s,  s, ,  *it  follows  that  CDA--~*  CBA 
is  a  *cpngru€nce,J  .         ,  '  * 

6.     (a)    ABAD  ^  ABAE  ^ 

(b)  BA  ^  BA,    AD  S  Se,    z:BAD  ^  ^BAE        ^  '        <  ^ 

(c)  ^Theorem  l6-7{b)   [ort-  s,a..i,] 

(d)  BAD  — ^^BAE     ^    '  *  ; 

[It  is  worthwhile  turning  Exel'cise  6  into  an  application  of  Theorem 
l6-7(c)  by  changing  tl^e  assiiinption  that  AD  =  AE  to  the  assump- 
tion that^BD  -  B^^.    Ask  studenta  whether  it  is  now  the  dase  that 
BAD  ■•—^  BAE  is  a  congruence.    They  should  see^  that  an  answer  to 
^     ;  this  question  requires  knowieidfec  concerning        and  ZE.  The 
answer  is  *Ye8.*  in  ca»e  these  angles  are  not  supplementary. 
^  !rhis  last  is  the  case  if,  ^s  appears  ^rom  the  figure,  both  are  acute, 
'  and  it  is  also  the  case  if  J>oth  are  obtuse.    Note  that  it  is  easy  to 

redraw  the  figure  60  that  one  angle  is  acute  and  the  <Jthcr  is  obtuse. 
'  !ix  this  case,  l^y  Tl^eorem  16-7|c),  tbe  angles  will  be  supplementary,^ 

(a)  AABC  ^  AEDC  .  V 

(b)  BC  S'i^,    CA  ^  CE,    ZBCA  ^  ZDCE   [on  in^tiv?  grounds] 

(c)  Theorem  i6-7<b)  [or:   8»^.  s.  ]  - 

(»  '  .       .         ■  - 

(d)  ABC        EDC  "  '  * 

8.-.  (a)  ZiABD  Sf^AAEC  , 

(b)  AD  s  Sc.    iiADB  si  MCE,    ZDAB  ZCAE 

(c)  Theorem  r6-7(d)  [ors  a.  s.  a,  ]  .       -     -  * 
^)  ABD-*-^  AEG         .  ' 

'     [Students  can  now  go  on  to  show  that  BC  a  SB^and  AB  AE, 

whence  ABC        A'ED  is  a  congruence  showing  that  AABC  a  AAEP.] 


9. 

(a)- 

AABE  ^  ACBO 

"  (b) 

AB  ^  CB,   '/:EBA  ^  ZDBC, 

4EAB  ^ 

ZDCB 

(c) 

Theorem  l6-7(d)  [or:  a.8,a. 

I  .     .  , 

id) 

ABE— *-CBD  ■  .ig|L,;:-',-<'--- 

10. 

(a) 

AABD  e  AABE  '"^S-'t^^ 

f 

! 

(b) 

AB  ^  AB,    ZDAB  S  "iJEXS, 
of  congruent. angles  j%;i> 

ZEBA 

[supplements 

(c) 

Theorem  l6-7(d)  [orj  'a,  s.a. 

* 

_  t 

ABD  *-*  ABE 

4. 
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1. 


Siipplementary  angles  cannot  both  be  acute.    [It  is  impossible  for 
CQsZB+Co«ZQ  to  be  0  if  both  cos  ZB  and  cos^Q  are  positive.  ] 
Hence,  if  ZB  and  IQ  are  both  acute  then  ABC  - —  PQR  is  a 
congruence. 


V 
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3.  If  BC  is  longer  than  CA  then  ZA  is  larger  than  2b  and,  so,  ZB 

is  acute.    Similarly,  since  BC  ^  OR  and  CA  ^   RP,  ZQ  is  acute. 
By  Exercise  2,  however^  in  triangles  like  those  of  Exercise?  1, 
'      ZB  and  ZQ  cannot  both  be  acute.    [So,  if  .BC  ?^  .OR,  CA  a?  Rp, 
ZA       ZP,  and  BC  >  CA  then  ABC         PQR  is  a  congruence.  ] 

4.  If  neither  ZB  nor  ZQ  is  acute  then/  in  order  to  be  supplementary, 
they  must  both  be  right  angles.    In  this  case  ABC  **— ^  PQR  is  a 

i      congruence.    For  since  ZA  ^  ZP  and  ZB  ^  ZQ  it  follows  by 
Theorem  16-6  and  Theorem  1  S-^hat  ZC  »  Z^*    The  desired 
cbnclusion  then  follows  by  a,  s,  a,  •  * 

5.  In  c4)se  ZA  is  a  right  angle  it  follows  that  ZP  is  a  right  angle.  In 
this  case^  ZB  and  ZQ  are^both  acijte  and,  so,  are  not  supplementary 
Hence,  by  8.  s p  4. , '  ABC         PQR  is  a  congruence.  [Alternatively, 
if  ZA  and,  so,  I'P  are  right  angles  then,' by  the  Pythagorean 
thearem,  AB  =  PQ.    So,  in  this  case,  ;t}Te  triangles  are  congruent 
bys,s,s.  and,  also,  bys.a^s.],^  • 


Qjf  Ct>roUafry  1,  part  (a^  is  proved  in  the'  answer  for  Exercise  ^  of 
*Part  D,  part  (b)  i^  proved  in*the  apswer  for  Exercise  .4,  and  part  (c) 
prwed  in  the  aniw^r  for  Exercise  3*    Note  an  addition  which  could 
be  m^de.to  Cort>llary  1  [it  follows  from  part  (c)  and  earlier  theorems]: 

(c')    the  angle?  opposite  the  second  side  is  obtuse. 

Corollary  2  is  proved  in  the  answer  for  Exe^rcitfe  5  of  Part^  D, 


1&02  Congruenee  Tl^rems 
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3*  Is  it  possible  to  find  triangle^  like  th^e  of  Exercise  1  -  in  partieu- 
"*"lar/noncongruent  triangles -  whirfi  sati^^  additional  condi- 
tion that  SC' is  longer  than  CS?  [Hint  What  does  this  additional 
condition  tell  you  about  ap^  1^1  What  follows  concerning 
LP  and  Z.Q?1  Jlxpiain  youlf  answer. 
4.  Is  it  possible  tp  find  triangle  like  those  of  Exercise  1  which  satisfy 
the  additional  ajnditiou  that  neither  Z.S  nor  is  ^cute?  Explain 
your  answer. 

fiu  Is  it  possible  to  find  triangl^like  those  of  Exercise  1  which  satisfy 
the  additional  condition  that  A  A  is  a  right  angle?  Explain  your 
answer. 


Its- in  Part  D  can  be  summ^zed  in  two  corollaries  to 
16-7.  f 

Corollary  I    A  matching  of  the  vertices  of  a  first  triangle 
with  those  of  a  second  is  a  congruence  if  each  of  two  sides 
of  tiie  first  triangle  and  the  angle  opposite  the  second  side 
is  congruent  to  the  corresponding  pai±oF  the  sea)nd 
triangle  and  , '  * 

(a)  the  angle  opposite  the  first  side  aim  it3  corresponding 
angle  are  both  acute,  or  ^  '  ^ 

(b)  neither  the  angle  opposite  the  first  side  nor  its 
corresponding  angle  is  acute,  or  ^ 

(c)  the  second  side  is  longer  than  the  first. 


both  acut^ 


ngittier  acute 


Fig.  16-4 


Corollary  2  If  the  hypotenuse  and  a  leg  of  pne  right 
triangle  are  congruent  to  the  hypotenuse  and  a  leg  of 
another  right  triaxigle  then  tiie  matching  for  whic^  these 
are  corresponding  sides  is  a  congruence 
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PartE 


In  each  of  the  following,  you  are  given  picture  of  two  triangle  and 
some  information  about  them.  If  there  is  enough  information  to  de- 
termine that  the  triangles  are  congruefnt,  give  a  matching  of  the  ver- 
tices which  is  a  coi^fruence  and  cite  the  theoremS^hich  support  your 
answer.  If  there  is  not  enough  information  to  determine  that  the  tri- 
angles are  congruent,  say  so. 
1.  Given:  Right  triangles,  A4BC 

and  ADEF,  witK 

right  angles  Z.fl  and 

^D\AC  =  EFand 

AB  -  D£. 


22.  Given;  AGi//  and  with 
l^H  ^  Z.L,    and  side- 
measures  as  in  the  pic-  ^ 
ture. 


3.  Given:  APQR  and  AMNO,  with 
I.Q  s  ZM^  PR  -  ON, 
and      =  OM, 


O  M 


4.  Given:  Right  triangles,  ASTU:  .  fj 
and  AVWX,  with  right 
angles  Z.iS  and  Z.V, 
AT  ^  LX,  and 


5r'  Given:  isosceles  trian^es, 

AA5C  and  t^QR,  with  . 
bases  SCf  and  QR,  re- 
spectively,    LA^  lQ, 


LC 


&  Given;  Isc^celes  triangles^ 

A  DEFand  A  STU,  with 
bases  EF  and  ST,  tb- 
spectivply,  zLi>  ai  /LU, 
andEF^ST. 
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3. 


4. 
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Answers  for  Part  E  / 

1.     ABC  — *  EDF  is  a  congruence  by  Corollary  2   [or:  by  h.i.  ]. 

Z.     Insufficient  information,    [if,  instead  of  knowing  that        ^  IL,, 
wc  know  that        ^   IK  then  GHI         JLK  would  be  a  congruence 
by  Corollary  1(c),    O,  we  could  be  sure  that  this  matching  is  a  • 
congruence  if,  in  addition  to  the  given  information,  we  knew,  for 
example,  that  /I  and  ZK  were  both  obtuse,  ] 

Insu^icient  information,    [if,  in  addition,^ we  knew  that  ^^R  and 
are  Doth /obtuse,  we  could  conclude  that  PQR  — ^  OMN  is  a 
congruence,  ) 

UST  — ^  WVX,  by  a.  s.a.    For  /U  and  /W  are  congruent  because 
they  are 'complements  of  congruent  angles.    [See  Part  B  on  page 
239.] 

5.  .  Insufficient  information,    [As  the  figure  shows,  the  triangles  can 
satisfy  the  given  conditions  without  being  congruent.    Also,  the  tri-r 
angles  can  satisfy  the  given  conditions  and  be  congruent.  —  but, 
only  if  both  are  equilateral,  ] 

6*     DEF  — ^^UTS  is  a  congruence.    Le^  C  and  V  be  the  feet  of  the 
altitudes  from  D  and  U,  respectively.    Since  these  are  also  the 
angle  bisectors  from  B  and  U  it  follows  as  in  Exercise  4  that  ' 
DEC         UTV  is  a  congruence  and,  so,  that  DE  =  UT.  [Halves 
of  congruent  angles  are  congruent  by  Theorem  15^-8  and  Exercise 
5  of  Part  C  on  page  227,]  Congruence  now  follows  [since,  also, 
DF  =  US]  by  s,a,s,    [Note  that  we  Have  proved  a  new  congruence 
theorem,  somewhat  analogous. to  h.A:   Isosceles  triangles  are 
congruetit  if  their  bases  are  cc^nferuent  and  the  angles  opposite 
their  bases  are  congtuent,  ] 
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7.  PQR  — *  KLM  is  a  congruence  by  Corpllary  1(a).  ^ 

8,  ABC  — ^  FDE  is  a  congruence  by  s.a.s. 


r.  ■> 
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'    ^  Sample  Quiz 

Given,  in  AABC,  that  DE  H  BC,  ^ 
FG  II  AB,  and  that  E  and  , 
points  of  triscction  of  AC,  as  shown  - 
at  the  right. 

1.     Givt!  a  matching  of  vertices  of 

triangle^  ADE  and  CFG '^vhich 

is  a  congruence' and  j^sti^y  your 

answer,  ^   

2      Are  there  points  H  and  I  on  AB  and  CB,  respectively,  such  that 
'     the  triangles  BHI  and  ADE  are  congruent?    Justify  your  answer. 

Givea*that 'AB  =  BD,  EB  =  BC. 

FG  II  EB.  HI  I!  BD,  AF  =  \AE,  and 

CI  =  iCD,  as  shown  in  the  picture  at  ^ 

the  right, 

3.     Give  a  matching  of  vertices  of 
triangles  ABE  and  BCD  which 

is  a  congruence.  *  *  ,  , 

4/    Give  a  matching  of  vertices  of  triangles  AFG  and  CHI  which 

*i«  a  congruence,  .  ^ 
Kev  to  Sample  Quig 

1  ADE         FGC  is  a  congruence  by  a.s.a,,  for  ZDAE  =^  lOFC, 
AE  =   FC,  and  ZAED  ^  ZFCG, 

2  Yen.    Cht^sc  H  on         and  I  on^C^  such  that  BH  -  AD  and 
it  ^  CG.    Then.  ^  and  BIH  —  GCF  is  a  congruence  by 
a.  s. a.  ^ 

.  3,     ABE—*  DBC  is  a  congruence  by  s,a.g.   [or,  by  a.s,a.]^, 
^4,     AFG  — *  ICH  is  a  congruence  by  a.s.a,    [or,  by  s.a.  s.] 
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16.03  ParaUelograms 


^71 


7.  Given:  APQ/?  and  A/^LM ,  with 
a  ZL,  '  PQ  =  KL. 
PR  =  MK,  ?nd  both  Ui 
and  Z.M  art  acute. 


8.  Given:  A  .ABC  and  ADEF,  with 
£A  »  LP,  AB  -  DF, 
CA  =  FE,  and  no  infor- 
mation about  LB  and 
LD.  ' 


16.03  •Faradeiograms 

Recall  that  PQRS  ^PQ  UQR  URSU  &P  and  is  a  quadrilateral 
if  and  orily  if  no  threeofP.Q,-R ,  and  S  are  collinear.  The  sides  ofPQRS^ 
are  the  intervals  PQ,  QR,  RS,  and  SP,  and  PQRS  is  simple  if  and  only^ 
if  no  two  of  its  sides  intersect.  A  parallelogramLis  a  quadrilateral  each 
two  of  whose  opposite  sidefe  are  parallel.  Accoming  to  Theorem  8-16, 
ABCD  is  a  parallelogram  if  and  only  if  {A,  B,  C}  is^noncollinear  and 
B  -  A  =  C  -  D.  Using  what  we  have  learned  about  sides  of  lines  and 
about  angles  and  congruence  we  can  no^  prove  a  number  of  useful 
theorems  about  parallelograms.  a 


ExerciB^ 
Part  A 


Consider  quadriIateral)i4flCZ).  ^ 


1,  Show  thgt  if  AB  H  CD  #  0  th^A  A  aad  B  sLte  on  opposite  sides  of 
^  ^  I^^are  on^pposite  sid^  of  AB. 

%  ifiabli^      Ic^vetse  ^  tbe  atatemeat  made  in  Exerdse  1.  t 

3.  Showtiiati/jC -»,Sa3^i4  -"P  have  tlje  same  sei>Be  thffl  ABCD  is 
n^T simple:  [WiErt^^^^  0^:^0.1  .        .*  * 

4.  Show  that  if  ABCD  is  a  parallelogram  then  ^.A  and  are  sup- 
plementary, lA  and  ZC  fere  congruent,  and  AD  ==  BC.  ^  

5.  Supple  that  ABCD  is  a  sim^fle  qufiuhril^teral  such  that  AD  jj  BC 
and  AD  »  BC/Show  that  ABCD  is  a  parallelogram.  [Hint  Show 
that  it  follows  firom  this  assumption  that  C  ^  B  ^  D  -  A,] 
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Sttgge«tidn«  for  the  exerciser  of  section  \b,  03; 

(i)  Part  A  proyidei  good  review  for  use  in  class,    ,  ' 
(ii)  Part  B  can  be  i3»ed  for  home-work. 

Ciii)  The  discussion  on  pages  274-275  aiid  Parte  C  and  D  (if  used) 
»houiiS^ have  teacher  direction.    The  algebra-  in  these  exercises 
can  become  tuinecessarily  involved, 

iiy)  Parts  E  and  F  m^y  be  used  as  homework* 

.  'i 

Answers  fpr  Part  A 

{Since  ABCD  is  a  quadrilateral,  no  three  of  A,  B,  C,  and  D  are 
coUinear.  ]  x 

1.     [This  follows  immediately  from  the  noncollinearity  rerftarked  on 
above  and  Defiaition  15-3(a).  j 

Suppose  t3:iat  A  2tnd  ^  are  on  opposite  sides  of  CD  and  that  C  and 
.    D  are  on  opposite  sidit^s  of  AB.    Since  ABtD  is  a  quadrilateral, 
AB  and  CD  have  at  most  one  point  in  common.    Since  A  and  B 
arf  on  opposite  sides  of  CD,  AB  and  CD  do  have  k  point  in 
common  ^nd  this  point  belongs  to  AB«    Similarly,  the  same  point 
belongs  to  CD.    Hence,  AB  r>  CD  #  0.    [in  particular,  the  quadri- 
lateral ABCD  is  not  simple.]      '  /  "  ' 
\3,     Suppose  thdt  C  '  B  and  A  -'D  have  the  same  sense.    It  follows 
that  C  -  B  and  D  -  A  have  opposite  senses  and,  so,  aSv^in 
Exercise  2  of  Part,  A  on  page  225,  C  and  D  are  o;i^ opposite  sides 
•       of  AB.    Similarly,  since  A  -  D  and  B  ^  C  have  opposite  senses, 
it  follows  |hat  A  and  B  are  on  opposite*  sides  of  CD.    J^ence,  by 
Exercise  2 ,  AB  r>  CD  ^  0  and,  by  definition,  ABCD  is  not  simple. 

4,     l^uppose  that  ABCD  is  a  paralleldgram  and,  go,  that  B  -  A  =  C  -  D, 
It' follows  thai  D  -  A  =  C  -  B  ancj,  so,  that  ZA*  and  ZB  are  con- 

sec^utive' angles  formed  by  a  transversal,  A^  of  the  parallel  lines 

AD  and  Bt  and,  so,  are  supplementary.    [Alte rnativef^,  choose 
^  *  unit  vectors  in  the  senses  of  the  sides  of  the  angles  and  compute 
that  cosZA  +  cosZB  =  0.  ]   From  what  has  been  proved  it  follows 
[as  an  instance]  that  IC  and  ZB  are  supplementary.    So,  as 
supplements  of  the  same  angle,  ZA  and  ZC  are  congruent. 
FinaUy,  AD  =  j|D  -  Ajj  =   |lC  -  Sjl  =  BC,  since  D  -  A  =  C  -  B, 

.5.  .  Since  ABCD  is  simple  it  follows  that  C  -  B  and  A  -  D  jio  not  have 

^,.ihe  same  , sense.    But,  ^ince  AD  j|  BC^'  C     B  and  A  -  D  do  have 
tS&i  same  direction.    Hence,  C  -  B  and  D  -  A  have  the  sann^e  sense. 
Sinfce,  4»Uo.   IjC  -  B j|      BC  =         ^  •  jjD  -  Ajj  it  follows  [by 
Exercise  6  of  Part  B  on  ^ge  49]  that  C  -  B  =  D  -  A,  Hence, 
B  -♦A  =  C  *  D  ar^d  quadrilateral  ABCD  is  a  parallelogram.  * 

{Note  that  in  Exercises  4  and  5  we  h^ve  proved  that  a  quadrilateral 
is  a  parallelogram  if  and  only  if  it  is  simple  and  some  twpof  itp  oppo- 
site sides  are  parallel  and  congruent.    We  shall  state  thTl  theorem  (on 
these  grounds)  as  Theorem  16-1^  on  pfge  276,    Exercise  4  givQ$ 
various  necessary  conditions  that  a  quadrilateral  be  a  parallelogram. 
The  sufficiency  of  soy^e  of  these  will  be  proved  shortly.  ] 
-  "    •        •  '  > 
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,  Consider  a  simple  plane  quad- 

rilateral ABCD,  as  shown  in  the 
•       ■  picture,  [a  =  ^  -  D?  a  =  11^1,  etc.] 
■  Suppose  that       a  Z.C  and 
.B  sa  z.Z>.  Show  that_ 

1.^  -  -?£^and{  -  ^  5^or[/fmf:  Use  the  fact  that /IBCD  is  simple.]; 
pa  .  < 


2.  (4  5)  is  linearly  independent  and  {a,p}  Q  Ic,  ^; 

a'-T    c-d-     ,6-c     d  a 
and 


3. 


ab 


cd 


be 


da 


+      =  0.  [Hint:  This  is 


\  just  another  way  of  saying  what  Exercise  3  says.];  ^ 

»-(i-|-(H=<'--'(l-I)-(fl)=v: 

— ^  - — — »  ^  •  1^ 

6*  (  ^  +    T    4  )    linearly  dependent  [Hint:  Show  that  if  this  is  not 
\a     c  b   jiJ  f 

the  case  then  it^oUpws  fropi  Exercises  4  and  5  tha^  (u/a)*-  (c/c) 

7.  If  (-  -     7  -  ^)  is  linearly  independent  then  -  +  -  ^  and 
\a    €  b     a /    -       '  ac 

-  =    and,  so,  ABCD  is  a  parallelogram. 
b  d 

* 

In  Exercise  4  of  Part  A  you  have  8h|}wn  that  each  two  opposite  angles 
of  a  parallelogram  are  congruent.  In  Part  B  you  have  shown  that  if 
«ach  two  opposite  angles  of  a  simple  plane  quadrilateral  are. congruent, 
,  and  if  another  bondition  [see  Exercise  7]  is  satisfied,  then  the  quad- 
rilateral is  a  parallelogram.  So,  you  have  almost  proved: 

11  Theorem  16-8  A  quadrilateral  is  a  parallelogram  if  and 
1  ^  only  if  it  is  simple  4nd  plane  and  each  ^o  of  its  opposite 
•   11    angles  are  congruent.  ' 

To  complete  the  proof  of  this  theorem  we  need  to  complete  the  argu- 
ment developed  in  Part  B  by  investigating  the  assumption  that 
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Answers  for  Part  B 
I. 


iT-  -  -  =  t  then  a  and  c  —  that  i«/ A 
a  c 


D  and  C  -  B  —  have  the 


same  sense.    By  Exercise  3  of  Part  A,  the  simplicity  of  ABCD 
rules  out^thi^ossibility.    Similarly,  ^  '  J 

2.  Since  ABCD  is  a  quadrilate taT,  {B,  C,  D}       noncollinear  apd,  so, 
(c.  3)  is  linearly  independent.    Since  ABCD  is  a  plane  quadrilateral 

^  \a  €  Bi^D  aj^d,  so,  a  and,S  belong  to  [b5d]..   But,  the  latter  is 

3.  These  equations  merely  say  that  -cos  ZA  -  -cosZC  and 
-cosZB  =  -co§ZD.    These  hold  by  Theorem  15-8  because 

/A  ^  IC  and  ZB^*^   ZD,  '  ^  .  ^ 

4.  By  Exercise  3,  ^ 

T|^  leads  at  once  to  the  first  of  the  given  equ^ions.  *The  second  , 
is  obtained  in  a  similar  manner  by  subtracting  instead  of  adding. 
"    [T^e  procedure  of  obtaining  the  equations  of  this  exercise  from 
those  of  Exercise  3"  cati  be  reversed.    So,  the  new  equations  are, 
indeed,  •'just  another  way  of  saying  what  Exercise  3  says.*' 

5.  These  equations  are  applications  of  something  long  known;   If  u 
and  V  are  unit  vectors  then  (u  -  v) •  {u  +  v)  =  0* 

6.  Suppose  that  (^^i        |  +  j)  is  linearly  independent.    It  follows  that 
there  are  numbers  —  say,  e  and  f  —  such  that  ^  -  ^  -  c/^ 

'  ^  ||-  +  Ijf,    Dot  multiplying  on  both  sides  with    f  -  ^  .  and  using^ 

the  results  of  Exercises  4  and  5,  we  find  that   ilf"  ^  ^11^  ^ 

%,  /  a     ^    ^   *  ^\ 

Since  this  contradicts  Exercise  1  it 'follows  that  \a  b  d] 

■    is  linearly  dependent,    (^e  shall  u»e  this  result  in  Part  D  on  page 

275.']  ^'   1    ^   '  /  ^-  • 

Suppose  that  {|  -  |,  |  -  |)  is  linearly  .independent.    It  follows  that 


a     c      (a  c\ 

ther«  are  numM^"S  e*and  f  —  such  that  -  4  -  =  u  '"  ci^ 

'   /i!    ;f\  ^  "  •a  c' 

+  \^  -  IJf.    tibt  multiplying  on  both  sides  with       +  ^  ,  and  using 

the  results  of  Exercises  4  and  5,  we  find  that   1 1 J  ^  J"  IP .     ^»  , 


— *  — * — * 

(o  ~  c'  f  ~  '^j  *®  linearly  dependent 


Tfcys,  1+  I  =  3.'  Similarlyr|+  I  -         it  follows  that  AD  \\--&C 

CD,    Hence^^-ifT|  "  |»  g  "  j)       linearly  inde- . 
pendent,  AE&S^^Ts^  a  parallelogram. 


a  c 
and  that  AB 


Do  you  think  that  this  assumption  can  be  satisfied  when^ABCD  is  a 
simple  plane  quadrilateral  whose  dpposite  angles  are  cx^ngruent? 
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To  complete  the  proof;  of  Theorem  16-8  it  ts  sufficient,  from  the 
results  of  Exercise  7.  to  show  that,  un^eir  the  conditions  stated  in  the 

preamble  to  Part  ^»  \f"  "  ^«  b  '  dj  ^®  Unearly  independent.  Attempts 

to, draw  a  simple  plane  quadrilateral  witk  congruent  opposite  angles 
such  that  (*)  6n  page  Z7Z  is  satisfied  sujggest  strongly  that  it  is  not. 
UnfoVtunately,  we  know  no  very  simple  pi^oof  of  this  fact.    This  leaves 
you  with ^o  alternatives,    Either^^ll  students  that  Theorem  16-8  is 
indeed  a  theorem,  and  will  be  taken  for  such  without  completing  the 
proof,  t>r  complete  the  proof  by  going  through  the  exercises  of  Parts  C 
and  D  on  pages  274  and  275.    [The  exercises  of  Part  C  are  merely  a 
review  of  discussion  on  the  text  preceding  these  exercises^    You  may 
wish  to  skip  them  and  go  on  to  Part  £>.    Lfi  any  case,  donU  assign  more 
than  one  of  Exercises   1  -  4  of  Part  C  to  one  student.  They're 
repetitions »  ]  ^ 

% 

Once  Theorem  16-8  is  accepted- the  important  Theorems  16-9 
and  16-11  on  page  276  are  easy«    [Theorem  i6*'10  has  already  been 
proved  in  Part  A.  ] 
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Explanation  called  for  in  the  text;   The  non-S  vectors  in  question  have 
th6  same  sense  if  and  only  if  the  corresponding  unit  vectors  have  the 
same  sense.    And,  those  unit  vectors  have  the  same  sense  if  and  only 
if  the  first  and  the  opposite  of  the  second  have  opposite  senses^ 


■  ERJC 


1&Q3  Parallelograms 


273 


[Hint  Try  to  find  a  non-simple  plane  quadrilateral  whose  opposite 
angles  are  congruent  and  which  satisfies  C^).]  We  shall  be  able  to  show 
that  there  is  no  simple  plane  quadrilateral  whose  opposite  angles  are 
congruent  and  which  satisfies  (*). 

Our  procedure  will  be  to  assume  that  ABCZ)  is  a'*  simple  plane  quad- 
rilateral whose  opposite  angles  are  «a)ngruent  and  which  satisfies  (*) 
and  to  show  that  this  assumption  leads  to  a  contradiction. 

To  begin  with,  since  ABCD  is  simple  we  know  that  AB  Pi  CD  =  0 
and  ALy  n  BC  —  0.  From  an  earliei:.  exercise  we  know  that  the  first  o€ 
these  equations  implies  that  either  >t  and  B  are  not  on  opposite  sides 
of  lbs  or  C  and  D  are  not  on  opposite  sid^  of  X^.  Since  ABCD  is  a 
plane  quadrilateral,  this  means  that 

either  A  and  5  are  on  the  same  side  o^ 
or  C  and  D  are  on  the  same  side  of  AB, 


Similarly,  the  fact  that  AD  n  5C  =  0  implies  that 

either  A  and  D  are  on  the  same  sid§^  BC 
or  B  and  C  are  on  the  same  side  of  AD. 


Using  the  notation  of  Part  B,  to 
say  that  A  and^  are  on  the  same 
side  of       amounts  to  saying  that 

,  a  -       •  d)/c?  and 
— e*-  d(— e*-  d)/(P  have  the  same 
sense. 


— ♦ 
c 


In  orjE|er  to  avoid  fractions  it  will  help  to  let     be  the  unit  vector  in  the 

sense  of  d.  In  terms  of  this  our  condition  becomes:  ^  '  .  .    .  *  * 

^  ^         ^.   _  ^  _^  ■  N'^' ? -v^fQ^  ^ 

a  -  d^{a  •  rfj)  and  -e  -  d^(—€  -  d^)  have  the  same  sense;, V':!t:^:^'^      ^  v  .^^^   *  ' 

or,  still  more  simply,  using  *a/  and  V/  for  the  unit  vectors  in  the  sei^s  ; 
of  a  and  c:  "  T\  . 

, 

[Explain.]  Finally,  since  the  two  vectors  in  question  have  the  same  di- 
rection it  follows  that  to  say  that  they  have  opposite  senses  amounts  to 
saying  that  their  dot  product  is  negative;  that  is, 


Cj  -  djCCj  *  dj)  and  c,  -  c?,(Cj  •  d^)  have  opposite  senses. 


«  •      {fl,-  Z.ia,  ■'d,)^  •  {c,  •  d^))  <  0. 
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On  simplifying  this  we  see  that,  in  the  plane  quadrilateral  ABCD,  A 
B  are  on  the  same  side  of  £^  if  and  only  if 


— » 


'      (1)  7,  '7,  ~  ia^  ■  d,)ic,  ■  d^X  0.         ■  ^ 

'  .  •  * 

A  discussion  like  that  of  the  preceding  paragraph  shows  that  C  and 
D.  am^on  the  same  side  of  ^-if  and  only  if  \ 

But*  since  we  are  assuming  that  £l>  ^  IB  and  s  z>l  it  follows 
that  (1')  is  satisfied  if  and  oiily  if  (1)  is  satisfied.  So,  (1)  holds  if  and  only 

ifM'nCD-e^.  ' 

An  argument  like  that  in  the  preceding  two  paragraphs  now  shows 
that  AD  n  BC  =  0  if  and  only  if 

,  "6,  •  5^  -  (6,  •  7,){d,  •  0. 

Again,  since  Z.B  s  iJ),  iJiis  condition  is  equivalent  to: 

"  (2)  X  •  ^  -  ^  ■  -^)<  0 

Combining  (1)  ^^<2)  we  see  that  the  plane  quadrilateral  ABCD 
whose  opposite  angles  are  congruent  is  simple  if  and  only  if  the 
numbers    .  *  .  '  *  . 

«  , 

are  both  negative.  To  complete  the  proof  of  Theorem  16-8  we  shall 
show  that  th^e  numbers  are  opposites  ~  and,  so,  are  not  both  negative 
-in^  the  case  of  our  quadrilateral  ABCIJ.  In  Part  'C  you  have  an  op- 
portunity ^»  verify  the  first  statement 
in  Part  D  you  may  verifythe  second. 

Part  C 

'  .  Suppose  that  ABCD  is  a  plane 
quadrilateral  whose  opposite  an- 
gles are  congruept,  and  let  a, 
.  .       =  e/c,  %  =  6/6,       =  c/c,  and 

.     =  Wd.  Show  that  '         S  -c 

1.  A  and  B  are  on  the  same  side  of      if  and  only  if 
7,  -7,  -  (fi,  ■  7,){c,  •  7,)<0  [Hint:  See  (ll  above.]; 

•    .  .  - 1 .        I  .       .  .  1  .      ,  1    .1.  #     .  .  •  ^     ^        ^   ■  •  , 

2.  C  and  D  ^re  on  the  same  side  ofAB  if  and  onl^  if '  . 
^  ■  cT,  -  (c]  •  "fej){a,  'XXO  [Hint: See  (1)  above-t, 


C 


4 

5 
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Answers  for  Pa C  , 

1.  [This  is  . merely  a  rej>etition  of  ^he  work  on  page  273  leading  to  (1).] 

2,  [In  the  argument  for  (l*),  me rely^  replace         by  'C\  'B*  by  'D%  / 
and  'CD'  by.*AB';   interchange  'a'  and  'c%  and  replace  *<l*  by  .\ 
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'3.     [In  the  argument  for  (1),  mc  rely  inte rchance  'B'  and  *  D\  inter- 
change "c"  and  and  replace  'a'  and  'd*,  ] 
4,     [In  the  a*Vgument  for  Ex.  3,  replace  *;A''by  'B*.  'D'  by  •C\  and 
*BC'  by  'AD';   interch^ge  'S'  a^nd         andorcpjace  'c'  by  'a'^l 
Since  ZD  ^  ZB,  3^  •  a^  =  S^.c^i   since  ZC  ^  ZA/ c    •  3;^  =  a^^  *  . 
It  follows  that  the  inequation  of  Estercise  2  is  equivalent  to-'that  of^ 
Exercise  1  and  that  the  inequation  of  Exercise*  4  is  equivalent  to 
that  of  Exercise  '3,  '  i  . 

Now  ABCD  is  simple' if  and.  only  if  AB      CD  =  0  and 

AD  r\  BC  =  0*  *It  follows  from  Exercise  2  of  Part  A 
'   that  ABCD  is  simple  if  and  only  if  it  is  not  th*e  case  that    ,  . 

A  and  B  are  on  opposite  sides  of  CD  and 

C  and  D  are  on  opposite  skies  of  AB  , 

and  it  is  not  the  case  that         ^  -  .  ' 

'        'a  and  D  are  on  opposite  sides  of  BC  and 
B  and  C  are  on  opp<?site  s^des  of  AD. 

Since  ABCD  is  a  plane  quadrilateral  and,  in^ particular,  has 
no  three  of  its  vertices  coHinear.  it  follows  that^CD  is  simple 
if  and  only  if  it  is_the  case  . that 

A  and  B  are  on^the  same  side  of  CD  or  .       .  ^ 

C  and  D  are  on  the  same  side  of  AB 

aftd  it  is  the  case  that  •  * 

A  and  D  are  on  the  samfe  side  ©f  5S  or 
B  and  C  are 'on  the  same  side  of  AD. 

So.  by  Exercises  1  and  2  and  Exercises  3  .and  4,  ABCD  is 

simple  if  and  only  if      ^  > 

:         .      -         2;U?s         <.  0  ore  J .  a;  -  {Z^  •  t^){l-^  -  g^).  <  0  . 

and 

Hence,  by  the  equivalences  pointed  out  in  the  first  t>aragraf.h  of  tbi» 
answer,  ABCD  is  aimpU  iff  and-only  if  a^-Cj  -  (a^'.  d^MCj^t  dj^)  and 
^I'-^i  '  (Si«Ci){3i  V?i)         both  negative.    But  ^^.'C^  =  a^.^i. 
AnBwe  rs  for  ^art  D         .  '  . 

K     If  p  were  0  tlien  q  qoul&  be  nonzero  and  (S^  -2^)^  woiild  b©  '6. 
But,       -  3^^^        Hence,. P  ^  0  atnd.  similarly,  q      0.  V 

(a)    For  the  first  result,  eliminate  'S^'  from  the  two  displayed, 
^  equations  l^y  m'ultiplyihg  . with  'q*  oii  both  sides  of  the  first,  . 

with        on  botl?  sides*  of  the  second,  and  subtracting.  ^Jlf* 
'  the  second  result,  use  a  similar  procedure  to  eliminate  •a^'  \ 
>  from  the  two  displayed*  equations  i         .    ^   ^  .    \  * 


2. 


s 
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Answer^  for  Part  D  [cont,]         ^  . 

'2.      (b)    Suppose  that  mq  -  np      0.    It  follows  from  the  firsf  equation 
in  part  (a)  .that,  since  (c^,3^)  is  linearly  independent, 
mq  4-  np  =  0.    From,this  and  our  assumption,  mq  and  np  are  < 
both  zero.    Since,  by  Exercise   1  q  #  0  and  p'  #  0,  it  follows 
*  th'fiit  m  =  0  and  n  -.  0,    But,  this  is  contrary  to  the  basic 
assumption  concerning  m  and-  n.    So,  mq  -  np  ^  ' 

Suppose  that  mq  +  np  =  0.    Since  {C,  D,  A}   is  noncollinear 
^it  follows  that  (a^^.^^.)'  ^®  linearly  independent  and  so,  as  in 
the  immediately  preceding  argument/  that  mq  -  T\p  -  0,  So, 
as  before,  mq       0      np  \i^hich,  as  before,  is  impossible. 
So,  mq  4  np       0.  ^ 

,      (c)    Solve  the  equations  of  part  (a)  fo;-  •a^'  and  respectively, 

3,  To  show  that  a^^  +        is  a  multiple  of  c^^p  +  3^q,   start  with  the  first 
equation  in  Exercise  2(c)  and  adjo'in    '+  c^^*  tc  both  sid^s.  Easy 
simplifications  show  that        +  c     ^  (S^p  +    j^qH 2n)/(np  -  mq). 
Similar  techniques,  using  thv  second  equation  in  Exercise  Z(c),  » 
show  that  b^^  +        =  (c^^p  +'33^qH2m )/(mq  -  np).         ^  ^ 

4,  .  ^^'chniques_like  those  used  in  Exercise  3  show  that 
*^     -  -     ^  +  3inl/(?q)/(np  -  rriq)  and        -        =  *(c^m  +  3^n) 


a.  -  c . 


'5, 


6. 


(2p)/(niq  -  np). 

Use  the  results  of  Exercises  3  and ^4  to  calculate  the  products  of 
Exer^cisS  5  of  Part 'B.    Since  the^e  are  0  it  follows  tjmt  the  product 
of  (c^^m  +  2^n)  •  {?j^p -f  3j^q)  by  each  of  the  numbe rs  {4nq)/(np  -  mq)^ 
and  (4nnp)/(mq  -  np}^  is  zero%  ^Since  it  is  not  the  case  that  nq  and 
mp  are  both  0  it  follows  that  {c^^m  +  ?2^n)»{c2^p  4-  3,q)  ^  0»  [If 
nq  ^  0  =  mp  then,  since  p  #  0  ^  q,  m  and  n  are  both  0.  But, 
they  aren*t.  ]  *  '  '  . 

Expand  the  dot  product  in  Exer^se  5  anc^  solve  for  'c^^^^^*,  [By  ' 
Exercise  2(b),  mq  f  np  #  0,  ]  T  ' 

By  Exercise  2(c) 

a   .c    -  xnq/  mp  -i-  nq  .      2nq      ^  (np-i-mq)^  -  (mp  +  nq){2nq ) 

.    ^      ^     np-rnq     mq  -f  np  nt^  -  mq  (np  -  mq)(np  +  mq) 

{nfi  -  mq)(np  4  mq^ 
^    -  /mp  -f  nq       2m p        mq  -f  np  _  2mp(mp  +  nq )  r  (np  4  mq  )^ 


mq  4  np  mq     rtjr#  mq  -  np 


(np  -  mq)(np^'*mq) 


n^p^ 


8. 


(np  -  mqKnp  4 


•  3    -  nq   np  ^4         ^      2nq      _  ^(mp  4 


mq  4  np  np  ^ 
By  Exercises  6  and  X 


np  mq- 


np  -  mq 


2n^  =  nq  "  mp 
'  np  -  mq 


a^.c^ 


^(a   .3  ){c  >F  )  =  ngpg  4  mgq^  -  2ngqg  ^  nq  -  mp .  mp.4  nq 
^     ^     ^.  "  mq)(np  4  mq)      nf- mq   mq  4  np  ' 


-  ^^'^P^  "^  m^q^  -  n^g 


2  ^ 


(np  -  mq)(np  4  mq) 
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3.  A  and  D  a^e  on  the  same  side  of  BC  if  and  only  if 
6*  -  c(  -^(6*  •  c\)(^  '      <  0; 

4.  B  and  C  are  on  the  same  side  of  AD  if  and  only  if* 
X,       "idl*  a\)ib\^'  a\)<0;  ' 

5.  ABCD  is  simple  if  and  only  if  a,  •     -  (a,  •  and 
6^  •  G?j  -  (a^  •  t/j){Cj  ■  7,)  are  both  negative/ 


PartD 


e  -  (a  .3  )  =  ^^^P^-^^?^  "."^^q^  X  ng  -mp^mp4nq 

•1  ^  .         ^^IF^^  (np  -  mq)(np4  mq)    ^np-mq  mq4np 

'  «  ffl^P^^","^^  ^  m^q^  4  n^4^ 


s 

ERIC 

■  ^^^^^^^^^^^^^ 


1^ 


5SV 


(np  -  mq)(np  ^  mq) 


Suppose  that  ABCD  is  a  simple 
plane  , quadrilateral  whose  oppo- 
site angles  are  congruent.  From 
Exercise  6  of  Part  B  we  know  that 
there  are  numbers  m  and  n,  not 
both  0,  such  that  ^ 

(g4  +  e|)mV  (Tj  +  d[)n  = 


Assume  also  I  to  complete  the  proof  of  Theorem  16-8]  that  there  are 
numbers  p  and  q,  not  both  0,  such  that 

(a\  -'c^)p +'(b^  -d^)q  ="0.      [{*)  on  page  272] 

1 .  Show  that  neither  p  nor  q  is  0.  [Hint:  See  Exercise  1  of  Part  fe,] 

2.  Sh(w  that  4s  , 

(a)  OjCto?  -       4^  4-  np)  4  ^,(2/^*4)  =  0  and 

— ^  — *  — »  — f  '  '  6 

.   Cj(2mp)  4-  6j(np  -  mg)'^  ci,(n/?  4  mi?)  =  0/ 

(b)  -  np     0  and  mq  4-  ^ip     0.  [Hint:  (c\,  d^)  and  (a,,  dj)  are 
linearly  ind^)endent], 

'      *\np  -  rag/      *\np  -  m?/ 

3.  Show  that     +     and  6^  +      are  multiples  of  cj)  4-  rf^g.  ^Hint: 
s  Use  Exerci^  2(c)J 

4.  Show  that     -  Cj  and  6,  -  ci,  are  multiples  of  c^m  +  d^n. 

6*  Show  that  ic^  4-  d^q)  '  (c^m  -¥  d^n)     0.  [Hint:  Use  Exercis^4^ 
and  4  and  Exercise  5  of  Part  Bj  *        /  "/ 

6.  Show  that^  .^i^ZJT^^    nq)Krnq     np).     /    '  /  / 

7.  ;Compute  'a,  •  c!','^  •  d,\  and      •      [Hint:  Use  Exerci^  2Cc)»] 

8.  Show  that  a,  •  Cj  -  (Oj  •  dj)Ce,  -  d^)  and  6,  •  cfj  -  (dj  •  ' 
are  opposites  of  each  other,  ,  /  ^ 

^.  Complete  the  proof  of  Theoreb  16-8.  [Hint:  Se6  E^fWcise  5  of 
,Tart  C.]  -  *  /; 
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Answers  for  Part       [cont.]  ; 
9      Suppose  that  ABCD  is  a  simple  plane  quadrilateral  whose  opposite 
■     angles  are  congruent.    It  follows  by  Exercise  5  of  Part  C  that  - 
.i^i-ci  -(a,.3,)(?,-3-)  and  b,  .\  -  Aa,  •  3,)(?,  •  3,)  are  both 


ftegative.    Assuming  that  ('a^^ 


2^)  is  linearly  dependent 


it  follows  by  ExerciS-t;  6  of  Part  D  that  t^-c^  -  {a.^''Z^)(c^  •  3^) 
and  Si-Si  -  (Si-3iKc\-ai)  ar£  oppoWs.^  Since  these  numbers 

qannot  be  both  negative  and,  also,  oppo«it«s^  follows  thai  -• 

-c      b,  -  3j  is  linearly -independent.    ile\e,  by  Exercise  7 


o^Vart^B,  VbCD  is*a  paralielograin,  '  Sinc^  a  ^rallelogram  is  a' 
simple  plane    quadrilateral  xv^ose  opposite  angle^are  cpngruent. 

this  coiVjpletes  the  proof  of  Theorem  16-8,  ^ 

■      S  _    ■   *  . 

.  •  -f 
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Proof  of  The^erh  16-9:  A  parallelogram  ?s  simple  and  plane  and,  by 
Exercise  4  of  Part  A  on  page  E7i;  its  cons^cvtive  angles  arc  supplemen- 
tary    On  the  other  hand,  if  the  consecutive  angles  of  a  quadrilateral  a  rev 
supplementary  then  its  opposite  angles  will  be  ^ongruent  [beca^^se  they  are 
supplements  of  the  same  angle].    By  Theorerf  16-8  it  follows  that  xf  such 
a  quadrilateral  is  simple  and  plane"* then  it  is  a  parallelogram.- 

Restatements  of  the  two  parts  of  Theorem  16-IQ: 


Now  that  we  have^ shown  that  a  qtiadrilateral  is  a  parallelogram  if 
and  only  if  it  is  simple  and  plane  and  Jias  congruent  opposite  angles 
itis  ^sy  to  prpve:     *  • 

> 

Theorem  16-9   A^^ quadrilateral  is  a  parallelogram  if  . 
and  only  if  it  is  sjmple  and  plane  and  each  two  of 
its  cx)nsecutive  angles  are  suppfementary. 

[Explain.] 

In  Part  A  you  established  another  characterization  of  parallelo- 
^grams;  \^  ^ 

, Theorem  16-10  A  quadrilateral  is  a  parallelogram  if 
and  only  if  it  is  simple  ^nd  some  two  of  its  opposite  , 
sides  are  parallel  and  €X)ngruent. 


if -pa  rti 


If  a  quadrilatei^l  i,s  simple  and  any  two  of  its  ' 
opposite  sides  are  parallel  and  congruent  then 
the  quadrila.teral  is  a  parallelogram. 


only  if-p^rt:  H  a  quadrilateral  is  a  parallelogram  then  each 
'  two  of  its,  opposite  sides  are  parallel  and  congruent. 

The  proof  of  Theorem  16-1 »  has  already  been  giv^  on  TCa71(3).  It 
makes  use  of  Exercises  4  and  $  of  Part  A,  " 

The  only  if -part  of  Theorem  16-11,  has  been  proved  in  Ekerci'se  4  of- 
Part  A.  ^ 


Restate  the  two  parts  of  this  theorem  [if-part, jp^d  only  if-part]  using 

*some*  or  'each^in  place  of  *any\  r 

^  There  is  a  fourth  theorem  like  the  preceding  thr^: 

Theorem  16-11  '  A  quadrilateral  is  a  parallelogram  if 
*and  only  if  it  ig  simple^ and  pl$ne  and  each  t^  of  its 
opposite  sides  are  congruent* 

As  witfi  the  other  theorems,  the  only  if-part  has  Been  established  irf 
Part  A.  The  following  exercises  deal  with  the  if-part.  • 


PartE 


Answers  for  Part  E 
I. 


The  quadrilateral  obtained  by  "folding"  a  parallelogram  along  one 
of  its  diagonals  shows  that  the  word  'plane'  cannot  be  omitted  from 
Theorem  16-1  i.    Continuing  the  folding  IJi-ocess  until  the  parallelo-* 
gran?  is  flattened  out  shows  that  'simple'  cannot ^e  oinitteij. 
■  2      The  sense  of  the  only  if-part  of  "the  theorem  is  not  changed  if  'each' 
•    is  renlaced  by  'any'.    But  it  is  not  the  case  that  if  any  [that  is,  somej 
two  ot.posite  sides  of  a  siiSple  plaiie  quadrilateral  ate  congruant  then 
-    rthe  quadrUater^l  is  a  parallelograna.    Counterexamples  ate  easy  to 

draw.  '      ^  I 

3      The  only-if  part  iias  already  been  prove4  ip  Exercise  4^£jPart  A  on 
'     page  271.    So,  all  that  remains  to  be  prove.d  is  that  if  e^dh  t^yo  oppo- 
site si^'es  o?  a  fimple  plane  quadrilateraj  are  congruent  then  the 
quadrilateral* is  a  paralltelogram.    It  follows  immediatedy  by  s.  s.  s. 
that,  given  a  quadrilateral  each  two  of  th5)se  opposite  feides  are  con- 
.  gruen*,,  the  opposite  angles  of  the  quadplateral  are  congruent.  The 
de.sire^esult  now  follows  by  Theorem  16-8.  '  ^ 


1.  Show  that  Theorem  16-11  would  become  f^lse  if  either  of  the 
'  words  'simple'  or  'plane'  were  omitted. 

2.  Does  Theorem  16-11  remain  a  theorem  if  'each'  is  replaced  by 
'any?      ■  : 

3.  Prove  Theorem  16-11.  IHintVse  a  congruence  theorem  for  tri- 

•  **'^'gies.]  ■   •   .    .    ■  ■  • 


PartF 
l.^rove: 


I 


Theorem  16-1^   A  quadrilateral  is  a  paralielo^am  • 
if*  and  only  if  the  sum  of  the  squares  of  it^ 
diagonals  equals  the  sum  of  the  squares  of  its 
sides. 
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Answers*  for  Part  F       '  1  j  • 

1,     Note  that  the  s\im  of  the  squares  of  the  measv^es  ef  the  diagonals 
of  ABCD  is'  (aH-  S)^  +  (a  +  3p,    Expanding,  '  > 

.  (a  +  S)e+ {a-l-3)2  =  a^+b2  +  a2  +  d2+ 2a  •§+2a-3  . 

=  a^+b^  +  c^  +  d^  +  (a^ +  Za  .1^+ 2a  •  3),  - 

Now,  since  ^  +  S  -h  ?  +  3  =*  5>        ^  'a^  +       +  d^  4^  2a  •  b  i  zS  •  3 
Hence,  .    .  i     -      *  . 

a^  -  c2  -1=  2a.S  +  2a.3  ^  -(b2>^d^^  +  2b»3),  =  -(3  +  3)^, 

,  So,  for  any  quadrilateral  ABCD,  . 

.       '      (a,+  <a  +  3)^  =       +  h'P^  &  c^^  +  d-'  -  (3  +  3)^, 

'Hence,  (a  +  3)2  +  (a  +  3)^  =  a^  +  b^  +       +  d^,  if  and  only  if  3  =  -3- 
'   that  is,   if  and  only  if  B  -  A  =  C  -  Thi^  last  is  the  case  if  and 

only  U  ABCD  is  a  parallelogram. 


2. 


[Hint:  Using  the  notation  of  earlier  exercise,  show  that  for  any 
quadrilatenal^ABCZ),  ; 

2.  ShowthatthequadrilateraMSCZ)  is  a'paralielogramif^L^  ^  ZlC 
and  B  -  A  and  D  -  C  have  oppc^ite  senses.  [Hint:  State  t^e  as- 
sumption algebraically  and  use  it  tp  show  that  j^A  and  are 
supplementary  arid  C  and  D  are  onin^  same*side  of  ^*.J 

1 6.04  -Necessary  Conditions  and  Sufficient  Conditions  j     '    ^  ^ 

Considei^  the  a)nditional  sentence: 


(1) 


If  a  quadrilateral  is  a  trapezoid 
then  the  quadrilateral  is  simple. 


^ 


By  Definition  8-6^  (1)  is  a  theorem.  And,  to  say  that  (1)  is  a  theorem  is 
to  say  that  its  antecedent  implies  its  consequent --that  is: 


(2) 
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'Suppo'se  that,  in  quadrilate ral  ^ABCD,  Z!A        /,C  and  B  -  A  and 
D  -  C  have  opposite  senses.    From  the'  latter  we  khow  that  AB  j|  CD 
and,  to  show  that  ABCD  is  a  parallelogralrn,  all  th^t  remains  is  to, 
show^  that  AD  |j»  BC,    This  we  can  deduce  from  Theorem  15-14' 

once  we  have  shown  that  ^A  and  are  supplementary  and  that  c  Thus,  knowlng  that  a  qu^rilateral  IS  a  trapezoid  is  sufficient  informa- 
.and  'D  are  on  the  same  side  of  AB,   [The  latter  follows  at  once  from  tion  to^ensure  that  t^e .quadrilateral  IS  Simple.  This  is  Sometimes  said 

the  fact  thai  CD'  \\  AB  and,  since  ABCD  is  a  quadrilateral, 
CD  #  AB.T 


a  quadrilateral  is  a  trapezoid' 
implies  *the  quadrilateral  is  simple'. 


In  the  ilotatj 


,/on  of 


this  s^tior^  our  assumption  can  be  restated 


as  follows: 
^  (3) 


as: 


That  a  quadrilateral  is  a  trapezoid  is  a  sufficient 
^condition  that  the  quadi}Hateral  is  simple. 


{a.3)/(ab)  =  {c-3)/cd   and  3  =  ^e,  wh^re  e  <  0. 


In  particular,  it  follows  from  the  second  part  b£  our  assumption 
that'd  -  -be.    Hence,  _ 

U^3)/(ab)  =  [3-j3e)]/(cd>=  [(3-3)/(cb)][(eb)/d]  -  •^(3-U)/{cb) 

and,  so,  cosZA  =  -cos^B  knd  ^A  and  ZB  are  supplementary^. 


In  statements  like  (3)  both  is's  should,  for  grammar's  sake,  be 
*be*s;  #It  seems  bes^,  however,  to  follow  what  is, becoming  standard 
frtractice  [hpwever  much  it  hurts  a  sensitive  ear], 

4<    ^    ^  .       -  « 

Suggestions  for  the  e>;ercises  of  section  1^?,  04: 
(i)  Use  Part  A*for  class  illustriations . 

(ii)  After  proper  samples,  Parts  B  and  CTOay  be  used  for  homework! 


Statements  (1),  (2),  and  X3)  are  alternate  ways  of  saying  the  same 
Hhing.  Another  way  of  saying  the  same  thing  as  does  and,  so,  as 
^4o'a)-.(3)~is; 


(4) 


A  quadrilateral  is  a  trapezoid  only 
if  the  quadrilateral  is  simple.  \ 


This  may  be  interpreted  as- saying  that  to  know  that  a  quadrilateral 
is  a  trapezoid  it  is  necessary  to  l£now  Uiat  the  quadrilate^ral  is  simple. 
This  is  sometii^^  said  as  follows:  . 


^;  (5) 


that  a  quadrilateral  is  siinple  is  a  necessaryi 
condition  that  the  quadrilateral  is  a  trapezoi^. 
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Statements  (4)  and  (5)  are  alternate  ways  of  saying  the  same  thing'. 
,  And,  since  (4)  and  (1)  are  alternate  ^ays  ot  saying  the  sa^e  thing  so, 
then,  are  the  statements  (l)-(5).  '    ^       V     ■  \ 


■\ 
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r       •  ■  \  * 

In  general,  given  a  sentence  of  the  form:  .     .         ,  . 

'  .    \  .  ■ 

sentences  of  each  of  the  following  forms  are  equivalent  to  it:  ^ 

,  ^  If;?  then  q.  A 

That  p  is  a  sufficient  cx)ndition  that  q. 

p  only  if  q.  i 
That  q  is  a  necessary  dbndition  that  p  .  ^ 


Exercises 
Part  A^ 


■ :  c 


Give  four  alternate  ways  of  sayiAg  each^f  the  following  sentences. 

1.  ABCD  is  convex  ^  ABCD  is  siwplc.  ^  - 

2.  - If  ABC£)  i^sirilple  th^AiSCD  is  convex, 
B.'ABCD  is  ^uiiateral  only  if  ABCD  is  simple. 

4.  That  ABCD^is  equilateral  is  a  sufficient  condition  that  ABCI?  is 


conve^. 


5.  That  AABC  is  equilateral  is  a  necessary  condition  that  A ABP  is 
isosceles.  *  ^  ^ 

6*  That  AABC  ia,^uilaterai  is  a  gtiffici^nt'condition  that  AABC  is 

isosceles.',  ,  _^ 

7.  a*  ••6'  =  0  i^  o'is  orthogonal  to  6. 
8f  cT '  fe"  -  0  only  if  a  is  orthogonal  to  6.  . 

Nate  that,  in  tlie  exercises  just  completed,  Exercise  2  is  the  converse 
of  Exercise  1,  and.  Exercise  1  is  a  theorem  while  Exercise  2  is  not. 
Thus,  wp  h&ve;  ^ 


(a) 


That  ABCD  is  convex  is  a  sufficient  ' 
i^nditioff'that  ABCD  is  simple. 


,  .  \  That  ABCD  is  convex  is  not  a  necessary 
.  '  condition  that  ABCD  is  simple. 

' 

Next,  notice  that  Exercise  7  and  8  are  converses  of  one  another  and 
that  both  are  th^rems.  From  Exercise  8,  we  havfe: 
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Answers  for  Part  A        .  ,  •  ' 

l;*    If  ABdD  is  convex  then  ABCD  is  sin,iple,  ;    That  ABCD  i&  convex 
is  a  sufficient  condition  that*  ABCD  is  simple.  ;   ABCD  is  convex 
only  if  ABCD  is  simple^;   That  ABCD  is  simple  is  a  necessary 
condition  that  A^D'  is  convex^ 

Z.      In  the  last  three  sentences  above  feplace  the  word  •simpleV  with 
the  word  *convex',  and  th^  word  'convex'  with  the  wor^^sixnple% 
and  add:   ABCD  is  simple      =^  ABCD  is  convex 

3.     If  ABCD  is  equilateral  then  ABCD  is  sinrple.  ;  ABCDiTequi- 
lateral  =^=^  ABCD  is  simple;    That  ABCD  is  equilateral  is  a 
8ufficientN:ondition  that  ABCD  is  simple.;   That  ABCD  is  simple 

is  a  necessary  condition  that  ABCD  is  equilateral 
^  . 
4^     That  ABCD  is  convex  is  a  necessary  condition  that  ABCD  is 
equilateral.;   ABCD  is  equilateral  only  if  ABCD  is  convex,;. 
ABGD  is  equilateral         ABC  1)  is  convex,;  If  ABCD  is  eqpi- 
V,^     lateral  then  ABCD  j.s  convex. 

[Note  that  if  the  statement  of  Exercise.  4  is  prefixed  bv  'If  ABCD 
i^a  plane  quadrilateral  then'  the  resjult  is  a  theorem,  j 

5.     That  AABC  is  isosceles  is  a  sufficient  cond^ion  that  AABC  is 
equilateral.;   If  AABC  is  isosceles  thw  AABC  is  equilateral 
AABC  is  isosceles  only  if  AA-BC  ^^l^quilaterkl. ;   AABC  is 
isosceles  =^  AABC  is  equilater 


6.     'IJiat  AABC  is  isosceles  is  a  necessary  condition  that  AABC  is 
equilateral.  ;   If  AABC'  is  equilateral  then  AABC  is  isosceles.; 
AABC  is  equilateral' only  if  AABC  is  isosceles.;^  AABC  is 
equilateral         AABC  is  isosceles.  , 

?♦     a  is  orthogonal  to  S  only  if  a  •  S  =  0.  ^   a  is  orthogonal  to  S  _^  * 
■    r»  a»^  =  0.;    Thfit  a*S  -  0  is  a  necessary  condition  that  a 
is^orthogonal  to      ;   That  a  is  orthogonal  tb  b  is  a  sufficient 
condition  tl^t  a  •  S  =  0. 

8.     If  a;*S  =  0  then  a  _is  ^rthogonal  to  S.  ;  a*$  -   0=*^a  is^^rtho- 
gonal  to       ;    That  a»S  =   0  is  a  suificient  condition  th^t  a  is 
orthogonal  to       ;   That  a  ir  orthogonal  to  b  is  a  necessary  condi- 
tion that  a  •  b  =  0.  .  -  '-^ 

f 
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T|jat  a  is  orthogonal  to  6js 
nec^sary  condition  that  a  -  6  =  0. 


and,  fn}m  Exercise  7;  we  hav^: 
'•(d) 

a 

We  combine  these  results  as  follows 


J 


That  a  is  orthogonal  to  bjs 
sufficient  conation  that  a  -  b  ^  0. 


An^w^r  to  *Whv?'; 

Claiming  that  p  is  both  a  necessary  and  sufficient  conditWth^t 
amounts  to  claiming  that  t)Oth-        *    *  '  3^ 

p  ==>  q    and ;    q   >  p  ♦ #  -  ' 

are  theorems,  "But,  if  both  of  the  latter  are  theorems  then  so  is; 

P 


That  a  is  orthogonal  to  6  is  anec^s^ary 
.  o/wi  sufficient -cphdUion  that  a  -  6  =  0.       '  « 

When  one  claims  that  p  is  a  sufficient  condition  that  q,  then  one  is 
.claiming  that  the  sentence:  v  ,  ^  tr' 


is  a  theorem.  Similarly,  claiming,  that  p  is  a  necessary  condition  th^t 
q  amounts  to  the  claim  that:  '  , 

"  ...  , 

is  a  theor€im.  Sd,  claiming  that  p  is  [both]  a  necessary  and  sufficient 
condition  that  q  amounts  to  claiming  that:  ^ 

is  a  riieorem.  [Why?]  For  example,  to  claim  (d),  above,  is  to  claim  that: 

ais  orthogonal  to  6  — *♦  a  •  6  =  0 
,is%  theorem;  ^  claim  (c),  above,  is  to  claim  that: 

'a    b     (V^^a  is»orthogonal  to  6  ^ 
is  a  theorem;  to  claim  (e)  is  to  claim  that:^   „  ^ 

a  is  orthogonal  to  6      a  -  6  =  0 
is  a  theorem.  For  another  example,  to  claim  (W  is  to  claim  that: 

is  simple  "-^  ABCD  is  cdnvex 


J 


is  NOT  a  theorem. 
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Parts 


1  , 


4 


In  each  of  Ihe  following,  you  are  given  a  pictu^*  a  sentence  p,  and 
some  other  sent^n«s.  For  each  of  the  given  sentences,  you  are  to.de- 
tertnine  (i)  whether  it  is  a  necessary  condition  that /J  and  (ii)  whether 
^^is  a 'sufficient  condition  that  p.  Indicate  your:  choices  by  writing 
^es:  or 'No/.  [Jlemember  that  in  writing  Tes/  for  (i)  you  are  claiming 
that  tife  sentence  is  a  theorem.]    '    \  .    *  ' 

l^p:'AC=^DF;andBC^FE\ 
{b)         ^'DEF      a  congru- 
^  ence 

,  ^    ih)  ABi::  *^  DFE  is^acongru- 
V  ^^ice '  *  • 

,  ta)r  ABC  ^  FED  is  ^  a>ngru-  ^ 
.-'encte*.. 

.       id)  AB  ^DE  '  i 

12.  p:  PQRS  is  a  parallelogram, 

(a)  PQkS  is  a  trapezoid' 

(b)  PR   and         bisect  each 
other.  * 

(c)  PR^an4^QS^ivide  each  other 
in  the  same  ratio.  * 

(d)  P^RS  is  simple  and  c5'nvex.  ^ 
(eX  /LSPQ  »  ^SRQ  and. 

\^PSR  ^  lPQR.  \S 

(f)  ^SPQ  and  /J'SB  are  sup- 
plementary. 

(g)  Q  -  P  andR  -  S  hstve  the 
'  san^e-sense,  . 

3^  p:  PQRS  is  a  trapezoid.  —  ^  . 
»  ,  (a)  PQRS  is  a  parallelogram.^' 
Ah)  PR~  &nd         bisect  each 
other. 

(c)  PR  and  QS  divide  each  o^er 
in  the  same  ratio. , 

(d)  PQRS  is  simple  and  convex. 
\  ie)  ^SPQ  ^  /.SRQ  and  ^PSR 

»  /J'QP. 
if)  /.SPQ  and  aPSR  are  sup- 
plementary, 
(g)  Q  -  P  and  /?  -  S  have  the 
.  saiJie  sense/  ,  ' 

4.  p:  7T  \[(r 
J  (a)  The  lines  pasillel  to  n  are^^^ 
.  .  /  »      parallel  tp  a.  ' 
(b)  TT  no- =  0 

{c)  The  normals  to  tt  are  paral- 
lel to  thtf  normals  to.  tr. 


Ahswers  for  Part  B 
ij    U)   1>)  (ii)  Yes, 

(c)    (i)  No.     m)  No. 
(a),  (i)   Yes.  •    (ii)  ^^o. 
(c^l  ii)   Yqbs    ^{ii)  No* 
(e)    (i)   Yes."     (iif  'No. 
igY  (i)  'YQB,.      tii)  No. 
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(b)  {i^  No. 
(d)  (i)  No, 

,(b)Mif  Yes. 
(d)  (i)  Yep. 
(f)  (i)  Yes. 


No. 

{ill  No. 
(iii  Yes,. 
(iiT  No. 
'(ii)  J^o. 


[The. answer  (ii)  for  (tf.)  .would  be  'Y#s.'  if  there  we  re  an  ove  r-  » 
I  all  assumption  tljat  PQRS  is  a  si^npl?;  planfe  quadrija'te ral.  A 
'  simila^r  remark  applied  to.  (e)^  (ii)  Of  Exercise  3,-  below.  ]  . 

(a)    (i)  No.  YSB.  (b)  (j)"  No.,     ^i)  Yes. 

■  (£)  .ti.)  •  Yes.     (ii)   Yes.  -(d)  ,{i)  •Y'esv    (ii)   No.  '     ■  '■  ^ 

"(e)    ti)  .No.^    (iil  No."  .,(£>.  (iV  No;'     (ii)  No^   /          ■    '  .  - 

•'(g.)    (i)  Yes,     {ii)  'No.-  •   •  .  . 

LThp  answer  (i)/  for  (f)  would  be  'Tes.  '   if  there  were'  an  overall 
as'fii^ption  tba^         ||.  S^.'  The  aneV/er.  (ii)  for  (g)  wbuld  be  'Yes 
'if  there  w«re       ovej-ali  "assumption  th^t  PQRS  i^  a 'quadrilateral.] 

•(a).(i)  Yes.  I  (ii)   Yes.  _      (I5)  (i)  ,No.      lii)  Yes.'  . 
(c)    (1)  Yes.  /   {ii)'Yes.  '  .  . 


4. 


..  ;;    ,    1  .   ,    tc28t  (1)  /  .   .         ,  ■ 

5^    (a)'  (i)  T*o.|  "'"(ii)  Yes.         (b)  (x)  Yes.    (ii)  No. 

(c)    (i)  Yef.      (ii^Yes.        idf  ^i)  -No.      (ii)   Yes.  »  . 

[Answer  (ii)  for  iJart  (a)  may  raise  some. question.    You  might 
point  4iut  that  if  one  line  parallel  to  ;r  is  perpendicujar  to  «r  then. 
,  -       Tf  1  sr;  .so,  if  all  lines  imraiiel  to  r  are  perpendicular  to  tf  then 
?r  I  ff.    But,  in  addition,  since  it  is  impossible  that  all  lines 
parallel  to  ^  be , perpendicular  to/ (r  it  follows  [by  the  law  of 
,    contradiction]  that  (a)  is  a  suffffcieat^'ondition  for  anything.  . 
-    Similar  rejaaj;iLS.appIV^  taiJtbe  %hewe  I' :U     for  part  (d).J.  , 

AnswVr  for  Part  C  /,  ■  '  * 

Exercise  2,   (b),-.  in  Exercise  3,  (cj?'  in  Exe^-cise  ^,  (a)  and  (c^; 
in  Ej&prcise  .S,  (c).         *~.       \  '     '    ;\  .        '  . 
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*  ■  m  }  ' 

Ik  p  :  7f  ±  €T 

(a)  The  lines  parallel  -to  tt  are 
perpendicular  to  ^. 
*  ,(b)  TT  n  o-  1^  0  ^ 
(c)  The  normals  to  ir  are  pet- 
'pendicular  *to  the  normals 
to  cr. 

td)  The  lines  parallertS-  7T  are  i 
perpendicular  to  the  lines 
parallel  to  cr.    ,  i 

Parte    ^  • 

•   ^         In  each  of*  the  exercises  in  Part  B,  teH  which  of  th^ 'given  parts  are 
I        necessary  and  sufficient  conditions  th^t  p. 


16.05  Rectangles  ^  . 

#  ■  *  ^ 

We  begin  with  a  definition:  .  . 

Definition  16-'l    A  rectangle  is  a  quadi^ilateral  each 
of  whose  angles  is  a  right  angle.     '       *  - 

It  is  natural  to  a^  whether  rectangles  are  necessarily  plane  quad- 
rilaterais.  Alternately,  one 'might  •ask  whether  there  are  rectangles 
whose  vertices  are  not  coplanarr-Ybu  will  investigate  this  matter  in 
the  next  exercises.     '  ' 

Exercises  ' 

P)art  A  -  ■  \ 

^  !•  Draw  several  rectangles.  .  • 

2.  Try,  using  stitis  or  strips  of  cardbc^rd,  to  make  a  model  of  a  rec- 
tangle which  is  m)t  a  plane  quadriiaterai  [One  way     make  this 

.  attempt  is  to  draw  two  consecy tive  sides  of  a  quadrilateral  on  your 
paper  and  try  to  represent  the  pther  t\yo  mdes  by  two  edges  of  an 
L^aped^piece  of  cardboard.]  . 

3.  ^  Suppose  that  AS  and  BC  are  consecutive  sides  of  a  rectaxigie.  As 

you  know,  there  is  a  upique  point  D  such  that  ABCD  is  a  parallel©? 
grani  D-AH-?andZ>-Ct?Is  ABCD  a  rectangle?  SSThy? 

4.  In  Exercise  S  you  probably  saw  th^t  ABCD  is  a  plane  rectangle. 
Now,  let's  try  to  find  a  point  E  ^  D  such  that  ABCE.  is  a  rectangle. 

•  ^* . '  *    If  there  is* such  a  point  then  it  mus£  belopg  to  dC    By^,  [Why?] 
To  what  bther  plane  must  such  a  points  belong? 
.  .  .,5#  It  follow^,  from' Exercise  4  that  any  point  E  such  that  ABCE  is  a 
■'^         rectangle  must  belong  to  a  certain  line.  Describe  this  liiie. 
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Suggestions  for  the  exercises  of  ii^^ction  16.05; 
Parts  A  and  B  should  be  developed  under  teacht-r  direction. 
lii    I^rts  C,  D,*and  E  are  appropriate  for  homework,{except,  perhiips, 
ipr  Exercise  4,   Piifi  D).    HoweveV,  these  constitute  more  th^-a 
, reasonable  , amount  of^work  for  one  such  assignment. 


Answers  for  Part  A 


;   1.     [Various  answers,  j  ,  '  *.  '  * 

It  'docs  not  ^eem  to       possible  to  model  a  rectangle  which  is  not  %^ 
^  plane  quad  Trilateral,    ,       .  '  ' 

3.  .D  =  A  +  (C  ;  B)  ^   C     (A  -  B);    Yes.  ;   ^A  is  a  right-angle  because' 
it  and  /B  are  supplementa ry^  [since" they  a^re  cdnsecutive  angles 

^  formed  by  parallel  linens  and  a  transversal]  and 'ZB  is  a  right  angje^ 

A  similar  argument  with  VC*  /or  *^A*  shows  that         is  a  right 
•  Ungle'.    Finally,  a  similar  argunr^ent  ba§ed  on  i^ithvr/the  fact  piat 
»  ZA  is  d  righr  angle  or  the  fact  that  ZC  is  a  right  angle  shps^'^  that 
Id  is  a  right  angle,  .    '       ^  * 

4.  Since  all  Unefi  tBrough  C  pe f pendicuiar^to  BG  are  contained  in 
the  plane  C[c  ~  B]-^,  E  must  belong  to  this  plane.    Since  all  lines 
through  A  perpendicular  to  AB  are  contained  in  A[A  r  B]*^*,  E 

.  must  belong  to  this  piam^  as  well.  / 


5.     E  must  belong -to  the  line  of ,  inte  rsection  of  C[C  -  B]"^  and  A  [A  -  B]"^ 

*  -  Sajfiple  QUiz      •  '  »  . 

In  each  of  the  following,  write  an  equivalent  sentence  of  the  form 
*lf  ihi^n      ^  '  and  tell  whether  ox  not  the  sentence  is  ^  theorem. 

1.     That  a  line  i§  parallel  to  a  plane  is  a  sufficient  condition  that  it  is 
parallel  to  each  line  in  the  plane.  *     *  ^  *' 

That  a  line  is  perpendicular  to  a  plane  is  a' necessary  condition 
that  it  is  p>erpendicular  to'each^line  in  the  plane. 

3. ''     That  a  lineas  perpendicular  to  a*plane  is  a  sufficient  condition 

that  it  is  perpendicular  to  each  line  in  the  plane, 

4.  ^That  (p  and  p    ■   ;*q).is  a  suffi(;ient  condition  that  q. 

5.  That  P'is  a  sufficient^condi^idn  tha^  (p  ^nd^q).  ' 

6.  *  That  p  is  a  necessary  condition  that  {p  and  q).  ' 
Key  to  Sampire  Quiz  #  . 

1.     If  a  line  i&  parallel  to  a  plane  then  it  Is  parallel  to  each. line  in  the 
plane,  J   Not  a  theorem,  .  '        .  • 

'  *  *  '-»•■'*• 

If  a  line  is  perpendicular  to  each  line  in  a  plane  then  thfe  line  is 
perpendicular  to  the  ^lane. ;    Theorem.  '  '    .  f  *  ^ 

3,  If  a  line  is  perpendicular  to  a  plane  then  it  i&  perpendicular-to^ach  . 
line  in  th^^plane, ;    Theorem.  ,  - 

4.  If  (p  apd,  p  =sas=>q}  then  q, ;    Theorem.    *        .         ..  /  ^ 

5,  If  p  thten  {p  and'q).  J   Not  a , theorem.  •       ^  '  . 

6.  If  (p  add  q)  then  a* »  Theorem,        ,       .     ♦     "  '  f 
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■   6.  Suppose  that  E  is  ahjLpint  on  the  life  described  in  Exercise  5 ' 
other  than  D.  Find  the  qosin?  of/^AEC  in  terms  of  AB,  fiC,  and  the 
distance  ^  of  E  from  A^.  IHint^  ^ADC  is  a  right  triangle.  Find 
.  two  other  right  triangles.]  '   -  .      *  ' 

7.  Prove  the  following:      •  .         ' '  V 

i!  Lemma   Any  rectangle-is  a  plane  quadrilateral  . 
■    .  »  .       z'-  ■  •      '  . 

*  Using  the  results  of  Part  A'  it  is  easy  to  prove: 

-  |j  Theorem  16-13   Each  rectangle. is  a  parallelogr^. 

Thii  being  the  case/ all  that  we  know  aBout  parallelograms  applies  to 
rectangles.  *         n        .    *  , 

It  is  ,^lso  easy  to  prove:  ^     •      ^  ^ 

Theorem  16  - 14    A  parallelogram,  one  of  whose  angles 
^  is  a  right  angle  is  a  rectangle.       >  »  , 

and:  '     ' '  \  •  # 

Theorem  16-15    A  parallelogram  is  a  rectangle  if 
and  only  if  its  diagonals  ar^congnient. 

PartB 

Prove  each  of  the  following. 
^1.  Theorem  16-13     *  2.  Theorem  16-14 

3.  Any  rectangle  has  congruent    4.  Theorem  16-15. 
-  diiagonals. 

Parte  .  . 

In  eadi  of  the  following,  deipida  whether  the^statement  is  a  theorem 
or  not  Be  prepared  to  justif5r  your  answer.  *  . 

1.  That  a  parallelogram  has  congruent  diagonals  is  a  sufficient 
tondition  that  it  be  a  rectangR 

2.  That  aparalielogram  has  congruent  diagonals  is  a  aetiessary  con- 
dition that  it  be  a  rectangle. 

3.  A  quadrilateral  h  a  rectangle  only  if  its  diagonals  are  congruent. 

4.  A  quadrilateral  1?  a  rectangle  if  its  diagonals  are  congruent. 

tk  -That  a  quadrilateral  has  a  pair  of  ot)posite  fight  angles  is  a 
^      sufficient  condition  that'  it  be  a  rectan'gle. 
*  *  a  That  a  quadrilateral  has  a  pair  of  opposite -right  angles  is^ 
^      necessmy  condition  that  it  be.  a  rectangle. 

.  7i  In  order  that  a  quadrilateral  be  a  r^tangle  it  is  necessary  |hat 
it  has  two  consecutive  right  angles, 

5S3      "     ■  - 
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Answers' for  Part  A  [cont.] 


6,  AADC.  AAD^and  AcDE  are  all  right  triangles  witJ^  right  angles 
at   D.    Their  hypStenuses  ire'the  sides  of  AAEC  and,  by  using 
them  and  the  cosine  law  we  can-find  cos^AEC.    Liet  AB  -  b  and  * 
BC  =         Then  (A'CP  =  (AE)^  =        4^^,  and 

-    {CE)e       b'^  +  e^.'  Hence,  cosZAEC  =   {(c^  +         +  (b^  +  e^)    '  ' 

-  (h^'+.c-')]/[2N/|c^  +^^y(b^  +  e^V]  and  is,  clearly/ greate r  than 
D,    So,  *for  E  ^  Q  ZAEC  is  pot  a  right  angle -[in  fact,  it  ia  an 
acute  angle].     ^       ,  *  .      ^  ^ 

7.  This  follows  irtmiediately  from  the  result  in  Exercise  b.    For,  as  > 
shown  therg.  if^A3CE  is  a  quadrilateral  with  right  angles  at  A,  / 

C,  and  E  then-^^  €  ABC.      .  w    .         *  / 

Answers  for  Pa'rt  B  .  '  ^  .  ' 

~  — — -  ^  ■  , 

1.  It  y^d.u  show\  in*^Af      <hat*  if  ABCD  is  a  rectangle  then  D  is  th^ 
,ll|>ibt  such  that^^pD  is  a  p>arallelog;ram.  * 

2.  .  Since  cQnsecutive  4i|^les  of  a  parallelogram  are  supplementary 

n  and  supplements  of  right  angles  are  ri^ght  angles  it  |Allows  at  once 

^  that  all  angles  of  a  parall^ogram^re  right  angles  if  one  of  them 

■  is  a  right  ar>^jle»    So,  by  Definition  16-1,  a^parallelpgram  one  of 

^  whas^  angles  is  a  right  angle  is  ^  rectangle, 

3.  The  diagonals  of  a  rectangle' are  the  hypotfenusiss  of  congruent 
Vight  triangles  and^  so,  ,are  themselves  congruent. 

4.  The  only  if-i^art  is  |aken  ca^e  of  by  Exe>^e  3.    So,  all  th^t 
remains  Vs  to' b^ow  that ^^pS^ille log ran\^ with  congruent  diagonals 
is  a  i-^ctarngle.    [Howey^T^^i's  easy  to  prove  the  *'if  and  only 
ir*  at  one  Stroke.]   Sup^joWvXBCDb  is  a  parallelogram  with 

DA  =  BC  -  a  and  AB      CI^'  =  hi    By  the  cosine  law, 

{AC)^  ='  a^'^  4-  b^  -»Zab  cos       and  (BD)^  =       +  b^     2ab  cos  ZA. 

So^  AC  '  BD  if  aind  only  if  cos/<^,  =  -cos  ZA^  ,»Since,  ABCD  being 
a  paralleldgtam,  24  and  ^B  ^re  supplementary  it  follows  that 
AC  =  BD  if  and  bn/y  if  cosZA  =  cos^^B  =^  0,    But.  a  parallelogram 
is  ^  rectangle  if  [and  only  if]  , one  of  its  a?^les  is  a  right  angle. 

Answers  for  Part  C  ns  ^  '  V 

L'   Theorem.    [This  is  a  resUtement  of  *  the  if-part  of  Theorem*  1^'-15  J 

2.  Theorem.    [This  is  a  restatement  of  the  only  l^pan. of  Theorem 
16-15.  ]  ■  -  ,  <  ■     .  .  ;  ..^  ;    .  . 

3.  Theorem.  •  [This  is  a.restaterrtent  of  the  only  if-.part  of  Theoffem 
16-13.] 

4.  Not  a  theorem.;    [dounterexamples   w^i^  easy  to  find  ~  draw  con- 
gruent diagonals  which  do  not  bisect  each  other  and  then  fill  in  th^f 

*  sides.  ]  .  •  ** 

5.  Not  a  theorern.    [Counterexamples   are  easy  —  begin  by  drawing^ 
a  pair  of  perpendicular  sides,  then  draw  the  third  side  got  p^ral^el 
to  the  second  and  draw  the^  fourth  perpendiculaW  to  the^hiyd.  ]     J  ^ 

Theorem.^  [This  follows  at  once  from  Definition  1^1  #  |  •  ^ 

»7.     Theorem.    [This,  also,  follows  at  onc^  frpm  Definition  16-1.  ] 


'  1&06  Rectangle*  283 

8.  In  drder  fEat  a  quadrilateral  be  a  rect^gle  it  is  suffident  that 
it  has  twD  consecutive  right  angles.  * 
In  Exercises  5-8,  replace  'quadrilaterar  by  'parall^Iograix)*  and 
dd(the  resulting  problems.  / 

10.  In  Exercises  S  and  4,  replace  'quadrilaterar  by  j&nvex  quad^ 
rilateral'  and  do  the  resulting  problems.     ^ ,  '  n 

11.  Thaii  thf  diagonals  of^a  first  rectangle  are  'bongTj^ixent  to  the  di- 
agonal of  a  second  rectangle  ip  a  sufficient  cdndition  that**the 

refetangjes  arp  congruent.  *  *  if  ^ 

*    ■    -        ^       ■  ■  .  ji 


PartD 


Consider  the  rectangle  ABOD^ 
,  pii^ur^  at  the  right  Let  it  be  the 
^  «w   perpendicular  bisector  of  AB  and 
'letf  be  the  reflectioji  in  tt, 
1/Explain  why  both  Af  tod  the 


.     *  ^  midpoint  of  CD  are  points  of  tt. 
*        2.  What  IS  the  image  ui^er/  of  each  of  the  following?  ' 
(a)^    .ih)§^     ic)  (d)D  /  >^ 

(e)  AB      it)  AC      (g)  BC      (h)  A^CD  ^ 
3/Let  /  be  the  intersection  of  tt  With  the  plane  of  rectangle  ABCD.  I  is 
sometimes  called  a  lin^  of  symmetry  of  rectangle  AfiCD^ 

•  <a)  Describe  anotiier  line  of  syijmaetry  of  rectangle  ABCD. 

.  (b)  Under  what  conditions  A, AC  a  line  of  symmetry  of  rectangle 

\  '        /  ABCDi    .  ^ 

*4.  f Describe  some  other  figures  in  jthe  pl^e  of  rectangle  ABCD  which 
have  AB  as  a  side  and  /  as  a  Ime  of  symmetry. 

Pari  E 

,   *  Consider  rectangle  ABCD.  \ 

!         1^  Given  that  AB  =  7  and  BC  =  9,  compute  the  product  of  the  meas- 
ures of  the  diagonals  ABCD. 
, 2^  Given  thatAS^==  24BndBC  =  10.  oomplite  the  distaru^iroii^fi  to 

3«  la  Exercise  2,  if  E  and  F  are  the  f^t  of  the  perpendiculars  from  B 
and  Z),  respectively,  to  AC,  compute  £^J?  and  the  distioice  from  F  to 

4.  M  and  N  are  th^  midpdinta  of  AB  and  BC,  z^pectiyely,  and 
MiV  ^  16.  Compute  BA  .  n  .  _ 

.    5,  In  Biercise  4,  if  AB  =  BC  4  6,  co&pute  AB  and  BC. 

6.  BC  -  a  4^  2.  CD  «  2a  -  3,  and  BD  ^  J,  (at  some  a*  Determine  the 
.  valu^  of  V  which  satisfy  these  a>nditibns,  and  give  the  lengths  of 

*  the  sides  of  ABCD  for  each  such  value  of  *a\ 

7f  Let  £  he  the  point  of  W  such  that  AB  X  BD.  Find  thr^  triat^les, 
whose*  vertiras  are  aniong  the  pofnts  A,  B,  C,  D,  and  E,  suph  thai 
the  anglesK>f  thes§  triangles  1^  congruent  to  the  angles  of  A  A£p 

erJc  ,  .  ^  • 
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[con^*] 


A n  s\^c  r  s  f o  r  Pa  rt  C 

8.  Not  a -theorem.  ^ 

9.  AU'ai'c  theorems.  * 
10,  *  [Answers  are  the  same  as  before.  ] 

11^^     Not  a  th^^orem.    [Given  any  ^rectangh*  theJKsjs  <i  sguare  whost* 

diagonals  are  congruent  to^  those  of  the  given  rectangle.    (And,  * 
one  can  '"^ive"*  a  rectangle  which -is  not  a  square,)]* 

Ans\Vei>a, ior  Part  D  * 

-■■  ■         'n;     ^-  '  '      '    .  ^  _  •  * 

X^et  P  and"  Q  be ^the  midpoints  of  AB  and  CD,  respectively, 
t         Stnce  a  rectangle  is  a  parallelogram,  the  diagpnajs^of  a  rectangle 
bisect  each. other  and,  •  so,  M  is  the  midpoint  of  AC.    It  foUow^s 
that  M  -'P  =   (C  -  AJV^  -  {B     A)/^  =  (C  -  B)/2,    Since         is  a 
rtgbt  angle,  C  •  B  €  [^]  and,  So,  M  -  P€  [it].  *Hence,  since   P  €  tt, 

•'^    Since  P  ^  B.+  {A  -  B)/Z  and  Q  =   C  +  {D  -  C}/Z;  and  since 
*    A     fi  =  'D  -  C  [for,  ABCD  is  a  parallelogram],  it.  follows  that^  • 
Q  -  •P  =  C  -  B  €  [tt].    Henge,  since   P  l?eiopgs  to  ff,   so  does  Q, 

'2.     {a)  B    (b)  A     (c)  'S%-  ,M)  C  '(e)  BA     (f)  BD    (g)  AD    (h)  BAGD 
[PartB  (a)  ■»  (d)  ^re  easily  justified  since  n  is  the  perpendicular  ' 
bisector  of  A^B  and  of  CD.    Parts  (e)  -  (h)  follow  at  once  by 
Theorem  14-2?.  ] 

■  3,     (sk)    This  line  containing  the  midpoints  of  AD  and  BC  is  a  line  oJ 
^  symmetry  of  ABCD. 

(b)    AC*  is  a  line  of  symmetry  of  rectangle  ABCD  if  and  only  if 
ABCD  is  equilateral.  .   ^  * 

[Proof  of  '^b):   AC  is  a  line  of  symmetry  if  and  oihly  if  the 

plane  ff^  which  contains  AC  and" is  perpendicular  to  the  plaije 

of  ABCD  is  the  perpendicular  bisector  of  fel),    .This  is  the  " 

case'if  and  only  if  BD  J.  aS.    Now,  if  b3  X  AC  then  AB'^  AD 

by'  s.a.  s.   applied  tt)  AAMB  and  AAMD.    On  the  other  hand, 

-  if.  A3  then  th<3- #am€  ^4angl<i^  ^^ngruent^By^^s, 

an^  since**dfijfteruent  supplementary  angles  are  right  angles  it  , 


follow sMia^isBDJL  AC.    So;  AC  is  a  line  of  symmetry  o|  -rec 
^  .      tangle  ABd&  if' a^d  only  if  AB       Td.  ]  £ 
4,     In  general,  the  union  of  any  figure  in  the  plane  ci^-A^BCD^  with  its 
reflection  in  ir  has  i  as  a  line  of  symmetry.    More  particularly, 
any  isosceje^  triangle  in*  ABC  with  fease' AB,  any  re<;tangle  in 
^  with  side  AB,  and  any  '*isbsceles  trapezoid**  in  A^BC  witlp 

base  Xb,  have  1  as  a  line  . of  symmetry*    ['isosceles  trapezoid' 
is  defined  on  page'*290^)      ^  , 
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Ans^wers  for  Part  jF^  ' 

[Note*,  Exerciseaj^ft  and  6  involve  solution  of  quadratic  equations^  » 
You  may  wish       revie>^l^  thi^  topic  before  asaigning  0h>  «xe reuses.  ] 

1:^0  •  2*.  iZ0/l3 

'*30  {BD 


4. 

6. 

7. 


AC  ^  ^N-  2 

24; 

a  3.6  [Sa^  ^  8a  -  36 
ABF:A,  ABAD,  V\i)CB 


18  .[If  BC      X  then  ^t^"  ^  6x  "^43^^  =  0.  ] 

Otr  BC.      *S.6,  CD.  4.2 


16,06  Rhombuses  and  Squares 


3.    ^3^/u'lKC,":  -'^0/13];  1440'/H>^ 


Definition  16^2 

(a)  A  rhomlfbs  is  a  pialhe  quadrilateral  all  four  of 
whose  sides  are  congruNent. 

(b)  A  square  is  a  rectangular  rhiojnbus. 


^  Exercises 


'    '    /  TC  284  (1) 

.    ^u^gcstionkjc^c  tVu-  cxcFciscs  of  section  16.0^: 
(i)    To^insure  a  clear  u^dc  rslanding       Definition  Hy4,   Part  A  should. 

bf'develqped  under  teacher  •su'pcrvision. 
(ii)   parts  B/C«.and  D  are  appropriate  for  class  or  homework  assign- 
ment, '  I        *  '  ■ 

■  •  •  •  •  r 

AnsN^'ers  for/  Part  A  ' 
 ^  


Part^ 


2. 


[Various  an'sVers.  I  .   .  -  .  .     ^  .■  '  ' 

(a)  ,[^^^P^*^^^^^^'  1  '  ^ 

(b)  S^nce^AD  ^         +  KD  a^d  BC       BE  i  EC  it  follows  that 
Afi  S-ZbC  -  {AE.J  BK)  +  {KD  +  KC)   X^AB  +  CD,    Sinc^  ^ 
AD  f  ^Ct=  AB   -  CM),  this  is  impossible.    Hent;e,  t-ctcJi.,^ 
rhoJihbus  is  a  simple  quadrilateral,    [Note  that  we  havV 
■proved  that,  in  any  nonsimple   quadrilateral,  the  siun  of 

\  the  measures  ofthe  intersecting  sides  is  greater  than  the 
eum  of  the  measures  of  the  other  two  sides.  ] 


Xcp.;   by  Definition  16>-^,  Theorem  16-11,  and  Exercise  2. 
It  is;a  rhombus. 
Itp|}  a  squ'are, 


(b)  It  is  a  rectangle 
(d)    It  is  a  square. 


r 


■ri 


1.  Draw  several  rhombuses  and  draw  their  diagonals  as  dashed  lines. 

2.  (a)  Try  to  draw  a  rhpmbus  wjiich  is  not  a  simple  quadrilateral  ^  > 
(b)  Suppose  that  ABC3  is  a  rhombus  and  that  Afi  and  SC  inter- 
sect'at     Obtain  a  contxadict^n,     - .      -  . 

[Hint\  Compare  AD  +  BC  with  AB  -f  CD.]         '  - 

3.  Is  a  rhombus  a  parallelogram?  Explain  your  answer. 
4*  What  can  you  say  aboujt 

(a)  a  parallejogram  with  two  consecutive  congruent  sides? 

(b)  a  parallelogram  with,  two  consecutive  congruent  angles? 

(c)  a  rhombus  with  two  consecutive  congruent  angles? 

(d)  a  rectangle  with  two  a)nsecutive  congruent  sides? 

5.  Show  that  each  diagonal  of  a  rhombus  ^s  contained  in. the  per- 
pendicular bisector  of  Che  othien  What  does  this  tell  you  about  the 
diagonals  of  a  rhombus?  '  .  '  » 

6-  Prove:  \         /  * 

That  a  parallelogram  is  a  rhqmbus'  is  a  necessary  and  suf- 
ficient condition  th%t  its  diagonals  are  perpendicular. 
7«  Suppose  that  each  diagonal  of  a  plane  quadrilateraj  is  contaiaiBd 
in  the  perpendiculStr  bisector  of -the  other. 

(a)  Show  that  the  ^adriiateral  is  a  rhdmbu^. 

(b)  Give  an  example  to  show  that  the  word  'planfe'  is  needed  in  the 
hypothesis4n  ord^  to^prove  (a). 

8«  Show  that  "  ^ 

(a)  the  midpoints  of  the  syies  of  a  rectangle  are  the  vertices  xrf  a 
rhombus;  \  *  . 

(b)  the  midpoiij^  of  the  sides  of  a  rhombus  are  the  vertices  of  a^ 
rectangle.   ^  . 

9.  (a)  tinder  wh^t  conditions, is  the  rhombus  in  Jlxerrise  8(a)  a 
^^square.'' 

(b)  Under  what  £X)nditions  is  the  rectangle  in  8(b)  a  square? 
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Answers  for  Part  A    [c ontt j 


5.    .  Considc^r  rhombus  ABCD  and  diagonal  ISD.  ,J^y  I)t»ftnition  16-2", 
•     i»ach  of  A  and  C  is  i'guidistant  1  rom       *ind  1>.    Ik-mc,.  A  cuui 
C  —  and,  with  thi^m,  —  is  containcui  in  tho  pi- rjXMifUi  ula r 

bifsoctor  of  BD,    Con^oqu^'ntl^r,  o.u-h  diii^oniil  of  a  rhpnibus  is 
coiitainod  in  the  pi*  rpi'ndiciiln  r  bisoctor  of  tho  otlu-r.    In  p,ii'- 
ticular,  the  diagonals  of  a  rhombus  iwv  subsots  oi  pc  rpi  ndic^jla  r 
lin^^s  and,   sp^  ar^-       rpi^ndicular  to  i-atrh  othor,       '  ♦ 

6^     After  F)xercisr   ^,  all  wt-  ntH»d  slxiw  is  tlkit  a  p^rrrtllrlogi-ain  wlibsr 
diiigonals  an-  p<' rpondiculd  r  its  <i  rliombus.    Usin^  our  rariior  ■ 
^notation  for  quadrilateral  ABCl)  —  that  A  -  D      ^,   H  -  A b, 
C  -  B  -  c,  and  D  -  J the  direetionfe  of  the  diagonals  a^ri' 

^       thosi'  of  a  +  b  and       I' e#  ,  In  a  pa ralU'Jof^  ram ,  e       -i^^and^  ,so) 
I'  '  its  diaj^^onals  are  perpendicular  if  and  only  if  (a  +  b)»{b  -  a.)  0. 
As  we,  know,  thc**latter  ia  the  case  if- and  only  if   ||a  |)  — 
*  that  i3,  if  and  only"ilthe  parallelogram  lis  a  rhomhiui,    fNote  /.^; 
that  in  this  proof  wv  havi*  jjivt^n^a  new  solution  for  Kx^^rcis*'  j 

7,  (a)    Consider  quadrilateral  ABCD^r   Since  'AC  is  contained  iia  the 

t  '  ^  

jK^rpend^Cular  bisector  of  BD  it  follows  that  AC  i-  RD.  Since 
{A,  B,  C,  J)}  i^  coplanar  it  follows  that  AC  and  ]U>  intersect.', 
It  follows,   since  'AC  .is  containi  d  in  the  pi;^rpendicula  r  bipij^or 
of  BD,  tHat  AC  contains  the  midpoint  of  I\D.    Simili^rl^^  'BD 
contains  the  midpoint  of  AC.    Since  AC  and  BD  bisect  each 
'        other,  ABCD  is  a  parallel©^ rarfi ,    So,  sihce  AC  i-  BD,  ABCD 
is^a  rhombus. 

(b)    To  obtain  a    counle  rexa(fiph\  ''lo/d"  a  rhombus  along  one  of 
its  diagonals*    ,  '  ^ 

8,  (aj    One  solution  is*  to  use  the  Pythagorean  theorem,  and  the  fact  ^ 

that  a  rectangle  is  a  plane  quad  rilate  ral.^q  *^how  that  Definition 
i6''Z(a)  is  satisf^^d.    Another  \^  to  use  the  fact  that,  since  a 
rectangle  is  a  quadriliite  ral,  the  midpoints  of  its  sides  are  ' 
vertices  of  a  parallelogram  and  then  show  that  the  diagonals 
of  t^is^parallelogram  a  re  pe  rpendicular,  ' 

{h\   TIkj  midpointB  of  ^he  vsidi?*  of  a' rhombus  itre  vertices-pf  a 
.  ^    '  parallelogram.    The  sides  of  this  parallelogram  are  parallel 

^        ,       to  the  diacohals  of  the  rhombus,    Me^e,  consecutive  sides 
afe  purpentiiiiular.  *^  ^ 

9m*  (a)  'The  rhombus  of  Kxercise  H(a)  is  ii  square  if  and  only  if  the 

diagonals  of  the  rectanj|ic  are  pe rpi'ndicula r.  This  is.the  <!ase 
if  and  only  the  rectangle  is  a  square.  [Sec  Definition  |  6'^(b) 
and  KKercist'  6,  j  '  "  ■■t 

•  The  rc^tangU^  in  H{b)  is. a  square  if  and^oaly  if  the  rhombus 

-   "       is, a  square,  , 
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•  4 

Jjome  of  the  results  from  Part  A.  are  summarized  in  the  following 


theorems:  ^ 


\\  Theorem  16— 16*  Each  rhombus  is  a  parallelogram. 

Ttieorem  16-17  ,  Any  parallelogi^am  two  of  whose  con- 
sective  sides  are  congruent  is  a  rhombus.  ^ 

Theorem  15-'1S'  A  parallelogram  is  a  rhombus  if  and  / 
only  if  its  diagonals  are  perpfSndicular. 

Corollary,   A  rectangle  is  a  square  if  and^ly  if  it^ 
diagonals  are  perpendicular. 

-         Theorem  16-19   A  plane  quadrilateral  Is  ^  rhombus 
if  and  only  if  each  of  its  diagonals  is  contaiifed  in 
'  the  perpendicular  bisector  of  the  other. , 
».>  '  - 

^here  is  one  more  handy  theorem*  (»nceming  rhombuses  which  \ye 


state  in: 


Theorem  16%  20  A  quadrilateral  is  a  rhombus  if  ^nd 
only  if  its  diagonals  are  contained  in  th^  bisectors 
of  its  angles. 

1.  Prove  that  a  diagonal  of  a  rhombus*  is  contained  in  the  bisectors  of 
the  angles  at  its  end  points. 

2»  Prove  that  any  quadrilateral  whose  diagonals  are  contained  in  the 
bisectors  of  its  angles  is  a  rhombus.  \Hint\  Note  that  such  a  quad- 
rilateral is  a  plane  quadrilateral  and  use  a  congruence  theorem  for 
triangles  to  prove  that  it  is  equilateral.] 

3.  Make  use  of  Exercise  i  and  2  to  establish  Theorem  16-20. 

4.  ia)  Find  two  lin^  of  symmetry  for  a  rhpmbtis,  ^  - 
^(6)  Describe  a  rhombus  wl^ich  has  four  lines  of  symmetry. 


Parte 


Suppoaa  that  ABCD  is  a  rhom- 
bus, thatAB  =  a  and  that  BZ)  =  b, 

as  shown  in  the  picture  at  the  '  ^  

right.                  -     '  ,  f, 

1.  Compute  each  of  the  folWing  Xbxt^  of  V  and  '6'. 

(a)  cos  L.BAD      (b)  £»s  aABC  (c)  AC 

(d)  cos  lBAC      te)  sin  Z^AC  (i)  sin  lABD 
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Ang%ver^  for  Part  B  ^ 

1.  In  rhombus  ABCD,  A  ^  C  +  [(D,-  C)  \(  B  -  C)].    fiut,  since  - 
j|D-C|]=    IjB  -  C  it,       -  C)  +  (B  -  C)  is  in  the  sense'of  the 

bisector  of  ZC,  '^Hence,  AC  is  a  subset  of  this  bisector. 
{Theorem  15-lS].    So,  each  diagonal  of  ^  rhombus  is. contained  in 
the  bise^ctor^  of  "the  angles  at  its  end  points.  ^ 

2.  Supiiose  given  quadrilateral  ABCD -sue that  AC  is  a  subset  of 
the  bisector  of  ZA  and  of  the  "bisecto  r  of  ZC  and.BD.is  a  subset 

*     of  the  bisector  of  ZB  and  of  the  bisector  gf  ZD.    Since  ihe  bisector 
of  ZB  is  contained  in  the  pl^ne  of  ZB  —  that  is,  the  plane  ABC  —  / 
'  and  since  BlS  is  a  subset  oi  this  an^le.bisectdr  it  follows  that 
D6a5c  and,  so,  that  ABCD  i^  a'pUne  quadrilateral;    Now,  it  ^ 
follows  by  a.B.a/  that  ABC  ^  ADC  ansi  BCD  —  BA^  are 
congruences.    So.  AB  =  AD/BC  =  DC,  and  BC  =  BA.  Hence, 
the  plane  quad rilate ral .  ABC D  is  equilateral  and  so,  Definition 
16-2,  is  a  rhombus.  ^ 

3.  [Obvious.  ]  '  . 

4.  (a)    Tfie  lines  containing  the;diagonals  of  a  rhombils  are  lines  of 

symmetry, 

,  (b)  ^  square  has  four  linos  of  symmetry. 
y^.nswers  for  Part-C 

1.     (a)    lvb2/(2aE)  (b)  b^AZaS)  -  I  (c)  ^^^£^31!! 

'     (d)    N/4a£  -  b2/(^a)  (e)  b/(4a)  (f)  W4aa  -  b^A^*) 
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2.  Give  a  relation  between  tl^e  valuer  for  'a'  and  'fe'  for  which 

(a)  ^AD  is  a  right  angle;      (b)  ZjIBC  is  obtuse; 

(c)  /LABC  is  acute;  (d^  AABC  is  equilateral. 

3.  Let  E  be  the  foot  of  the  perpendicular  from  B  tgi.  AD. 
V  (a)  Compute  BE  in  terms  of     and  '6'. 

(b)  Shjaw  that  BE  •  AO  =  iAC  •  BD.  »' 

(c)  Show  that  d(C,  AB)  =  • 


PartD 

•i 


In  each  of*the  following  you  are  given  some  information  about  the 
square  ABCD  or  the  rhombus  PQSS,  whidh  are  pictured  here. 


Do  the  required  computatioris  • 

1.  AS  =  a.  Comjjute  BD  and  sin  iBDC.  ■  .  n 

2.  -  .12  and  PT  =  5.  Compute      and  cos  zPSi2. 

3.  (»s  I.QSR  -  i  andQS  =  20.  CoihputePfl,PQ,  and  sin  /.SPQ. 

4.  BD  =  15.  Compute  AB  •  BC  and  the  perimeter^of  ABCZ3. 
5y  Compute  the  jatis  of  SC  to  SZ?.  , 

a  Show  that  SQ/PR  =  cos  lPSQ/cos  lSPR. 
7.  <a)  Show  that  cos  LSPQ  =  2(co8  /.SPttf  -  i  and 
COS  ilPSi?  =  2(cos  Z-PSQF  -  1. 
(b)  Make  use  of  the  results  in  Exercfees  6  and  7{a)  to  sh6w  that 


(g)  Show  that 


SQ  _   /I  +  ^ 
PR  "  Vl-f  cos  ^SPQ' 


PR 


&)3/lPSR 


cm/.PSR' 


16U)7.  Otfier  Special  ftuadrifaterals 

In  'the  last  two  sections  we  studied  some  of  the  prof^rties  o^  rec- 
tangles, rhombuses,  and  squares.  We^  know  that*  any  rectangle  has 
congru^t  diagonals  "kad  since  a  square  is  a  rectangle,  a  square  has 
.congruent  diagonals.  We  al^  know  that  a  rhombus  has  perpendicular 
diagonals  an4  since  a  square  is  a  rhombus,  a  square  has  perpendicular 
•diagonals  •  %>  .   " .,. 
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Answers  for  Pgrt  €   [cont,]  '      i  -l- 

2.     ,{a)  %  =  aV2     ^    (h)\kr^' asJJ  (c)  b  >  as/T  .       (d)  b  =  asTS 

\3.     (a)    W4a^'^  -  b-/(Za)Q"        *  ,  /  '  - 

'    (b)    Both  arc  epual  toW4a^  -  b^/Z,  '  .  ,  ' 

(c )    Let  F  bo  the  foot  oAthe  perpendicular  to  Then 

d(C,AB)  =  CF.    By  Theorem  l6'7{c)  an^  Theorem  15-13, 
♦    '       BFC      *  AEB  is  a  congruencg.    So,   CF  =-BE»  *  , 

Answers  for  Part  D  '  • 


En/1T9;    47/7Z  ,  -  '  .  ^  . 

20V3;    20;    ^f^/Z  ' 

225/2;    60/^/2    [ors    30>/2]  i 

l/>/2   [or:   N^/2]  '  -^-^  ^  •  I  , 

cosZPSQ  .^  ST/SP  and  cosZSPR       PT/SP.    So,  cos /PSQ/cos  ^SPR 

s  ST/PT  ^  *SQ/PR.  '  • 

By  Exercise  5  of  Part  C  on  page  227',  and  Theorem  16-20, 

.cosi/SPR  =  +  cosi:SPQ)/2.  ,Splvefor  'cos^SPO.  A 

similar  argument  yields  the  other  cpnclusion, 

ibvious  [from  Exercises  6  and  7(a)]. 

From  (b)  and  the  fact  that  ZSPQ  and  ^pSR  are  si  _ 
[A  rhombus  is  a  parallelogram,  ^nd'consec'utive  angl 
parallelogram  a j*e' supplementary ,  ^  \ 


;    .  /JC  286-287  ^  , 

*  '  .  1 

The'  introduction  and  tht  definitions  of  clas^ficatory  terms  suchS 
as  'trapezoid',  'parallelogram',  a:nd  *  rectangle'  —  must  be  justified  by 
tlie  theorems  :twhk:4>  r^^uU,  teve^  cho#et^ottr  terminology ^ith  this  - 

in  view.    We  shall  define  'isosceles  trapezoiti'  in  such  a  way  to  exclude 
parallelograms  because  j^n  this  way  we  'get  better  theorem*.    For  y 
example,  isoscejl^s  trapezoids  and  rectangles  turnout  to  be  precisely 
tho&e  qtj^dril&tcrals  which  are  isodiagonal,    Orthodi'kgonal  quadri-  ' 
laterals  have  many  of  the  properties  of  kites  [which  we  allow  to  be 
nonplana^]  and  the  latter,  of  course,  have  some  oi  the  propertien  oi 
rhombuses,  ^  .  . 

Suggestions  for  use  of  exercises  of  section  16.  07: 
(i)    Part  A  may  be  uied  as  clasf^*  exercises, 
iii)   9arts  B  and  Care  appropriate  for  homeworlc.  \ 
(iii)   Part  D  and  the  discussion  ^kceding  it  should  b^  teacher  directed* 
<iv)   The  Exploration  Exercise^flR  page  293  may  be  assigned  for  hoipe- 
work  and  then  discussed  in  class.  *  * 
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Quadrilaterals  which  have  cx?rigruent  diagonals  are ,  sometimes  Va  nswcrrs  for  Part  A 
called  is6diagonal  quadrilaterals.  And,  quadrilaterals  which  have 
perpendicular  diagonals  are^  sometimes  called  orthodiq^onal  quad- 
rilaterals.  Thus,  rectangles  and,  so,  Squares  are  isodiagonal  quad- 
rilaterals, and  rhombuses  and  square  are  orthodiagonal  quadrilat- 
erals. However,  there  are  -isodiagonal  quadrilaterals  which  are  not 
rectangles,  and  there  are  orthodiagortal  quadrilatftrals  which  are  nbt 
rhombuses.  Such  quadrilaterals  will  be  among  th^  which  we, shall 
study  in  tlys  section.        ,       '  , 


Exercises 


Part  A 


1,  Draw  several  quadrilaterals  which  hs^e  perpendicular  diagonals 
but  not  rhombuses.  Try  to  draw  at  least  one  which  is  not  a 
plane  quadrilateral.  [Hint:  Draw  the  diagonals  first.  You  should  be 
able  Wfind  three  **really  dilf^rerit''  kinds  of  or^odi^onal  quad- 

*  rilaterals.]  ■  * 

2.  Draw -or,  make  a  model  of— a  quadrilateral  each  of  whose  sides 
is^rpendicular  to  the  c^posite  side.  What  appears  to  be  the  case 
with  respect  to  the  diagonals  of  the  quadrilateral  -you  just  drew 
[or,  made]?  ^  ,  ^ 

3*  Given  quadrilateral  ABCD,  as 
pictu^  at  the  right,  show  that 

(a)  (a -hT)  •  (6^+  c)  . 
—  a  ''*c  -  b  '  d\ 
[Hiht:~a  ^T-^^ -^'d^'o.] 

(b)  t)  '-^     4^c),=  Oif  ^ 
and  only  if  a  -  c  -  b  ;  d. 

4.  Prove  that  if  each  side  of  a  quadrilateral  is  perp^dicular  to  the 
opposite  side  then  the  diagonals  of  the  quadrilateral  are  perpen- 

*dicular,        ' .      •  ,  /        '  ,  .      _j  ^ 

&  Suppjc^e  that  ABClJ  is  a  quadrilat^al  such  that  AB  -L  CO  ,ajui 
•    AC  1       What  can  ypu  tay  about  BC  ^pd  AD7  Explain. 
6*  In  the  quadrilateral  of  Exercise  3|  show  that 

:  .  •       (a  +  6)  •  (6  ^  c)  =   ?  k—  — ^^ 


6. 


[Hint,  Build  on  the  result  in  EsferciSe  3.]  ^ 
7^  Use  the  resujit  of  Exercise  6  to  show  that  the  diaj^onals  of  a  rhom- 
,  bus  &re  perpendicular.^  ^ 


* 


[Tho  first  figure  is  a  plant-  arrowhead.    The  sircond  is  intended  to^ 
show  t be  i'dgi^s  of  a  tetrahedron  whose  opposite  edges  ar*i 
pe rpi^ndicula r,  )     '  "  §f  * 

It  appears  that  if  racb  side-  of  a  quadrilateral  is  pcrpimdicula^  to 
the  opposite  side  then  the  quadrilateral*©  diagonals  are  also 
perpendipula  r.    [Siio  Exercise*'4.] 

(a)  +  c)'^  a«6  +'a.c  +  S»S  4  0.?  =^  a  •  ?  +  U  •  (2  +  S  + 


-      'a  •  c 


r 


I: 


(h)    This  follow^  at  once  f^Om  part  (a),^ 
Using  the  figure  and^  results  of  Exercise  3  it  follows  that  if 
'aD,'-I  BC  and  CD  1  AB  then^a*c  =\0  -  S^S,  and,  so, 

a  -f  S)*  (S  +  0  *and  AC  1  BD.    Hence,  'if  each  side  of  a  quadri- 

.^ateral  is  pe rpendicular  to  the  oppositcf  side  then  the  diagonals  of^  i 
the  quadrilateral  are  perpendicular. 

AD  X  BC;   Giye^  four  jpoints,  no  three  of  which  are  coliinear,  one 
may  describe  just  three  quadrilaterals,  ABCD.  ACBD,  ABDC,  with 

these  points  as  vertices.    [One  of  the  intervals  AQ,  AB,  and  AD 
must  be  a  diagonal,  and  any  one  of  them  may  be.  ]   The  result  of 
Exercise  4'  applies  to  each  <^  these  quadrilate-rals.    In  particular, 
it  applies  to  A3DC.  Vin  this  case  it  'sa-ys,  of  quadrilateral  ABCD, 
that  if  it  is  such'that  a  pair  of  opposite  sides  ar'e  perpendicular  and 

its  diagonals  ar^.pejrpencjiculax  tijenjhe  other  opposite  sides  are  

perpendicular.  ' 

Note  that  a.?=  [(S+^j)- fc)  +  c^)]/2'and  S;  3  =  *  ^> 

-  (b2  +  d^)]/2^   So,  by  Exerci»e^(a),  ^nd  noting  that 

(a  +       (a  +  c)         f  3)»         25,  yields  the  desired  conclusion. 


7.     If  ABCD  Is  a  rhombus  then  a^  =  b^  ^  c^.  =  d^  and,  so, 


(a  +        (S  +  c)      0.    So,,  since  a  +  S  and  S  i  c  are  in  the  direc-. 
tiop^  of  thfe  diagonals  of  ABCD.  it  follows'that  the  diagonals  of 
A&CD  are  perpepdicular^  *;       -  ' 


2SS       TRIANGLES  AND  QUADRILATERALS 


©ne  consequence  fit  the  result  obtained  in  Exfercise  6  is  wortli  st^t- 
s^ng.  We  do  this  in:  'y  *  / 

•Theorem  16-21   The  sum  of  tlie  squares  of  two  oppo-  * 
site  sides  of  a  quadrilateral  equals  the  sum  of  the  :  ^  ^ 
squares  of  the  other  two  sides  if  and  only  if  the 
•  diagonals  of  the  qjiadrilateral  are  perpendicular. 

Notice  that  Theorem  16-21  gives  us  a  necessary  and  sufficient  con- 
dition to  employ  in  ^determining  Whether  a  given  quadrilateral  as 
prthodiagonal.  ^    •  ^  * 

Part^  y  * 

1.  In  each  of^the  following,  determine  whether  the  quadrilateral  pic- 
*   '  tured  has  perpendicular  diagonals,    .  ^       '  V 

(a)  -      .  (b)  ■ 


ic) 


id) 


2.  In  each  part,  you  are  giyenHhe  measures  of  three  coi^secutive 
sidefil  of  an  orthodiagonal  quadrilatefal.  Compute  the  measure  of 
the  fourth  side  in  each  case.  ^  . 

(a)  6,  8, 10  (b)  6,  l'4,  7  (c)  6,  7,  14  . 

.  (d)  g,  9,  6        -        (e)  9,  6,  9        ^      (f)  8,  9,  10 

3.  Supper  that,  with  relpecrt  to  an  orthonormal  coordinate  system, 

£^  ^  andX^have  A^rdinatesasiollows: 

:     A:  (5,  8,  3)    ^  B:  (6,  12,  2)'     C:      9,  12)      D:  (4,  1,  3) 

•         -    ^     ■  / 

Show  that  ABCD  has  perpendicular  diagonals.  [Hint:  Consider 
C  -A^dD  -B.l 

4.  Suppose  that  A,  B,  arid  C  ^aye  coordinate  (2, 1, 3),  (-1,  5,  7),  and 
.  {4,  3,  5),  xespectively,  with  resi^  to  qxi  orthonormal  coordinate 

system.  "      ^  ^  *— * 

<a)  Describe  the  coordinates  ofall  pomts^B  such  that  AC  1  ED, 
y   (b)  Desmbe  all  points  D  such  that  >lSCI>*is  an  orthodiagonal 
quadrilateral,  r 
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4. 


(b)  4gs^ 
id)  Yeft, 


[55  4  .102  =  22  4  U2] 


Answers  for  Part  B  '[ 

(a)    No.    [5^  +  10^  ^  62  +  12^] 
^  (c)    No.  +  102  ^^(,2  +  152] 

(a)  6n/I        '  v^b)'  [impossible] 
(d)    6  (e)  ^JTzh 

The  components  of  C-  A  are  (-1,  1,9)  and  those  of  I?  -  B  a^e 
(-2/-U,i).    Since  -I  •  ^2  +  1  • -1 1  +  9  •  I  =  0  it  follows  that 
C  -  A  and  p  -  B  are  ortbogonal.    Hence,  the  diagonals  of  ABCD- 
are  perpendicular,    [The  problem  can  also  be  solved  by  finding  the 
SAxms  o£  the  squares  of  the  measures  of  opposite  sides.  .  But,  this  ^^ 
riSqui res  much  more  computation,  ] 

(a^    The  coordinates  of  such  points  are  all  the  solutions  of 

•x  +  y  +  J5  =  rr, 

(b)  These  are  ihe  points  whose  coordinates  havev  been  found  in 
part.  <a)  and  which  do  not  belong  to  AC      {  B)  . 


V 


\ 
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Definition  15-^3    A<iite  is  a  quadrilateral  which  has 
'  two  consecutive  sides  congruent  and  the  sides 
opposite  these  a^ngruent*  , 

One  example  of  a  kite  is  a  rhombus. ^s  there  a  rectang:ular  kite?  Are 
there  kites  which  are  not  p^ane  quadrilaterals? 


Parte 


1.  Draw  some  kites  which  are  not  rh6m|pus^. 
"2.  Show  that  any  kite  is  a  simple  quadriLneraL 
3.  Make  use  of  Theorem  16-21  to  show  tnat  a  kite  is  an  orthodiag- 

onal  quadrilateral. 
'4*  Show  that  at  least  onei  diagonal  of  a  kite  is  cx)ntain6d  in  the  per- 
pendicular bisector  of  the  other. 
5*  Prove: 

Theorem  16-^22   A  quadrilateral  is  a  kite  if  and  only 
if  one  of  its  diagonals  is  contained  in  the  perpen- 
dicular bisector  of  the  othei'. 

6«  Consider  the  pyramid  pictured 
at  the  right  Suppose  that  each 
of  the  triangle  whose  vertic^  ^ 
^re  among  the  points  A,  B,  C, 
,and  D  is  equilateral, 
(a)  How 'many  such  triangles  ^ 
are  there? 

*(b)  What  can  you  say  about  the  segments  which^  contain  the  sides 

of  these  triangles?  "  - 

<c)  Consider  quadrilateral  ABCD.  What  are  its  diagonals?  Show 

that  they  are  perpendicular. 
(d)'Give  the  other  quadrilaterals  whose  vertices  are  A,  B,  C,  and 
*•  D.  Show  that  each  is  an  orth^agonal  quadrilateral. 
7^^Consider  each  <tf  thequadrilaterala  discussed  in  Exercise  & 

(a)  Is  each 'ef  them  a  kite?       \  .   ^ 

(b)  Give  aproof  that  the  |5erpendicular  bisector  of  CD  contains  AS . 


Recall  that,  in  thi^  book,  a  trapezoid's  a  simple  quadrilateral  with 
[ai^  least]  two  parallel  sides.  In  particular,  parallelograms  are  trap- 
^solds«  [In  some  books  trapezoids  are  defined  to  be  simple  quadrilat-. 
erals  with  exactly  two  parallel  sides.]  Any  pair  of  parallel  sides  of  a 
trapezoid  is  called  a  p^ir  of  bases  of  the  trapezoid.  Opposite  sides  of  a 
trap^id.whicl>*are  not  parallel  are  called  legs  of  the  trapezoid.  Note 
that,  while  a  trapezoid  can  have  two  pairs  of  bases  [and  must  have  M 
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The  only  rectangular  kites  are  squares.    There  are.  [under  our 
definition]  many  kites  which  are  not  pi^ne  figures.    [Plane  kit^s  do  not 
seem  to  have  any  interesting  propertied  whi^h  are  not  shared  by  all  " 
kites.  ] 

Answers  for  Part  C 

U     [Various  answers.  ]  '  '  ^ 

2»     If  a  kite  is  nbt  simple  it  must  be  plane.    That  a  plane  kite  must 
be  simple  follows  by  the  game  argtiment  we  used  to  prove  that  a 
rhombus  must  be  simple.    [See  aflswer  for  Ipljoerciae.  2(b)  of  Part 
A  on  page  284,]   [There  is  an  alternative  proof  >^hich,  of  course, 
•applies  equally  well  to  rhombuses.    Suppose  that  ABCD  is  a^uadri- 
lateral  such  that  AB  =  BC  and  AB  ^  c!5  #  0.    (Draw  a  figure.  ) 
sit  follows  thaj  ZACD  is  smaller  than  ^ACB,  MCB  ^  ZCWB,  ,and 
^    ^CAB  is  smaller  than  ZCAD,    So,  MC6  is  smaller  than  ZCAt) 
and,  hence,  AD  <  CJS   In  particular,  a  nonsimple  quadrilateral 
caniiot  be  a  kijte^,  ]'      W  -  .  . 

3.  If  ABCD  is^  kite  then,  with  our  usual  notaiion  either  a  =  b  and 

c  =  d  or  a  =  d  and  b  =  c.    In  either  c^ise,  a^  +       =  t^s  4  d^  and, 
4  so,  the  quadrilateral  is  orthopia gonal. 

4.  Let  ABCD  be  a  kite  such  that  AB  =  -BC  >and  AD  <^  DC.    Since  each 
of  B  and  D  is  equidistant  from  A  and  C,  BD  is  contained  in  the 
perpendicular  bisector  of  AC,    So,  at  leaist  one  diagonal  of  a  kite^ 
is  contained  in  the  perpendicxxlar 'bisector  of  the  other  diagonal. 

5.  Quadrilateral  ABCD  is  a  'kite  if  and  only  if  either  AB  =  ^  and 
and  AD  -  DC  or  DA  ^-  AB  a^nd^C  =  <:B.    This  is  the  case  if  and 
only  if  either  both  B  and^  are  equidistant  from  A  attd  C  or  both 

,  A  and  C  are  equidistant  from  D  ancJ.B  —  that  is,  if  and  only  if 
either  SB. is  contained^in  the  perpendicular  bisector  of  Afi  ,or  AC 
is  contained  in  the  perpendicular  bisector  of  BD. 

6.  (a)   4  ^  '  . 

(b)    They 'are  congruent,  *•  . 

*(c)   AC  Vnd  BDj   This. follows  by  Theorem  16-21. 
{4)   ACBD,  ACDB;   in  each  case  Theorem  16-21  applies. 

7.  (a)    All  are  kites.  . 

(b)    Since  CA  =  AD  and  CB  =  BD,  both  A  and  B  are  equidistant 
ijtorh  C  and  D.    Hence, *^the  perpendicular  bisector  of  CD 
gbntains  both  A  and  B»and,  being  a^lane,  it  also  contains 
AB.        *  .  ^  . 
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■  ^Trapezoid  with  one  pair  of  l&gs         parallelogram- trapezoid  with 
.  '^{nonparallel  opposite  sides)  and        two  pairs  of  Pases  and  no  legs, 

one  pair  of  bases.  *• 

,      Fig.  16-6 

least  one  pair  of  bas^],  a  trapezoid  has  at  most  one  pair  of  legs  [and 
may  have  nonfe].  Two  angles  of  a  trapezoid  which  aintain  one  of  its 
bas^  are  called  a  pair  of  bas^  angles^of  the  trapezoid.  [So,  for  example, 
^  any  two  consecutive  angles  of  a  parallelogram  are  a  pair  of  base  angles 
of  the  parallelograrS.]  Note  that,  'given  a  pair  of  base  angles  of  a  trapr 
ezoid,  the  angles  opposite  these  are  also  a  pair  of  base  angles. 

In  p^icuiar,  a  trapetoid  which  is  npt  a  parallelogram  has  just  two 
"^xairs  of  base  angles  and  if  the  angles  of  either  pair  are, congruent,  so 
are  those  of  the  other  pair.  [Explain.]  A  parallelogram,  on  the  other 
hand.  Has  four  pairs  of  base  angles  and  if  the  angles  of  one  of  these 
paire  ar^  congruent  then  all  four  angles  are  continent  [Explain.  What 
'  kind  of  angles  are  th^  angles  of  a  parallelogram  which  has  a)ngrue^t 
baie  angles?] »     —  -  ♦ 

A  trapezoid  which  has  congruent  legs  is  called  an  isosceies  trap- 
ezoid/Drav^  some  pictures  of  isosceles  trapezoids  antj  explain  why  no 
parallelogram  is  an  isosceles  trapezoid. 

For  the  remainder  of  this  ^ctic^  we  shall  investigate  isodiagonal 
trapezoids— that  is,  trapezoids  whose  diagonals  are  congruent.  We 
already  know  some  example  of  isodiagonal  trapezofds,  [What  are 
these  examples?1'  In  general,  we  shall  be  looking  for  necessary  [and 
sufficient]  conditions  that  a  trapezoid  be  isodiagonal. 

In  order  to  establish  results  concerning  isodiagonal  trapezoids,  it  is 
convenient  to  make  use  of  some  results  from  Chapter  8  Which  (X)ncem 
^^^^  ratios.  To  begin  with,  we  know  that  if  A^CD  is  a  trapeMiid  then  its 
^  ^agonals  AC  and intersect  at  a  point  O  such  that 

,    rv  ^      ^    (0  -  B)  :  (D  -  B)  =  iO  -  A)  :  (C>  A) 
■ " "    ■  .  '        \  and 

(D  -  0)  :  (P  -  S)  -  (C  -  O)  :  (C  ^  Al 


A  ,  B 

\  Pig,  16-7 
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Note  that  a  trapezoid  has  legs  if  and  only  if  it  is  not  a  paralielograjri. 
So,  the  simple  quadril^ate rals  with  exactly  two  parallel  sides  are,  pre- 
cisely, the  **legged"  trapezoids*    Such  a  trapezoid  has  j.us^  two  bases  • 
and,  coitsequently,  two  pairs  of  basp  angles.    Assuming  that  the  bases 
are  AB  and  CD  and  that  the  trapezoid  is  ABCD,  it'foUows  tiy  Theorem 
15-13  that  ZA  and  ZP  "are  supplementary  and  that  ZB  and  are 
supplementary.    [For  more  detail,  see  answer  fof  Exercise  1   of  Part 
D  on  page  292.]  Hence,  if  the  base  angles^ZA  and         are  congruent, 
so  are  the  base  angles  ZC  and  ZD. 

■J 

Since  base  angles  are  consecutive  and  since  consse^utive  angjes  of  a 
parallelogram  ar^  supplementary  it  follows  that  a  parallelogram  with  a 
pair  of  congruent,  base  angles  has  two  consecutive  right  angles.  So, 
since  the  opposite  angles  are  congruent,  all  its  angles  are  right  angles. 

Since  a  parqiUelogram  does  not,  by  definition,  have  legs,  no 
paralieldgram  is  an  isosceles  trapezoid* 


orthodiagonal 
quadrilate  raJs' 


trapezoids 


kites  parallelograms        legged  tympci£oids 

rhombuses  rectangles  ^>      isosceles  trapezoids 


squares 


isodiagonal 
trapezoids 
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Rectangles'are  isodiagonal  trapezoids,  .  [\Ve  shall  see  very  shortly 
that  the  only  Other  isodiagonal  trapezoids  a! re  the  isosceles  trapezoid^^j 

Suppose  that  trapezoid  ABCD  is  isodiagonal  —  that  is,  suppose 
that  AC  =  BD.    It  follows  from  (1)  that  AO  =  BO  aftd  OD  =  OC. 
^  Hence,  since  the  vertical  angles  ZAOD  and  ZBOC  are  congruent,  the 
tnatching  AOD        BOC  is  a  congruence  by  s»a,s.    So,  AD  =  BC.' 
From  this  it  foliowe  by  s,b,s.   that  the  matchings  DAB  '*^-CBA  and 
BCD  ^  ADC  are  congruences.    So,  ZA  ^  ZB  and  ZC  ^  ZD. 

It  follows  that  an  isodiagonal  trapezoid  which  has  lejgs  —  that  is, 
which  is  not  a  parallelogram  —  has  congruent  legs  and,  so,  is  an 
isosceles  trapezoid.    And,  as  we  have  proved,''  any  isodiagonal  paral- 
lelogram ^>as  congruent  base  ^ngles,  '^ince  a  parallelogram  with  two 
consecutive  angles  cjongruent  is  a  rectangle  it  follows  that  an  isodia^gonal 
trapezoid  which  is  a  parallelogram  is  a  rectangle. 

Note  that  we  have  shown  that  an  isodiagonal  trapt^zoid  is  either  an 
<  isosceles  trapezoid  [if  it  is  legged]  or  a  rectkngle  [if  it  is  a  parallelo- 
gram].   Since  a  rectangle  is  an  isodiagonal  trapezoid  it  is  natural  to 
ask  whether  an  isosceles  trapezoid  is  is,odiagonal.    We  now  turn  our 
attention  to  this  question.    Its  affirmative  answer  completes  Theorem 
16-Z3.  « 

Suppose  that,  in  trapezoid/** ABCD,  AD  and  BC  are  congruent  legs. 
It  follows" from  (2)  that  AP  "  BP  and  PC  =   PD.    Since  ZAPC  =  ZBPD 
it  follows  [s.a.s.  ]  that  APC  — ^  BPD  is,^  congruence.    In  particular, 
AC  -  BD.    So,  an  isosceles  trapezoid  is  isddiagonaj*. 

By  Theorem  16  -15,  a  rectangle  is  isodiagpnaU  «  , 

I*  • 

Suppose,  in  Figure  16-8,  that  ZA  and  ZB  of  the  logged  trapezoid 
ABCD  are  congruent.    It  follows  that  AAPB  is  isosceles  and,  sq,  that 
AP  =  BP.    From  thi»  and  the  first  equation  in  (2)  it  follows  that 
AD  =  BC.    Hence,  by  s.a.6,,  ADB        BCA  is  a<:ongruence  and,  in 
particular,  BD  =  AC.  ^ 

It  has  just  been  sl^own  that  a  legged  trapezoid  with  congruent  base 
angles  is  isodiagonal.    [We  as%umed  that  the  base  angles  ZA  an^  ""^B 
were  congruent,  but  ^  showed  earlier  that  if  either  pair  of  basc^^ngles 
are  congruent  then  both  pairs  are  congruent,  ]   On  the  other  hand,  if  a 
pair  o(  basfe  angles  of  a  parallelogram  [that  i^,  of  a  nonlegged  \ 
trapezoid]  are  congruent  then  the  parallelogram  is  a  rectangle  [sin^e 
consecutive  angles  of  a  parallelogram  are  supplementary]  and,  so,  is 
isodiagonal  [by  Theorem  16-15}^.,  Hence,  any  trapezoid  whicK  ha^  a 
pair  of  congruent  base  angles      isodiagonal.  Since  we  have  seen  pre-'^ 
viously  (in  connection  with  Figure  16-7]  that  any  paif^of  baae  angles  of 
an  isodiagonal  ^rapezoid  are  congruent  we  now  have  Theorem  16-24. 
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Now  that  we  have  ciist^nces  to  talk  about,  we  see  that  this  implies  that 
BO/BD  -  AO/ AC  and  ODJBD  =  OC/A'S^ 

Using  (1)  it  is  easy  to  show  that  if  ABCD  is  isodiagonal  then  AD  ^  BC, ' 
[Explain,]  From  this  it  follows  that  if  ABCD  is  isodiagonal  then 
Z.A  s  and  Z.C  s  zD.  ^Explain.]  So,  an  isodiagonal  trapezoid 
which  is  not  a  parallelogram  is  isosceies^and  any  isodiagonal  trapezoid 
has  congruent  base  angles.  [Explain,]  In  particular,  an  isodiagonal 
trapezoid  which  is  a  parallelogram  is  a  i\ectangle.  [Explain,] 

In  the  previous  paragrg(ph,  we  established  several  necessary  con- 
ditions that  a  trapezoid  be  isodiagonal.  To  obtain  corresponding  suf- 
ficient conditions  th$X  a  trapezoid  be  isodiagonal  we  need  additional 
results  on  ratios^  If  ABCD  is  a  trape^id  which  i§^not  a  parallelogram 
then  AD  and  BC  intersect,  in  a  point  P.  '   ^  '  ' 


Fig,  16-8 

Since  ABCD  is  not  a  parallelogram  (C  ^  D)  :  (B  -  A)  ^^^^1  and  we  y 
may     well  a^ume  that  this  ratio  is  between  0  and  l.  In  this  case  D, 
for  example,  divides  the  interval  from  A  to  P  in  a  ratio  between  0  and  1 
and  ABCD  is  as  shown  in  Fig.  16-8.  From  our  knowledge  of  ratios  we 
^Iso  know  that 

•k      -  -  -     ,     -        r   ■(    -    -  -      / 

*  and 

«  '  (P  _  /))  :  (D  ^  A)  =^  (P  -  O  :  (C  -  B); 
in  particular  ^p/see  that 

(2)  AP/AD  =  BP/BC  and  DP/ AD  =  CP/SC. 

'*  ^      '  '     ■  *■  ■ 

Considering  APDB  and  APCA  in  the  light  of  (2),  we  see  that  an  isos- 
celes trapezoid  is  isodiagonal  [Explain.]     ,     .  • 
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Since 'a  rectangle  is  aiso  ispdiagonal  [Why?]  we  Have: 

em  16-23   A  trapezoid  is  isodia, 
is  eithej:  isosceles  or  *a  rectangle. 


II  Theorem  16-23  A  trapezoid  is  isodiagonal  if  and  only 
I    if  it 


and:  * . 

Corollary   A  paralleiogram  is  isodiagonal  if  and  oiily 

if  it  is  a  rectangle. 

»  • 

We  have  seen  earlier  that 'any  pair  of  base  angles  of  an  isodiagonal 
trapezoid  are  congruent  Using  (2)  we  can  prove  that  if  any  pair  pf 
base  angles  of  a  trapezoid  which  is  not  a  parallelogram  are  o^ngruent 
then  the  traj^zoid  is  isodiagonal.  And,  if  a  pair  of  base  angles  of  a 
parallelogram  are  congruent  then  the  parallelogram  is  a  rectangle. 
[Elxplain.X  So,  we  have:  .    v  ^  ^ 

Ij  Theorem  16-24   A  trapezoid^  is  isodiagonal  if  and  only 
I     if  any  pair  of  its  base  angles  are  congruent. 


Part  D 


Suppose  that  A&CD  is  a  trap- 
ezpid  wit^  bases  AB  and  CD,  as 
pictured  at  the  right. 
!•  Given  that  the  pair  of  base  angles  Z.C  and  ^  are  congruent,' *fehow 

that      and  Zi3  are'congruent. 
'  2*  Suppose  HmtABCD  is  isodiagonal.  Give  ar^ments  to  support  the 

following:  ^ 
'    (a)  AD-^  BC  '  (b)  lA^  LB  {c\  IC  ^  LD 

3.  Assume  that  ABCD  is  isosceles  -  that  is,  that  AD  =  SC.  Prove  that 
AC^BD.  ,  ' 

4.  Pit>ve  the  following:  ^ 

(a)  If  a  pair  of  consecutive  angles  of  a  parallelogram  ar6  congruent 
thep  the  parallelogram  is  a  rectangle.  ■* 

(b)  An  isodiagonal  trapezoid  which  is  not  a  pai-allelogram  is  ist^- 
(^les.  \       '  ,       "  . 

(c)  An  isodiagonal  parallelogram  is  a  rectangle. 

(d)  A  trapezoid  which  is  not  a  poraUelogram  but  which  h^is  a  pair 
of  congruent  base  angl^  is  isodiagonal. 

&  Using  the  results  in  ^xeroses  1-4,  prove: 
*  (ft)  Theoi^  16-23  (b)  Theorem  .Iff- 24. 
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Answe rs_ for  Part  D  ^ 

[These  exercises  merely  review  the  ste^s  tajg^  in  the  text  to  prove 
Theorems  and  16-24.]' 

Since -trapezoid  ABCD,  with. bases  aB  and  CT5,  ,is  simple  it 
follows  froTri  Exercise  3   of  Part  A  da  ps^ge  271   that  Gj,-  D  and  - 
A  -  B  do  not  have  the  same  sense,    [use  the  instance  of  Exercise  3 
obtained  by  interchanging  *B*   and  *D\  j'Since  these  translations 

^  are  non-0  and  have^the  same  di-rection  it  follows  that  they  have 
opposite  senses.    So,  C  -  D  and  B*-  A.^  have  the*  same*  sense  and 
D  -  C  and  A  -  B  have  , the ' s^me  sense..   It  follows  from  TJteorem 
15-13  [consecutive  angles]  that         and  ZA  are  supplementary 
and  that  IC  and  IB  are  s\ipplementa ry.    Since  supplements  of  - 
congruent  angles  are  congruent  it  follow^^  that  if  ZC   ^   ZD  then  J 

. ZB  ^  ZA. 

2.  *  [This  ife  answe r/?d  In  the  text  referring  to  Figure  16-7  and  the 

related  commentary,']  " 

3,  [This  is  ansv^ered  in  the  text  referring  to  Figure  16-8  and  the 
related  cominentary,  ] 

4.  (^)    Since  consecutive  angles  of  a  parallelogram  are  supplementary, 

if  a  pair  of  consecutive,  angles  are  congruent  then  a  pair  of 
consecutive  angles  ire  right  angles.    Since  opposite  angles  of 
a  parallelogram  are  congruent  it  toUows  that  all  angles  are 
right  angles.  ,  ' 

(b|    [Answered  in  the  text  and  commentary  concerning  Figure  16-7,] 

(c)  .  fDitto.  ]      .  , 

(d)  [See  text  and  commentary  relating  to  Theorem  1&-24.  ] 

5,  [See  text  and  commentary.  ]   ,  .  ' 
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Exploration  Exerci^ 


1.  Suppose  that  lines  i  and  m  in- 
tersect at  O,  that  A  and  C  are 
on  /  and  B  is  on  m,  and  that 


A%  C\  and  B'  are  sucH  tiiat 
^'  «  0  «  {A  ^  0)3$  • 
'  C  -  O  »  (C  -  0)3, 
and  fi'  -  O  -  03  -  0)3 
as  shown  in  .  the  picture  at  the 
right 

(a)  Show  that  the  matching 
ASC  «  A'B'C  of  the  ver- 
ticil of  AASe  with  those  of 
M'B'C  is  such  that  cor- 

^r^pondxhg  angles  are  C9>n-        *  '  • 

gruent  .  '  - 

(b)  the  matching  ABC  ^  A'B'Cl  a  congruence?  Explain  your 
"'a^swisr.  '  ^ 

(c)  Given  the  matchiiig  discussed  in  <a)  and  (b),  whet  relation 
exists  between  corresponding  sides  of  the  triangles  AABC  and 

2.  Copy  the  pic^iire  of  APQR  and  , 
p6int  0^  as  shown  in  the  picture 
at  the  right.  ; 

(a)  On  your  pi<Jture,  Ioca,te  P', 
Q',  and  M'  so  that  O  is  on 
each  of  the  segments  PF, 

and  RR\  and  PO/OF 

(b)  Given  the  makhing  PQR  ^ 
'jng^l^ ofAPQR  and  AP'Q'R'  are  congjriient 

(c)  What  is  the  ratioof  correspondiiig  sides?  .    ■  C 

(d)  Is  the  matching  PQR  ^  P'Q'R''  aeongruenee?  Explain 


P'Q'R'^  show  that  the  correspond- 

J 


a.  In  your  picturq^or  Exercise  2,  locate  poifits  A,  B,  and  C  so  that 
J'€M,  Q€W,  mdR€^,  Bnd  OP/PA  -  OQ/QB  -  ORJRC  =  I. 
(a)  Given  the*  matching  PQK    ABC,  show^  tk&i  corresponding 
angl^  are  congruent  aiul  that  osrrespoi^ng  sides^  are  not 
congruent  *  .  ' 

Consider  the  ^matching  P'Q'R*  ^  ABC.  Are  corresponding 
angles  congruent?  Are  oorr^pqnding  sides  oot^ruent?  Explain 
your  answers,  •  \ 
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Answer^for J^xploration.  ^ercises  '  '  i 

T.     (a)    Since?  (A'  -  0)MA^-  O)      (B'  -  O) :  (B  -  O)  and         ,  ,  ^ 

(B'  -  0):(B  -  O)  =  (C  -  0):(C  -  O)  it  follows  that  A^B^  j]  AB 

and  B'C  !|  BC  {see  Theorem  8T3(b)].   Since,  aleo^  A'C  =  ACk 
it  follows  that  A'BVAB  =  B'C'/BC      C'A'/CA  =  3  [aee 
Theorem  8-ll(a)].    It  follows  by, the  cosine  law  [and  Theorem 
that)  under  the  matching  ABC        A'B'C^  correspond* 
ing  angles  of  AABC  and  AA'p.'C'  are  congruent.  {AIteriia-* 

lively,  having  piijeved  that  A'S'  j)  AB  and  B'C' BC,^one 
^ay  note  that,  since  B  and  B'  are  on  the  same  side  of  i,  it 
follows  "by  Theorem  15-13  [corresponding  angles]  that  /.A  of 
.    AABC  and  ^A'  of  AA'B'C  are  congruent  ahd  that  /.&  of 
AABC  *and  2^'  of  AA'B'C  are  congruent.    The  congruence 
of  ZC  and  ZC\  then  follows  by 'Theorems  1.6  *"6  and  15-8,] 

(b)  No,    Corresponding  sides  are  not  congruent. 

(c)  Corjcesponding  sides  are  proportional^    [This^  is  AhOwh  to  be  . 


3. 


the  case  in  the- first  aaswe^  for  part  (a).  ] 
(a)    [and  3(a)] 





(c) 

{d) 


As  in  Exercise  1(a),  sides  which  cdr respond^  \mder  the 
matching  PQR        P'Q'R'  a!re  parallel,  and,  so,  arc  propor- 
tional.   Hence,  by  the  cosine  law  [and  Theorem  15-8], 
corresponding  angles  are  congruent,  ^ 

1/2  "  . 

No.    Corresponding  sides  ,9re  not  congruent. 

'    ■      '       '  _    '  "  ■» 

XSec  figure  for  Eai^efcise.  2(at.  V~       ~~  ~ 

'  *  •  «  '  "  *' 

(a)    [As^  in  Exercises  1  and  2.  j  r  . 

jb)    Yes  ^  [congruence  of  angles  is  transitive ].     No  [the  ratio  of 
corresponding  siaes  li  6/5], 

•       .  ,  ■  ■  .  ■'•  /  ■      •. ' '  '  *  '■  ' 
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10.08  Simiiar  Triangtfis  :  ^ 

*  Intuitively,  geometric  figures  are  similar  if  they  have  the  same 
shape,  wheliier  or  not  they  havfe  the  same  size.  Morej^reciseiy,  a  first 
figure  is  similar  to  a  second  if  and  only  if  it  can  be  mapped  onto  the 
second  by  a  mapping  f  suoh  that,  for  some  positive  real  number  m, 

^    (1)  difiX)J{Y))  =^  doc;Yym, 

for  all  points  X  aiid  Y.  Such  mappfings  are  called  similitudes.  Notice 
that  each  isometry  is  a  similitude.  The  simplest  examples  of  ,^^ili- 
tudes  at|ier  than  isometries  are  the  uni/brm  sfrete/imgs  — or -sph'^ftlfe- 
i/J^s — about  a  point  0:  ' 

(2)  gOC)  ^  O  ^  {X  -  0)m,  m  >0 

We  shall  show  tljat  each  similitude  (1)  is  the  resultant  of  a  uniform 
stretching  (2)  followed  by  an  isometry. 
To  do  so,  suppose  that/ is  as  in  (1),  so  that,  for  each  X  and  y, 

■    WiX)-f{Y)l^.U-Y\\m,    .  ■ 

*    where  m>  OAi  is  easy  to  see  that  the  mapping  g  described  by  (2)  has  \ 
an  inverse  and  that,  for  each  X,  ^ 

'  .•g-HX)^  0+  (X  -  0)lm, 

It  fofld>;frs  that  the  resultant  f « ^Ms  such  that,  for  each  X, 

*        '    {f'>g-']iX)  =  fiO  ^  QC--  '0)lm). 

Hence, 

~     ^        ^  .  .=  mo  +  (X  -  0)/m)  -  fiO  +  (y  -  0)/m)i| 

•  •       •       ^     •        •.      '=      ^  iX  -  0)lnfi  -  iO  +  (F  -  0)/m)jlnL 

■  .•  ■  ,   =^M- OVm  - (Y -  0)fmWm 

^ .   '  '  '  -  O)  -  (y  -  0))/m  Urn. 

•  -  ■  ■  •        '    '•  =  i(X  -  y)/m  II  TO  .   .    ■  * 

;  .  ■  ,    -4ii-yi!..;      .  .  • 

» laBhort'the  mapping /!°      isan  isometry -say,^- and,  so,/  =  A  «  ^. 

*  •  '  ■■  _  .  ■  .  I  A 
,1  .                     ■                          •  ,                                                                         *   *        ,  \ 
.'■       ,           ■                                                                                                                                            .  * 
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To  show  that  g-i  ^as  describgp  in  the  text,  is  actilally  the  inverse 
of  g  [and,  incidentally,  to  show  fhat  §  has  an  inverse]  we  compute 
•g^-i'  iLnd  "g-^  og*:  - 

fgog-i](X)=  g(0+  {X  -  *0)/m)  =:,0  4  [(X  -  S)/ni}m  =  O  +  (X  -  O)  =  X 

 l^x  p  g](X)  =  g-^(d  4.  (X  -  0)m)  =  O  rt(X  -  OlmlM  =  0"+  (X  ^  O)^  X  , 

Having  shown  as  in  the  text  that  f  o  g-V  =  h,>here  h  is  an  isometry  it 
follows  that  f  =  f^U'^  ^^g]  =  [^»g"^>g  "  ^^  g- 

Suggestions  for  use  of  the  exercises  of  section  16,  08:         ^    ^  , 
(i)  Parts  A  and  B,  and  the  assoqi^ted  text  discussic^  should  be  devei 

oped  by  the  teacher.  "Be  sure  to  have  the  students  graph  several 
'     figures  and  their. images  under  uniform  stretchings  or  shrinkings. 
(ii)  Parts  C  and  D  may  be  assigned  for  homewoxk. 
(iii)   Part  E  may  be  completed  in  clarSs.  '  *  ^ 
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»  .  # 

Summarizing  the  preceding  we^  have: 

Definition  16-4   /is  a  similitiid^  of  ^  if  and  only  if 
/is  a  mapping  of:^  onto  itself  sUch  that,  for  ^ 
some  m  >  0,  V^Vy  d{f{X),  fiY))  =  d{X,  Y)m. 

Definition  16-5   A  first  figure  is  similar  to  a  second 

if  and  only  if  there  is  a  similitude  of  ^  which 

I     maps  the  first  figure  onto  the  second, 
t 

Theorem  16-25    Each  similitude  of  8' is  the  resultant 
of  a  uniform  stretching  about  any  given  point  O 
I     followed  by  an  isometry. 

[A  uniform  stretching  is  a  m&pping^^as  desaibed  in  (2).]  '  . 
^  Theorems  concerning  siaiilitudes  which  are  like  Theorems  14-26 
and  14- 27 /or  isometrjes  are  easily  proved.  It  is  sufficient  to  prove 
corresponding  theorems  fiCfr  uniform  stretchings  and  then  make  use 
of  Theorem  16-25,  [Explain.]  In  particular,  any  similitude  maps  any 
angle  6nto  an  angle,  and  any  triangle  onto  a  triangle,  mapping  ver- 
tices on  vertices.  We  shall  not  trouble  to  prove  these  theorem^  but  you 
may  make  use  of  them  in  the  following  exercises. 


Exercises  ^ 

Part  A  '  , 

1.  Draw  §  triangle,  mark  a  point  O,  apd  draw  the  image  of  the  tri- 
angle under  the  uniform  stretching  about  O  which'  doubles  dis- 
tances. .  .  *  - 
2*  Show  that  a  uniform  stretching  maps  any  gngle  onto  a  (x>ngruent 

 ^    ^g^^-  .  ^ 

3.  Explain  how  you  know  that  similar'  angles  are  congruent. 

4,  Show  tl^  if  there  is  a  similitude  f  which  toaps  AABC  onto 
•    AA'fiijHIsUch  a  way  that  fiA)  =^  A',  f(B)  -  S',  and  /\C)  -  C 

V  /       .    ABIA'B'  -  BC/B'C  =  CA/CA', 


[In  short,  the  side  measures  AB,BC,  and  CA  are  proportional  to^ 
'A^B\B'C\QndC'A\]  ^ 
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By  Theorem  16-2  5,  anything  —  say,  coplanarity  —  which  is  pre- 
served by  unifofm  stretchings  and,  also,  by  isometries,  must  be 
preserved  by  similitudes.  ^  For  example,  if  uniform' s ir<>tchings  map 
planes  onto  pjanes  tHen,  since  isometrics  also  map  planes  onto  plapes, 
the  same  is  true  of  similitudes.    For  another  example,  if  uniform  ^ 
stretchings'  map  intei^vals  onto  intervals,  mapping  end  points  on  eild 
points  then,  since  isometrics  do  the  same,  so  do  similitudes. 

it  is  also  important  to  note  that  similitudes  form  a  group  under 
function  composition.    To  see  this  note,  first,  that  the  set  of  similitudes 
is  closed  under  function  composition.    This  follows  at  once  trpm  * 
Definition  16-4  and  the  fact  that  the  product  of  two  positive  numbers  is 
positive.    It  ^Iso  follows  from  the  definition  [and  the  fact  that  the 
reciprocal  o^  a  positive  number  is  positive]  that  the  inverse  of  a  . 
similitude  is  a  similitude,    finally,  the  identity  mapping  0  is  obviously 
a  similitude.  ■*  ^ 

Having  shown  tl^at  similitudes  constitute  a  group  it  follows  —  just  ^ 
as  for  isometrics  [see  the  beginning  of  sectiSn  i4.05]  —  that  similarity 
of  geometric  figures  is  a  reflexive,  symmetric,  and  t ra'i[>sitive  relation. 
[For  an  application  of  this,  see  Part  D  on  page  298.  ] 

Answers  for  Part  A ^  ,  . 

1. 


2,  This  fpllows  at  once  from  the  cosine  law  and  Theorem  15-8. 

3.  Angles  are  similar  if  and  only  if  there,  is  a  similitude  which  maps 
one  onto  the  other.    Since  a  similitude  ii^  the  resultant  of  a  uniform 
stretching  followed  by  an  isometry,  and  since  mappings  oT  both 

*        th€?^se  kinds  map  angles  onto  congruent  angles,  it  follows  that  ji 
similitude  maps  each  angle  onto  a  congruent  angl«.  Hence, 
similar  angles  are  congruent,  I 

4*     By  Definition  16-4  if  f  is  a  similitude  wbiUi  maps  A  on  A',  B  on 
B',  and  C  on  C'  then  there  is  a  number  — •  say,  m  —  which  is 
positive  and  is  such  that  A'bVAH  =  E'C'/BC  ^  CA'/CA  =  m. 
Hence,  if  there  is  such  a  similitude  thefi  AB/A'B'  =  BC/B'C 
=  CA/C'A',  ^ 
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.  We  have  said  earlier  that  a  matching  , 

  ABC  <^  A'B'C  ■      ■  "  

of  the  vertices  of  two  triangles  is  a  congruence  if  there  is  an  isometry 
which  maps  AonA\BonB\  and  C  on  C .  We^hall  now  say  that  such 
a  matdiing  is  a.  similarity  if  there  is  a  similitude  which  maps  A  on 
Bon  5%  and  Con  C.  , 
In  Exercise  4  of  Part  A  we  have  seen  that  if  a  matching  of 'the  ver- 
tices of  one  triangle  with  thc^  of  a  second  is  ^  similarity  then  corre- 
spondiog  sides  are  proportional.  The  wnverse  of  this  is  the  s.s,s.  simi-"* 
larity  theorem:  >. 

Theorem  16-'2&  A  matching  of  the  vertices  of  one 
triangle  with  those  of  a  second  is  a  similarity  if 
i     corresponding  si(|es  are  proportional* 

The  proof  is  easy.  Suppose  that  ABC  <^  A'B'C*  is  a  m*atQhing  such  that 


Fig.  16-9 


ala'  =  6/6'  €/&  ^  m,  say.  Choose  a  point  O  and  let  A",  B'\  and  C" 
be  the  images  ofi4',B',  and  C,  respectiyely,  upder  the  uniform  sfa-etch- 
ing  about  O  which  multiplies  all  distances ijy  m.  ^ince  a"  =  a'm  =H2, 
=i  b'mr=^  h,  and  g''  =^  c'm  -  c  it  follows  tfeat  the  matching  ABC 
^  A*'B'V"  is  a  congruence,  So^  the  matching  ABC  ^  i4'B'C'  is  a 
similarity. 

*Son>e  of  tfie  importance  of  Theorem  16-26  is  due  to  a  conse<iuence 
of  Exerd^  3'of  Part  A:  / 


Theorem  16 --27   If  a  matching  of  the  vertices  of  one 
triangle  with  those  of  a  sea)nd  i$  a  siinilarity  iJien 
jcorresponding  angles  are  congruent  and  obrre- 


spon&i^  sides  are  proportional* 


h  similarity  tneor 


The  same  s^rt  of  proof  which  gave  us  the  s.s.s*  similarity  theorem 
also  gives  us  the  s.a.s.  similarity  theorem:  ^ 

ic         .  ,•  612  ' 
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Theorem  16-28   ^  matching  of  tJie  vertic^  of  one 

tnangle  with  those  of  a  8ea>nd  is  a  similarity  if 
-  two  sides  of  the  first  triangle  are  proportional  to 

the  corresponding  sides  of  the  second  and  the 
''  -^eluded  angles  are  congruent 

We  could  also  pxQe  an  a-s.a.  similarity  theorem  but  We  can  do  better: 

TI)eorem  16-^29  A  matching  of  .the  vertioBs  of  one 
t^angle  with  those  of  a  second  is  a  similarity  if 
two  angles  of  the  first  triangle  are  a)ngruent  to 
the  corresponding  angles  of  the  second. 

This  is  the  a*a*  simil^ty  theorem.  • 

Parte    ,  ■■  -  . 

•    1«  Prove  the  s.a.s.  similarity  jtheorem* 

J?,  Prove  the  a.a.  similarity  ^eorem.  [Hint  Note  that,  by  an  earlier 
theorem,  if  two  angles  of  one  triangle  are  congruent  to  two  angl^ 
of  the  other  then  the  remaining  angles  are  also  a)ngruent  Then, 
use  the  Sine  Law  and  the  s.s*a  similarity -theorem,] 

Pa4C 


J  ^  In  each  of  the  following,  you  are  given  pictures  of  two  triangles  and 
^      some  information  about  them.  You  are  to  dfl^e  whether  the  triangles 


are  similar.  Be  prepared  to  justify  your 
1. 


9. 


9        ^     ■  B 
4.        a  Z.Q  and       a  /J' 


5 

0. 


6.  ABCD  is  a  square;  EF  \\  OH 


s  R 

and  jCN*  are  medians  of 
AABC 
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^^swers  for  Part  B 

1.  Suppose  that,  in. AABC  and  Aa'B'C.  A'B'/AB  =  B'C'/BC  •  m 
ajid  /iB'..  S  is.    By  the  cosine  law  [and  Theorem  15-8] 

V    ij^^k-  (BC)2  -'2$ABKBC)cosZB}m,2  =  (qA)em2 

-and,  so,  C"A^/^^=  m.    It  follows,  now,  by  the  s.s.s.  similarity 
thebrem  that  ABC  — -  A'B'C'  is  a  similarity. 

2.  Suppose  that,  in  a5^.BC  and  AA'B'C,  /.A  S  ZA'  and  IB  =!  IB'. 
It  follows  by  Theorem  16-6  that  ZC  a  ZC.    It  foHowg  that 
sln/A'  =  sinZA.  8inZB',=  sinZB,  and  sinZC  =  siuZC.  -Also, 
by  the  sine  law,  .  . 

,     .  B'C    _    C'A'    _    A'B'        _ ,     '  < 

sinZA'*-  :.inZB'.  "  sinZC^ 

BinZA  ^  sinZB  ^  tinZC 
BC  .  ~     CA  AB  • 

"    From  t^iese  results  it  follows  at  once  that  B'C'/BC  =  C'A'/CA 
=  A'B'/AB.    Hence,  by  the  «.  B.  s.   similarity  theorem, 
ABO  —  A'B'C  is  a  similarity. 
Answers  for  Rj^rt  C  .      ^        '  , 

1.  The  triapgles'are,  similar.    [ABC  —  QRP  is  a  similarity  by  s.s.s.] 

2.  The  triangles  ar©*«ot  similar.    [Taking  Account  of  the  order  o5  the 
lengths  of  the  sides,  the  only  possible  similarity  is  ABC  — *  RQP.- 
But,  since  5/8  ^  6/9,  sides  which  correspond  under  this  matching 

not  have  proportional  measuref.] 
The  triangles  are  similar.    [ACB  — *  QPR  is  a  similarity  by  s.a.s.] 
Qia  triangles  are  similar.    (ACB  *—  QPR  is  a  similarity  by  a.a.] 
ThKtriangles  are  similar.    [Let  P  be  the  point intersection  of 

EF         CD.    Then  ZEPD  S  ZAEF  and  ZEPD  S  ZCGH.  Hence, 
by  a.a.  .  AEF       CGH  is  a  similarity.  ]  , 
6.     The  triangles  are-not  similar.    [Very  difficult  to  justify.  Clearly 
there'  ll  no  similarity  in  which  P  is  matche^with  itself.    To  show 
that  there  is  no  similarity  in  which  either  N  Is  matched  with - 

P,  proceed  as  follows:  Let  k  =  cosZAPN  =  cosZCPM.    By  the 

cosine  law  (ANF  =  25  -  24k  and  (MC)g  =  40  -  24k.   Using  the  

cosine  4*w,  cosZA  =  (4  -  3k)/>^2$  -  24k._cos/N  =  (3  -  4kW25  -  24k. 
cos  ZC      (3  -  k)/VlO  -  6k.  and  cos  ZM  =  U  -  3k)/>/10  -  6k.  Suppose 
that  there  is  a  similarity  In  which  A  Is  matched  with  P.    It  foUows 
that  cos  ZA  =  k  and,  so,  that  k  =  2/3.    In  this  case  cos  ZN  =  1/9, 
and  cos  ZP  =  2/3  =  cosZA.   Since  cos  ZC  =  7/(3^/^)  the  triangles  , 
are  not  similar. in  this  case.    Finally,  -suppose  that  there  is  a 
similarity  In  which  N  is  matched  with  P.    It  follows  that 
cosZN  =  k  aod,  so,  that  k'  =  3/8.    In  this  case  cosZA  =^  23/32 
and  cosZP  =  3/8  =  fcosZN.    Since  oosZC  =  21/(4^31)  the  tri- 
angles are  i;pt  similar  in  this  case.    Consequently,  nolmatching 
of  the  vertices  of  AAPN  and  ACPM  Is  a^lnilarity.  ]  \ 
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PartD 


"^2  bV 

6 

9 

!•  Draw  a  rectangle  ABCD  such  that  Afl  =  3  and  BC  =  4. 

(a)  Draw  a  quadril  ater al  PQBS  "such  thai  ABCD^  ^  PQRS  is  a. 
similarity  and PQ  »  6.  How  long  sreQR  and  QS? 

(b)  Draw  a  quadrilateral  KLMN  such  that  ABCI?  <-»  iCLAfiV  is  a 
similarity  and  LM  =  6.  How  long  are  KL  and  KM? 

(c)  Show  that  PQRS  and  KLMN  are  sixnilar  and  give  the  ratio  of 
corresponding  sides. 

^2.  Suppose  that  jj  i  m^,  that 
/,  intersects  th^e  lines  in  A,Bi 
and  Cy  and  that^  intersects 
.  th^e  lines  in  P,  and  R,  as 
shown  in  the  plii^ure  at  the 
right.  Determine  which  of  the 
following  are  similar  trapezoids, 
(a)  ABQP  aixd  BCRQ 
ih)  ABQP  ax^  ACRP 
Cc)  BCRQ  and  ACRP 
3-  Suppose  that,  in  AABG  and  APQR,  ABC  ^  PQR  is'a  similarity. 

(a)  Given  that  AB  -  5,  AC  -  4,  cos       ^  i,  arid  Qfif  =  10,  com^ 
pute  SC,  sin  Z,/?,  PQ,  and  QR .  ^ 

(b)  Given  that cos^ A      *j,sin       =  A,BC  =  26,andPQ  ^  10, 
compute  P/j^iand  Q/?,  and  tell  which  is  the  largest  angle  in 

^  APQR. 

(c)  Given  that  cos  Z,C  «  i  and  AC  =  SC  =  PQ  =  5,  compute  AB^ 
PRyOndQR. 

4.  In  each  of  the  following  parts,  you  are  given  two  s^ilar  figures 
and  some  information  about  them.  You  are  to  express  'p'  and  'q'  in 
terms  of  V,  *b\  and  V.  .  ; 

(b)  q 


<a) 


(c)  [Corresponding  side^  are 
parallelj 


(d) 
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Answerg  for  Part  D. 

I,     (a),  {b)  [In  part  (a)  PQRS  is,  of  course,  a  6  by  8  r^tangle  and, 
in  patt  (b),  KLMN  is  a  9/2  by  6  rectangle.    Actually,  any 
such  rectangles  will  do^    If,  however,  you  wish  to  ipake  sure 
that  ABCD^^  PQRS  and  ABCD KLMN  are  similarities  it 
is  easiest  to  choose  a  point  O  in  the  »plane  of  ABCD  —  the 
point  A  is  a  good  choice  —  and  obtain  PQRS  and  KLMN  from 
ABCD  by  the  uniform  stretchings  with  **Btretching  factors*' 
2  anU  3/2,.  respectively.    For  more  on  this  point  see  belpw.] 

(c)    Suppose  that  f  and  g  are  similitudes  which  map  ifBCD  onto 
PQRS  and  KI^MN,  respectiveiy^    u'hen,  since  the  inverse  of  a 
similitude  is  a  similitude  and  tlie  resultant  of  two  similitudes 
is  a  similitude,  g  ©f'^  is  a  similitude.    Since  tbis  similitude 
maps  PQRS  onto  KLMN  it  follows  that  PQRS  and  KLMN  are 
similar.    Since  the  stretching  factor  for  f'^   is  l/Z  and  that 
for  g  is  3/Z,  the  stretching  factor  for  •g  p  f~^  is  3/4.    So,  the 
ratio  of  the  measure  of  a  side  of  PQRS  to^he  corresponding 
side  of  KLMN  is  4/3,  v  , 

The  procedure  suggested  for  part  (a)  of  Exercise  1  gives  one  a  6  by 
8  rectangle  similar  to  PQRS.    To  show  that  any  6  by  8  rectangle  is 
similar  to  PQRS  it  is  sufficient,  in  view  of  the  transitivity  of  similarity, 
to  show  tHat  any  two  6  by  8  rectangles  are  similar.    It Ts  rib^^  • 
to  go  further  and  prove  that  any  two  rectangles  'o^tbe  same  Himensions 
are  oqngruent.    To  do  so,  suppose  that  EFGH  and  TUVW  are  rectangles 
such  that  EF  -  TU  and  FG  =  UV.    Since,  by  the  Pythagorean  theorem, 
GE      VT  it  follows  that  there  is  an  isometry  which  maps  'E  on  T,  F 

on  U,  and  G  on  V.    This  isometry  maps  EFG  onto  TUV  and  maps  the 

line  EH  on  f2g  through  E  perpendicular  to  EF  6nt6  the  line  TW  of 

TUV  through  T  perpendicula'r  to  TU.    Similarly,  it  maps  GH  onto  VW. 

Hence^it  maps  the  point  H  of  intersection  of  EH  and  CH  on  the  point  W 

of  intersection  of  TW  ai^d  VWi    Since  the  isometry  maps  E,  F,  G,  and 

H  on  .T,  U,  V,  and  W  it  follows  by  Theorem  14-2?  that  it  maps  EFGH 
onto  TUVW.    [A  similar  argument  is  needed  for  Exercise  4(a)  of  Part  I> 
on  page  306.    So,  it  may  be  well  to  go  through  this  argument  in  class. 
With  an  occasional  leading  question,  students  should  be  able  to  do  most 
of  the  work,  ] 

. '  ■ 

Answers  for  Part  D>  fcont.l    '  _  ;    s  . 

I,     (a)   Similar/  .  (b)  Not  similar.  (b)  Not  similar^ 

3.     ta)   BQ  =  3,  sini:R  =  1,  PR  «  40/3,  PQ      5Q/3  ' 

^b)    From  the  gi^en  inform4tion  AB  -  33/2  and  AC  =  25/2«  So, 
the  ratio  of/similitude  is  33/20.    Thus,  PR  =  ||'^  =  250/33 
and  RQ  =  520/33.   Also,  ZP  is  the  largest  angle  of  APQR. 
since  ZP  is  obtuse« 
(cj   AB  =  5,  PR  ==^^5,  0&  ^  5    ^  '        \  •  • 


6IG  • 


.  ■  .\-.  ■  . 
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Answers  for  Part  D  ^cont.]        ^  ^ 

4.  (a)    p  =  3rVb.  q  =  5ac/b   [p/fc  =  Jc/b  -  q/a] 
(b)    p  =.  2aV<3b),  q  =  4ac/{3b) 

 <c.)..p-  -  i2a:--t  .h)i^i2aX..q,=  XZa^.thl/Z...  

(d)    p  =  bc/(2a).  q  =  2a2/b 

TC  299     '      '  ■'. 

m 

5.  (a),  (b),  (c) 


(I) 


In  cased)  the  right  triangles,  AADC  and  ABEC,  share  ZC 
andrare  similar  by  a.  a.  _  - 

In  ca%e  (11)  the  rdght  triangles,  AADC  and  ABEC,  have  con- 
gruent ve'rtic  a  1  ^gles  at  C  -and,  so,  are  similar  by  a,a.  In 
both  cases  the  similarity  is  ADC  ^  BEC'    In  particular. 
AQ/BC  =  ad/be  and,  so,  AC  •  BE      BC  •  AD, 

The  statement  means  th^t,  in  any  triangle,  the  product  o£  any 
side  by  the  altitude  to  that  side  is  the  same  as  the  product  of 
aif^  other  side  by  the  altitude  to  that  side/    [To  complete  the 
proof  of  the"  statement  it  is  necessary  to  conslde'r  ar' th>J!*d  case, 
in  addition  to  (I)  and  (II)  above,  in  which  ZC  a j>i%ht  angre. 
This  case  is  easy  td  settle  since  AD  =  AC  and^  BS  =  .  1^ 

should  be.  recalled  at  this  point  that  the  theorenri  prbved  Fere 
has  been  proved  previously  by  vector'methods  and  fisted  as 
Theorem  14-13.  J 


Answers  for  Part  £ 


(a)   ABD  CBA 


(b)  ACD  *^  BCA 


ID 


CAD 


(aj    BD/BA  =  AB/Cb/So  BD  =  c^a. 

(b)  ^  DC/AC  =  AC/BC.  ,Si>  DC  =  b?/a. 

(c)  AD/cA  =  AB/CB.  So  ad  =  bc/a.  -     .  ^ 

[Note  that  these  result;^  have  been  obtained,  by  vector  methods,  in 


AB 

AG 

BC 

BD 

•  sinZB  , 

sin  ZC 

(a) 

8 

10 

2n/41 

32/>/4T 

50/^/4l 

.  40/\RT 

5/s/4T 

4/^/?I 

^b) 

9 

12 

15 

2.7/5 

48/5  ■ 

36/5 

4/5 

3/^  ' 

2«/5 

iO 

2 

^8 

4 

 *» — — 

2/N/5 

l/sU 

(d) 

4n/T3 

26 

8 

Ig 

12 

3/>/B 

2/'v/l3 

20 

15 

25 

16 

9 

12 

3/5  - 

4/% 

m 

i-2  - 

18 

.  §* 

,10  . 

:a^!J-~  

2/3 

4»/3 

4 

8 

6 

2 

2^/3:• 

1/2  . 

-v/T/E 

(h) 

21 

48  . 

147/^6 

621/16 

63V23/16 

<• 

3n/23/16 

7/16  ' 
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Draw  a  triangle,  AABC,  such  that  £C  is  not  a  right  iirigle,  and 
draw  its  altitudes  AD  and  BE,  from  A  and  fi,  respectively. 
<a)  Show  that  AADC  and  ABEC  are  similar, 
(b)  Show  that  AC  '  BE  ^  BC  AD: 

v(c)  There  are  two  cases  to  (insider— that  in  which  Z.C  is  an  acute 
id  that  in  which  zC  is  an  obtuse  angle.  Repeat  (a)  and 
le  other  case.  ,  '  • 

fain  the  statement:  ; 

In  any  triangle,  the  product  of  a  side 
by  the  altitude  toiliat  side  is  constant  ^ 


Consider  right  triangle,  AABC, 
with  hypotenuse  BC  and  altitude 
AD,  as  shown  in  the  pictiire  at  the 

1.  Give  matchings  of  vertic^  whi«^  ane  similarities  for  each  of  the 
following  pairs  of  triangle.  ^ 

(aVAABP,  AABC       (b)  AACD.  AAflC      '  <c)  AASP,  AADC 

2.  Let  AS  f=  c,  BC  =  a,  and  CA     6.  Make  use  of  your  reswlts  in  Ex- 
erdse  L  to  show  each  of  the  following: 

(a)  BD^  c^Iq  (b)  DC  ^  b^/a        .       (c)  AD  «  bc/a 

3^  Complete  the  table.  i 


AB     AC    BC    BD    DC    AD    sin  sin 


(a) 

8 

10 

t 

(b) 

'  12 

15 



(c) 

2 

1 —  ^ 

8 

(d) 

8 

• 

12 

.  .  ...  .  — , 

(e) 

15 

1 

(f), 

18 

(g) 

6 

t. 

<h) 

21 

1 6.03  Areas  of  Tiiangular  and  Quadfangui^r  Regions  \ 

•It  can  be  proved  tJutt  any  triangle,  and  any  simple  plane  quadr- 
ilateral, is  the  boundary  of  a^  region  of  its^ plane  allied  the  interior  of 
^*^  ]^triangle  or  quadrilateral,  , 


Pig.  16-10 

We  shall  c^l  tlie  union  of  a  triangle  [or  simple  pl&ne  quadrilateralj 
and  its  interior  a  triangular  {ov^quadrangidar]  region. 

It  can  also  be  proved  that  it  is  possible  to  assign  numencal  a^ea- 
measures  to  such  S-egions.  This  can  be  done  by,^first,  assi^ing  such 
mpasur^  to  tri^gular  regions  and  then  assigning  as  area-measure  to 
a  quadFamgular  region  the  sum  of  the  krea-measures  pf  triangulai*  re- 
gions into  which  it  can  be  ^'cut  up*'.  What  needs  to  be  proved  [and  what, 
can  be  proved]  is  'that,  for  example,  with  an  appropriate  definition  of 
area-measure  for  triangular  regions,  the  sum  of  the,  area-measures 


Fig.  16-11         ^     *  # 

of  the  triangular  regions  and  is  the  same  as  the  sum  of  the  area- 
measures  of  T3  apd  T^. 

n  The  two  intuitively  obvious  the^ems  mentioned  in  the  preceding 
two  paragraphs  are  quite  difficult  to  prove  anci,  although  we  shall 
make  use  of'thei^  in  this  section,  we  shall  not  attempt  to"^  prove  them 
in  this  course.  -  . 

As  you  probably  know,  an  ap-^ 
propriate  are^-measlure  fpr  a  tri- 
angul^  r^on  is  obtainea  by  tak- 
ing one*half  the  product  of  the  ^ 
measure  of  any  side  of  its  triangu- 
lar boundary  by  the  .Pleasure  of  the  * 
altitude  to  that  side.  That  this  is  an  Fig-.  19-- 12 

appropriate  area-mpasure  for  a  tn-^    ;  *  r 
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"       indicated  .by  the  'It  can  be  proved^s  we  shall  not  attempt  a  - 
rigorous  dev^loi^ment  of  the  theory  of  area-measure  for  poiygonai 
regi»n^^    Vector  metHoas  do , make  possible      rather  simple  treat^nent, 

have; the  space  [nor  you  the  timfe]  to  car;-y  it  out.    In         .  , 
treitihg  area.-me^sure  somewhat  intuitively  vCe  all  but  follow  current 
--practice,  at  .this  level*  '  *  ;  . 

Sugjgestions  for  the  exercises  of  sectioci  16.09: 
(i)  U^e  Part  A  for  class  illustrations.  .  "  -  .  * 

(ii)   Part  B  may  be  used  for  homework.  ^  . 

(iii^   Part  C  and  the  discussion  following  may  be  used  for  supervised 

class  exercises.    *  ^  .  • 

(iv).  Part  D  m^be  assigned  as  hom'ework.  *  , 

■       ^  ,  f  ■  ❖     ^  •  ,         ^  .  ■  y  ; 

Sample  Qui^  '  '  ^ 

Here  is  a  li^t  of  descriptive  terms  which  apply  tQ,geometric 
/igures: 

(a)  equilateral  -  (b)  quadrilateral  *  . 

{q)  equiangular  (d)  trapezoidal     ' ^  . 

(e)   rectangular  (f)  rhombic  .  ^  . 

(g)  perpendicuiar'diagonals    (h)  congruent  diagonals'  i] 

{i)  bisectinn^diagonals  ^j)  a  pair  of  parallel  sides  , 

Fpr  each  of  the  geometric  figures  given  below,,  tell  which  of^the  descrip- 
tive ter^s  applies  to  it,  * 

i,     Squar.e    '         2.  Rhombus 

Key  to  Sample  Qi^iz  .  ^ 

[Misapply] 

3,'   (b),  (c),  {dh  (eh  (h),  (i),  (j) 


3,  Rectangle 


4.  Trapezoid 


2,  (a),  (b).  (d),  (f),  (g),  m  (j) 
4.    {b),  (d),  (j)     ■  '  ' 


.4  '  ^ 
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angular  region  stems  from  the  fact  that,  by  Theorem  14-13,  the  num- 
l?er  obtained  in  this  way  is  the  same^no  matter  whiqh  side  and  a>rre^ 
spending  altitude  t>ne  chooses.  Tkis  motivates  us  to  adopt  the  following: ' 

Definition  16-6   The  area-measure  of  a  triangular 
region  IS  one-half  the  product  of  anjNside  by  tiie 
altitude  to  that  side.  ' , 

rrmn  exercises  in  Parts  F  and  G  on  page  161  and  in  Part  B  on  page  256, 
there  are  several  other  ways  to  express  the  area-measure  of  .the  tri- 
angular region  bounds  by  AABC.  For  example: 

=  iofc  sin  Z.C  ,  .  ' 


=i  ^4(s  -  a)(s  -  b)(s  -  c),  where  s  ==  (a  +  6  +  c)/2. 

[Note,  in  the  second  of  these  formulas  that  a  sin  Z.C  is  the  measure  of 
the  altitude  to  the  side  CA.] 

We  can  now  assign  area-measui^  to  trapezoidal  regions.  Given  such 
a  region  with  bases  whose  measures  are^  6,  and     and  with  altitude 

h 


measure  /i,  it  is  clear  from  Fig,  16-13  that  its  area-measure,  K,  is  one- 
half  th6  product  of  the  sum  of  the  measures  of  its  bases  by  its  altitude. 
And  it  is  easy  to  obtain  fri^  this,  as  special  cases,  formulas  for  the 
.area-measures  of  regions  bounded  by  parallelograms  and  rectangles. 
[Do  80.]  Another  way  of  computing, the  area-measures  9f  regions 
bounded  by  a  parallelogram  is  suggested,  by  this  figure: 

^^^^^^^^^^^^^^^^^^^^^^^^ 

K  =  yja'b'  -  & 
Fig.  1«-14 

In  this  connection,  it  is  worth  recalling  that,  bygone  of  our  most,  useful 
theorems,  a^l^  "  (a  -  Vy^  =  0  if  and  only  if  (a,  6)  is  linearly  dependent. 
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Note  that,  in  Fig.  16-14,  (a.V)  is  linearly  dependent  if  and  only  if  the 
parallelogram  "collapses"  into  a  segment.  Notice,  also,  that  the  for- 
mula given  in  Fig.  16- 14  can  be  used  to  obtain  special  formulas  for  the 
a|-ea-measure  of  a  rectangular  region  and  of  a  square  region.  [How?] 
Finally,  the  area-measure  of  a  region  bounded  by  a  riiombus  can  be 
computed  from  the  measures  of  its  diagonals.  [Do  So.  To  what*  more 
inclusive  class  of  plane  regions  does  this  formula  apply?]  And,  this  may 
be  used  to  obtain,  as  a  special  case,  a  formula  for  the  area-measure  of 
a  square  region  in  terms  of  the  measure  of  a  diagonal  of  the  s^juarfe. 
[Give  the  formula.] 

Exercises  .      .  . 


Part  A 


9. 


In  each  of  the  following,  you  are  given  a  figure  and  Mme  informa- 
tion about  it.  Do  the  .  indicated  computations.  KiABO  ia^  area- 
measure  of  the  triangular  region. bounded  by  d^ABC,  KiPQRS)  is  the 
area-measure  of  the  quadrangular  r^ion  bounded  by  PQRS,  elx. 

1.  In  AABC,  AB  =  2B,  BC  ^  '  ^ 
and  cos  iLB  -  A.  Compute  AU 
andK^(AfiC). 

2.  In  AASC,  sinilA  =  i  AC 
«  12,  and  AB  =  15.  Compute 
KiABC). 

3.  In  AABC,  AB  -  CB  «  15  and 
AC  -  12.  Compute  K(ABO 
and  sin  /LA. 

4.  In  trapezoid  PQRS,  with  bases 
PQ  and  W,  PQ  *  12,  SR 
=  18,  and  h  =  7.  Compute 
KiPQRS).    ■  ,  . 

.  5.  In  trapezoid  PQRS,  PQ  -  15, 
A  and,  KiPQRS)  =  n. 

&  Given  that  trapezoid  PQRS  is 
isj»celes  and  ^at  PS  =  QR 
=  5,  PQ  'fS,  and  RS  ^  11, 
'  rompute  KiPQRS)-  md^  QS. 
7.  In  rectangle  KLMN,  KU^  12 
and  cos  iJCLN  «  i.  Compute 
KiKLMN). 
«.  In  rectangle  KLMN,  KN  =  20 
and      LN  =  30.  Compute 
KiKLMN). 
9,  Gi  v«Q  that  KLMN  is  a  square 
and  LN  =  10,  compute  KN. 
and  KiKLMN).  QOO 


N 


M 


N' 


M 
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;  •  .  • 

.  .  '  ^    For  a  rectangular  [and,  so,  in  particular,  fo;r  a  square  region]  ZA 
is'a  right  angle  and.  so,  sinl^-  I,   Hence^  for  a  rectangular  region 
ab  [and,  for  a  square  region,  K  =  a^}. 

»  For  a  rhombus^  and,  more  generally,  for  any  region  bounded  by  any 
,  ^^siiHple  orthodiagonal  quadrilate.ral,  the  area -measure  is  one -half  the 
•  ^P^roduct  of  the  measures  of  its  diagonal s*    In  particular,  fq.r  a  square  ^ 
with  diagonals  of  measure  d,  K' =??  d^/Zm     .  f  ^ 

Answers  for  Part  A^  •  , 

1.  AC  =  30,  K{ABC)  =  336. 

2.  K{ASC)  =  60 

3.  K<ABC)  =  ISsfzl,  siniA  =  ^/2^/5 

4.  K(PQRS)  =105' 

5.  SR  =  1  ' 

6.  K{PQRS)  =  21,  QS  =  a/58 

7.  K(KLMN)  =  192 

8.  K(KLMN)  =  zbOsJT 

9.  "    KN  =  5\fz,  K{KLJsIN)  =  50 
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10.  In  fhomhuB  ^FGH,  EG  -  10 
and  FH  =  15.  Compute 
KiEFGH). 

11.  In  rhombus  EFGH,  EG  =  12 
aiyi  AEHG  is  equilateral. 
Compixte  K{EFGH).  and  FH, 

12.  In  rhombua  EFGH,  FH  ^  15 
*  and  cos  LMGF  ^  Com- 
pute KiEFGH)  and  EG, 


1*  Derive  formulas  for  the  cfltitude  and  area-measure  of  a  triangular 
region  bounded  by  an  equilateral  triangle  whose  Biiie-me^ure  is 

2.  Given  a  rhdmbuet  who^  diagonals  measure  ^,  and  d^^  where 
^      derive  formulas  for  the  following:  i 

(a)  the  ^rea- measure  of  the  region  bounded  by  the  rhombus  il 

(b)  the  cosine  of  the  smaller  angles  of  the  rhombus 
^c)  the  sine  of  pie  larger  angles  o^the  rhombus 

3.  Given  a  nonrectangular  parallelogram  with  sicie-measures  a  and  b 
*  and  whose  shorter  diagonal  has  measure  c,  derive  formulas  for  thp 

following; 

(a)  the  c(^ihe  of  the  smaller  angles  of  ^e  parallelogram 

(b)  the  sine  of  the  lai'ger  angles  oC  the  parallelogram 

(c)  the  area-measure  of      r^on  bounded  by  the  parallelogram 

4.  Prbve  each  of  the  following:  ,  ^ 

(a)  A  median  of  a  triangle  separates  the  triangular  region  into 
two  regions  with  the  same  area- measure. 

(b)  An  j§mgie  bisector  of  a  triangle^  separates  the  triangular  re- 
gion into  two  regions  whose  area-measure  are  in  the  same 
ratio  as  the  sides  of  the  triadgle  which  are  contained  in  the 
given  angle. 

(c)  Given  aiiy  point  on  a  side  of  a  triangle,  the  interval  whose  end 
points  are  that  point  and  the  vertex  opposite  its  side  separates 
the  triangular  region  into  two  regions  whose  area-measures 
are  in  the  same  ratio  as  that  in  which  the  point  divide  the  side 
of  the  triangle. 

S*  Consider  the  four  regions  Into  \  . 
^yhich  the  diagonals  of  a  paral- 
lelogram  divide    the  /egion 
bounded  by  the  parallelogram. 
Shbw  that  these  four  regions 
<.have  the  same  '&^a-measure.  ' 
&  Suppose  that  PQRS  is  a  trapezoid  with  bafe^  PQ  and  RS  and 
whose  diagonals  intereect  in  the  point  M.  Prove  the  following, 
^  (a)  The  ratio  of  the  areas  of  triangiilar  regions  MPQ  and  MRS  is 

(b)  The  area-measures  "bf  the  regions  bounded  by  AMPS  and 
AMQR  are  the  same. 

4          -    - . 
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Answers  for  Part  A  [cont,] 

10,  '  K(EFGH)      75  •     ,  ^ 

11,  K(EVGH)  =  1Z^^^,  PH  =  UVT 

12,  K(EFGH)  =  45-S/5/2,  EG  =v  3>/T 
Answers  for^F^rt  B 

I.     h  =  n/s^  -  (8/2)*  -  *^/372..  K  =  {s/Z)/h  =  B^sfT/4 
Z,  '  (a)    K  -  [id,(%)]2  =  d.d^/Z 

(b)  By  the  Pythagorean  theorem,  the  side^measurc  of  the  i'hombus 
is  ,A/5P"T"d2^2,  ^o,  by  the  cosine  l^w,  the  cosing  of  the  ^ 
emaller^gles  is  {d^^  -  d/)/(d^2  +  a^^). 

(c)  The  sine  of  the  larger  angle  is  the  same  as  the  eine  oi  the 
smaller  angle  [since  the  angles  are  supplementary].  Computing 
the  latter  from  its  cosine  [which  we  found  in  part  (b)]  results 

in  ^d^dg/Cd^s-j.  a^2)  as  the  sine  of  the  larger  angle  of  $he  ^ 
rhombus,  ^  .  / 

« 

3.  (a)    By  the  cosine  law,  the  cosine  of  tlje  smaller  angles  is 

(a2  +  b^  -  c^)/(2ab). 

{h)    The  sine  of  the  larger>ngles  is  the  sine  of  the  smaller  angles* 

and  t%       Vs(s  -  aHe  -  bKs  -  c)/(2abK  J 
^c)   2>/b{s  -  a)(8  -  bK»  -  c) 

4.  (a)   A  median  of  a  triangle  separates  the  trliaiiguiar  region  into  two 

triangular  regions  with  congruent  bases  and  the  same  altitv.de » 

|b)   An  angle  bisector  of  a  triangle  separates, the  triangular  region 
into  two  triangular  rcgjions  which  have  the  same  altitudfe  and  the 
measures  of  whose  bases  are, proportional  to  the  measures  of 
^  the  sides  of  the  triangle  which  are  contained  in  the  given  angle  , 

[Theorem  IS-H]*      /.  ^ 

(c)    The  interval  in  question  separates  the  triangular  region  into 
two  triangulao"  region*  wh^ch  have  the  same  altitude  aa^  the 
'  measures  of  whose  baies  have  the  given  ratio.  ^ 

5.  Thi6  follows  from  Exercise  4{a)  and  the  fact  ^tlmt  the  diagotials  of  a 
'  parallelogram  bisect  eaah  other«  . 

6.  (a)   K(MPQ)-  2  =  PQ^  PM •  sin^iQPIl  and  K(MRS)»2  =  kS-RM- 

sin^^SRP,    Since  ZQPR  ^  ZSRP  [alternate  interior  angles]  it 
follow*  that  K|MPQ^/K(MllS)  f  ^PQ-PMV^RS*  RMK  But, 
FM/RM      PQ/RS  (Theorem  8-17 (h)].    So,  K{MPQVK(MRS) 
=  PqVRS^-    [That  ZQPR  and  ^SRP  are,  actually,  alternate 
anglaafollo>Srs  by  Theorem  8-16(a}.  ] 

(b)   By  Exjcise  4<c),  K(MPS)/K(MRg)  =  PM/MR  and  ^' 
.Kp^ie^/K^MRS)  =  QM/MS.   Since  PM/MR  Pd/RS 
QM/MS  it  follows  that  K(MPS)  =  K(MQR). 
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Part  e  .  •  .  X 

1*  The  four  fsu^  of  the  pyramid 
at  the  right  are  regions  bounded 
by  congruent  isoscel^  trian- 
gle whose  legs  have  length  6. 
The  base  SCD£  of  the  pyramid  ' 
*  is  a  square  region '  with  side- 
measure  8.  Compute  the  total 
area-measure  of  the  five  faces 
of  the  pyramid.  ,       '  - 

2.  Given  the  pyramid  described  in  Exercise  1,  cx)mpute  the  area- 
^      measure  of  the  r^on  bounded  by  AABD  and  the  distance  from  A 

to  the  plane  of  BCUe. 

3,  Compute  the  arefa- measure  of 
the  shaded  region  pictured  at 
the  right, 

4.,  In  the  triangle,  AABC,  pic^, 
tured  at  the  right,'  AD,  BEy  and 
CF  are  the  medians  of  the  tri- 
angle. ShovJ?  that  the  six  **8mall"^ 
triangular  N  regions  have  /the 

same  area^meaaure.  B  D  C 

6.  Given  AAjBC,  let  /  beihe  line  through  A  and  parallel  to  S^^^how 
that  each  triangle  APBG,  where  Pel,  has  the  same  area- measure 
as  does  AABC, 
d,  In  AABC  pictured  at  the  right, 
BE  and  CF  are  angle  bisectors, 


=  4,  and  ,CA' 
P3,  and  P41  aye 
res  of  the  indi- 
Verify  each  of 
where  k  is  the 


and  AB  = 
=  5.  Also 
the  area- 
cated  regions, 
the  following, 
area-measure  of  AABC 
(a)  AE^  3  and  EC  =^2 
(c)  p,  +  P2  =  §A 

ie}  p,  =t '  Kmc)  it)  p, 

(g)  P3  =         ,  (h)  pj 

In  APQi|  pictured  at  the  right, 
PA  and  are  medians  and  p^, 
P3,  and  p^  are  the  area- 
measures  of  the  ix^eated  re-« 
gions.  Verify  tiie  following, 
given  that  the  araa-measure  of 

(a)     ^Pti  ^  Pi  =  2p, 

te)  p,  »U  (d)  P, -  p, 


(b)  AF  -  ^  and  =  f 
(d)  p.,^p,^ik 
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Answers  for  Part  fc  , 


2.  K(ABD)  =  BsU,  d(A,BCD)  =  2  .  •  * 

3.  (1  +  \/2  +  n/3  +  n/4)/2  =  (3  +  sfJ)/Z, 

4.  Lr€t  M  be  the  point' of  intersection  of  the  mediaas.    By  Exercise 
4(a)  it- follows  that  K(BMD)  -  K(DMC)  =  a.  say,*that  K{CME) 

KfEM^)  =  b,  and  that  K(AMF)  =  K{FMB)  ^  c/  For  the  sAmc 
reason,  K{CBE)  =  K{ABE)  and  K{CAD)  =^  K(BAD)  and,  so,  that 
2a  +  b  ~  b  t  2c  and  a  +  2b  =  2c  +  a.    From  these  laft  Vesulta  it 
^     follows  that  a  =  c  and  that  b  =  c.    Hence,  a  =  b  =  G  and  all  six 
triangular  regions  have  the  same  area-measure,^ 

5.  For  any  choice  of  P  €  I,  APBC  and  AABChave  th^  game  base  and 
congruent  altitudes.    Hence,  they  have  the  same  area-mea»ure. 
[To  show  that  A  and  any  point  P  €  i  are  at  the  same  distance  from 

BC  notei  first,  that  P  =  a  +  uu,  where  u  is  the  unit  Vector  in 
*  JC  -  BY  and  a  -  A  -  B,    By  earlier  results  [Theorem  14-l6(a)  or 
the  Pythagorean  theorem]  the  square  of  the  altitxjde  f rom  A  of  ^ 
AABC  is  a^  -  {t*n)^,  where  a  =   |ja||,  and,  for^thc^same^reason 
the  square'of  the  altitude  from  P  of  APBq  is   ||a  +  uujj^ 
-  [(a  +  \Iu)*u]2.    Siniplifying  this  last  after  expanding  it  to 
•a2  +      4  2(3'ahA  -  1(3*  3)^  +  u2  +  2(^-3)u3*  we  sec  that  AABC 
and  APBC- "have  congruent  altitudes^ from  A  and  P,  respectively. 
Th^  result  just  proved  is  often  stated  as:  Parallel  lines  are 
e<re^ywhere  equidista^nt.  ]  »  , 

6.  (a)    By  Theorem  15-17,  AE  =  5(6/10)  =  3  and  EC  =  5(4/l0)  =  2, 

(b)  Similarly,  AF  =  6(5/9)  =  iO/3  and  FB  =  6(4/9)  =  8/3. 

(c)  Since  AE  =  AC(3/5),  Px     P2  ^  3k/5   [Exercise  4{c)  of  ^ 

"     •    iPart  B],  ' 

id)   Since  BF  =5  BA(4/9)p      4  PgV  =  4k/^,  ' 

(e)  Let?M'  be  the  point  of  intersection  of  the  angle  bisectors.  Since 
BF  =  8/3  and  BC  =  4,  FM/FC  =  (8/3)  t  (8/3  1-  4)  =  2/5.  So. 
P2  =  2K(BFC)/5. 

(f)  Since  BF/BA  =  {8/3)6  =  4/9,  K(BFC)  ^  4k/9.  Combining  this 
with-the  result  of  part  (e)  it  fpUows  that  pg  8^/45. 

(g)  By  (d),  Ps  +  Ps  =  4k/9  and  by  (f)  p^  =^  8k/45.  So,  ^  i 
P3  =Wf-8k/45  =  4k/l5. 

(h)  By  (c)  and  (f)/a8  in  part  (g>,  p^*  *  19k/45; 

7.  (a)    Since  p^^  -f .  p^  =  k/2  a^d  p^  4      ^  1c/2^  It  iollows  tjmt ^  ^3* 

(b)  Since  the  point  of  intersection  of  the  medians  divides  the 
*^  median  from  Q  to  B  in  2:1  it  fg^sws  that  p^  =  2p2. 

(c)  Siiice  P2^*4  p^  =  k/2  and  p^  =  //2  it  follows  that  p^  k/3. 

(d)  Since  p^     Ps  =  P^     Ps  ^^^^  ^  ^3  i^J^l^^ws  that  p^  =  p^. 

The  ratio  of  similitude  of  AdEF  to  AABG  ii  . 
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Consider  LABC  'anii  AZ)£F, 
shown  in  |he  picture  at  the  ri^ht. 
Given "  that  ABC  *— ♦  DEF  is  a 
similarity,  we  know  that  the  cor- 
responding sides  are  proportional 
[and,.that  the  corresponding  angles 
are  congruent]  so  that^  for  some 
A  >  0,  AB  =  kDE,  BC  =  kEF,  B3^. 
AC  t=  kDF.  The  number  k  is  some-  * 
times  called  the  raMo  of  similitude 
of  AABC  to  ADEF.  [What,  then, 
is  the  ratio  of  similitude  of  ADEF 
toAABC?] 

.  The  area-measure,  K,,  of  triangular  r^on  ABC  is 
iAB  •  AC  ■  sin  jLA,  and  the  area-measure,  K^,  of  triangular  region 
DEF  is  iDJff  •  DF  •  sin  Zi).  Given  that  ABC  * — >  DEF  is  a  similarity ,v 
^we  know  that  Bin  LA  =  sin  /J)  and  that  there  is  a  ratio  of  simili- 
tude say,  ife- of  AASC  to  ADi^F.  Thus, 

)  ■  •  - 

=fc  iAB  •  AC  •  siii  ^  -.-^ 

=  i  ■  kDE  •  kDF  '  sin  /J) 
^  h  ■  iWS  •  DF  ■  sin  LD] 


Wig.  16-13 


[Why?] 
[Why?] 
[Why?] 


This  tells  us  that  if  ABC  < — *  DEF  is  a  similarity -th&t  is,  if  AABC 
is  similar  to  AD^^F-^then  the  ratio  of  the  area-measure,  if,,  of  tri- 
angular region  ABC  to  tiie  area-measure,  K^^  of  triangular  region 
DEF  is  k^,  where  k  is  the  ratio  of  similitude  of  AABC  to  ADSF.  For 
short,iir,  :  if ,  =  f^. 

For  convenience,  we  summafize  this  result  in: 

TI?eor€m  l^-30v  The^ratio^  the  are^-mea^eof  a  giv^en  . 
triangle  to  tiikt  of  a  similar  triangle  is  tbe  square  of  the 
ratio  of  similitude  of  the  giVen  triangle  to  the  second 
triangle. 


Part  D 
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h  pappose  that  ABC      >  PQR  is  a  similarity  between  AABC  and 

Apqr.  ,  , 

(A)  di  van  that  AC  »  7,  SC  ^  11^  and  QR  «  14,  what  is  the  ratio 
of  Qi&ilitude  of  AASC  to  APQR?  JVhat^  the  ratio  of  the  area- 
\  measure  of  to  AABC? 


TC305 
^     Sample  Quiz 

1  4  An  altitude  of  one  ec^ilateral  triangle  has  the  same  measure  a*?  a  , 
'*   side  of  another  equilateral  triangle.    What  is  the  ratio  of  their  areas?; 
Of  their  perimeters ?  ,  •  * 

2.  If  three  squares  have  side-measures  3,  4,  and  12,  respectively, 
what  is  the  side-measure  of  a, fourth  square  whose  area  is  the  sum^ 
of  the  area -measured  of  the  three  given  squares  ?         '  ^  - 

3.  Given  AABC  with  AB       10,  E?c'=  13.  and  cos        =  -S/s.  Compute 
the  area -measure  of  AABC  and  the  measure  of  the  altitude  fron?  A, 

4      In  AABC,  the  medians  AM  ami  CN  intersect  in  Q.    P  is  the  mid- 
point of  AC  and  MP  intersects  S??  in  Q.    If  the  area-measure  of 
\    AABC  is  1,  compute  tbe  area-mfeasures  of  e^cji^of  the  following 
regions.  ^  , 

(a)    CPQ  .  ^""^ 

Md)    APQO  •  (e)  AON  '  (i)  MONB 

Key  to  SamT:rfe"Quig 

U     4/3;   2/^/3  2-    l^T  ^  3,    60;  8 

4.  (a)    1/8       (b)   1/8  (c)   1/24       (d)   5/24      <e)   1/6       (g)  1/3 
Answers  for  Pa 

1.    (a)    11/14;   196/121  •  ,  '        .      '     •  '      ,  ■ 
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(b)  K(ABC)  =  10,.  K{PQR)  -  45/8 

*(c)    l/^/2   [By  the  cosine  l^W.  PQ*=.9^.]i  K(PQR)  ^  ^^fTXfM, 
KUBC)  =  9>/nT/8  :/ 
2.  A  [Note, that  LPCJ        LKM      a  similarity  by  a.  a.    In  fact,  the 
*  unifontt  stretching  about  L  with  stretching  factor  9/7  is  a 
^similitude  which,  since  it  maps  L  on  L,  P  on  K,  and  Q  on  M, 
maps  ALPQ  onto  ALKM.  ]         .  ^. 

^)  ;7/9;'49/81  /•  \ 

.(b)    10/3;  4/9 

(c)  1/^;   1/(V2-I)  lor:  <Z/l.  I  +  Vz]  ' 


•6?y 


V-  :'  .  ■■■■  : 

Tt3D6(2) 


Answers  ^or  Rirt  D  [cont,]  ' 

/^3,     i^)    Since  IPQD  »  ZMCQ»  IMCQ  is  complementary  to  ZMCB, 
aAd  /:CMB  is  complementary  to  ZMCB,  it  follows  that 
IPQD  &  ICMB.    Since         and  ZB  a both  right  angles  it 
foljpws  by  a,  a.  that  PQD        CMB  is  a  ^iniilarity. 

(b)  1/3      .  '  ■ -  ' 

(c)  1/9  , 

*  4.     (a)    Suppose  that  ABCD  and  PQRS  are  squares  with  sideTneasures 
.  "  and  Sg,  respectively,  )v  he  re  s^^  <  s^,.    Let  g  be  the  uniform 

stretching  about  A  with  sTretc^hing  ratio  s^/s^  —  that  is,  for 
each  point  X,  let 

g{X)  -  A+  {xVaHs^^/s^K  .         ^  , 

Suppose  that  g  maps  A,  B,  'C,  and  D  on  K,        M,  and  N, 
*  respectively.    [So,  for  example,  K  =  A,  and  L  =  A  +  (B  -  A) 

]  Since  g  maps  intervals  on  intervals,  mapping  end 

points  on  end* points,  it  follows  that  g  piaps  ABCD  onto  KLMN, 
^  Since  g  preserves  perpendicularity  and  muHiplies  distances  by 

Sp/s-  it  follows  that  KLMN  is  ^  square^  of  side-measure  s^. 
♦  We  Shall  now  find  an  isofnetry  whi^  maps  KLMN  onto  PQRS, 

Having,  done  i  so,  ^©g  ^ill  be  a  siipuitude  which  maps  ABCD 

on  PQRS  and  we  shall  have  proved  that  ABCD  and  PQRS  aKfe 
'^"Sbnilar/  the | ratio  of  similitude  of  ABCD  to  PQRS  being 

Since*  k)l  =  s^  =  PQ  and  NK  =^  SP  it  follows,  since 

and  IP  are  right  angles,  that  NL  -  SQ.    It  folloW*  that - 
there  is  an  ipometry  h  which  naaps  N  on  S,  K  on  P,  and  L* 

on  Q,    Sinc'<^  h  is  an  isometry  it  maps  NKL  onto  SPQ  and 

preserves  pjerpendicularity.    rienc,e,  h  maps  NM  onto  SR  and 

*  ^  maps^  LM  <^nto  QR»    So,  h  maMthe  point  M  of  Intersection 

of  NM  and/  LM  on  the  poitlt  Ro^pihteV  sect  ion  of  SR  and 

■  ^     Since  h  is/an  i60ihetl*y  which  maps'  K  on  P,  L  on  Q,  M  on  R, 

'  an^  N  on  /s,  h  maps  KLMN  onto  PQRS. 

,     •  SiAs 

5.  256,  36   [kg  /       =  220,  ICg/k^  =  64/9] 

6,  K^ABCD)  =  S2,  K(MNPQ)  =  16   [Students  should  not  take  it  for  \ 
  granted  ihs^u  MNPQ-ts  a  square.    Ofte  way^of  «bowihs  that  it  4s  is  to 

-  begin  by  showing  that  It  is  a  rhombus  with  side-measure  4  and  then 
noting  that,^  since  Us  diagonals  are  parallel  to  the  sides  of  ^  ABCD, 
'  it  is  orthoaiagonal*    Students  can,  of  course,  by-pass  the  proof  of 

the  'squareness  of  MNPQ  by  no'ting,  as  above,  that  it  is  orthodiagonal 
and  that  each  of  its  diagonals  has  measure  b/>/2,  ] 
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(b)  Given  that  AB  =  8,  SC  =  12,  sin  Z_B  =  ^,  and  PQ  =  6,  com- 
pute the  area-measures  of  triangular  regions  ABC  and  PQR. 

(c)  Given  t^RP  =  6,  i?Q  =  9,  COB  Zi?  =  -tV,  andAB  =  9,  com- 
pute the^TstiogflfimiHtude  of  AABC  to  APQ/f  and  the  area- 
measure  oi  tfie^ahgular  regions  ABC  and  PQR.  . 

2.  Consider  A^iJVf  with 

KM,  as  shown  in  the  pic- 
ture at  the  right  Answer  the 
following  questions. 

(a)  Given  that  LP  ^  7  and  PK  =  2-,  what  is  the  ratio  of  si^iilitude 
of  ALPQ  to  ALiCAf?  What  is  the  ratio  of  the  area-measures  of 
LPQandLKW  '  ^ 

(b)  Given  that  KL  =«_10  and  the  ratio  of  siniiHtude  6f  ALPQ  to 
ALKM  is  I,  what  is  KP7  Wh^t  is  ^e  ratio  of  the  area-measures 
of  LPQ  and  UTM? 

(c)  Giveji  that  the  ratio  of  the  area-measures  of  LPQ  and  LKM  is 
h  what  is  LP  ;  LK,  and  what  i$XP  ;  PK'} 

3*  Consider  the  square  ABCD 
shown  at  the  right  AS  =  6,  Af 
is  the  midpoint  of  AB,  PD  =  2, 
andPQWMC. 

(a)  Show  that  APQD  is  similar 
tJoACMB. 

(b)  ^at  is  the  ra^  of  simili- 
tude of  to  ACMB? 

(c)  ^^Qiat  is  Ihe  ratio  of  the 
area-measures  of  f^D  and 
CMS? 

4*  Suppose  that  two  squares  have  sid^  whose  measures  are  s^  and 
Sg,  r^pectively,  and  that  s,  <  s^-  * 

(a)  Show  that  the  squares  are,  sdiz^lar. " 

(b)  What  is  the  ratio  of  similitude  the  sm^alier  to  the  hufgel^ 
square?      -       _   .   1...  ^  .i\ 

(c)  What  iK  the  ratio  of  tlje  area-measujpes  of  the  lai^er  to  tjie 

smaller  o£the  squares?        *  •  / 

■  ^  ■  .  • 

^,  The  difference  in  the  area-measure  two  square  is  220  and  the 
ratio  of  similitude  of  the  largOT  to  the  smalls  of  &e  squaijes  is  |« 
Compute  the  area-measures  of  the  ^uar^^ 

6<y£^t  N,  P,  and  Q  be  the  midpoints  of  consecutive  sid^  oT  square 
ABCD.  Given  that  Ihe  measure  of  a  diagonal  of  AfiCD  is  S«  im- 
pute the  area-measures  of  ASCfl  and  AfiVi^, 
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'Vocabulary  Summary 

the  cosine  law 
aongruence 
.  suiScient  condition 
*  rectangle 
square 
i^ipdiagonal 
isosceles  trapezoid 
similar  figures . 
boundary 

quadrangular  r^on 
the  sine  law 
congruent  figure 
necessary  (Jondition 
rhombus 
'kite 

Definitions  ■ 


orthodiagonal 
similitude 
similarity 
triangular  region 
atea- measure 
exterii^  angle 
<x)ngruence  theorems 
s.s.s. 

^  s.s.a. 

a.s.a. 
uniform  stretching 
similarity  th^rems 

s.a.^ 

a.a. 


16-1,^  A  re^rt^ngle  is  ^^quadrilSteraLeach  of  whose  ahgled  is  a'  right 
angle, 

16-2.  (a)  ^  rhombus  is  a  plane  quadrilateral  all  four  of  whose  sides 
are  oongruent 
(b)  AJsquare  is  a  rectangulat  rhombus. 

A  kite  is  ^  l^uadrilateral  which  has  two  consecutive  sides  con- 
gnient  a:^  the  Wed  t>pposite  these  congruent 
.  .      f6-4;  /is  a  similitude  of  ^'  if  and  only  if  /  is  a  mapping  of  if  onto  itself 

such  that,  for;  tome  m->  6/ V^Vy  /(^^^^ 

16-6.  A  first  figure  il  similar  to  a  second  if  and  only  if  there  is  a  simili^ 
tude  of  ^  which  maps  the  first  figure  onto  tie  second. 

16-6.  The  area-measure  of  a  triangular  region  is  one^alf  th^  product 
of  any  side  by  the  altitude  to  that  side. 


Other  Theorems 


16-t    {The  Projection  Theorena]  In  AABC, 

K   Ca)  a  cos /JS  4- 6  cos  Z:^     c,  and     •  . 

.  .     e  -  a  cos  ZJS 

'  '    .  (b)  cos      =  -7  . 

V      '  b  * 

Corollary  1.  No  two  angles  of  a  triangle  are  supplementary. 

Corollary  2/ Each  triangle  has  at  least  two  acute  angles. 
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Corollary  3.  An  exterior  angle  of  a  triangle  is  larger  than  6ach  of 

the  angl^  of  the  triangle  which  are  opposite  it,  ^ 
Corollary  4.  A  triangle  is  isosceles  with  a  given  side  as  base  if  and 

only  if  the  angl^  of  the  triangle  at  the  end  points  of  tro  given 

side  are^  congruent 
Corollary  5.  A  triangle  is  equilateral  if  and  only  if  it  is  equiangular. 
Corollary  6,  If  two  sides  of  a  triangle  are  nof  congruent  then  the 

angle  opposite  the  longer  side  is  larger  than  the  angleopposite 

the  shorter  side,  - 
Corollary  7.  If  two  angles  of  a  triangle  are  not  congn^nt  then  the 

side  opposite  the  larger  angle  is  longer  than  the  side  opposite 

the  smaller  angle. 
Corollary  8.  If  each  side  of  one  angle  intersects  both  sides  of  another 

angle  then  the  angles  a,re  not  supplementary. 
16-2.   [Hie  Cosine  Law]  In  AAfiC,  ^ 
,    (a)     =     +  6^-  2a6  cos  /.C,  and   ^  , 

2ab  ^  .  ^ 

16-3*    If  a,  6,  and  c  are  positive  numbers  such  that 

% 

|o  -  6|  <  c  <  a  +  ,6  A 

then  there  is  a  triangle  whose  side  measures  are  a,  b,  and 

16-4.   [The  Sine  Uwl  In  AABC,  ^ 

\  . 

sin  sin  ZjS     sin  / 

'   >   m  —  m   . 

.a  b 

16-5.  In  a  right  triangle,  the  cosine  of  an  acute  angle  is  the  quotient 
of  the  adjacent  leg  by  the  hs^tenuse,  and' the  sine  of  an  acute 
angle  is  the  quotient  of  th£  opposite  leg  by  the  hypotenuse. 

16-6.  I9  AABC,  (Sos JJJ  ^  -<«^  4LA  cos  -  sin  ^  ^in  jLB),  and 
sin  Z.C  =  sm  "JiA^cos  /JB  +  cos  ^  sin  Z^/ 

16-7.  A  matching  of  the  verti<^  of  a  first  triangle  with  tho^e  of  a 
second  is  a  rangruence  if 

(a)  each  side  of  the  first  triangle  is  oongruent  to  the  corre-' 
spending  side^f  the  second  [s.s  J  J,  or 

(b)  each  of  two  sides  of  Ihe  first  triangle  i&  congruent  to  the 
corresponding  sifie  of  the  second  and  the  incluiied  angles 
are  a>ngruent  [s.asj,  or  '  \  ■ 

(c)  each  oftwo  sides  of  the  first  jangle  and  ^e  angle  opposite 
th^  second  side  congruent  to  the  cormsponding  part  of 
the  second  triangle  and  the  angle  opposite  th^  first  side  is 

'  *  not  a  supplement  of  its  corresponding  angle  [*s.d.a];;^or 


^  (d)  each  of  two  angles  of  the  first  triangle  is  congruent  to  the 
con^ponding  angle  of  the  second  and  the  included  sides 
^  ♦  are  congruent  [a,s.a.3,  or  • 

{e)^each  of  two  angles  of  the  first  triangl^  and  the  side  oppo- 
site the  second  angle  is  congruent  to  the  a)rrespdnding 
part  of  the  second  triangle. 
Ck>roUary  1.  A  matching  of  the  vertic^  of  a  first  triangle  with  those 
of  a  second  is  a  congruence  if  each  of  two  sides  of  the  first  tri- 
angle and  the  angle  opposite  the  second  side  is  congruent  to 
the  corresponding  part  of  the  second  triangle  and 
(a)  the  angle  opposite  Uie  first  side  and  its  corresponding 
angle  are  both  acute,  or 
^      (b)  neither  the  angle  opposite  the  first  side  nor  its  correspond- 
ing angle  is  acute,  or 
(c)  the  second  sidis  is  longer  than  tfie  fir^t  ^ 
Corollary  2.  If  the  hypotenuse  and  a  leg  of  oiie  right  triangle  are 
congruent  to  the  hypotenuse  and  a  leg  of  another  right  tri- 
angle then  the  matching  with  respect  to  which  these  are  cor- 
'  responding  sides  is  a  oongt^uence.  \ 
16-8.    A  quadrilateral  is  a  parallelogram  if  and  only  if  tt  is  simple 
'and  plane  and  each  two  of  its  c^posite  angles  are  congruent 
16-9.    A  quadrilateral  is  a  parallelogram  if  and  only  if  it  is  simple 
and  plane  and  each  two  of  its  consecutive  angles  are  supple- 
,    .  mentary. 

16-10.  A  quadrilateral  is  a  parallelogram  if  and  oniy-if  it  is  simple 
^  and  some  two  of  its  opposite  sides  are  parallel  congruent. 
6-11.  A  quadrilateral  is  a  parallelogram  if  ahd  only  if  it  is%imple 
^        and  plane  and  each  two  of  its  opposite  sides  are  congruent. 
16-12.  A  quadrilateral  is  a  parallelogram  if  and  only  if  the  sum  of  the 
squares  of  its  diagonals  equals  the  sum  of  the  squares  of  its 
sides.     /  •  »  ^ 

Lemma.  Any  m:tangle  is  a  "plane  quadrilateral. 

16-13.  Each  rectangle  is  a  parallelogram.  ^  - 

16-14.  A  parallelogram^one     whose  angles  is  a  right  angle  is  a 

rectangle.  ^ 
16-15.^  A  parallelogram  i&  a  ^ectan^le  if  and  (m\y  if  its  diagonals  are 

congruent  ^  ;  ^  * 

16-16.  Each  rlK)mbus  is*  a  parallelogram.  ^ 

16;17f  Any  parallelogram  two  of  whose  consecutive  sides  are  OTn- 

.  gruenfc  is  a  rhombus.  >    '  ' 

16-1&  A  parallelogram  is  a  rhombus  if  tod  only  if  its  diagonals  are 

perpendicular.        ♦    \  '  ^  ^ 

Corollary.  -A  rectangle  is  a  square  if  and  only  if  its  diagonals  are 

perpendicular. 
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1&19.  A  plane  quadrilateral  is  a*  rhombus  if  and  only  if  each  of  its 
diagonals  is  contained  in  the  peVpendicular  bisector  of  the 
other. 

16-20.  A  quadrilateral  is  a  rhombus  if  and  only  if  its  diagonals  are 

contained  in  the  bisectors  of  its  angles. 
16-21.  The  sum  of  the  squares  of  two  opposite  sides  of  a  quadrilateral 
;         equals  the  sum  of  the  squares  of  the  other  two  sides  if  and  only 

if  the  diagonals  of  the  quadrilateral  are  perpendicular. 
16-22.  A  quadrilateral  is  a  kite  if  and  only  if  one  of  its  diagonals  is 

contained  in  the  perpendicular  bisector  of  the  other. 
16-23.  A  trapezoid  is  isodiagonal  if  and  only  if  it  is  either  is^^celes  or 

a  rectangle. 

, .  /  Corollary.  A  parallelogram  is  isodiagonal  if  and  only  if  it  is  a  rec- 
tangle. . 
16-24.  A  trapezoid  is  isodiagonal  if  and  only  if  any  pair  of  its  base 

angles  are  congruent 
16-25.  Each  similitude  of  4f  is  the  resultant  of  a  uniform  stretching 

"about  any  given  peint  O  followed  by  an  isometry. 
16-26.  A  matching  of  the  vertices  of  one  triangle  with  those  of  a  sec- 
ond is  a  similarity  if  corresponding  sides  are  proportional. 
16-27.  If  a  matching  of  the  vertices  of  one  triangle  with  those  of  a 
second  is  a  similarity  then  corresponding  angles  are  congruent 
and  corresponding  sides  are  proportional.  ^ 
16-28.  A  matching  of  the  vertices  crf'  dne  triangle  with  ttibse  of  a  sec- 
ond is  a  similarity  if  two  sides  of  the  first  triangle  are  propor- 
tional to  the  corresponding  sides  of  the  second  and  the  included 
angles  are  congruent. 
16-29.  A  matching  of  the  vertices  of  one  triangle  with  those  of  a  sec- 
ond is  a  similarity  if  two  angles  of  the  first  taiangle  are  con- 
^-gruent  to  the  corresponding  angles  of  the  seair^. 
16-30.  The  ratio  of  the  are^-measure  of  a  given  triangle  to  that  of  a 
^  similar  triangle  is  the  square  of  the  ratio  of  similitude  of  the 
given  triahgle  to  the  second  triangle.; 

. 

Area  Formulas 

=  lad  sin  Z.C 
^^8{s  -  q){s  -  b){s  -  e), 
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Trapezoidal  region 


K  =  h(b,  +•  6,)/2 


Region  bou^xl  by  a  parallelogram 

K^bh 
V 


0^6*  ^  (a  •  bf 


Region  bounded  by  a  simple  ortkodiagonal  plane  quadrilateral 


Chapter  Test 


h  True  or  false?  \  t  , 

(a)  That  two  angles  of  a  tai^gle  are  complement^  is  a  sufficient 
^       condition  that  the  triangle  is  a  right  triangle. 

(b)  That  two  angl^  of  a  first  triangle  qtre  congruent  to  the  cor- 
responding angles  of  a  second  triangle  under  a  matching  of 
vertices  is  a  necessary  ^ndition  that  the  triangle  be  similar. 

(c)  iliat  the  angles  of  a  first  quadrilateral  are  congruent  to  the 
corr^ponding  angles  of  a  second  quadrilateral  under  a  match- 
ing of  vertices  is  a  sufficient  condition  that  the  quadrilaterals 
be  similar. 

id)  That  the  angles  of  a  firsti  quadrilateral  are  congruent  to  the 
corresponding  angles  of  a  s€a)nd  quadrilateral  imder  a  match-  ' 
ing  of  vertices  is  a  necessary  <x)ndition  that  the  qu^rilaterals 
be  similar.  * 

(e)  There  is  no  triangle  which  has^  exterior  angle  which  is 
supplementary  to  an  opposite  interior  angle. 

(f)  There  is  a  triangle  which  has  an  ext^or  angle  which  is  com- 
plementary to  an  opposite  interior  angle.  • 

(g)  There  is  a  triangle  which  has  an  txterior  jangle  which  is  con- 
gruent to  an  opposite  interior  angle. 

•    (h)  If  a  trapezoid  hM  perpendicular  diagonals,  then  it  is  an  isos- 
celes trapezoid. 


5. 
6, 


ERLC 


636 


7. 


8. 


(c)  -61/160         (d)  3^/^43T/4 


Answers  for  Chapter  Test 
1.     (a)    True,  ^ 

(b)  True,  .1 

(c)  False.    [Consider  two  rectangles  only  one  of  which  is  a 
^  square, ] 

(d)  True.  ^ 

(e)  False,    (Consider  any  isosceles  triangle.  ] 

(f)  True.*  (Consider  any  triangle  which  has  an  acute  exterior 
angle  which  is  larger  than  half  of  a  right  angle.  ] 

(g)  False,    [See  Corollary  31  of  Theorem  16-i,] 

(h)  False. 
'2.     (a)    87/100  (b)W243r/l00 

3.     (a),  (c),  id) 

4,.    PR  =  V2/2>  Since  QR  >  PR,  'ZP  is  larger  than  ZQ  and,  since  IP 
ia  acute,  so  is  ZQ- ;   tinZH  =         +  =  (Since 

QR/sin  ZP  1  it  follow *^by  the  sine  Uw  that  PR  =  sinZQ=  n/T/Z 
and  PQ  =  sinZR.  Since  ZP  and  ZQ  are  both  acute,  gosZP=  i/2 
and.  cos  ZQ  =  So,  Theojem  16-6  can  be  used  to  compute^  . 

sinZR  and,  so,  PQ.  }  ./^ 

(a)  sft^/l  -(b)  3/5     •  (c)  2n^  (d)  3  +  , 

^^a)    ABE        CDE  is  a  congruence  by  s.a.s,    (EA  =  EC, 

ZAEB  ^  ZCED,  BE  =  DE  since  the  diagonals  of  a  parallelo^ 
gram  |iisect  each  other  and  vertical^ angles  are  congruent.  ] 
and,  also,  by  s.s.s.    (AB  -  CD  since  opposite  sides  of  a 
parallelogram  are  congruent,] 

(b)  AABE  and  ACDE  have  the  same  area-measure  since  they  are 
"  congruent.    So,  for  the  same  reason,  do  ABCE  and  ADAE. 

Each  of  AABE  and  ABCE  has  area-measure  half  that  of  AABC. 
[One  can  repeat  this  last  argument  to  show  that  ABCE  and 
ACOE  have  the  same  area -measure  and  that  ACDE  and  ADAE 
have  the  same  area-measuj-e..    In  this  way  one  does  not  need 
*  the  result  obtained  in  part  <a),  } 

(a)  PAQ— ^  RAS  i|  a  similarity  by  Is.a.s.    For,  since  SQ  =  RP 
.  and  each  is  divided  ip  10-  5  by  A,  AP  =  AR/Z  and  AQ  =  AS/l. 
Also,  the  vertical  angle s,At  A  are  congruent.        .  « 


(b)  .1/4 

(a)  135/2 
(d)  121/2 


(b)  144 
(e)  48V5 


id)  7SV3/4 

(c)  40^/I 
(f)  84 
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45.  Compute  each 


2.  Given  Ai4SC  with  BC  =  8,  4C  =^  10, 

of  the  following.  ^ 

(a)  cos  LA  (b)  fidn  LA  (c)  cos  lC  (d)  area-measure  of  AASC 
£L  For  whidi  of^e  following  is  it  possible  to  have  Mai^les  whose 

side^^isures  are  the  giten  numbers. 

(apt  6,  2      (b)  4,  (c)  2,       1      (d)  V2,  Vs,  1 

4  |n  APQ/2,  sin  LQ V2I2,  sin  ^  =  \/3/2,  Q/J  -  \/3/2,  and  jLPis 

acute.  Compute  P/2<  Show  th^t  Z.Q  is  ac^te,  and  compute  sin  ZM 

andPQ.  ^  * 

5.  Giv«ft  AABC  with  altitude  AiD,         '  .  A 

and  AB  =  7,  AC  -  5,  *&nd  AD 
4,  as  shown  at  the  right 

Compute  the  following. 
'  *(a)  cos  LB   (b)  sin  lCAD 

(c)  area-measure  of  ASAD  (d)  BC  C  '  D  B 
&  Suj(^x)se  that  the  diagonals  cf  parallelogram  ABCD  intersect  in  the 

point 

(a)  Give  a  matching  of  the  verti<^  of^AABE  with  those  of  AD£C 
which  is  a  congruence,  and  justify  your  answer. 

(b)  Show  that  the- triangles  AED,  ABB,  BEC,  and  CED  have  the 
same  area-measure. 

7.  Suppose  that  PQRS  is  an  isos-  ' 
celes  trapezoid  with  bases  PQ\ 
and  R8,  that  diagonals  PR  and 
QS  intersect  in  the  point  A,  and 
that  PQ  ^  5,  /?S  -  10,  and  PS 
=  5  =  QRf  as  shown  in  the  pic- 
ture at  the  right. 

(a)  Give  a  matching  of  the  v^ic^  pf  AAPQ  with  tiiose  of  AiSA^ 
which  is  a  similarity,  and  justify  your  answer. 

(b)  What  is  the  ratio  of  the  area-measure  of  AAPQ  to  that  of 

ASAfi?  : 

te)  What  is  the  ratio  of  the  are^-measure  of  AAPS  to  ^t  of 
/  AAPQ?* 

(d)  Compute  the  area-measure  of  the  region  bounded  by  PQRS. 
In  each  of  the  ibllowingr  yOa  are  given  some  information  about  a 
figure.  Compute  ihe  area-measure  of  the  region  bounded  by  that 
figure. 

(a)  Rambus  whose  diagonals  have  measure  9  and  15. 

(b)  Square  wh<^  sides  have  measure  12. 

(c)  PataUelogram  two  of  whos#*  adjacent  sides  have  measures  8 
and  iO^and  one  of  whose  angl^  has  cosine- value  ^  i: 

(d)  Isosceles  triangle  whose  legs  have  measure  11  and  whose  base 
angk^  have  cosine- value  V2/2. 

<e)  Equilateral  triangle  whose  medians  have  measure  12, 
(f )  Triangl#  wjwse  side-measures  are  13, 14,^  and  15.     V  , 
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Background  Tppic 
Part  A 


In  these  exercises  we  shall  study 
a  function  called  the  signum  func- 
tion or,  for  short  'sgn\  [Read  'sgn' 
as  you  would  'sig'J  Its  graph  is 
shown  in  the  figure  at  the  right, 
and  it  may  be  defined  by: 


1,  for  ;x  >  0 


(♦)  sgnU)  =  ]  0,  for  x  =  0 

l-l,  for  X  <  0 

Another  possible  definition  is  sugg^ted  by  Exercise  1. 

1.  Show  that,  for  each  real  number 

^**)      ^  sgnU)  = 

[Hint:  Recall  that  jOj  =  0  and  that  /O  is  some  real  number  al- 
thcmgh  we  have  not  specified  which.] 

2.  Compute  each  of  the  following,  using C^). 

(a)  agn(5)  (b)  sgne-l)  (c)  sgnHV3/2) 

(d)  8gni\^l2\  (e)  sgn(6)  •  s^(-8)  (f)  sgn(13)  •  sgndV) 

(g)  Bgn{-5)  *  sgn(-i)  (h)  -12  •  agn(-12)  ii)  17  *  sgn(17) 
(j)  5  sgn(17  -  12)      (k)  5  sgn(12     17)    0)  5    8gn(17  •  12) 

3.  Verify  your  answers  in  Exercise  2  by  using  (**)  of  Exercise  1. 

4.  Prove  each  pf  the  following: 

\    (a)  a  =  sgn(a)ja|  (b)  sgn(-a)  «  -sgn(o) 

,(c)  sgn(afe)  =  8gn(a)  •  sgn(6)       .      ,    .  ,  . 

(d)  (sgn(a))^     1  for  a     0,  and  (sgnCa))^  =  0  for  a  =  0. 
ie)  1     (sgn(a))2  =^  0,  for  a 0,'and  1  -  (sgnCtfJ)^  -  1  for  a  =  0/ 

5.  Show  that,  for  each  x,  f 

1,  for  ;t  >  a 


sgnU  -  a)  - 


0,  for  ;c  =  a, 
-1,  fpr  X  <  a 


Parts 


Use  file  signum  function  to  describe  a  function  fsuch  that 

1 0,  for  :c  <  a  ^ 

/Is)  =  I  i  for  X  =  a. 

11,  foV;c>  a 

In  these  exercises  we  shall  study  another  **peculiar**  fbnction  called 
the  integral  part  function.  The  integral  part  of  a  given  real  number  is 
the  greatest  integer  which  is  less  than  of  equal  to  the  given  nun^r. 
For  example,  the  integral  part  of  ^.6  is  4,  and  the  integral  part  of  r-l^fi 
is -2;  What  is  the  integral  part  of  3?  Of  17.01?  Of-16.2? 
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Answers  for  Part  A 


/ 


1.  If  X  >  0  then  8gn(x)  =  1  =  x/x  =  x/jx|;   if  x<   0  then 
8gn(x)  =  -1  =  x/-^  =  x/jx|;  finally,  Bgn|0)  =.0  =  0-/0  =  0/0. 

2.  (a)    1  (b)   -1  ic)    -1  {d)   1  (e)   -1  (f)  1 
(g)    1           i^)   12            (i)   n            (j)   5       ,    (k)  -5  (i)  =  5 

3.  (a)    5/i5|   =   5/5  =   1   ^  ' 

(b)  (-5/2)/! -5/2 1   =  f-5/3)/tV2)  =   -1  etc. 

4.  (a)    For^  a  ^  0  this  follows  from  alec,  0  =  0.  |0j. 
ih)    By            sgn(-a)  =  ^a/|-aj  =  -(a/ia|)  =  -»gn(a). 

(c)  By  sgn(ab)  =  (ab)/|ab|  =  (ab)/{  la  j  |b[ )  =  (a/ja  |  ){b/|b| ) 
=  fign(a)  •  fign(b)« 

(d)  (sgnCa))^  =  I2,s0,  or^(-l)^  according  as  a*=  1,  0,  or  -1. 
And  1^=1  =  (-1)2. 

(e)  This  follows  at  once  from  part  (d), 

5.  By  (*),  sgn(K  >-  a)  =  1  for  x  r  a  >  0,  =  0  for  x  -  a  =  0,  and  =  -1 
for  X  -  a  <   0,    And,  x  -  a       0  if  and  only  ifx  >a,  x-a  =  Oif 
and  only  if  x  =  a,|Wd  x  -  a  <  Q  if  and  only  if  x  <  a. 

6.  Let,  for  each  x,  f{x)  -  [sgn(x)  f  l]/2. 
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The  integral  part  function  can  be  characterized  by  a  defining  prin- 
ciple like  those  we  used  on  page  5  to  irftroduce  absolute  valuing 
[(2)  on  page  5]  ami  square  rooting  [(3)  on  page  5].  To  do  so  we  intro- 
duce the  notation  *[[.  .  J]\  which  is  to  be  read  as  the  *the  integral  pari 
of.  -     and  adopt  the  defining  principle: 

(1)       ^  [[a]]  €  /  and  [[a]]  5  a  <  [[all  ^1 

[Study  (1)  to  see  that  it  does  mean,  intuitively,  that  [[a]]  is  the  in- 
.  teger  which  is  Ithe  greatest  of  those  integers  which  are  noj.  greater 
than  the  number  a  J 

1.  Draw  a  graph  of  the  integral  part  function  for  arguments  between 
-3  and  3., 

2*  Prove  that  (1)  does  characterize  the  integral  part  functioi\  by 
proving:  \ 

(2)      -  (6€Jaii4i»<  a,<  6  +  1)  — *6  =  i[c]] 

[Hint:  Suppose  that  bel  and  6  :5  a  <  6  -}-  1.  Use  this  and  (1),  to- 
gether ;jvith  a  thiaprem  about  integers  proved  at  the  end  of  Chapter  * 
15  to  show  that  [[a]]  :S  6  and  6  <  [[a]].]  /  ^ 

3.  T^e  (2)  and  a  theorem  about  integers  to  prove: 

,      (3)    .  6c/  — ;[[a  +  b]\  -  [[all  +  6 

4,  <a)  ^ow  that,  for  any  a  €  ^  and  for  6  >  0,  there  exists  an  integer 

q  and  a  number  r  such  that  ^ 

a  —  qb  +  r  Qnd  0  5  r  <  6. 

Apply  (1)  with  'alb'  for  'a\] 
(b)  What  is  q  [in  terms  of -*a'  and'*6']?  What  is  r? 

■  '  *  -.  • 

Once  we  have  adopted  (1)  we  are  committed  to  the  belief  that, 
given  any  real  number  a,  there  is  an  integer  -  say,  p — such  that p  '^jh 
</?-}-  ,1.  It  is  of  some  importance  that  this  can  be  proved  to  bejme 
case  if,  in  addition  to  .our  postulates  UV«fj)  -  iNn^)  and  (/),  we  adopt: 

(C)  ;        l'{x€NnBXidx>a)  . 


What  (C)  says  is  that  there  is  no  r^al  numl^r  which  is  greater  than  or 
equal  to  all  pf  the  nonn^ative  integers.  Ano^er  way  of  putting  this 
is  to  say  that  the  set  Nn  has  no  upper  bound.  Briefly,  an  upper  bqund 
of  ^t  S  of  real  numbers  ^is  a  number  which  is  greater  ^an  or  equal  to 
each  member  of  S.  [For -eieample,  each  |»sitive  number  and  0  is  an 
upp^r  bound  of  the  set  ofall  negative  numbers  J  A  greatest  niember  of 

.1  ■  :  641 


TC  314 


Answers  for  Part  B 


■Z,     Suppose  that  b€I  and  b  v:  a  v  b  +  1,    Sinco  fln  ]]       a  ^   lla])  1 
.it  follows  that  b  ^   [[a  J  f  1  and  th^t  [[ii  Jj  v.   b  +  1 ,    Since  ^n^,  as 
well  as  b,  belongs  to  I  it  follows  that  b       [la])  and  that  JaJ  -  b, 
^So;  b  ^  {[alj.    Ikncc,  if  b  €  I  and  b  ^   a  x  b  +  1  then  b  =  fl^afl, 

3.  Since  |a  D  <  a  s   faj  +  1   it  follows  tbat.fla]}  +  b       a  +  b  s.  <|lal)+  b)+  i, 
Assuming  that  b  is  an  integer  it  follows,   since   [[a|  6  1,  that  (la|]  +  b  e  I, 
So,  by  {D  ^aj  i  b  ^   Ha  +  b]].    Hence.  U  hel  then  JJa  +  b]]     flail  +  b. 
[Note  that,  as  examples  will  show,  it  is  not  in  general  the  case  that 

■  -  --larbr^iiaijVTibiifr      :  ■  •. 

4.  (a)    By  (I),  Ha/b]]  €  1  and  ia/b]}       a/bX   Ja/blJ-f  1.    So,  with 

q  =   tta/bj  thfn  q  e'l  and  qb       a  s  qb  +  b.    So,  witli 
r  -  a  -  qb,  a  -  qb  +  r  and  0       r  s  b. 

.       (b)    q  -   la/bl;    r       a  -  fa/bflb. 


4' 
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a  set  S  is  a  member  of  the  set  which  is,  also,  an  upper  boiind  of  the 
set.  [For  example,  the  set  of  all  negative  numbers  hlas  no  greatest 
member,  but  the  set  of  all  nonpositive  numbers  has  0  as  its  great^t 
member.}  ' 

To  justify  our  introduction  of  the  greatest  integer  function^we  shall 
use  (C)  and  other  properties  of  ii^tegers  to  ^rove  another  important 
theorem  about  integers: 

Theorem   Each  notiempty  set  of  integers  which  has 
an  upper  bound  has  a  great^t  memb^. 

[Notice  that  this  theorem  does  not  remain  true  if 'integers'  is  replace 
by  Veal  numbers'.]  Aside  from  (C)  we  shall  use  two  theorems  proved 
at  the  end  of  Chapter  15: 

{*)  (ac/and^Jc/)  — *6  -  a€/ 

(**)  (afi/and6€/)  — ♦[fe<a  — ♦S^a  -  1] 

Proof  of  Theorem:  Suppose  that  S  is  a  set  of  integers  which  has  an  * 
upper  botmd-say»  a -but  has  no  greatest  member.  [We  shall  show 
that  S  0.3  By  (C)  there  is  a  nonriBgative  integer- say,  fi- which  is 
greater  than  a  and,  so,  is  an  upper  boumi  of  S.  Since  S  has  no  great^t 
member  it  follows  that  n4S.  Henc^,  each  member  of  S  is  less  than  n. 
Let  S'  be  the  set  df  numbers  obfeined  by  subtracting  n  from  the  mem- 
bers of  S.  By  the  membens  of  are  integers  and,  clearly/  each 
member  of  S'  is  less  than  0.  Suppc^  that  6  is  an  integer  such  that 
each  member  of  S  is  less  than  6.  It  fi)0ows  by  (**)  that  each  member  of 
S'  is  less  than  or  ^ual  to  6  -  I  and,  since  S'  has  no  greatest  member, 
eadi  member  of  ^'  is  less  than  6  -  1.  It  follows  by  induction  that,  for 
any  nonpositive  int^er  6,  each  member  of  is  less  than  6.  Since  S' 
consists  |pf  nonpositive  integers  it  fallows  that  each  member  of  S'  is 
less  than|itself.  So,  since  no  number  is  less  than  itself,  S'  has  no  mem- 
bers. Since  S' *  0  it  is  clear  that,  also,  S  =  0. 

It  is  now  easy  to  justify  our  introduction  of  the  greatest  integer 
functids.  We  know  by  (C)  that,  for  any.  real  number  a  there  is  a  non- 
negative  integer say,  such  that  a>-u.SQ,  there  is  an  int^er 
-for  example,  —p  -  which  is  le^  thai^a.  It  fellows  Ihat  the  ^et  S  of  all 
integers  less  than  or  equal  to  a  is  iu)nempty  and»  of  course,  has  a  as 
an  upper  bound.  Hence,  by  the  theomm,  there  is  a  greatest  integer 
^  say,  q — wl^ch  is  1^  than  or  equal  to  a.  Since  q  is  the  great^t  such 
integer,  g  1  ^  a-that  is,  a  <  ^  -h  L  All  that  renmins  is  to  define 
the  integral  part  of  a  to  be  this  integer  q. 

It  remains  only  to  b^  said  that  (C),  which  we  have  adopted  as  a  new 
post^lsite  concerning  the  real  numbers  will  turn  out  to  be  a  conse- 
quence of  our  fiaal  set  of  postulates  4br  In  iadditionto  the  latter  we 
i^d  only  UVnj)  -  {Nn^J  and  (I)  to  ratablish  ail  properties  of  integers. 
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Circles 


17.0t  Spheres  and  Circles 

Given  a  point  C  and  a  positive 
rea!  number  r,  the  set  of  all  points 
which  are  M  a  distance  r  from  C  is 
^led  ttie  sphere  with  center  C  and 
radius  r.  [In  some  books,  what  we 
call  a  sphere  is  called  a  spheric&t 
surface.  We  shall  use  *bair  to  refer 
to  the  set  of  all  points  "inside"  or 
on  a  sphere.]  We  a&)pt  the  follow- 
ing definition:.  Fig.  17-1 

I Definition  17-1    The  sphere  with  center  C 
and  radius  r  >  0  is  {X.  \\X  «-  C\\  ^  r). 

Notice  that,  by  Theorem  14-^6,  a  center  of  a  sphere  belongs  to  the 
4>erpendicular  bisector  of  any  s^ijaent  whose  endpi^ints  belong^  the 
sphere.  Note,  also,  that  each  halMine  with  vertex  C  contains  exactly 
one  point  of  the  sphere  with  center  C  and  a  given  radius^  {Explain.] 
Using  this,  it  can  be  shown  that  tio  sphere  id  a  sub^t  of  a  plane  and, 
so,  that  each  sphere  contains  &ur  noncopjanai*  points.  A  stronger 
result  is:  ^ 

I Theorem  17-1   Four  honcoplanar  points 
belong  to  one  and  only  one  sphere, 

[One  proo^  of  this  theorem  makes  use  of  Exercise  4  of  Part  C  on  page 
319,  In  proving  th^eoreto  you  wjll  also  show  that's  flphere  hasimly 
one  center.]      '  "v. 
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:Ni&te  that  it  it  not^i^jruftediately  cLear  that  the  sphe re  w£A  center  C^'  ♦  ; 

and  r&dinar  r  i»  different'frorti  the  sphere  with  center  D  ana  radius  6     ^  , 
if  D;  ar .    ^  ».    In  Ejcercise  &  of  Part  A  it  wiU  be  shown  that  a      ^  v    f*  .  ^  . 

sphere  has  a  i^*iiqi;^e  center  and  fro^i-this  it  is  obvious  that  a  sphere  lias  '  .  /  '\  ;  ■  . 
a  uist^ue  r<tdius^  Aiftct  that  we  shalLbr  entitles!  to  speik  of  the  cent^  -  '  '■'.'■'ry'-' 
and  the  radius  of  a  given  sphere^    [We  shall  also  speak  of  a  radius  oTa     '  r      • '  * 

sphejfi  when  we  wi^h  to  refer  to^an  interval > hose  esid  points  are  the  ^  * 

center  and  some  pbint  of  the  gi^n  sph^rfe^J  >^      ^         ^  ^  ^ 

Given  a  half^ine  with  vertex  C  t^hfire  i^  one  atui  ^i,nly  one  ^int  of  :':  v  .  ;  ;. 
this  half'line  at  a  given  xxonaero  dis^nce  from  Q.  \fo're  specifica^  "  - 
for  r  >  0,  C  +  ar  is  the  <ml^  point  of  C[il]*  .at  the*djstance^,r  fro 


frotn-" 


Suggestions  for  the  exercifis  oT  section  1?!  0I«;  .      .    .  -[  '^ 

,  {i)  Part  A  shoiUd  be  directed  by  t^^e' teachfer.    :  ; 

Ui)  Parts  B  and  C  may, bo  used  for^li^onaework,  tp  be  fQlio\sf«d 'bV/^las»   ^  x»*    •  ^ 
\  •    discussion.       .       '     ■  ''^    .  •  \;V^  ■    '  '-'^^ 


(iii)  Part  D  may  be  used  as  supervised  clM9  exercises/ '  /  *V 
l^y)  Part  E  is  app^bml^^  ior  homework  after  appropriate  ex?ttii|^W/ 
^     Ydu  should  discuiis  those  ex^^r^ixes  carefully^ si^ce^ehe^y  iiXusiratp" ^ 


many  of  the  conrimoxaeja^ppiQ^atiosiji  of  sphere 


*  *  .  ■ 
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Exetviaes 
Part  A 


J 
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(a)  Describe  the  set  of  all  points  equidistant  fron^  two  points  —  say, 
A  andB*.  •  *  *  . 

(b)  Describe  the  set  of  all  pcSnts  equidistant  from  three  noncol- 
linear ^int%^  say,  At  B,  and  C. 

,  (c)  Tell  how  ta  locate  the  spheres  which  contain  three  noncol- 
linear  points  A7B,  aiK^  C.  [One  "locates"  a  sphere  by  locating 
•  -    its  eenter  and  giving  its  radius.] 

2.  Show  thaf^no  sphere  is  a  subset  of  e  plane. 

3.  Siven  a  sphere,  is  there  a  jjlane  which  is  a  subset  of  it?  Explain 
^  your  answeir.        j  ^ 

;    •        4,  Prove  Theorem  17-1.  {Hint:  Consider  four  norttx)planar  points 
—  say,  P,  A^  B,  andU  —  and  the  perpendicular  bisectors  tt^ ,  tt^,  and 
Vj.  of  PA,  PS,  and  P<7,  respectiv'ely.  Why  iu-e  these  three  planes  not 
all  parallel  to  the  same  line?l 
^.  Can  a  sphfere  have  mqje  than  one  center?  Explain  your  answer, 
S.  Can  a  sphere  contain  t^ree  coUinear  points?  Explain  your  ai^swer.^ 

Given  a  pl^ne  tt,  a  point  C  in  7r, 

and  a  positiire  real  puml^er  r,  the 

.    t  of  all  poiiits  for  77  which  are  at  a 

distapce  r  from  C  is  called  the 

circle  ofrr  iqith  ^ehper  C  and  md/us 

r- We  adopt  this  definition:  '     Fig.  17-2 

■  *         '        ^        '  ■/ 

Definition  17-2  ^The  circle  ofTr  with  center 

C  €  7?  and  radius  r  >  0  is 


'1 


As  in  the  case  of  spheres,  it'i?  easy  to  sae  that  a  centet  of  a  circle  is 
contained  in  tli^  perpendicular  biseqtbr  of  any  segment  l^hose  end 
points  belong  to  theciipcle.  Also,  it  |s  easy  tc^show  that 

*{a)  each  half-line  with  vertex  C  and  in^  given  plane  tt  contains 
exactly  one  point  of  the  circle  of  tt  with  Renter  (J  and  a  given 
'  .radius,      *        ■  ;  ■ 
(b)  no  circle  is  a  §ubget  of  a  line,  and     '  '  » 

,  (c)  eaph  Qircle  contains  three  noncollinear  pojnts. 
halogeus  to  Theorem  lf-1  is:.        ^  ^ 

Theorem  17-2  Three  noncoIliiiear*points  - 
,  iJalong  to  o^e      only  one  cirAe.  , 
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1,     (a)    TKe  set  of  ail  points  equidistant  from  A  and  B  is  the  perpen- 
dicijigr  bisector  of  AB  —  that  is.  it  is  the  plane  perpendicular 
to  AB  ^hich  contains  the  midpoi^ni  of  AB. 

(bj    The  set  of  all  points  equidistant  from  A,  B,  and  C  is  the  inter-  , 
section  of  the       rpepd^cular  tiisoctor  of  Xlf  and  the  perpen- 
/  /        dicular'^biscctor  of  AC.    Given  that  {A,  B»  Cj  ^is  noncollinear 
it  folioyvs  that  the  two  perpendicular  bisectors  are  not  parail^^l 
and,  'BO,  that  their  intersection  is  a  line, 

^   (c)    A  sphere  contains  the  noncollinear  points  A,  B,  and  ^  if  and 

^only  ifats  center  belongs  t(!>  the  line  of  intersection  of  the  planes 
refe»rred  to  in  part  (h}  and  its  radius  is  the  dist^ce*  from  its 
center  to,  say,  A,  y 

Z,      Let  K  be  a  sphere  with  cc^nter  C  and  radius   r,  and  let  7.  be  any 
Vplane.    l^t  {a,  E,  c)  be  a  basis  for  T  consisting  of  vectors. of  nornn 
*        If  X  C      th^n  C  +  a,  -C  +  B,  j::  +  c,_^and^C  -  a  all  belong  to 
from  which  it  ^oIIowb  that        -'a;  c  -  a,   -aZ)  is  linearly  dependent, 
*   /By  Theorem  10-18  [or  by  direct  application  of  the  definition  of  linear 
independence]  this  is  not  the  case.    So,  X      tt,    [Note  that  it  follows 
from  this  xiesult  —  and,  in  the  proof,  w©  have  s^own  explicitly  — 
That  any  sphere  contains  four  noncoplanar  points.  ] 

3.  If  A  and.  B  are  point^  of  the  sphere  with  ^lenter  C  anci  radius  r 
then  dtA,B)  <  d(A,  C)  +  d(B,  C)  =  Zr*  Ho^fc'ever,  for  any  r  >  0 
there  are  points  in  any  plane  whose  distance  is  greater  than  Zr,, 
Hence,  no  sphere  has  a  plane  for  a  subset.  * 

4.  Consider  four  noncoplanar  points,  P,  A,  Bj^and  Cj_and  let  , 
Tg,  and  ff^  Jb^  the  perpendicular  hi siBc tors  of  PA,  PB,  and 

'  respectively.    If  theS^pl^es  were  parallel  to  a  line  —  say;  i  —  ^ 
then  I  would  be  perpeiOTcular  to  PA,  PB,*  a#id  PC  and  A,*  B,  and 
C  would  all  belong  to  the  plane  through  P  perpendicular  to  1, 
Since  this  i^not  the  case,  it  /ollows  that         iTg  ,  and 
parallel  to  any  line  and,'  so,  by  Exercise  4  of  Part  C  on  page  164. 
*these  planes  have  exactly  one  point  —  say,  D  —  in  common.  The 
point  /5  is  the  only  point  which  is  equidistant  from  )P,  A,  B,  ^and 
C  a/id,  so,  is  the  only  point  which  can  be  the  center  oi^  sphere 
containing  those  points.    Hence,  the  sphere  with  centei^p  and 
radius  DP  contains   P,  A,  B,  and  C  aad  ig-the  only  spheYtf  which 
contains  those  points.  , 

5.  By  Exercise  Z  any  sphere  contains  four  noncoplanar  points.  The* 
argument  of  Exercise  4  shows  that  there  is  just  on«  point  which  is 
the  center  of  a  sphere  which  contains  these  points.  •  ' 

,6,     Suppose  that  A,  B,  an^  C  .are  three  coUinear  points.    It  follows 
that  the  p45 rpendicular  bisectors  of  AB  and  BC  are  two  parallel 
\  planes.    Any  sphere  contaliiing  A,  B,  and  C  must  have  for  its 

center  a  point  of  the  interseption  of  these  two  planes.   5ince«the  ^ 
1,  intersection  is  0,  t|j§?^  is  .no  such' sphere.  ,  ^  ^ 

Note  that  since  a  Circle  cogq^ains  three  noncollinear  points,  a  circle 
determines  its  plane  u^quely.  in  jhe  ca»e  of  a  sphere,  a  circle 

.  detferminei 'itd'centea^Uniquely  ^ut,  this  10  yet  to  be  proved].  Since^ 
circle  has  one  and  ohly^ one  ^entfer  it  follov^js  at  once  that  its  fmimerical] 
radius  is  unique.    [As  ill  the  case  of  Spheres,  we  shall  saeak.of  a  radius 
of  a  given  circle  \vhen>we  wish  to  describe  an  interval  oJl'oi  who^e  end 
points  is  the  centei^  of  the  given  circle,  the  other  beii^^  point  ofthe 
circle,]'  \ 

:   .  V         '  t  ■  •:tJl7  ;>  •  ^     •  '  • 


318  CIRCLES 

PartB  • 

1.  Given  three  noncollinear  points -say,  P.  Q,  and  -  we  know  that 
there  is  exactly  one  plane  which  contains  them.  Tell  how  to  locate 
the  circle  which  contain  P,  Q,  tod  R,  How  many  such  circles  are 
there? 

2,  Siiow  that  no  circle  is  a  subset  of  aline. 

3;  Given  a  circle^  is  there  a  line  which  is  a  subset  of  it?  Explain  your 
answer. 
^   4.  ProveTheorem*17-2. 

6.  I'eil  how  to  locate  the  spheres  which  contain  a  given  circle.  How 
many  such  spheres  are  there?  Is  there  a  largest  one?  A  smallest 
one?  ^  ^  -        V  ^ 

6.  Can  a  jcircle  have  nu>re  than  one  center?  Explain  your  Shswer. 

7.  Suppose  that  tt  is  a  plane  which 

intersects  a  sphere  J^T  with  cen-  ^ — ^^v^^^^ 
ter  C  and  radius  r  >  0.  Let/)  be  Jtc  D*  '^l^w 

the  foot 'of  the;  perpendicular  jjSt^^i^^^w 
from  G  to  TT,  and  let  P  be  any  ^  ^Jm^^^^mp^ 
,  I?5int  mn  n  •  . 

(a)  Wha^  can  you  say  about  CP?  **  • 

(b)  Suppose  that  P  ^  Show  that  no  other  point  of  tt  is  a  point 
of  Jf,  [Hint:  Let  tt  and  assume  that  Q  D.  What  kind  of 
triangle  is  ACDQ  and  what  is  CQ?]  ' 

(c)  Suppose  that  P  Z>.  Show  tjiat  ;r  n  is  the  circle  of  n  with 
center  D  and  radius  DP.  %  * 

8.  Given  the  sphere.  desc?i%ed  in  Exeiiise  7,  are  there  planes  whose 
intersection  with  JST  is  empty?  If  so,  des<^ibe  such  planes;  if  not, 
tell  how  you  know.      ,    *  ^ 

'One  consequence  of  Theorem  17,-- 2  is  that  there  is  a  unique  circ|e 
which  contains  the  yertic^  of  a  given  triangle.  SuCh  a  circle  is  said  to 
drei//n5cr^&^*the.  triangle  [or  to  be ciTturncircle  of  the  triangle].  In 
tiiisconne^ion  wehaVe  th^lbliowiiQ^^  * 

■•> 

Corollary  Any  triangle  has  a  unique  circumscribed 
■  circle.  ■  .     '     ,  .    ,  ^  .  f 

{Dpes  each  ijuadriiateral  have  a  uniqiie  cirdhnsctibed  cirde?  How* 
about  each  plane  quadrilateral?  Describe  at  least  one*^l ass  of  plane 

^uadnlaterals  which  have,  and  at  least  one  class  of  plane  quadrilat- 
erals which  do  not  have,  droimsoibed  cii^es  J 

The  corollary  above  and  your  answer  to  Exercise  1(c)  of  Part  A 
should  suggest  that  any  circle  is  tHe  ihtersect^j^n  of  ite  plane  with  each 

j^f  many  spheres.  From  another  mmi  of  view  we  have: 


ERIC 


TC318  .    »  , 

Answers  for  Part  *  ^  '  ^ 

1,  The  center  ot  any  circle  containing   P,  Ci'and  R  must  belong  to 
PQR  and  to  the  perpendicular  Bisectors  of.  PQ  and  QR,  Since 
{P,  Q,  R)  is  ^loncojlinear,  the  two  perpendicular  bisectors  inter- 
sect  in  a  line,  and  this  line  —  being  p^rpcndiciilar  to  PQR  —  con^ 
tains  exactly  one  point  of  PQR,    So,  there  is  one  and  only  one 
pc^int  —  ^  —  which  can  be  a  center  of  a  circle  containing  P, 
Q,  and  R,    And  the  circle  oi  PQR  with  center  S  and  radius  SP  i^ 
the  only  such  circle, 

2,  [The  argument  is  similar  to  that  for  Exercise  Z  of  Part  A.  Here, 
let  (af,  6)  be  a  basis  for  the  bidirection  of  the  plane  :t  of  the  circle 
and  be  such  that   jjajj   =   r=  If  the  circle  is  a  subset  of  ^ 
then  C  -i-  a,  C  +       and  C  -  a   belong  tp  t  and/ so,       -  a,   -a2)  His 
linearly  dependent.    It  is  easy  to  show  directly  ♦that  the  linear 

t      independence  of'  (a/b)  makeg  this  impossible'.  ] 

3,  As  ir^  the  case  of  a  sphere,  the  distance  between  any  two  points  of 
a  circ4e  of  radiu%.      is  at  most  2r,    But  ^ny  line  contains  points 
whose  distance  apart  is  greater  than  2r, 

4»     [This  proof  has  been  given  in  answer  for  Exercise       ]  • 

5,  Any  point  on  the  line  perpendicular  to  the  plane  of  a  circle  and  con 
taining  its  center  is  the  center  of  a  sphere  containing  the  given 
circle,    [See  Exercise  ^,]   There  is*no  largest  suc^h  sphere,  but 
the  sxnallest  is  the  one  whos^  center  and  radius  ar^  thqsc  of  the 
given  circle.  ■  *  -1^* 

6.  By  Exercise  2  any  circle  contains  three  noncolliftear  poi^f.  So, 
thi?  argument  for  E3»ercise  1  shows  that  any  circle  has  only  one 
center.         '  -  ^  o         ■  i       _  ■ 

1.     (a)  .  CP  =  r 

(b)  When  P  =  D,  CD  =  CP  =  r.    If  Q  £     and  Q-^  D  then  CDQ 
^  a  right  triangle  with  hypotenuse  CQ.    Since  the  hypotenuse 
of  a  right  triangle  is  longer  than  either  leg  it  {olloV^  that 
CQ  >  r  and,  so,  that  Q  is  not  a  point^of  X. 

(c)  When  P  4  D  the  poin^  of     o  K  are  just  thpse  points  of  t 
whose  distance  from  D  is  s[y^  -  C0^.    [Since  D  is  the  point 


of  f  nea re st  to       *  Ct)  <  CP,  = 


8,     Yes. ;  -  TKe^c  are  just  tho^ise  planes  whose  distance  froni  C  i«  * 
greater  than  r  (or,  for  which  CD  >  r],  .         .j.      ^  ^ 

"     Only  plane  cjua^rilaterals  can  have  circumscribed  circles , since 
only  plane  quadrilaterals  have  coplanar  vertices.    Rectangles  Imve 
circumscribed  circles  since  their  diagonals  bisect  each  other''an'd  are  . 
of  the  jffame  length.    Parallelograms  which  are  not  rectangles  do  not 
have  circumscribed  circles  because  the  perpendicular  bisectors  of  two 
opposite  sides  of  such  a  parallelogram  are  two  parallel  plants. 
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^  Theorem  17-3   The  intereection  of  a  plane  ir  anfi 
the  sphere  with  center  C  and  radius  r  is  either 
the  empty  set,  or  a  set  consisting  of  a  single 
point,  or  a  circle.  Specifically,  if  F  is  the  foot 
of  the  perpendicular  from  C  to^  and  d  is  the 
distance  betWeen  C  and  tt  tiien  this  intersection 
is  0  if  d  >  r,  is  {F}  if  d  *  r,  and  is  the  circle 

of  tr  with  center  F  and  radius  Vr^  -     ifd  <  r, 

'  .      .  .      '       ■  '  ■ 

Parte 

1.  Prove  Theorejn  17-3.  [Hint:  Show  that  A  belongs  to  the  inter- 
se^tion  if  and  only  if  A  err  and  \\A  -  ^F]f  ^      ^  d^.] 
.  2,  State  a  theorem  like  Theorem  17-3  Concerning  the  intersection  of 
a  poplanar  line  and  circle. 

3.  Prove  the  theorem  you  stated  in  Exercise  2. 

4.  If  the  word  'coplanar'  is  deleted  from  the  theorem  you  stated  in 
Exercise  2,  is  the  resulting  statement  a  theorem?  Explain. 

&  Discuss  the  various  intersections  which  might  r^ult  between  a 
line  and  a  sphere.  ^ 

6.  Consider  two  spheres  with  centers  C,  and  C,^  and  radii     and  r^. 
Give  conditions  on  CjC^  in  terms  of     and  V/ for  which 

(a)  the  spheres  do  not  intersect;  * 

(b)  the  spheres  have  exactly  one  point  in  common;  and 

(c)  .  the  spheres  have  more  than  one  point  in  commot>« 

'    IHint:  Yon  will  have  to  consider  r,  4-     and      -  r J  to  get 
all  of  the  conditions*]  . 

7,  Give  some  instances  which  illustrate  each  of  the  co^itions  you  ^ 
stated  in  Exerci^  €.'  ^ 

&  Given  that  two  spheres  have  more  than  one  point  in  commen^ 

what  is  their  intersection?  ^ 
*  9,  Can  two.  drcles  have  more  than  one  point  in  oatomon?  More  than 
two  points  in  common?  Explain  youjr  answers* . 

'\  ,       *  ... 

Several  of  the  ^-e^ts  of  Part  C  are  summariied  in  the  following 
theorems: 

1  Theorem  17-4  The^intersection  of  coplanar  line,/     </  y/ 
and  circle  with  center  C  and  radius  r  is  either 
the  epipty  set,  or  a  set  consi^ng  of  a  single 
point,  or  a  set  consisting  of  two  points.  Sp«ji- 
ficaily,  ifF  is  the  foot  of  the  perpendicular  -    ,  , 

from  C  to  I  and  d  =  CF  then  the  intereection 
is  0  if  d  >  r,  is  {F}  if  d  =  r,  and  consists 
of  the  two  points  of  /  whose  distance  from 
F  is  V/^  -.>ifd  <  r.  \ 
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Answers  for  ^-^^trt  C  *    i  . 

1.     Suppose  that       #  In  this  cast'  A  €      if  unci  only  if  AKC  is  a 

•  ri^ht  trian^lo  with  hypote  nuse  CA  —  that  i»,  H  and  only  if 
•CA'    =   KA'^  +  d".    A  €  K  if  arid  only  if  CA^'  ^  r-'.    Hi-m  e.  * 
A  e.7f  r\  }(  if  and  only  if  r"       FA'"  +  d'    and  CA*''  =   FA'*  +  d"  — 
that  is.  if  and  onYy  if   |{A  -  y\\'^  -  d"  and  A  t  tt.  SuppobC. 

next,  that   K  -  C.    in  this  case;  d  =   0  and  A  i  tt      K  if  and  only 
if  A  €  ^  and  FA^  =   r'"       r"  \d".    So,   in  any  cas^-,  A  €  v  r>s  H 
if  and  only  if  A  €  ^  and  =        -  d-'.    In  case  d    •  r 

there  is  no  iiuch  point  A;  in  case  d  =  r  the  only  such  poiAt  is  F 
in  casi'  d  ^.   r  thy  j)oints  in  qut^j^tion  arc  those  of  the  circle  of  tt' 

with  center  F  and  raiHut^  sjr^'  -  d***". 

[The  theorem  should  approximate  Theorem   17-4  on  p^ge  319.  j 

3,  Proof  of  Theorem   17-4:    LrCt  H  be  the  circUt  of^c  with  center  C 
and  radius  r,  lot  i  be  a  line  in  a,  and  let  F  be  the  foot  of  the 
perpendicular  from  C  to  f,    As  in  Ex^rrcise   1   [with  T  for 

A  €  /  ^  J£  if  and  only  if  A  €  i  and   |  j  A  -  F]  f^' =  r'^  -  d^.  Incase 
d   >  r  there  is  no  suchjpoint  A;   in  case  d  =  r  the  only  such  point 
_  i's  F;    in  ^ase  d  <   r  A  is  one  or  the  other  of  the  two  poititn^oX  i> 

at  the  distance*  V >       from  F. 

4,  No,    A  line*  whose  distance  d  from  C  is  at  most  r  and  which  M 
not  coplanar  yith  X -may  contain  no  poifit  of  K»    [Considex,  for 

,    example,  \ines  parallel  to  the  plane  of  X  through  the  point  at  a 
distance  d       r  •*above**nhe  center  of  X,  )  Also/  a  line  whose 
'  clistancc  frpm  C  itf  less  h^an  r  may  contain  Jiist  one  point  of  X, 

5,  Since  no  sphere  contains  three  collinear  points',  the  intersection  of 
a  line  and  a  sphere  must  be  empty  or  consist  of  one  or  of  two  points 
It  is  easy  to  see  that  each, of  these  three  possibilities  may  occur.  ^ 

6*     If  two  spl^e res'"  with  ctinters  C,'  and  Cp  and  radii  r^  and  r^  havy  ^ 
point  P  in  common  then,  by  the  triangle  inequality,   j      -  1 
^  C.C^  ^   r-  +  r^.    |In  theorem  14-1  let  a  ^^\P  -  G^Wand 
^  -  C^^^  P  so  that  Itall  .=         Ml  -  rp.  arid  G^'  -  C^.=  a  +  K.J 
On  the  other  hand,  if  |      -         <:  C^C^^K        +  r^  then^theri-^  is, 
on  each  side  o{  t^C^  a  point  P  such  th^t  C^P      r^  and  .C^P  =  r^- 
that  is,  k  point  P  corhmon  to  the  two  jph^res.    {?Qr  this,'  see 
theorepn  16-3. »]  Alio,  if  C^C^  -  r,  f        then,  ijy  Theo rem  14-3, 
'   any  common  point  must  belong  to  C^^Ci^  and,  as  is  easily  see<^,  the 
only  such  point  is        ^  {C^  -  C^Xr^/lr^  +  r^}};  ^Finally,  8Up|X3SC 
that  Cj^Cg  =  jr^  -  rpj.    In  this  case>' since  we  ar^fc  dealing  with.tw0 
spheres  r^^  r^.    fFaxvZlfti  -  ^  Co.  !  II  r^  ^ 

the  «p1ieres  haye  only       '7Tc^*'*-<^[r2^/ir^  ^  ^)]  in  conp^on^  ^ 


As  ^  consq^quence^of  the,  prec€ding>ve  fi^^  that  , 

(a)  the  spheres  do  ^bt  intersect  if  and  only  if  ^. 
*      \  C^C^^^/jr,  -  r^l  or  C,C^.  a       4  r^j 

(b)  the  spheres  have  exactly  one  point  in  common  if  .  ^.  . 
and  only  if  C^C^  =   |r^  -      |.  or  C^^C^  ^'♦r^  ^.r^; 

and  f 

{c)    the  spheres  have  more  than  one  point  in  common 
if  artd  only  if  [r^  -  r^  |  <  C^C^  <  r^  Vr^.  < 

[The  preceding  argument  holds  equally  well  for  two  j^opUnar  circles 
Merely  replace  'spheres'  by  •circles*,  j  ,  '  , 
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Answers  for  Part  C  [cont.] 
^  •  .5  —  , 

7.     [The  instances  which  the  students  generat^e  can  be  verified  in  the 
*     aiipropriate  parts  of  the^  answers  for  5:xercise'  6,    It  U  likely  that 
many  students  will- noT^ve  the  cdndi^ions  involving  *r^  ",^2'' 
Making  sketches  qx^^^  chalkboard  can  illustrate  the  locations  of 
points  of  intersection  and  cat^  serve  to  reveal  those  conditions 
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r  Part  D 


involving  'r^  -  r^ 
is  very  jnatural  to  picture  Cj^  and 
secting  spheres  {oncoplankr  circles): 


For  example,  given  r^^  =  2  and  r^  =  3, 


it 


as  follows  to  illustrate  inter- 


Let  X  be  a  sphere  with  ceiiter  C  and* radius  r  and  liet  f  be  any 
ometry.    Since  f  preserves  distances  it  is  clear  that  f  maps 
each  point  P  €  X  on  a  point  f(P)  which  belongs  to  the  sphere 
'    with  center  f(C)  and  radius  r.    If,  now,  Q  is  any  point  of  K^, 
f-i{Q)  e  X  [for  tiie  same  reason  that  f{P)  ^X^]  and  f(f-MQ))  =  ^' 
^     '  So,  f  maps  X  *onto 

2.  Let  X  be  a  circle  of  the  plane  ir  ^^'ith  center  C  and  radius  r  and 
^let  f  be  any  isometry.    As  in  Exercise  T,  f  maps  X  intK>  a  circje 

X^  of  the  plane  ^(tt)  with  center  f(C)  and  radius   r.    As  before, 
since  f~^   is  an  isometry,  f^^  maps  X^ '^nto  X.    So,  f  maps  X  onto 
X^.  'I  . 

3,  It  should  be  clear  from  Exercises^  1  and  2  that  congruent  spheres 
or  circles  have  the  same  radius.    Suppose,  now.  that  X^  and  X^ 
are  spheres  with  centers 'C^^  and         and  the  common  radius  r. 
Let  f  be  any  isbmetry  —  ^say,   C«  -  C.  —  which  maps  C,  on 
By  Exe rcise   1 , 
radius  r.  But, 
onto  and. 


S. 


Now,  if  you  imagine  ••sliding"  the  smaller  sphere  towards  the 
rger  one;  you  can  see  that  when  C^^  gets  within  I  (that  is,  within 
the  spheres  (or,  circles)  will  not  have  points  in 
commcwi,  for, the  smaller  sphere  will  be  *'inside"  the  larger  one^ 
This  seems  to  be  a  nice  example  to 'illustrate  on  an  overhead 
p^ojector^  ] 

Two  spheres  whicfi  in|ersect  in  more  thin  ot)^  point  have  a  circle 
for  their  intersection;'    [This  ca^e  proved  by  making  use  of  isonri- 
etries.    Suppose  that  P  and  Q  are  two  points  of  theUnte rsection;. 
Since  PC^  =  QC^  and  PCp  ^  QC^  there  is  an  isometry  f  which 
leaves  C^^  and         fixed  and  maps  P  on  Q'(Theor^m  14-29),, 
Since^f  leaves  each  point  of  t^C^  fixed  and  preserves  perpen- 
dicularity  the  foot  ?r  of  the  perpendicular  from  P  to  C^oJ  is  also 


the  foot  of  the  perpendicular  from  Q  to 


Since  f  preserves 


.9. 


distances,  FP  =  FQ.  It  follows  that  the  intersection  of  tHe^sphe res 
is  the  circle,^  of  the  plane  through  F  perpendicular  to  C^C^,  whose 
center  is  F  and  whose  radius  is,  FP.  (That  any  point  of  this  circle 
beloftg«  to  both  spheres  follows  easily  from  the  PythagoVean  theoretn,)] 

^TwQ  circles  may  have  two  points  in  common.    They  cannot  l^ve  three 
since  thr^e  points  of  a  circle^ aore  rib^icollinear  and^re  contained  in 
no  other  circle,  '  > 


5, 


6. 
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X^  and"  Xg  are  congruent* 


—  which  maps  C^,  on 
C2  and 

is  the  only  such  sphere.    Hence,  f  maps^  X^ 
since  f  is  an  isometry  it  follows,  by  definition  that 


-  _ 

f  maps  Xj^  onto  a  sphere  with  center 


'Suppose,  orfthe  other  hand. 


and  7„  with  c^nt 


ntes^sC. 
hichlrta 


1 

ps 


and 


any  isometry  whic 

Itant  of  a: 
followed  by  the  translation  C 


onto 


that  and  Kg  are 
and  common  radius 

7. 


and  on 


f  may  be  the  resultant  of  an  isometry  g  which  maps 

":2.)»J  By  Exercise  2,  1  maps 


X^  onto  a  circle  of 
the  only  such  circle. 


with  center  C, 


and  radius  r. 


circles  of  -w^ 
r.  Let  f  be 
[For.  exam  pie, 

f 

But,  }^^is 


iTj^/onto 


4.  (a) 


Let  X- 
r^  and  r^, 
and  radius 


and        be  spheres  with  centers         anc^        and  radii 


(b) 
(a) 


respectively.    Let  ^X'  be  the  sphere  with  center 
r^.    The  uniform  stretching  g  about  C^^  with 
stretching  facto'r  r^/r^  maps  X^  onto  X'.    By  Exercise  3 
thefe  is  an  isonietry  f  which  maps  Xf  onto  Since  the 

similitude  f  ^g  maps  X.  onto  it  follows  that  X,  and 
are  similar,  [The  proof  of  the  corresponding  result  for 
.circles  is  very  similar  to  this/]  '  4 

Suppose  that 
byldefinxtion. 


P  and  Q  are  on  the  same  side  of  l«    It  follows, 
that  P  and  Q  arc  coplanar  with  t  and»PQ      i  =  0. 


Let  f  be  any  isometry.  Since  f  maps' planes  onto  planes  and 
lines,  onto  llnesj  J(P)  and  f(Q)  are  coplanar.  with  the  line  i{ff. 


are 


(h)\ 


(a) 


Since  f  mafis  ^  onto^  t(P)l|Q^  and  is  one-to-one 
f(P)f{Qj  f^^iii)  -  0.    So, definition,  f<P)  and^  f(Q) 
on  the  same  side  of  f(l;»  •  " 

Suppose  that  P  and  Q^%^  qti  dpposite  sides  of  i.    It  follows, 
bv  definitions^  '^h^t^^feitfife^I^^  nt>r;Q  ^longs  to  i  and  that 
K5  O  i      0/  Argu^ngUs  In  ^^rt  \j(a)  it  fgUowW^  that  neither 
f(P)  nor  f^Q)  belongs  to  th^  line  f(i)  and  that  f(  P)f(Qj/^  i  0. 

So,  bV  definition^  'f(J')'aridM{a5         on  Opposite  ^^des  of  f(i). 

"  ^  ■_         *    ^  '  •  • 

V2I  and  3,  re|pectively.  (b)  sfTi/^  .  / 
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Theorem  17-5   Two  spheres  [or:  coplanar  circies] 
with  centers  C^^  and  C.^  and  radii  and 
intersect  if  and  only  if 


/. 


r.  -  r. 


lie,  -  CJ  5  r,  +  r,. 


PartD 


L  Show  than  any  isometry  maps  a  sphere  onto  a  sphere  whose  center 
is  the  image  of  the  ^nter  of  the  given  sphere.  [Hint:  Show,  first, 
that  any  isoinetry  maps  a  sphere  into  a  sphere.  Then,  use  the  fact 
that  the  inverse  of  an  isometry  is  an  isometry.] 
2,  Repeat  Exercise  1  with  'circle'  in  place  of  'sphere^ 
"  3.  grove:,  '  *  -  * 

I  'Th^rem  17-6  Two  spheres  [or:  circles]  are 
I     congruent  if  and  only  if  they  have  the 
Ins^nie  radius, 

4.  (a)  Prove  this  corollary  to  Theotem  17-6. 

Corollary   Any  two  spheres  [^r:  circles] 
are  similar  in  the  ratitf  of  their  radii, 

(b)  Given  that  sphere       and       hav^  radii     and  r^,  respec- 
tively, what  is  the  ratio  of  similitu^p  of  to 
B.  (a)  Show  that  any  isometry  itiaps  two  points  jjAich  are  on  th^  same^ 
!•         side  of  a  line  on  two  points  which  are  on  the  same  side  of  the 
image  of  the  line. 
j(b)  Repeat  (a)  with  'opposite  sides'  in  plac^  of  'the  same  side'. 

6.  Suppose  that  two  pdralld  planes  -  say,  .tr,  and  ttj- intersect  a 
sphere  with  center  C  ^nd  radius  5  and  that  the  distant^  from  C  to 
77  J  and  TT  2  are  2  and  4,  respectively . 

(a)  Compute  the  radii  of  the  circles  of  intersection  of  tTj  and  tt^ 
with  the  sphere.    '  , 

(b)  What  is  the  ratio  of  similitude  of  th^e  larger  to  the  smaller  of, 
^these  circles?  *  ^  2! 

7.  Given  AABC,  consider  AMNP  whose  vertices  ^,  N,  and  P  aje  the 
midpoints  of  the  sides  of  AABC.  Suppose  that  JT^  an^      are  the 

"  circumscribing  circles  of  A  ABC  and  AAmP,  respectively.  What  is. 
*   th6  ratio  of  similitude  of      to  ^ 


Answers  jo r  Part  D  [cont,] 

7.     Z/l    [AABC  is  similar  to  AMNP,  the  ratio  of  similitude  being  2, 
Students  should  guests  that  distances  whvh  —  like  the  circum- 
radius  —  are  defined  /or  alPtri^ngles  have  the  same  ratio  for 
similar  triangles  as  do  the  sides  of  these  triangles,    losing  th]^ 
formula  in  Exercise   1  of  Part  D  on  page  334,  students  can,  at.  ^ 
that  time,  chetk  this      the  case  of  the  cii;cumradius ,    The  similar 
property  of  the  inradius  is  established  by  the  resKilts  in  both 
Exercise  Z  and  Exercise  7  of  ^Part  C  on  page  329,]  ^ 

Answers  for  Part  E  , 


['Preliminary  remark; 
r  ■  if  and  o^y  if  IWbr  C|r  ^ 
(xiiX^fXg)  and  (<f>iiF^,  c^ ), 

C  and  radius 


Part  E 
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X  is  on  the  sphere  with  center  C  and  radius 
r.    Given  that  X  and  C  have  coordinates 
^,  wg/,  respectively,  X  is  on  the  sphere  with  center 
r  if  and  only  if  * 

*    In  the  answers  which  follow,  we  express  the  results  in  terms  of 
(x,  y,  z)-*coqrdinate8  instead  of  (x^,  X2^1^3)-coordinatefl.    It  is  reasonable 
to  do  at  lea^t  Exercises  1  and  Z  in  cltass,  while  assigning Exercises  3 
and  4  as  part  of  a  homework  lesson,  ] 


Each  of  the  equations  may  begin, 
ings  are: 

ai  81  (b)  9  (c) 


y^  +  z 


2 


The^^ppropriate 


id)  256 


Me)  36 


an 


In  these  exercises,  all  coordinates  are  given  with  reip€ict^  i 
orthonormal  coonjinate  system  with  origin  O ,  f 
t.  In  each  of  the  following,  you  at^  given  thsfl^adius  of  a  ^piiere  with 
center  O.  Give  equation* which  dfescribe  the  spheres. , 
(a)  9      (b)  3      (c)  4    .  (d)  J6      (e)  6 

. ;  * 

  •  >  , 


esc ' 
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» 

2«  Suppose  that  A  has  coordinates  (3,  0,  0). 

(a)  Write  an  equation  which  describes  the  sphere  vnti\  center  A 
and' radius  9-      '  .  ^ 

(b)  Do  the  spheres  described  in  (a)  and  Exercise  ICa^  intersect? 
Explain  your  answer.  •  .  ^ 

(c)  Which  of  the  spheres  desciibed  in  Exercises  Kb)  -  l{e)  intersect 
the  si^here  described,^ in  {a)^nd  which  do  not?  Explain  your-.^ 
answers.  ^ 

3.  SuM>ose  that  B  has  coordinates  (3,  4,  5). 

<a)  Write  an  equation  which  describes  the  sphere^  with  center  B 
and  radius  6/  V; 

1^  (b)  What  are  the  coordinates  of  the  joints  in  which  the  sphere 
described  in  (a)  intersects  tHe  first  coordinate  axis?  The  second 
/(ordinate  axis?  The  third  qooitiinate  axis?  ,  V' 

'  (c)  T)o  the  spheres  descri^  in  (a)  and  Exercise  2(a)  intersect? 
Explain  your  answer. 

4.  Suppose  that  C  h^s  coordinates  (5,  —2,  1). 

^"^iJa)  Write  an  equation  which  describes  the  sphere  with  center  C 
\    and  radius  6.  ^ 
(k  Let  a* be  the  tr^mslation  from  O  to  C.  That  is,  let  0"=  C  -  O. 
)  1  Show  that  eacK-point  of  the  sphere  described  in  Excise  1(e) 
^  maps  on  a  point  of  the  sphere  described  in  (a), 
(c)  Is  there  a  point  of  the  sphere  described  in  (a)  which  is  the 
image  under  a  of  two  points  of  the  sphere  described  in  Exercise 
1(e)?  Exphain  your  answer, 
;  <d)  Describe  a  translation  which  maps  the  sphere  described  in  (a) 
onto  the  sphere  described  in  Exercise  3(^). 

5.  Consides  the  equation: 

By  ""completing  the  square"  we  see  that  this  equation  is  equivalent 
to:  *  ■        '  ^ 

'  .  '  Oc  H-  3)2  +     '-^^2)2  ^  iiHh  4)2  =  36  lExplain.] 

-    ■   -     -  ^  .      .     t  . 

Thus,  the  given  equation  is  one  of  a  sphere  whose  center  has  co- 
ordinates (-^3,  2,  —4)  and  whose  radius  is  6. 

Each  of  the  following  is  an  equation  of  ^  sphere.  In  each  c^, 
find  the  radius  and  the  coordinates  of  the  center  of  the  sphere. 
Ca)     +  4x  +  /  ^     +     +  16?  =  23 
ih)        f By  ^     ^  &z  ^  2B 
(c)  x^  ^        y2  +  3>'  +  2^  -  32  -  I 

<e)  +  ^^  -  &  =  18 

it)  4y  -  y^- •  ^ 
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Anawers  for  Part  £    [cont,].  '  '^'^^ 

2.  (a)    (x  -  3)^?  i       +        =  81    [or:        -       +^y^  +        =  7Z^  '-^. 

(h)    Yas.    11 A  -  0|i  =  3  and,  so,  9,-  9  =  0  <   3  =    ||A  -  Cjj\ 
.<  8     9  =  IB.    Xhus,  by  Theorem  17-5,  the  given  spheres 
,    intersect.  " '    :  . 

(c)    The  sphere  dt^scribed  in  1(e)  intersects  the  sphere  described 
in  (a)  because   1 9  -  6  |,  <    1 1 A  -'o  |  j   <;  9  +  6;   the  spheres 
described  inf  1(b)  -  l^d)  do  ndt  intersect  the  sphere  described 
in  (a)  because,  iii  each  case,  the  inequation  of  Theorem  17-5 
is  not  satisfied. 

3.  (a)    (x     3)2  +  (  y  •  4)?  +  (z     5)2^=  36    [or:        -  l>x  +  y£  -  8y  +  2^ 

"  lOz      14  =   0;   encourage  the  first  answer.  J 

(b)  The  given  sphere  does  not  intersect  the  first  coordinate  axis 
because  there  are  no  real  numbers  which  satisfy  the  equation 
Mx  -  3)2  +  (0  -4)^?  +  (a  "  5)2.  =  36';   it  intersects  the  second 
coordinate  axis  in  the  points  Avith  coordinates  (0,  4  +  sfl,  0)  anc 
(0,  4  -  >/T,  0)  because  ^the  latter  are  the  only  coordinate  triples 
which  satisfy  the  sy«tem  of  equations;    (x  -  3)^^+  (y  -  4P 

-  5)^  =  36,  X  =  0,  and  a  -  0;    it  intersects  the  third 
coordinate  axi^s  in  the  points  with  coordinates  (0,  0,  5  +  n/TI  ) 
and  (0,  0,  5  -  because  tfie  lattel-  are  the  only  coordinate 

triples  which  satisfy  the  system  of  equations:  (x  -  3)^  +  (y  -  4) 
+  (z  -  5)^  =  36,  X  =  0,  and  y  =  0. 

(c)  The  spheres  intersect.    Their  radii  are  9  and  6  and  the 
distance  between  their  centers  is  \f4l ,  Clearly. 

|9  -  6!  <  V4l  <  9  +  6.    [For  example,  6  <  ^/4i  <  7;  while 

3       6  and  7  <  ISj 

4.  (a)'  (x  -  5)^  +  (y:  +  2)^  4  (z  -  1  )^  =  36 

(b)    a  m^ps  the  center  of  the  sphere  of  Exe^ise  1(e)  on  the  center 
of  the  sphere  of  Exercise  4(a).    Let  P  Belong  to  the  sphere  of 
1(e)  and  assume  that  P  has  coordinates  C@»i>p*p3).  Then, 
(Pi)^  +  (Pp)^,+'  iPnl^  =  36  and  P  +  a  has  cdprdinates  (p^  +  6, 
Pa  •  ^'  P3  "wote,  then,  that  P  +  if  benm^t^  the  sphere 


of  4(a)  because  (p^  ."^^ijj^^)^  ^  ^1^2  -  2^+  2)^  +  (p^  ^  1  -  l) 


(pj2  4  (p^)^  +  (p;)2'^6.  Hence,  a  maps  eaLch  point  of 

the  sphere  described  i»  ^(e)  on  a  point  of  the  sphere  ^e 6 ci*ibed 
in  4(a).  ' 

(d*)    No,  because  any  transi^tipn  is  a  one -to-one -mappikg.  ^ 

(d)  The  trar;tslation  \^hose  components  are  (-2,6,4)^  for  it  maps 
C  on  B  and,  so,  maps  the  sphere  described  in  (a)  onto  the. 
sphere  with  center'  B  and  radius  6,  which  is  the  sphere 
described  in  3(a). 

5.     (aj.    10r(-2/3,-8)  (b)   b'JZ;   (0,  --3,  -4) 

(c)    3;   (-3/2,  -3;f2,3/2),       v   (d).  1 0;   ( -1 ,  1  ;^0) 

(e)  6;   (r-3.0;3)  *       (f)    5^;   (1,2,0)  ^ 
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6.  Which  of  the  spheres  described  in  Exercise  5  are  congment?Whk^^      Ansyers  for'Part  E  [cont.y 

The  spheres  dcecribe#in  <a)  and  (d)  and  those  described  inr\b) 
and  (f)  are  congruij^;   any  two  spheres  are  similar 

a)  an^  (c)  describe  spheres  with  radii  and 


are  similar? 

Which  of  the/oHowing  equations  describe  spheres?  For  each  which 
does,,  give  thesphere's  radius. 

(a)  jc*  +     +     -  2*  +  4y  -  fe  =  10  "  •  • 

(b)  x''  +W  +     ^-^  2x  +  4y  -  6z=  -14  ^ 


6. 
7. 


(c)  +  y        -  2x  +  4y  -  6z  =  18 

(d)  V  +     -  2je  +  8>  -  fe  =  .22 


17.02  Ards  and  Chords 


An  interval  whose  end  points  belong  to  a  circle  is  oUled  a  chord  of 
€he  circle.  A  chord  of  a  circle  which  contains  the  center  of  tiie  circle  is 
a  diameter  of  the  circle.  Any  line  -  say,  /  -  which  contains  t^o  points  of 
a  circle  separates  the  circle  into  two  arcs  which  are  on  opposite  sides 
of  /.  And,  the  chord  whose  endpoints  are  those  points  of  /  is  said  ,to 
subtend  each  of  the  arcs.  In  case  the  chdpd  is  a  diameter,  th^  sub- 
tended arcs  are  called  semicircles;  in  case  Ihe  chord  is  not  a  diameter, 
'  the  arc  on  the  side  opposite  the  center  of  the  circle  is  a  mtfior  arc  an4 
the  iau-c  on  the  same  side  as  the  center  is  a  major  arc,  *  ; 


diameter 


-chord 


semicircles  » 
Fig.  17-3 


minor  arc 


major  atQ 


By  Exercised  of  Part  D,  above,  we  haVe  that  ^yisoinetry  maps  a 
-  circle  onto  a/^ircle  whose  radius  is  th^t  of  the  given  qit^le  apd  whose 
center  is  th^image  of  the  center  ofth^  given  dix^le  And,  by  W       ,  ^^^^^  ^  ^,  ^,^e  .ide  of  AC  a«  B  ^to  the  «t 

of  Part  D/we  have  that  any  isome^  maps  two  pomts  which  »e  oxt-the:  ^-  .^-r^'^  ^^-^^-^  ■        -         ,  ar^s  y"''*'^'  -  '--^^  ' 


The  equations  in^*»,  — ,~  ,  ^  _     __  __  —    v  . 

4*^/7,  res-p^ctivqlY-  equation  in'  ^b)  3s  satisfied  jonly  by  (1,  --2,  3) 

^^nd,  so,  descrpes  the  set  consisting  of  tne  single. point  which  has 
'these*  coordiiia^tes.    [A  set  consisting  of  a  s ingle jH?i|it  is  some^-  ^ 
times  —  but^Sot  here  — .called  a  point  circle,  ]  The  equ^ition  in  ' 
I^rt  {d)  is/fequivalentto  IT^VeTy  ^        +  (z  -^-)^  =  40*.  The 

set  described  would  look  like  a  sphere  if  we  pictured  it  in  sucHa 
way  thatthe  unit  of  length  on  the  y-axis  wa'^s-  ^ qn  the  ' 
X-  and.^-axes.    Using  the  same  unit  for  gr^hing  on ^H  tliree  axes 
the  sef  looks  like  a  sphere  which  has  been' c'ompj'e dsed ijj  the  dire(;T 
tion  0f  the  y-axis.    The  set  in  question  is  called  afi  ellipfi>id  —  ifi 
particular,  it  is  an  oblate  spheroid.  '  \^  ^ 


Note^that  a*-cs,  like  intervals,  do  not  contai»  ti^eir  end  points..  We 
shall  not  need  a  word  —  analogous  to  'segment*  —  to  refer  to^arcs 
together  with  their  end  points.  -4  • 

^  / 

The  proof  of  the  part  of  Theorem  17-7  dealing  with  minor  arc;s  can 

be  expanded  as  follows:    L.e|.  K  be  any' circle,  AB  any  mindr  arc  of  X, 

and  f  i^ny  isometry.    Since  f  maps  ii  onto  a  circle  X'  and  maps  the 

center  of  X  on  that,  of  X',  it  follows  that  f  maps  all  points  of  X  on  th6 

opposite* side  pf  AB  from  its  center  into>the  set  of  points  of  JT  on  the 

<  ^       I  ^  .'»  r 

opposite  side  of  flA}f(B)  frpm  it£  center.    So,  f  maps  the-arc  AB  of  % 

intojhe  aVc  f(A}f(B)  ©rX'.    Since,  similarly,  the  isometry  f^^  maps-  - 

/i(A)f(B)  ^o  AB  it  follows  that  f  maps  AB  onto  f{A}f{B).  •    ^  .  * 

I  The^same  argument  applies  equally  well  to  maijoy,  arcs,  and  a       ,  ^ 

slight  modXicatipn  appUejs >on^eniicircles,    [In  the  cas^  of  $emicirtlc  , 


^  ^s4|ne  sijie  of  the  line  on  two  points^'w^htch  are  on  th^  same  side  of  the  ^ 
Image  6f  that  line.  Thus,  we  have  the  following:  '  ^ 


Theorem  17-7   Any  isonjetry  maps  a  circle  ^nto  a 
congruent  circle,  mapping  minor  ar<^  onto  niwc^ 
arcs,  ra^jor  arcs  onto  m^jor  arcs,  and  semi- 
circles onto  semicircles,  mapping  <^ters  on 
centers  and  a^poiiits  of  arra  on  endpoints  of, 
the  image  arcs.  # 


Note  that  if  we  have  an  isometry  which  maps  a  mmor  arc  cff  a  circle 
onto- a  minor  arc  of  a  second,  circle  then,  by  definition,  these  Ininor 


Ahswers  to  cye^t^ii^itv^  JBy  definition  two  «et5;^are  ' 

congVuei^t,lf  ^jd  i^.^i^^^^  a^* iB.$>|petY^A 

.  GiVijh  two'  pointfe  ^A  and  B,  the  cenJte  r  of  any  circle  eont4p.l^SJ^^ 
points  belong®  to  the  perpendicular  bisector  pl  AJSj/^^nd,-;^^^ 
of  thie  plane,  there  is  one  and  only  one  circle  "wliich  has  fhij},|H3int  as 
cBX^4^  and  contaix^s  A  and  B.  V    ^  '   -    ^  /■ 

If  A,  B,  and  K  are  three  nohcollinea^  points  then  there  is  exactly 

'k>neVcircle  which  contains  them/  and  K  belongs  fo  exactly  one  of  the  two 

^  ■   ■  ,  '■' 

arcs  of  th^  circle  whose  end  points         A  and  B«   ,        ,        r'.  -^ 


■  .  ■  J 
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arcs  are  congruent  [Is  this  also  true  of  two»m£yor  arcs?  Of  two  semi- 
.  circles?]  What  we  wish  to  discover  are  some  simple  conditions  on 

chords  and  arcs  wHich  will  enable  us  ta  tell  when  two  given  minor 

arcs,  or  two  chordSi  are  congruent.  Before  getting  at  this  problem, 

we  will  discuss  some  matters  of  notation. 
Since  an  interyaj  is  determined  by  its  endpoints,  we  have  been  afile 

to  describe  intervals  by  indicating  only  their  endpoinfe  — as  in,  say, 

^AB\  We  cannot  proceed  in  this  wSy 

in  the  case  of  &rcs  because  any  two 

points  are  the  endpbints  of  many 

circular  arcs.  [Given  two  points  A 
-  and  B,  describe  the  set  of  all  circle. 

for  which  A  opA  B  are  the  end- 
points  qf  drcs  of  these  circles.]  In    *  Fig.  17-4 

fact,  given  any  .point  K  which  is  not 

collinear  with  points  A  and  B,  there  is  exactly  one  arc  with  endpoints 
A  and  B  which  contains  K,  [Explain.]  This  suggests  that  we  describe 
an  arc  by  indicating  its  endpoints  ^ 
together  with  another  point  of  the 
arc.  For  example,  we  can  refer  to 

the  arc  pictured  below  as  'arc  AKB  \  »  ^ 

,or_as  'arc  BKA'  or,  for  short,  as  p-^  ^ 

'AKB'qt'BKA\ 

•When  we  are  dealings  with  a  given  circle  containing  A  and  B  and 

AB  is  nfat  a  diameter  we  shall  use  'AB'  to  refer  to  the  minor  arc  of  that 

"J 

circle  with  endpoints  A  and  B.  And  we  shall,  in  this  case,  sometimes 
use  'm^jor  AB'  to^ refer  to  the  m^jor  arc  with  endpoints  A  and  B, 

*  •  .  I* 

ercises 

Part  A  .   

^         Given  a  circle  of  tt  with  center  C  and  radius  r,  let  AB  be  a  chord 
'  *    of  the  circle  and  let  F  be  the  foot  of  the  perpendicular  from  C  to 

1.  (a)  Show  that  AB  <  2r. 
'(b)  Give  a  necessary  and  sufficient  condition  that  AB  =  2r. 
.  (c)^What  is  the  length  of  a  diameter  of  the  given  circle?  What. 

does  your  result  in  (b)  suggest  about  two  diameters  of  the 
given  drcle? '  '  ^ 

2.  j(a)  Show  that  F  is  the  midpoint  of  iCS^ 
(b)  Show  that  CF  <  r, 

3- What  must  CF  be  in  order  that  AB  =  r?  < 
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*  »   '       *    ❖    ❖  ^      '  ,  - 

Suggestions  for  the  exercises  of  section  17.02: 
{i)   Part'A  may  be  used  for  class  examples  and  supervised  work, 
(ii)    Part  B  may  be  used  as  homework,  '  . 

Answers  for  Part  A.  •      ^  ,  , 

1.  (a)    By  the  triangle  inequality  AB-  <   BC  +  CA.    Since  BC  =  r  =  CA 

■    it  follows  thctt  AB  <  Zr. 

^.  (b)  Again  by^the  triangle  inequaHty,  AB  =  Zr  if  apd  only  if  C  -  B 
and*A  -  C  havt?  the  same  sense.  This  is  the  case  if  and  only, 
if  C  €  AB.  .       '  • 

ic)    Zr;    Any  two  diameters  of  a  circle  are  congruent.    {Not^,  also, 
that  it  follows  from  (b)  that  a  chord  is  a  diameter  £>{  a  circle'^if 
and  only  if  its  measure  is  twice  the  tadii^s  of  the  circle.  | 

2.  (a)    If  AB  is  a  diameter,   C  =   F  .so  that' F  is  the  midpoint  of  AB. 
^  If  A  Bis  not  a  diameter,   ABC  is  an  isosceles  triangle  with 

base  AB  and  CF  is' its  altitoade  from  C.    Thtis,  F  is  the  mid- 
point of  AB  in  this  case,  foo.  •  ,  ,   ,  • 

(b)    In  case  C  =   F,  GF.=  0  <   r.    In  case  C  ^  F,   CF  <  CB  ^  r. 
So,  in  any  case,   CF  <•  r. 

3.  In  any  case,   CF'"  +  (iAB)2  =:  CB^.    So,  CF^+  ^AB^       r^.  Thus, 
AB  i  r  if  ah5  only  if  CF^  ^=  3r^/4*and  the  la-tter  is  the  easef  if  and  - 
only  if  CF?  =  'rN/T/2,  ^ 
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4.  AssumWthafD  is  the  point  of  the  circle^such  that  F  e  CD. 

(a)  Show  that  ADBC  is  a  kite  unless  AB  is  a  diameter. 

(b)  Howfar  must  F  be  from  C  in  order  that  ADfiC  be  a  parallelo- 
gram? Is  there  something  special  about  this  parallelogram? 

(c)  How  long  must  AB^  be  in  order  thatvlDfiC  be  a  square? 

5*  Assume  that  AB  is  a  diameter,  and  let  D  be  any  point  on  one  pf 
the  semicircles  subtended  hysAB.  Show  each  of  the  following. 

(a)  AADB  is  ^  right  triangle. 

(b)  A^CD  and  ABCD  have  the  same  area-measure. 
The  area-measj^re  of  AADB  is  not  greater  than  r ^. 


PartB 


1.  Let  AB  and  CD  be  two  chords  of  the  same  circle  of  tt  with  center  P. 
.  Show  that  '  '  ,  

(a)  AS  =  CD  ii  and  only  if  P  is  equidistant  from  AB  and  CD  -  that 

is,  if  and  only  if  d(P,  M)  =  d(F,  QDV  and 

(b)  AB  <  CD  .if  arid  only  if  diP,  M)>  diP^^l 

2.  Let  AB  and  CD  be  two  diameters  of  the  same  circle , of  tt  with 
center  P. 

(a)  Show  that  ACBD  is  a  rectangle. 

(b)  Give  a  n^ssary  and  sufficient  condition  that  ACBD  he  a 
square. 

3.  Suppose  that  A^CD  is  a  parallriogram.  Give  a  necessary  and  suf- 
ficient condition  that  A,  B,  G,  and  D  be  contained  in  a  circle. 

4.  Suppose  that  0  m  and  that  each 
of  /  and  m  intersects  the  circle  / 
of  77  with  center  P  in  two  points, '  i  .P 
as  shown  in  the  picture  at  the^  ^ 
right. 

(a)  Show  that  AD  and  BC  are  congruent.  [Hint:  Consider  the  re- 
flection in  the  perpendicular  bisector  of  AB?] 
4b)  Shaw^tAC  and^areojngruent.  .  ^  '  ^ 

(c)  What  kind  of  figure  is  ABCD?  [Assume  that,  as  in  tfie  %ur^, 
A*  and  D  are  on  the  same  side  of  ^^.]    ^     .  ^ 

, '  .  (d)  ^'at  can  you  say  about  the  minm-  arcs,  >\D  andfiC,  subtendec} 
•  by  AD  and  BC?  About      and  it:?  About  m^jor  AD  and  miypr 
^t?  About  m^jor  BD  and  m^jor  A^l  y 
Je)  What  can  you  say  about  LB  AC  and  LABDi  Abofit  lACB 
' "      ^xi^LBDCl  About  LBAC  and  lACDI  ; 

5.  Given  that  /  |[  m,  that  I  intersects  a  a)planar  circle  in  one  point 
^say,  A --and  that  m  intersects  the  circle  in  two  points -say,  O 

and  Da  ^     » 

(a)  Show  that  AC"  and  AD  are  c»ngnient.  ^ 

(b)  *What  can  you  say  about  AC  and  AD?  About  major  AC  and  ma- 
6V.^.>jor  AD?       '  ^ 


Answers  for  Pf^rt  A  [contj 
(a) 


4. 


(b) 


(a) 


(c) 


Unless  AB  is  <i  diameter,.  *{A,  C,  B-}  is  noncoUlnea r .  \  In  any 
c^so   {a,  S>3J.  is  noncoUinear.    Clearly,  unless  AB  is  a 
<liameter,  ADB  is  a  minor  arc  and,   bo,  neither   {D,  B,  C}'nor 

A,  C}   is  collinear.    Hence,  ADBC  "is  a  quadrilateral. 
Since   F  is  the  midpoint  of  AB  and  CD  -I  AB,  CD  is  contained 
in  the  perpendicular  bisector  of  AB.  [Theorem  16-22], 

ADBC  is  a  kite.  ^  ^ 

r/l\    The  parallelogram  is  a  rhombus.    [Since  F  is  the  mid- 
point of  AB  the  diagonals  oi  ADBC  bisect  each  other  if  and 
only  if  F  is  the  midpoint  of  CD^    ln»ti^is  case,  the  parallelo- 
gram is  a  rhornbus  because  its  diagonals  are  perpendicular,  ] 

ADBC  cannot  be  a  square.    [ADBC  could  be  a  s<3uaTe  only  if  it 
were  a  rhombus  and  the  latter  is  the  case  if  and  only  if 
CF  =   r/z.    But,  in  this  case  AF  -   rsfTJl  and,   so,  tlife 
diagonals  of  ADBC  are  not  congruent.] 

Since  B,  noncollinear,  ABD  is  a  trian^e.    Siilc^  its 

side  AB  has  mras^re  twice  that  of  the  median  DC  to  that  side 
it  follows   [by  Theorem*  14-11]  that  AABD  is  a  right  triangle 
with  hypotenuse  AB.  ^  ^  ' 

AACD  and  AHCD  have  congruent  bases  AC  and  BC  and  haves 
the  same.  Altitude  from  D.  Hen'ce,  AACD  and  ABpD  have  the  ) 
same  area-measure.  . 

The  measure  of  tbe  altitude  from  D  is  at  most  r  and  the 
measure  of  AB  is  2r.    So,  the  area-measure  of  AADB  is 
at  most  r{lr)/l  —  that  is,  it  is  at'm0|t  r^/ 


Answers  for 


s4rt 


B 


I .    '.The  measure 


of  a  chord  which  is  at  the  distance  d  from  the  center 


of  a  circle  of  radius  r  is  Zsi      -  d^.    Hence,  (a),  chords  of  a  given 
circle  h3Kte  the  same- measure  if  and  only  if  they  are  equidistant 
from  the  Senter  and,  (b),  shorter  chords  are  farther  from  the 
center  and^hords  farther  fromHhe  center  are  shorter.  ^ 

(a)  Since  its  four  vertices  belong  to  a  circle,  ACBD  is  a  quadri- 
lateral,  feince  its  diagonals  bisect  each  other,  quadrilateral 
ACBD  is  a  parallelogram..  Since  its  diagonals  are  congruent, 
parallelogram  ACBD  is  a  rectangle  {Corollary  to  Theorem 
16-23].  .  * 

(b)  That  AB  ±  CD  is  a  necjeseary  and  sufficjent  condition  that 
ACBD  be  a  square.    [Another  is  that  AC  -  rVT.  ] 

That  parallelogram  ABCD  is  a  rectanglels  Si  necessary  and 
sufficient  condition  that  A,  B.  C,  apd  D  ^re  ^contained  in  a  circle  ^ 
[for  short,  that  {A,  Bi^  C,  D}  is  concyclid.    Another  is  that 
AC  =  BD.  ]  ■     '  .  .  .  . 


♦ 


(b) 
(c) 
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Answers  for  Part  B   [cont.]  ^.  * 

4.  (a)    The  perpendicular  bisector      ^AB  and  that  of  CD  both  contain 

P  and  are  parallel  because  AB  ||  CDj    So,  the  perpendicular 
bisector  of  ABi.  is  the  per}iendicular  bisector  of  CD,    It  follows 
that  the  reflection  in  this  plane  maps  /A  on  B  and  D  on  C  and, 
S(r/inaps  AD  onto  BC>    Since  a  p^^^3fc  reflection  is  an  isometry 
it  follows  that  AD  ^  BC.    [Note,  for  part  (d),  that  this  reflec- 
tion i'eayes   P  fixed  and,   so,  maps  the  circle  onto  itself.  ] 

Siiice  the  reflection  discussed  in  part  (aj^  maps.  A  on  B  and  C   

on  D  it  follows  that  it  maps  AC  onto  BD,    So,  as  before,  AC  ^  BD. 

ABCD  is  an  isodiagonal  trapezoid  and  so,  by  Theorem  16 -43 
is  either  an  isosceles  trapezoid  or»a  rectangle. 

(d)  Congruiint  [in  each  caAe]  because  an  isometry  which  maps  the 
•circle,  onto  itself  and  maps  AD  onto  BC  and  AC  onto  BD  maps 

the  minor  or  major  arc  subtended  by  A o r  AC  onto  the. 
corresponding  arc  subtended  by  BC  or  BP,  respectively. 

(e)  ZBAC  ^   ZABD  and  'ZACD  ^  ZBDC  because  the  isometry  of    .  . 
part  (a)  maps  each  of  either  pair  of  angles  onto  the  other.  / 

*       ZBAC  and  ZACD'kre  either  congruent  or  supplementary  ' 

accorciing  as  B  and  D  are  on  opposite  sides  of  AC  or  on  the 
same  side  of  [Other  pairs  of  congruent  angles  are 

(ZBAD,  ZABg)  and  (ZBCD,  ZADCU] 

« 

5.  By  Theorem   17-4  A  is  the  foot  of  the  perpendicular  from,  ^. 
Since  m  j|  I  it  folW's  tha^  PA  ±m  and,  so,  is  contained  in  the^ 

.    perpendicular  bisector  of  CD.^'he  reflection  f  ih  this  latte r  plane 
leaves  A  fixed  and  inte  f changes  C  and  D.    Ilenc^,    /  '       .  ' 

(a)    AC  ^  AD  because  f  maps  AiC  dnto  AD,  and  . 
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(b)  'AC  ~  AD  because  f  maps  the  circle  on^i^itself  and,  so,  in 
mapping  AC  onto  AD,  ^aps  AC  onto^D.    The  same  state- 
ment holds  for  major  AC  and^^jor  AD. 

TC  325  ^       •      '  '    •  . 

6,     (a)    It  is  perpendicular  to  each  pf  the  given  parallel  lines.  Also, 


it 


is  a'diameter  of  the  circle, 
(b)    Each  of  the  arcs  is  a  semicircle  [and,  so, 
congtTJerit].  ^      ^;  » 


the  two  are 


The  fact '-^on  'whic?i  the  pf-oof  6f;Theoren>  17-9  depends  —  that 
an  arc  ietermiiVes  its  end  points  can  be  proved  but,  like  that  of  the 
similar  Theorem  ^6-22(a)',  is  tedious .N  The  skme'appiies  to  Theorem 
17-10/  W^e  shall  Teave  them  unproved  even  in  this  comnryentary. 

The  explanations  asked  foi*  in  the  statement  of  the  proof  of  Theorem 
17-9  g6  as  fpilows:  •  ,  '  ^ 

There  is  kn  isometry  which  maps  A  on  C,  B  on  D  and  P^  on  Pg 
because  AC  ^  BD,  AP^  =  CP^,  and  BP^  =  DP^.    [See  Theorem  4  4-29 
ortfte  lemma  on  page   190.  1  Tljis  isometry  maps        onto  because 
'  it  maps        onto  a  circle  of  CP^T)  with  center  at  P^  and  .radius  that  of 
k^,  and  3^  is'^t^ie  only  such  circi-e. 

In  the  p2;oof  oVtho  only*if-pa,rt  of  TJi^orem  17-9,  the  isonfcvtry  f. 
maps' any  three 'noncolUnear  points  of  AB  on  thi;ee  j^onooUinear  points 
'  of  cB^and.  sii^ce  it^aps        onto  some  circle,  must  map        onto  the 
circl7deteTmih'ed  by  the  latter  three  points.    This  is,  of  course,  Ji^. 


6*  Suppose  that  each  of  two  parallel  jine^  intersects  a  ooplanar 
circle  in  exactly  one  point. 

(a)  What^.can  you  say  about  the- chord  of  the  circle ^w^jose  end- 
points  %re  the  points  common  to  the  circle  and  the  given 

'  paralleliines? 

(b)  What  can  you  say  about  the  arcs  subtended  by  the  chord 
described  in  (a)?  .  . 

**  •    •.     •  •A 

,  ♦         •  *         /  '  4' 

The  result  in.  Exercise  1,  ajbove,  is  summarized  in: 


Theorem  17 -8   Given  two  nbncongruerit  chords  of  the 
same  circle,  the  shorter  of  the  chords  is  farther 
from  the  center  of  the  circle. 


The  following  theorem  —  whofee^  proof  we  sljall  leave  incomplete 

—  states  a  useful  relation  betw^n  daords  and  arcsijp  . 

■»  ,  » 

Theorem  17-9   Minor  [or:  M^jor]  arcs  of  congruent 
circles  are  congruent  if  and  only  if  the  chords 

whi^  subtend  them  are  co^gruenti 

The  proof  ^f  the  if-part  is  not  difficult.  For  that  of  the  only  if-part  we 
need  to  kno^  that,  as  we  have  shown  for  intervals  in  Theorem  7  -  22(a), 
no  afc  has  two  pairs  of  endpoints^.  It  is  this  that  w^  shall  not  take  time 
to  proye.  Suppose,  then  thgt  and  ^^^2  are  congruent  circles  with  cen- 
ters Pj  and  P^-  To  prove  the  if-part  of  the  theorem  suppose  thatAfi  and 
CD  are  a)ngruent  chords  which  are'npt  diameters.  It  follows  that  there 
is  an  isometry— say,  Which  maps  v4  on  C,B  on/3,  andP^  onP.^  [Ex- 
plain.] and,  sol  maps  on^  [WhyTK  By  Th^rero  17-7  f  maps 
AB  onto  CD  and  mayor  AB  onto  m^or  C/^.- To  prove  the  only  if-part 
of  Theorem  17-9  suppose  that  AB  and  CD  are  ojngruent  minor  arcs 
of  the  congruent_^circIes  and  an^  that  /  is  an  isometry  which 
maps  AB.  onto  CZ)/ It  follows  tfaat  fmaps  ST^  onto  [Why?]  SinceY^ 
^  also  msLpk  AB  and  since     arc  determines  its  endpoints, 

it  follows  that  {'f{A\  fm}  =  {C,  Dh  Hence,  AB^  CD:  [The  samp  ar- 
gument holds  if  we  concern  ourselj^es  with  m^yor  AS  and  msyor 

HerePis  another  useful  theorem  for  which  we  shall  give  no  proof. 
It  is,  at  least,  ij^itively  obvious.  ^  ' 

Theorem  17-10^4^  arc  ABC  is  ajunion  ^ 
AS  U  {i}  U       where      and  fiC  have  no  . 
common  point  and  eaqh  may  be  ^ither  a  minor 
;  arc>  a,  semicircle,  or  a  m^or  arc.  f)(^^ 
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17.03' Tangents  and  Sebants  .     ^  ' 

We  have  see^  that  the  intersection  of  a  coplanar  line  and  circle  is 
either  the  empty  set,  or  p  set  consisting  of  a  sihgle  point,  or.a  set  con- 
sistijig  of  two  points.  Given  that  a  coplanar  line  circle  have  ex- 
actly onapoint  in  common,  the  line  is  said  to  be  a  tangent  line  [or:  a 
tangent]  of  the  cir^e.  The  a>mmon  point  is  sometimes  called  the  point, 
of  tangency.  If  a  coplanar  line  and  circle  have  two  points  in  com- 


tangent 


secant 


Fig,  17^6 


mon,  the  lin^  is  called  a  secant  line  [or:  a  secant]  of  the  circle.  For  con- 
venience, we  give  the  following  definition:  ^ 

Definition  17-3    Given  a  coplanar  line  /  and  circle 

(a)  /  is  a  tangent  of  x  if  and  only  if  /  n      consists  of 
exactly  one  point\and 

(b)  Hs  a  sec^t  of  J^T  it^sind  only  if  /  O     consists  of  two 
^  points.  - 

.     .  -  • .  -  \ 

[Discuss  tlje  impoi;tanQe  of  the  word  '^planar'  to  part  (a)  of  the  defini- 
tion. Is  the  word  ^coplanaV  equally  important  to  part  (b)?}  Given  that 
a  Tine  is  a  tangent  of  a  circle  we  may  say  that  the  line  is  tangent  to 
the  circle  or  that  t^e  circle  is  tangent  to  the  line. 

The  following  theor^n  is  a  consequence  of  Definition  17  -3  and 
Theoreraa7-.4:  V   ^     -  ,1 

Theorem  17-11    A  coplanar  line  is  tangent  to  a  circle 

at  a  given  point  of  the  circle  if  and  only  df  the  line 
.  contains  the  point  and  i§  perpendicular  to  the  raliiius  ^ 
at  that  point       *  /  '  7 


Exercises 


Part*  A 


1.  Suppose  that  /  is  the  tangent  at  T  to  a  circle  with' center  P  and 
fadiu^  5.  Let  S  be  a  point  of  /  suchthat  ST  =  12,  and  let  R  be  the 
point  of  the  circle  contained  in  SP.  Compiitf  the  follQwing. 
(a)  SR  '  (b)  cos  ISPT  ^      *  (c)  sin  ^SPT 

id)  RT  <e)  areaofAS/2r  (f)  d{T,  W) 
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,  Sample  Quiz 

  div^^n  that  C  is  the  mid|iDini^of 

AB,  that  D  is  the  midpoint^I  AB,  * 
that  O  is  the  center  of  the  circle,  * 
and  that  AB  =  36  and  CD  -  9,  as  W 
shown  in  the  picture  at  the  right.  ' 
Compete  the  following,  -  ' 

1.  "  Radi^  of  the  circle  r  V     2,    Measure  of  chord  AD 


3,     cos  MOB 
Kej^  to  Sample  Quiz 
1,  45/2 
3,  -.7/25 


4.    Area  of  i\AO^ 


4.  243 


There  are  mi^ny  lines  which  have  only  a  given  point  P  of  a  circle 
K  in  co!n;nr>on  wilfh         Only  one  of  these  is  coplanax;  with         [it  is,  by 
Theorem  17-4,  the  line  through  P,  and  coplanar  with  3{,  which  is  per- 
pendicular to  ^the  radius  of  X  to  ^P.  ]    On  the  other^hand,  any  line  which 
contairbs  two  points  of  X*  is  coplanar  with  K.  ,  So,  'coplanar*  is  not 
needed  in  the  definition  of  *  secant*  ,  ^ 

4 

Jjc      *  * 

Suggestions  for  the  exercises  of  sedtion  17,03:  - 
(i)  Use  Part  A  for  class  dexnon^st ration.        *  •  - 

(ii)    Parts  B,  'C,  and  D  are  appropriate  for  homework,  but  will  pro^ba- 
bly  J^equire  more  than  d^e  such  assignment. 

Answers  for  Pgrt^  "  ,  ^ 

I.     (a)    8  *[SR  =  SP'-  RP  =   13  -  5]  (b)   5/l3  •  (c)  .12/15 

(d)    20/n/T1.  '  '  (e)   240/13  (f)  '60/l3 


\ 
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B 


1 

V* 

D  J 

2«  Given  the  information  fix)m\  Exercise  1,  let'Q  be  such  that      is  / 
diaI^eter  of  the  given  circle.  /  ^ 

(a>  Find  cos  /.STR  and  cos  if^S.  What  can  you  say  about  ^STi? 
and  ZfTQS?  About  ASiJy  and  ASTl^? 

(b)  What  can  you  say  about^^Q  and  /L  TQR? 

<c)  Show  that  ST  is  the  i^ean* proportional  between  SQ  and  SR. 
[That  is,  show  that  SQ/Sr  =  Sr/Si2. J. 

3.  SupposethatXfiTis  tangent  at  A 
and  B, "respectively,  to  coplanar 
circles  v^th  centers  D  and  C, 
and  thgt  DA  =  4,  BC  =  6,  and 
AS  i  12,  as  shown  in  the  pic- 
tujie  at  the  right.  domujSCbrtKIs 
following.  Q 

(a)  DC  (b)  ACiS^     (c)  BD  id)  area  of  ABCD 

[Hint  for^(a):  Consider  the  line  thrqugh  D  parallel  to  Xff.] 

4.  Suppose  that       is  tangent  at  ,  ^  \ 
R  and  S,  respectively,  to  co- 
planar  circles  witb  centers  Q 
and  P,  that  ^aifa  PQ' inter- 
sect in  the  point  M,  ariS  that  PS 

'   -  6,  /?g  =  10,  and  i?Q  -  4,  as 
shown  in  the  picture  at  the 
right.  Complete  each  pf  the  fol- 
lowing sentences, 
(a)  PRQS  iBa  

(c)  ^PQ  =  __ 

5.  Suppose  that  /  and  m  are  two 
lines  which  contain  R  and  ar^ 
tangent  at  S  and  T,  respective-  » 
ly,  to  a^rcie  with  center  P,  as 
siu>wn^  in  the*  pidture  at  the 
Tight,      ^  .  ^  ^ 

(a)  Show  that  jgS  =^T.     "  - 

(b)  Show  that  ST  1  iJP.  *  , 

(c)  Given  lAiatMT^  8 jBnd  PT.  =  %  compute  ST,  cos  zSPT, 
CO&  aSRT,  and  d(S,  R?l  '  '  ' 

<d)  Find  i?S  andiJP  given  that  ARST  is  equilateral  andPT  ^  10. 


ib)  PM/MQ  =  V 

(d)  The  area  of  6PMR  is 


PartB 


ERLC; 


1.  Suppose  that  I  and  m  are,  tangents  to  a  circle  at  A  aad£,  resp^- 
•'tively.  -V'-   

(a)  Given  that  I  and  m  are  parallel,  what  can  you  say  about  AS? 

(b)  Given  that  AS  is  a  diameter  rf  the  circle,  what  can  you  say 
about  I  and  m?  •  ^ 

(c)  Given  ^at  AB  is  not  a  diameter,  what  can  you  say  about  / 
and  m?  ' 
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Answcrs  for  F^rt  A    [c ont .  ] 

2.     (a)    3/n/T3,  3/sITl;   ^STR  ^  /TQS;   ASRT  and  ASTQ  are  similar. 

V     (b)    ^TRQ  and  i^TQR  are  complementary. 

{c)v  Since,  by  a.  a.  ,  SRT        STQ  is  a  similarity,   SQ/ST  =»  ST/SR. 
[So.  ST  =  N/SQ  '  SR.  ] 

3;     (a)    ^^^y7  (b)  6>/5  (c)  4\nro  (d)  60 

4.  U)    trapezoid     -  (b)   3/2  (c)    IQsTz  '(d)  12 

[In  part  (d)  the  a^tea-measure  of  APMR  is  that  of  APSR  minus  that 
of  APSM.  ]  ^ 

r 

5.  (a)    Since  RS^  =  RP^"  -  SP^  =  RP^  -  TP^  =  RT^.  RS  =^  RT.^ 

(b)  By  part  (a),  RSPT  is  a  kit£^   Sd,   RP  is  contained  in  the 
perpendicular  bisector  of  ST. 

(c)  80/>/S9,   -39/89.  39/89,  40/n/89    [See  CoroUary  to  Th.  1 5- 
{d>    I0>/3>20   [(ST/2)RP  =^  10.  RT] 

Answers^for  PArt  B      ^  ,  '        ^  / 

I,     (a)^  AB  is  a  diameter  of  the  circle  a-nd  is^^lJirpendicuiS'r  to  both* 
^       i  and  m, 

(b)  i  li'np  ^nd  both  i  and  m  are  pe rpendic^ia r  to  AB. 

(c)  .'i  H 
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CIRCLES 


2,  As^me  that  /  is  a  tangent  at  T 
to  a, circle  with  center  P,  that 
m  is  a  secant  of , the  circle  which 
intersects  the  cirple  at  R  and 
pa^es  through  P,  and  intersects 
/  at  S,  as  shown  in  the  picture 
at  the  right.  Pi^ve  the  following. 

(a)  Z.ST/2  and  J^TRP  are  complementary  angles: 

(b)  I.TQS  is  aingruent  to  I. STR.  [Hint:  What  is  a  cxjmplement  of 

*  (c)  ASflT  is  ^milar  to  ASTQ.       '  *  v 
(d)      '  SQ  =  ST^                        ,    ;  _  » 

3,  The  two  circles  shown  a%the 
right  are  said  to  be,  internally 

\  tangent.  Suppose  that  P  and 
are  the  centers  of  the  circles, 

•  that  PR  is  a  diameter  of  the 
smaller  circle,  that  SR  is  a*  di- 
ameter of  the  larger  circle  and 

'  "^that       is  tangent  at  T  to  the 

smaller  circle.   ^ 

:  (a)  Show  that^QT  . 
(b)  Given  that  SP  -  6,  find  ST,  TV,  VR,  and  d{T,  M).. 

4,  The  two  circles  shown  at  the  ^  ^  v. 
right  arpp-said  £o  be  externalT^  - 
ttxngenL'  Assume  that  P  and  Q 
are  the  centers  of  the  circle, 
that  SW  is  a  diameter  of  the 
hirger  circle,  that  §^  contains 
Q,  and  that  SV  is  tangent  at  T 
to  the  smaller  circle. 

,  (a)  Show  that  W II  QT.  '  '  . 

.  (b)  Given  that  SP  =  6  and  QR     2,  find  ST,  TVrVR.  and  d(r,  SR). 


\ 


Consider  an  angle— say,  /-ABC. 
We  know  that  if  is  the^isector 
of  LA^C  then  each  p^nt  of  Bfl"  is 
equidistant  from  the  sides  of  ^  ABC. 
jOne  consequence  of  this  fact  is  that 
each  Wnt  of^B^  is  the  center  of  a 


cir^jle 
of  /LA 


flMntc 
Alff.  I 


is  tapgent  to  the  sides 
Explain.]'  Another  is 


Fig.  Itrl 


that  the'pointtif  mtersection  of  the  bisectors  of  the  angles  of  a  triangle 
is  the  center  of  a  circle  which  is  tangent  tb  the  sides  of  the  triangle. 
[How  n^y  such  circles  axe  there  for  a  given  triangle?  How  manyt:ir- 
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Answers  for  P^rt  B    [cpnt.]  ,  ,  ,  ' 

2.  (a)    Since  ZPTS  is  a  riglit  angle,  /STR  and  ZRT^P  arc  comple- 

,    mentary.    Since   PR  =   PT;  ^RTP  ^ '.^ITJRP. /  Hence.  ZSTR  and 
ZTRP  are  complementary.  *  .       "  , 

(b)  Since  RTQ  is  a  right  ti^^iangle  with  right  angle^at  T,  and 
ZTRP.are  complementary.    §q,  by  part  (a).  ZTQR  and  ZSTR 
arc  congruent^  -  But,  £TQR  =  /TQS> 

(c)  By  part  (b)  and  the  a^a,  similarity'thcorem  the  matching 
SRT         STQ  ie  a  similarity. 

(d)  ^-  By  part  (c),  SR/ST  =  ST/SQ.         '  '  ' 

3.  >   (a)    Since  Ql*  and  RV  are  both  pe i^endicula r  to  SV  and  are 

coplanar  it  follows  that  they  are  parallel.  ^  ^ 

'   (b)    bsfl,  2\^,  4;^^  w  '    '       .     ^  , 

4.  (a)    Since   RV  and  QT  are  botK  perpendicular  to^  5t  and^re  - 

coplaiiar  iffollviws  that  they  are  parallel. 

^.^b)  8>/3/7,   iz/7,  8^/7    ^  .  ^  ' 

TC3^329     /    ^  . 

Givbn  a  pcfint  P  'of  the  angle  bisector  of  ZABC,  the  fej^t  of  the  sper- 
p^ndiculats  fron>  P  to'the  sides  of  ZABC  are  equidistant  from  P.  So,, 
the  sides  of  /_A3\2  a^e  tangei^ts  at  those  feet  to  thfe  circle  whose  center 
is   P  and/whose  radius  is^  the  distai>ce»from  P  to  either  side  [Th.  17-4]. 

^        Note  that,  by  Theorem  15-20,  the  bise^ors  of^he  angles  of  a  tri- 
angle are  concurrent.       ^  •  ' 

.  There  isjust  one  ciVcle  which  is  tangent  to  the  sides  of  a  ^iven  tri- 
angle.   The  re,  are,  howeVer  thre^  other  circles  fcalled/^s-^^  ribed  circles] 
which  are  tangent  to  the  lines  containing  tJ>e 'sides  of  the  triangle.  E^ch 
has  its  cei^er  at  the  intersection  of  the  bisectors  of  ts\'o  extei;ior  angles, 

*       -  -  ■ 

^  ^  Sample  Quia  , 

Giyen  that         is  tangeiit  to  the 
circle  with  center  C,  that  AB  =8  ' 
^nd  that  the  radius  of  the  circle  is  ' 
6,  detfermine  each  of  the  following^ 

1.     AD       2,  -AE       3*  BE  V  '  .  * 

The  measure  of  the  common  chord  of  two  intersecting  cix*cles  iB 
.48,  and  the  radii  of  the  circles  are  26  and  25. 

5.  ^Compute  the  measure  of  the  segment  joining  the  centers  of* the  ' 

circles,    [Give  all  possible  answers.  J 

6.  Compute  the  area-measure  of  the*  quadrilateral^'hose  vertices  s^re 
the  centers  of  the  given  circles  and  the  points- of  intersection  of  the 
circles.    [Give  al?  ppssible  answers,  assumilhg  that  the  common 

chord  is  a  diagoi^al  of  the  quadrilateral.  ] 

. 

Key  to  Sample  »Quig;  ^ 

U     4        /  •    2.    16  3,    12/C^  4.  Il^/<r5' 

5,  17  [when  cente^-s  are  on  opposite  sides  of  chord 3  [when  centers 
are  on*rame  si$ie  of  chord]  *  — 

6*     408  [y^er)^  distance  between  centers  is  17];  ',72  [v^hei?  distance 

betNMifen  centers  is  3]  4  . 

•         /■  • 
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cles  can  you  find  which  are'tangent  to  the  lin..  ' 
a  given  triangle?]  In  the  iiext  Jlr^?  containing  %  sides  of 

'  Putin^  the  radius  of  the  drc  e  wW    '  ""f  ^^^^^^ 

sides  of  the  tn^gle.  This  circle  i^S^  t  "^^'"^^ ^^^^^  to  the 
triangle..    •  '    '  "^"^^^'"^^^  ^^^ed  tf^e  i^^^^^^^^ 

Parte  *  ,  '         -  - 

'    •    .  .  S"PP<^«  ^that  Z)  .is  the  j>oL  of      '         '  ' ' ' 

of  AAfiC  and  that/is  the  radius 

■         kII      ^''^"'^  ®*  l^e-right.  Let  K  . 

•       betha^rea-measureofA^Cand  - 
•     •    let s  =  |(a  4-  ^,  .  ","e  ^  ^ 

1-  Show  that  AT  =  A  Wyn>.  n  '  • ,      ,         >  '-  .  ^ 
and  AABD.l  triangJ^-ASCA  AC>i/;,' 

^     .    2.  Show  that  r  =  A-y^s.  ,  *  ' 

.      .    3.  Find  r  in  ^ach  of  thetfoiro«^ng.  [Noll  You  «:,n '    u         '  ' 

results  0  Part  D  on  paee  334  «?n  •      ""^^  these 

..       (a)  ^  =  8  6  =  6  c  =  10  ^''^  yo«r..work.l 

«  =  6.  6  =  8,  =  V3/2  :  f ^  =  17  . 

.,4.  Weal^ed^havees^BHshedthat;.        andZt f  J ^J^^ 
Sho^y  that  c  ^  ,      .    .,  Jao  sm^C. 

.  'Sin  ...  and  .inV^'  "  """'^^  '"""^ 

'•fS^^.'S^'^  "^''^  =     Find  .  and 

B^^rm  rZV'  "'at       =  c  «„d 

'    '7  U7  u  -       °  ^  of  -a'  and  'c'  ^  S^*! 

/.  We  have  seen  that  ii:  =  Vsfe  ~- "  aV*  '  -  ; 

^    ''      '  s  •  .        -    ..        ■ .  .  ■ 
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1"  =  K/s  -  ../TT — ^^^"t^  *   ^  ^'^1 


s  -  c)/s 


•.  ■  .  "/s  =  vs{ 
^        (since  s   >•  fifj^ 

^i^i  (b)   By  the  J? 
Hence, 

»c)    The  altitudes,  AM  and  RVf'     .  "  •      •  ■ 

.  ,  .  ivi  IS  the  midpoint  of  AB, 


Partp 


Suppose  that^and'^are  tan- 
gent^ at^  and  5,  respectively,  to 
the  circle  with  center  O  and  radius  P 

thatM  13  the  point  of  intersection  • 

of  AS  and  ^O,  as  shown  in  the  pic- 
at  the  right.      .  . 

1.  Show  that  ' 

(a)  OP  =i  V?~+r2    fhv  *' 

'  .  '    7,Lr  ^^^-^         midpoint  ofAB 


ERIC 
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CIRCLED  •  » 

^  (a)  What  do  the  resuits  m  fcxercise  . 

LAPB  and  Z.^OB?    "  ^  '^^^         ^APB  acUta?  Right? 

(b)  Under  what  conditions  on  r 

«^Tf     ■-dVl^.fi-d  PO.AB.  and  cos  ^AOB.andteU 

•  5.  GiVen  -th.t  OP  =iO  and  r     5  fin^^^^^^^^  . 


17.04  Angles  and  Cirples  ^  ^  «w  vertex  is 

the  center  of  the  circle  i  call^  « 

S^^wopomtBaretheendpO^ 
of  a  chord  and  of  a  ^nmor  an^. 
chord  and  its  related  minor  arc  are 
sarto  subtend  the  central  an^^^^^^ 

and  the  central  angle  ^-^^d^^"- 
tercepahe  minor  arc. 


Fig.  n-8 


Exercises 


(a)  t^/^JT^'^ 


{c\  tr/ 


3  and  '^^OB  are  .„pp.cr„.n.ary._ 

(b)    r  ^  t;    r   -  ^.    *  s  ^ 

4:     17.  240/17.  -161/289.  acute      .  ^         ^  ,^ 

By  Exercise  2i§!.  •     ,       •       .    ,  r       •  .*  ' 

if  and  only  if  r  =  „^  ^v,*- 


8. 
.9. 


end  points  of  a  diameter. 


Part  A 


°f  tl-e  'j'-d^-  ,  ^CB  and  cos  iPCQ  in  terma  of     Z*^  •  , 

1.  (a)  Express  cos  i  /ll-D 

'''^'i-  .HACintermsofr'andM'. 

■srar.i'«cSU"r.andw. 

f^,^&"'Saf*e'^nUa>  ang.es  ..CB  and  .PC  a.e  con- 
•    ,b,Sw'that^I.^C.i.»nBruent.o.PQC.  '  - 


t>,e  exercises  of  section  17,  0^^^^  oresented  by  the 
tWu'cu..io„  .ha.  tono».  .»oul3l»  P"' 

The  experiments  \n  ^ 

,      ^'L.i^ifted  bv  the  group, 
then  discussec  oy  v      b  ,  g^^yk, 
Part'C  may  be  u^ed  lor  hom      ^emoi^t ration. 

graphs , 
Muyz"'"        Part  A 


(i) 
(ii) 

(iii) 
(iv) 

(vi) 

(vii) 


1. 


Z. 


wersjEI,-^^^  '              ,  „vprQ  =  1 

 ;^        ^177^  1  -  AB^/tZr^),  cob/PCU 

^a)   cos/ACB  1            ^  .osZPQO^ 

coeZBAC  =  AB/iZD  '  _ 


(b) 
(a) 


coaZBAC  =  na/K^^i        ^   '  ,       K.S  that 

e         AB  -  PQ  It  follows  from  Exercise  l{a)  that 
Since  AB  -   >^  /ACS       /PCQ.    ■      .  » 

cos/ACB  =  cos/PCQ.    So    ^  CO  that 

Since  AB  =.  PQ      follows  from  Exe^rc^i^^^ 
cos/BAC  =  cosZPQC.  t>o./- 


J 
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Answers, for  Rirt  A   [cont.]      *  * 

'  #      ■  ^  ' 

3.  (a)    Given  thaf.  ZACB  ^  ^PCQ  itiiollows  that  these  angles  have  the 

same  cosine  and,  so.  by  Exercise.  i(a),  that' A B  =  PQ.  Since 
AB  =  PQ,  AB^  EQ,    By  Thecwrem  17^9  it  follows  that,  since 
;*    .      •    AB  ^  PQ,  AB ^  PQ. 

(b)    Yeii.*  This  follows  by  parts  (h\  and  {c)  of  Exercise  1,  ■  j. 

4.  Given  that  AB  <   PQ  it -follows  6y  Exercise   i{a)  that 
^co&Z^ACB  >  cos^ilteQ  and,  so,  that  /^ACB  is  sfnaller  than 

^IPCQ.  ,^  /  '  .  ' 

5. ^    (a)   »7/&,.  17/2^,  2/5,  25^/1^/1  B^JTl     ■      '  '    '  / 
^     (b)'  16,  12,   -7/25,  4/5,  7/^5,\3/5        .  -       .                  /  ' 

\  (c)    1/2,  1/2,  r>/5/Z.         *•    /  . 

,  -  "  In  Figure  17-9  the.  in|itrib^ angles  are  ZDCA,  ZACB^  and^^BCD. 
The  intercepted  arcs  are   DA,  ABn  and  BD,  jie spective^^. 

Students  have  already  u&ed  Thiorem  14''ll'to  proVe  that  any  angle 
inscribed  in  a  semicircle  is  a. rigm  angle. 


/ 

••/ 

/ 
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3.  (a)  Given  that  is  congguent  to ^PCQ,  wh^t  can  you  say 

about  AB  and  PQ?  ^botit  AB  arid  PQl  Explain  yia^r  answers. 
.  (b)  Given  that  LBAC  is  congruent  to  Z-PQC,  is  it  theha^  that 
AB  and  PQ  are  congruent?  Explain  p^our  answer.  \ 

4.  Given  that  AB  <  PQ.  which  of  /.ACB  and  ^CQ  is  the  larger^ 
Explain  your  'ans>Yer. 

5.  In  each  of  the  following,  make  use  of  the  given  informatipn  to  dd^ 
<  the  indicated  connjutations. 

V  (a)  r  =  10,  AB  ==  5,  and  PQ  =  8.  Find  cos  ^ACB,  cos  ^PCQ, 
cos  Z.PQC,  area- measure  of  A  ABC,  and  area:  measure  of 
A         APQp.  ' 

<b)  r=10,  d(C,  @l-;6r  'and  dCC.  pQ)  =  8.  Find  AB,  PQ,* 
' .  ^  cx)s  lfL>lCiff,      ZABC,  cos  ^LPCQ,  and  c»s  ZPQIC. 
(c)  r  =  48  =  PQ.  Find  co%  ZAC^,  cos  ilQPG,  and  in 
terms  of  V. 


i 


An  angle  is  said  to  be  inscribed 
in  a  circle  if  and  only  if  jt^  vertex 
and  a  point  of  e^ich  of  its  si^es  be- 
long to  the  circle.  The  points  of  the 
circle  which  are  on  the  sides  of  the 
inscribed  angle  are  the  endpoii^ts 
of  two  arcs  of  the  circle.  One  ;of , 
these  arcs  is  a>|itained  in  the  inte- 
rior of  the  inscribed  ^ngle,  and  is 
said  to  be  the  intercepted  arc.  The 
other  arc  contains  the  verteic  of  the 
angle  and  the  aiigle  is^id  to  he 

inscribed  in  this  arc  [In  Pig.  17-9,  there  are  three  inscribed  angles 
'pictured  with  vertex  C.  Find  them  and  d^ribe  their  intercepts!  aits.] 
Consider  any  angle  inscribed  in  a  j^emicircle.  It  is  not  difficult  to 
show  ths^t  ^tich  an  inscribed  angle  is  a  right  angle.  At^,  tiins  being'So 
implies  that  any  two  ^  angles  inscribed  in  tiie  same  semi€ii:cle— or^ 
.intercepting  the  same  semicircle -are  congruent.  It  "is  natural  to  ask 
whether  this  is  the  case  for  two  angles  inscribed  in  the  same  magdr 
[or,  the  same  minor]  arc.  Fm  example,  it  is  natural  to  ask  whether  ^e 
insCTibai  angles  lACB  and  ZADB,  iji  Fig.  17-9,  are  pongruenl  In 
the  exercises  which  follow,  we  shall  investigate  this  question. 


Fig,  ll'-B 
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Part  B 


4.  ^ake^  tracing  of  I.ACB  and    .  ^ 

cut  out  a  wedge-shaped  piece  ^ 

of  paper  as  suggested  in  the 
.    picture.  Mark  the  point  A  on 

,  one  edge  of  your  wedgex^  \  ,  -  , 

2.  place  yoyr  we^ge  on  the  figurfe^so  that  the  edge  marked  SA*  just 
■    covers  the  point  marked  'A'  on  the  ffgure  and  so  that  the  vertex 

"  of  your  >vedge  is  o^lhe  circle  but  not  at  C.  \Note:  The  "rBark  foi;  A 
,     on  your  wedge  need  not  coincide  with  the  mark  for  A  on  the  circle.] 
0  W^iat  do  you  notice  about  the  other  ^ge  of  your  wedge?^ 

3.  Place  your  wedge  on  the  figure  so  that  the  edge  maifte^_  'A'  just 
covers  the  point  marked  *A  '  on  the  figure  and  so  that  the  othfer  edge 

*  covers  the  point  marked  'B\  What  do  you  notice  about  the  verteXi 
of  "your 'Wedge?  /  *  . 

4.  'Ma5ce  a  cx)i\jecture  ^bout  angl^  which  are  iriscTibed  in  tK^same 

arc.  " 


ou«£i\ 


The  exercises  yoiiJlTave  just  completed  should  suggest  that  two  an- 
gles which  are  insmbed  in  the  same  arc  are  congruent  Of  course, 
in  order  to  prove  that  this  is  the  case,  we  must  either  find  an  isometry 
which  maps  one  of  the  inscribed  angles  onto  the  othpr  or  we  ni^t  show 
that  the  cosine-value  of  the  first  is  the  cosine- value  df  the  second.  We 
look  into  the  latter  possibility  in  the  next  exercises, 


Parte 


Suppose  that  {O,  A,  B\  is  non- 
collinear^  and  that  OA  ^  OB  =  r. 
Then,  4  and  B  are  on  a  circle  with 
center  O  and  radius  r.  Let  a  = 
A  -  O  and T  =  B  -  O,  as  shown  in 
the  picture  at  the  right.  Also,  Jet 
C  -  O  4-  c,  whfer^  c=f  ca  ^  bb, 
for  some  a  and  6.  ^ 
.  1,  Show  each  of  the  following. 

(ay  CcXff  if  andonjy  if  c  +  6  =  1. 

(b)  C  is  9  point  6f  th6  circle  with  center  O  and  radius  r  if  and^only 
if    >     *f       cos  /^AOB  =  1.  {HinL  The  former  Is  the  case 
if  and  only  if  c  •  c  =  r^*! 
2*  Since  {O,  A,  B}  is  noncolHnear  it  follows  from  Exercise  1(a)  that 
a     6  ^  J.  What  do  you  think  is  thes|?ase  witii  respect  to  O  and  Q 
ifa  +  6  >  l?Ifa  +  6<.l? 
3.  (a)  To  check  your  answers  forExercise  2.  take  A  as  origin  and 
(a,  b  -  a)  as  basis  for  [OAB]  and  compute  the  position  vectors 
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Answers  for  Part  B         ,  .   •         .      *  - 

— — — .  —   .  .        ^  • 

Z.  The  other  edge  of  the  .wedge  should  ju$C  C9ve-r  the  point  marked  *B*. 
3.     Tlje  vertex  of  the  v^edge  should  just  cover  a  point  of  the  ^ircU%  ^  *■ 

'4p     ir.xeiK:ises  2  and^  3  suggest  that  angles  inscribed  In  the  sa'me  arc 
are  congruent,  . 

Answers  for  P£.\rtC  *  <  * 

— — — ^ — '  .  ,    ■  ♦         .  ♦  • 

1.   ^  (a)  '  C  €  a15  if  and  only  if^  for  some  t„  c  ^  a^  (S  -  aH.  Since 

c   -  aa  and  (a,  b)  is  linearly  independ^jnt  it  follows  that 

C*t  X2  if  and  only  if  there  is  a.  number  t  such. thai  a  -  1  -  t 

and  b  -  t,"   l^his  l^st  is  thi  case  if  and  only  if  a  4-  b  ^v^'iV^ 

(b)    C  belongs  , to  the  circle   [qf  OATB]  Vith  center  O' and  radiu6' r  . 
if  and'only  if   |'(c|)   =  r.    Since  t  =  aa*  +  $b,  this  is  the  case 

if  and  only  if  |  |'a-|]  ^a^^ 1 1^  |  j  ^b^  +  ZabiaT  •  H).^  r^.    Sikte  V 


a 


*x»r  -  and  a  •  b       |  ]  a  | )  j  j  b  j  |  cos  ^A03,  this  condition  ^ 

reduc'es  to         +  b^,+  Zab  co,s/a6b  ^  W    L^ote  that  this  last' 
equation  can  be  thought  of  as  an  equation  of  the  circle  wit^ 
respect  to 'the  coordinate  system  for  OAB  with  origin  O  and 
basis  ('a,  b).    In  qase  iT  ±  S  the  equation  reduces  to  the  piore 
familiar  *a*^  +  b^  -  1* •  ]  •  ♦  ' 

2>     ApMrently  a  -f  b  >  1  if  and  only  if  O  and  C  are  on  opposite  sides  ; 
of  A^;   and'  a  -f  b  <   1   if  and  only  if  O  and  C  are  on  the  same^side 
*of  Ab^    [This  guess  is  verified  in'.Exercise  3.]  ,  ^  , 

••  •        •  * 

3,  ^U)    O  n  A      -a  =  +  (S  -  a)0;'  "  ^  ' 

C  -  A^=  c  -  a  =  (aa  i  Sb)  -  a  =^  a(a  -  1 )  4-  Sb  =  a(a  +  b.-  1) 

[The  last  step  in  determining  C  -  A  is  by  inspection.    We  know 
that  C  -  A  is  some  unique  litiear  comljination  of  a  and  b  -  a 
and  juggle  ^'to  find  it.^  ,One  can  proceed-more  systematicaUy : 
We  wish  to  find  numbers  c  and  d  _so  that  a{a  -  1      bb  ^ 
=  ac  +  (S  -  a)d  —  that  is,  so. that  a{a  -  i)  +  bb  =  a(c  -  d)  +  bd. 
Since  ia,  b*)  i«  linea^rly  independent  it*is  necessary  and  sufficient 
that  a  -  1  =  c  -  d  and  b  ^  d.    Solving  for  *c'  and  *d*  gives  the 
de sired  result,  ] 
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An^w^rs  for  Part  C  [cont*] 

3.     {b)    Since  S  -  a  €  [AB]  it  f^lowe  that  O  and  C  are  on  the  same 


side  of .  AB  if  and  only  if  -1  (and  a  +  b  -  1  are  both  positive  or 
/        both  negative^  and  are  on  opposite  sides  of  if  ^nd  only  if  one 

./         qi  -1  and  a  +.b^-  1  is  positive  and  the  other  negative.  Since 
/  ZiL  ^®  negative  it  follows  ^that  O  a^id^  C  ar^-t5n*the  same  side  of 

/  -AB  if  and  only  if  a  +  b  -  1  <   0#aAd  are  on  opposite  sides-^f  and 

/  only  if  a  +  b  -  1   >  0.    [The  criterion  in  Part  G  on  p'ages  211 

'   and  212  maybe  used  with  'A'  for  'V/'/'B'  for  *A*;and'*d' 
.     for         ]  ^  \ 

4,  ZA(|:B  intercepts  a  majojr  a-rc  if  and  only. if  C  ai^d  O  are  on  opposite  * 
sidc^  of  aS,  —  thai  is,  if  and  only  if  a*  +  b  -  1    >  0'.    {"the  intejr«epted 
\arc  i«  the  arc  with  end^points  A  and  B  which  doe s^not  contain  C,  ] 

*  Similarly-;  ZACB  intercepts  a^inor  arc  if  and  only^  if  a  +  b  -  1  <  0, 

5.  (a)    w  =  c/if  ^  {aa  +  Sb^/r       (a/r)^  +  {^r}h  =  ua  f  7b.  . 

m     (b)  'Since   C  ^ AB  it  follows  by  Exercise.  1(a)  that  a  +  b  1,^ 

'(c)    Since    j|a]j   f  r^  -  it^follows  Uiat  u  and  y  are^unit 

vectors  in  the  senses  of  OA  and' o£,   respectively.  Hence, 
by  definition,  cos  ZAOB  =  .u»v,  , 

(d)  This  follows  from  Theorem^  15-6  since  u  -  w  and  v  -  w  belong 
to  the  senses^pf  ,CA  and  CB%  * 

6,  (a)    [Square  on  both  sides  of  the  equation  in  Sxercise*  5(a),  / 

remembering  that^u,  v,^nd  ^  sfre  unit  vectors.  ]  - 

(b)  [Add  wnth  'r  on  both  sides  of  the  equation  in  p«*rt  (a).  ]  ^ 

(c)  ,  (d)    [These  follow  at  oi^e.from  the  equation  in  Exercise  S{a).  ]  . 

(e)  '  [Use  the  equslkioris  in  parts  (c)  and  (d),   remembering  that  u. 

V,  and  ^  a  re  unH  vectors.  ]  ^ 

7.  (a)    [Compute  '(u  -  w)-(u  -  -w)',   remembering  that  u  and  w  are 

*'   unit  vectors.  ]  . 

(b)  [Coippute  'li'w'  from  the  equation  in  Exercise  5(a)  and  sub-- 

.  ^  stitute  in  the  expression  in  p^art  (a).  ]     ;  *  * 

(c)  [Substitute  from  pxercise  6{a)  into  the  expre ssion  in  part  (b),] 

id)    [Factor  the  difference  of  squares  in  the  numerator  of  the 

expression  in  part  (c ).  ]  .  , 

.  .a,     ^it^rchanga  'a.'  and  -*b':      -obtain ^|v  -  w  || ^  =  *(i -  b  - alU  4- (b  -  al]/b\ 

'  ■        *  f 

9,     (a)    [This  follows  at  pnce  from  Exercises  7(3)  ^and  8  and 
Exercise*  6(b)y  ] 

'      -(b)'  ii.u  -w|i||v  ->i^[|  =   |1  --a  -blV^d.+  u-v) 
10,     By  Exercises  5{dl,  6(e),  and^'9(b),       ^  -  ,„ 

y.^T.         n  '  t  -  b)(l  ^  u- v) 

cos  ZACB  =    .  ;  -   .  T  KVt     ^  -^v 

1  '  a     b  VE  1     u*  V 


8gn{l  -  a  -  b) 


/l  -f  u*? 


11.     cosZACB  =  >/(  1  +  u  •  v)/2  ^  [minor  arc] 
*  .  ^         =  -v{i  -f  u»v)/2    [major  arc] 

er|c      .  t  'GS^) 
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r 

.0'--  A  and  C  -  A  of  O  and  C  with  respect  to  this  origin  and 
basis/  ^  ^ 

(b)  In  answer  to  part  (a)  you  should  have  expressions  for  O  -  A 
^j^^     and  C  -  i4  .as  linear  combinations  of  a  and  6  -  a!  Determine, 

\fyni  these,  conditions  on  *a'  and  *b'  in  order  that  O,  and  C  ^re  . 
\>?«aSn  opix)site  sides,  or  on  the  same  side  of  X^. 

4.  For  what  condition  on  a'  and  '6*  is  it  the  case  that  MCS  inter- 
ca'pts  a  major^arc?  A  minor  arc?  ' 

5.  Let  C  be  any  point  of  the  given  circle  other  than  A  and  fl.  and  let 

— ♦    - » •  — »  — ♦  — *  ^  ^ 

u  -_dr]        6/r,  and  w  =  Cjr,  ,EsJgablish  each  of  the  following: 
'(a),        ^  +  ljb  ^  f  '(b^  a  +  fe  V  1 

^  A^>  c^LJ^OB^u    V  m  cos  ^ACB  =  f\  "^J^ '  5  T-f 

t    .     '   *       m  -  w\\  \\v'-  w\\ 

6.  We  are  seeking  a  link  betweeft  cos  L.AOB  &nd  cos  CACB»  To  be- 
gin with  let's  express  both  of  these  in  terms  of  and  'b\  Estab- 
lish each  of  the  following: 

1    (c)  u  ~  w  =  u[\  -  a)  ~  vb     (d)^  ~  w  =  -ua  +        -  6) 

{e)  (u  -  w)^ul -■^)  =  a  -  a -  b)a +  'u -7) 
1.  Show  that  j|u  -  u^p  is  equal  to. each  of  the  followiag; 
"(a)  2[1  -  (u--  w)]  (b)  2[1  -  a  -  (u  ■l^)bl  ' 

(c)  ^^MjiJI  (1  -  a  -  6)[-l  +  (Q  -  6)]  / 

a  a 

8.  Obtain  an  expression  for  \\u-  iJjp  like  f|hal  in  Exercise  7(d).  [Hint: 
Is  there  an  easier  way  than  that  of  repeating  the  work  in  Exer- 
cise 7?)  * 

9.  (a)  Show  that 


i\\u-  w\\  \\v-  w\\r  =  a  -^a  -  -by 


1  -  («  -  6F1 


I  =  (1  -  a  -      •  2(1  +  H- 7). 

ITfint:  Use  results  from  Exercises  6,  7,  and  8.]  ' 
(b)  Express  '\\u  ^  t^HjiT  -  'Wfm  terms  of  'a'\  'b',  and  'u* ;  V.  [Hint: 
What  is        -  .a  -  6)=^I  ■ 

10.  Express  'eos  ^CB'  in  terms  of  'a\  '6',  ai|d  'Cos  Z.AOB'.  [Hint: 
.    Use  the  results  of  Exercises  5(d),  6(e),  and  ©(b).  Recall  the  fiinc- 

,  tion  sgn  disoissed  on  pages  313-314.] 

11.  Simplify  £he  result  obtain«3  in  Exercise  10  for  the  case  in  which 
z^CS  intercepts  minor  arc  AB  and  for  the  case  in  which  /LACB  ' 
intercepts  m^of  arc  Xs .  [Hint:  Interpret  your  answer  for  Exercise 
4in  tennfiof 'sgn'.]  .  "  • 
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Let's  collect  the  r^sulj  of  Exercise  10:  ^ 

6ds  aACB  =  sgn<l  -  a  -  hy   yj  g  

and  the  result  ofExercise  4: 

intercepts  a  major  arc  if  and  only  if  sgn(l  -  a  -  b)  =  -1  apd 
/lACB  intercepts  a  minor  arc  if  and  "only  if  sgnd  -  a  -  6)  =  1; 
and  the  result  of  Exercise  5  of  Part  G  on  page  333. 

•Together,  tfaese '  give  us  information  about  .the  ^ize  of  an  in^rib^ 
angle  and  of  the  corresponding  central  angle.  Note  that  an  inscribed 
angle  which  intercepts  a  msgor  (minor]  arc  is  inscribed  in  a  minor  [ma- 
jor] arc.  '      *  ^       '  ,^ 


Theorem  17-12   An  angle  inscribed  in  a  m^jor  arc  is 
half  as  large  as  its  corresponding  central  angle; 
an  angle  inscribed  in  a  minor  arc  isi;he  supple- 
ment of  an  angle  half  as  large  as  its  corresponding 
central  angle. 


Corollary  1    Any  two  inscribed  angles  which  inter-  ^ 
cept  the  same  arc  are  congruent. 


Part  D 


6SP 


Consider  the  circle  which  cir- 
cumscribes AABC  Given  that^  is 
th?  radius  of  this  circle  and  r  is  t^he 
radius  of  the  incircle  of  AAfiC/it 
is  reasonable  to  "search  fbf  a  rela- 
tion between  ^and  r. 

1.  (a)  Show  that^  =  ^  -  °  .  ^  [Treat  three  cases,  according  as  A 
^  ^  sm  ZiA  ^ 

and  O  are  on  opposite  sides  of  SCi  BC  is  a  diameter,  and  A  and 
O      on  the  same  side  of  Sc.  It  should  be  helpful  to 'consider 

the  diameter  SD.] 
(b)  Show  that  rR  =  a6c/(4s).  [Hint:  Use  results  from  Part  C  on 

page  329.]^  . 
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iswers  for  Part  D      *    *  -  " 

(a)    Consider  ZBQC  wher^  BD  fs  a  diameter,   'Since  ZC  is  a 
rfght  aiigl^;  sinZfeDC  =  a/{2R.).  •  • 

In  case,  as  in  the  figure,  A  and  Q  are  on  the  same  side  -of  BC,** 
so  are  A  and  D/   In  this  case,  lA  and  ZD  are  inscribed  in  the 
.  same  arc  and,  so,  ZA  ^  ZD  and  sinZA,=  a/{2R).  [Congruent 
angles  have  the  same  sine,  ] 

In  case  A  and  O  are  on  oppa4ite  sides  of  BC,  so  are  A  and 
D,    in  this  case.  ZA  and  ZD,*are  iriscribed  in  '** supplementary 
arcs"  and,  so,  ZA  and  ZD  are  supplementary  and 
sinZA  =  a/(2R}.    {Supplemeiftary  angles  have  the  sajyie  sine.] 

,  In  cafee  bC  is  a. diameter,  ACAB  is  a,  ^ght  triangle  and,  so, 

sii>ZA  -  a/(2R),      4      •    *  .  - 

Consequently,  in  any  case,'  *R  =  a/{2  sinZA)^  ^  « 

[Of  course,  R  is  aiso  b/(2  sinZB)  and  c/{2  sinZC),    So,  we 
have  ^  new  ^roof  for  the  law  of  sines.  ] 

ih)    By  Exercise  4, of  Part  C  -on  page  329,  r*  =  be  sinZA/(a  ib  +  c). 
So,  using  the  result  of  part  (a),  rR  =  abc/[2(a  +  b  +  c )]  =  abc/t4s ). 
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2.  Find  Ir  in  each  of  the  following.  .    '  ^ 
(a)  al=  8,  b  =>,  c  =  10          (b)  a  =  8  =  6,  c  =  12  ^ 
(c)  a|=  6  =  c  =  5                  (d)  a  =  15,  6  =  8,  c  =  17 

(e)-  a  j=  6,  6  =  8,  (f )  a  -  6,  6  =  8, 

\  '  co^^C  =  V3/2  cos /1C'= . 

3.  ih  Excise  3  of  Part  C  on  page  329,  you  found  r  from  the  same  in- 
formatioi^  you  useii  in  Exercise  2  to  find  R.  Verify  the  formula  in 
, Exercise  1(b)  Ibr  the  values  you  found. 

4.  Suppose  that  AABCTis  equilater^,  and  that  AS  =  a.  Find  r,R,  and 
K  in  terms  of  a',  wjiat  is  r  :  R1  ■  .  / 

5.  Suppose  that  AA6C  is  isosceles  with  base  flC,  that      =  candBC 
'=  a.  ^int  r,  R,  and  K  in  terms  o*  'a'  and  V.  What    r  :  Rl 


I 


1.  Given  ^  chord  AB  of  a  circle 
with  center  O  aHd  radius  r,  con- 
sider   the    inscribed  angles 

,  LACB  and  lADB,  as  shown  in 
the  picture  at  the  right. 

(a)  If  r  =  5  and  AB  =  8,  find 
cos  ^  AOS,  coi  ^ACB,  and 
cos  ^ADB. 

(b)  if  r='8  and  A5  =  8,  find  cos   A  OB,  cos /LACE,  and 
cos  /LADB. 

(c)  ifr  =  10,  Afi  =  8,  and  AC  -  6,  find  cos  ^ACB  ^d  cos  ^AfiC. 

(d)  Do  you  have  enough  information  in  (c)  to  find  ojs  /  BAC?  If  so, 
do  it. 

(e)  If  AB  =  5,  AC  =  6,  and  BC  =  7,  find  r,  cos  ^ADB,  and 
ti{O.AB). 

2.  Prove  this  «)roIlary  to  Theorem  17-12;  " 

Coroliary  2   UABCD  i$  a  convex  quadrilateral 
inscribed,  in  a  circle,  each  two  opposite  angles  of 
AflC/>  are  suppiementar^.  , 

3.  Suppos^  that  AB  and  CD  are 
two  chords  of  a  circle  which  in- 
tersecta^the  point  iE. 

(a)  S^Ji^t  AASO  ia  similar 

(b)  Sh^KH  AE/CE  = 
DBIBW=  ADICB. 

(c)  Show  that  AE  •  BE  = 


DE  ■  CE.\ 
(d)  Do  you  thmk 
answer. 


that  AAEC  is  similar  to  ADEBl  Justify  your 


Answers  for -Part  D  fcont.l 
2.     (a)    S  » 


\ 


(b)  d6/VT 

(d)  17/2  

(f)    2n/25  +'12V1 


\ 


3. 
4. 
5. 


2's/2S  -  12^3       i      .  ' 
[Tke  formula^is  yferified  in  each  ca6c.] 

r^',  K  = 


R  =  a{2c  -  a)/{2c^) 


\ 


Answe^re  for  Part  E 


\ 

\ 


,4,  cosyl^BAC 


1.  '  (a).  -7/2S,  3/*5,^  ^3/3       •   ^  ' 

(b)    1/2,  ^/372.  -n/T/2  \  ' 

{d)    By  Exercise  6  of  Part  D  on  page  324, 

=  cos  ZB|\0  cos  ZOAC  -  sin  Z^AO^sinZOAC.  Computing 
the  cosines  of  ZBAO  and  ^PAC  and,  from  them,  the 
4  sines  of  these  angles^  leads  to: 

cosZBAC  ^  j6  -\siZ\  .  91)/50 

(e)    33/(4^/6),   -5/7,  25/4^6^ 

2,  Suppose  that  ABCD  is  a  convex  qu^rilate ral  inscribed  in  a  circle. 
Since  ABCD  is  convex,  AC  and  BD\inte rsect  and,  so,  A  and  C  \ 
are  on  opposite  sides  of  It  folloVs  that  A  anjj  C  are  Inscribed; 
in  different  ax;c^  with  end  points  B  an\i   D,    Hence,  by  Theorem 
•17-12,  Ih  and  ZC  are  suppleincnta ry A  Similxfrly,  ZB  and  ZD  are 
supplementary.       *  \ 

I  3,  (a)  The  matchir^  ADE  CBK  is  a  sirAilarity  because  vertical 
angles  ZDEA  and  ZBEC  are  congruefct  and  ZEAD- and  ZECB 
are  congruent  since  they  ape  inscribed  in  the  same  arc, 

(b)  From  the  similarity  established  in  part\{a)  AE/cE  DE/BE 

ad/cb. 

(c)  This  resists  immediately  from  part  (b). 

(d)  Yics*    AEC        DEB  is  a  similarity  for  res^spns  like  those  in 
the  Answer  far  part  (a)* 
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4.  Suppose  that  the  chord  AB  shown  in  the  picture  for  Exercise  3  has 
measure  8,  that  AE  -  2,  and  that  the  radius  of  the  circle  js  12. 
Use  the  results  of  Exercise  3  to  do  the  following, 
(a)  If  CE  =  3,  findf:Z)V 
,  <b)  If  CD  =  7  and /ID  =  3,  find'€S,^DE,  and  CB. 
(c)  IS  ED  =  4  and  CB  =  6,  find  Cl^- and  AD. 
id)  If  CD  is  a  diameter  of  the  circle,  fin^^C^;  and  ED. 
5*  Let  AB  and  CD  be  tw&chords  of 
a  circle  which  have  no  points  in 
* '  common.  Assume  that  they  are 
asj)ictured_at  the  right,  so  that 
^            AD  and  BC  intersect  in  ^  Pj^int 
-say,  E.  By  Exercise  3,  w§ 
know  that  AE  ■  ED     CE  ;E&.   

(a)  Give  a  n6<»ssary  and  sufficient  condition  that  AB  be  parallel  to 
CD.  -  ^ 

(b)  Give  a  necessary  and  sufficient  condition  that  AC  be  parallel  to 

'      SD.  .    ^  

,       ^     (C)  Is  it  possible  to  have  both  AB  \\  CD  and  AC  \\  BD?  If  so,  what 
can  you  say  about  E?  About  ABDCl   

6.  Suppose  that  the  lines  containing  the  chords  AB  and  CD  {^scribed 
in  Exercise  4  intersect  in  the  point  P.  Show  that 

(a)  ISPAD  is  similar  to  APCB,  , 

(b)  PA_  PB=.  PC -  PD,  and  f 

'  (c)  AC  \\  BD  if  and  only  if  APAC  is  isosceles  with  base  AC. 

7.  Look  at  the  picture  of  inscribed  c|uadrilateral  ABCD  in  Exercise  5. 
Its  sides  AD  and  BC  intersect  in  the  point  E.  Show  that  each  two 
opposite  angles  of  ABCD  are  congruent.  v 

Two  of  the  results  in  the  exercfees  in  Part  E  are  summarized  in  the 
following  theorems  That  of  Exercise  3(c)  is: 

Ttieorem  17-13   If  two.  diords  of  a  ^rde-interseet,  • 
the  point  of  intersection  divides  each  chord  into 
segments  such  that  the  product  of  the  measures    ^ , 
-  of  the  segments  of  one  chord  is  the  product  of  the 
measures  of  tiie  segments  of  the  other. 

That  of  Exercise  6(c)  is; 

ThiBorem  17  - 14   If  two  secants  of  a  circle  intersect 
at  a  point  in  the  exterior  of  the  circle,  the  product 
of  the  disitancfes  between  the  exteripr  point  and  the 
pbirft3  of  intersec|ion  on  one  of  the  secants  is  the 
product  of  the  distances  between  the  exterior  point 
()  and  the  points  of  intersection  on  the  other  sec^t. 
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Ajnswers  for  Part  £  [cont,] 
4,     (a)  4 


>(b)    There 'are  two  possibilities:   (i)  CE  =  4,  DF.  =  3,  and 

-    CB  =  6;   U)  Ct  ^  3/  DE  =  4,  and  CB  =  9/2,    The  Alternate 
solutions  arise  from  solving  the  ^system  of  equations 
•QE  +  ED  ^  9-  and  CE  *  ED  -  IZ\ 

(c)    7,  4 

.  (d)    There  are  two  possibilities (1)   C^  =  12+  2^Jj3  and 

ED  =  12  -  2^/T3;  H)  CE  =^  12  -  2^13  and  pD  =  12  +  2\r33.  * 
They  arise  from  solving  the  system  of  equations  ^CE  +  ED  =  24 
and  CE^ED  =   12\       "  • 

5.  (a)    That  E.  divides  each  of  tibe  segments  from  A  to  D  and  frqna  B 

'  to  G  in  the  same  ratio*    Alternately,  that  AE  ;  ^  =  BEjEif, 
or  that  (E  -  B):(C  -  E)  -  (E  -  A):(D  -  E).  ^  ) 

(b)  That  {E  -^h(D  -  E)  =  (E*-  C):(B  -  E).  '  • 

(c)  Ye^.  ;    E  is  the  center  of  the  circle*^  ABDC  is  a  rectangle. 

6.  (a)    In  APAD  and  APCB^VP  =  ZP  and  IB  ^  ZD.    Hence,  by  a^a., 

PAD     ►  PCB  is  a  sinSilarity.  ^  * 

(b)  By  part  (a),  PA/PC  =  1PD/PB. 

(c)  a  Suppose  that  APAC  is  isoscfcles  with  ba«^  AC.    Then  PA  =  PC 

so  thart,  by  pai^t  (b)  PD  =  PB.    So,  A  and  C  divide  the  leg-  ^ 
ments  from  P  to  B  and  from  P  to  D,  respectively,  in  the 
saVne  ratio.    Hence,.  AC  j|  9D,^     '  - 

^  Suppose,  next,  that  AC  ||  BD,    Then,  AB  *^  CD  st)  thit 

AB  ^'  CD.    Now,  PA/AB  ^  PC/CD  so  that  PA  =  PC,  Hence, 
.  .  APAC  is  isosceles  with  base  AQ^ 


7.  In  quadrilateral  ABCD,  ZA  and  ZC  are  both  ins'ftt^ibed  in  BACD 
and,  so,  afe  congruent.  Similarly,  ZB  ^  ZD,  Helice.  each  two 
opposite  angles  of  y^BCD  are  congruent.  ^ — * 


IB 
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Using  the  result  of  Exercise  2(d)  of  Part  B  on  page  328  obtain: 

,CoroUary   If  a  secant  and  a  tangent  of  a  circle  inter- 
sect at  a  point  exterior  to  the  circle  then  the 
product  of  the  distances  between  the  exterior 
|X)int  and  the  points  of  intersection  on  the  secant 
is  the  square  of  the  distance  between  the  extenpr 
point  and  the  point  of  tangency.  ^  ^ 

Given  an  inscribed  angle,  lACB, 
of  a  circle  with  center  O  a^d  radius  4 
r,  we  have  established  that/ if  AB 
is  not  a  diameter, 


(*)  cos  '/l^CB - 
sgnd  -  a  -  b) 


1  -h  a>s  l^OB 


wher^  (A  -0)lr^  u^iB^  0)lr  =  Pig,  17-10 

C  -  Olr  ^  ua  ^  vb  ^  w,  and  cos 
/JiOB^^  m '  17,  And,  if  AB  is  a  di- 
ameter we  know  that  /^AC^  is  a  right  angle  and  since,  in  this  case, 
u  '  V  -  —1,  this  is  what  the  formula  (*)  Woulc^  lead  us  to  expect  If  we 
imagine  that  B  and  C  remain  fixed,  while  A  moves  along  the  circle 
toward  the  point  S'  diametrically  opposite  to  S,  then  an  angle  aAOM 


half  the  size  of  /LAOB  becomes  more  nearly  a  right  angle,  while  /LACB 
becomes  more  nearly  inscribed  in  a  semicircular  axe.  is  * 
^*The  sua^ss  of  this  ^limiting  argument"  suggests  that  we  consider 
what  happeip  when  A  and  B  remain  fixed  while  C  moves  along  the 


0 


338  CIRCLES 


circle  toward  A.lfC  remains  on  the  same  side  of  AB,  we  can  be  sure 
that  the  size  of  LACB  does  not  change,  regardless  of  how  close  C  comes 
to  A.  [Explain,  Also,  explain  the  change^ that  occurs  in  the  size  of 
^ACB  if  C  moves  to  the  opposite  side  of  AB.]J:^ow,  as  C  approaches  A, 
CA  appears  to  approach  a  limitiriB  position  CD  [with  C  =  A],  and  we 
may  feel  confident  tfi^t  n)CB  is  the  same  size^s  each  of  the  angles 
AACB.  We  can  find  this  limiting  position  of  by  considering  the 
anglte  aACO,  and  calculating  its  cosine  value.  Using  the  same  nota- 
tation  as  above  [and,  as  in  Part  C  on  p^ge  3321,  we  have  that 

cos  ^CO  =  ..-^  -h,  IWhy?] 

\\u  -  w\\  \\-w\\ 


w  •  w  -  u  •  w 


\\u  -  w\%u\  ^ 
l-u-tlTat-^  [Why?] 


1--  V  [WJiy?] 

11"  -  Ml 

iF-^l 

iiir  -  ai/2 


[Why?] 


Now,  A  -  C  =  a"  -  c*==  U  -  uJ)r  and,  so,  d{A,  C)  =  IjiT    a;||r.  So, 

(**)      .      '      ^     cos  /LACO  =  d{A,  C)/(2r). 

'From  (**),  we  see  that  as  C  approaches  A^  cos  aACO  approaches  0. 
[Explain.]  Thus,  in  the  limiting  case,  AD  X  OA.  That  is,  in  the  limiting 
case,  AD  is  tangent  to  the  circle  at  A.  [Why?] 

This  pr«:eding  discussion  suggests  that  the  angle  "between"  a  tan- 
gent and  a  chord  is  related  to  its  corresponding  central  angle  in  the 
same  way  that  an  inscribed  angle  is.  In  the  next  exercises,  a  proof  that 
this  is  the  case  is  outlined. 


PartF 


Suisse  that  AB  is  a  secant  and  \ 
that  AD  is  a  tangent  of  a  circle  / .       .  \ 

with  center  O,  and  that  A  is  the       \   I         0  \^ 

point  of  tangency,,  as  shown  in  the  \\ 
picture  at  the  right.  A^^^"^  y 

1.  Show  that  if  AB  contains  0,   

then  ABAD  is  a  right  angle. 
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As  long  as  C  remains  on  the  same  side  of  AB  ZACB  remaips 
inscribed  in  the  same  arc  i^nd,  hence,,  does  not  change  in  size.    If  C 
crosses  S3  then  the.  arc  in  which  ZACB  is  inscribed  is  the  supple- 
ment of  the  former  arc  and  ZACB  is  supplementary  to  thei  former 
angle. 

Answers^fcr  the  'Why?'s  in  the  computation  of  the  cosine  of 
ZACO:  ,  *  • 

u  -^ie  in' the  sense  of  CA  and  -w  is  in  the  sens^ 
of  CO. 

Dot  produc^t  algebra,  and  j|-w||  = 

w  is  a  unit  vector  and'  w  =  ua  +  vb. 

*"  — »  ^ 
'  u  is  a  unit  vector, 

Seg  Exercise  7(b)  of  Part  C  on  page  333.  ^ 

As  C  approaches  A,  d(A,  C)  approaches  0  and  so  does 
d{A,C)/(2r). 

The  tangent  to  the  circle^  A  is  the  perpendicular  through  A, 
in  the  plane  of  the  circle,  to  OA. 

Answers^  for  F^rt  F 

i.     Since  AD  is  tangent  to  the  circle  at  A,  ZOAD  is  a  right  allele. 
And,  in  cas^.  AB  contains  O,  *ZOAD  =  ZBAD.  % 
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Answers  for  Part  F  [conti]  V 

2,     (a)    If  'i. intersected  the  circle  in  the  sii^le  point  B  it  would  he 

*  tangent  to  the  circle  at  B  and,  since  it  is  parallel  to  the 

;    *  tangent  at  A,  -A  and  B  would  be  end  points  of,  a  diameter. 

.    (b)    Since  oX  ±  AD  it  followg  that  OA  ±  BC  and,  so,  that  OA 
intex^sects  BC. '  Assuming  that  O  is  exterior  to  ZBAD  it 
follows  that  C  is  also  exterior  to  ZBAD  and,  so,  that  C  and 
D  are  on  opposite  sides  of;  Hence-,  in  this  case,  ZCBA 

and  ZBAD  are  congruent  as  alternate  interior  angles,^ 

(c)  As  in  part  ^b),  OA  intersects  Assuming  that  O  is 
interior  to.  ZBAD  it  follows  that  C  is  also  interior  to  ZBAD 
and,  so,  that  C  and  -D  are  on  the  same  side  of  AB,  Hence, 
in  this  case,  ZCBA  and  ZBAD  are  supplementally  as  con- 
secutive Interior  angles*  • 

(d)  ..  Let  F  be  the  point  of  intersection  of  Xo  and  BC.    Then  AF 

is  both  the  median  and  the  altitude  from  A  of  AABC.  5  Hence 

'  AABC  is  isosceles  with  base  BC  and,  consequently,   

AB  =  AC.    Also,  since  ZLA.BC  is  isosceles  with  base  BC, 
.  ZACB  ^  ZCBA.  ' 

(e)  In  case  O  i s  exterior  to  ZBAD,'  ZBAD  ^  ZACB;   in  case  O  is 
interior  to  ZBAD,  ZBAD  and  ZAGB  are  supplementary,  iNote 
that,  in  any  cas^,*G  and  0  are  on  tHsi  same  side  of  AB  and, 

^  so,  that  ZACB  is,  in  any  case,  half  as  large  as  ZAQB,  ] 

The  exercises  of  Part,  G  are  exploratory  for  the  content  of 


section 

17.05. 

Answers  for  Part  G 

1.,  (a) 

<i)  Yes. 

(u)  Yes. 

(iii) 

No. 

(iv)'  No. 

(b) 

(i)  No. 

in)  No.  . 

'  (iii) 

No. 

(iv)  No. 

■  •  (c) 
(d) 

ii)  Yes. 
(i)  Yes. 

(ii)  .Ye«. 
(ii)  Yes. 

(iii) 
(iii) 

No. 
Yes,. 

(iv)  No. 
(iv)  No. 

(e) 

(i)   Yes'  - 

(ii)  Yes. 

(iii) 

Yes. 

{iv)^No. 

(f) 

ar  Ye*. 

(ii)  Yes, 

(iii) 

No.  ■ 

(|,v)  No. 

[students  should  see  that  answers  fpr  (i)  and  (ii)  will  always  be  the 
[         same,  that  a  'No.'  answer  fdr  (i)  implies  a  *No.'  answer  fpr  (iii) 

so,  a  *Ye8.;.  answer,  for  (lii)  implies  a  *Yes. '  answer  for  (i)  — 
"~  :  ,and  that  the  answer  for  iW)  is  always  'No,'.  I 

Z.  The  sets  4n  (a),  (c)>  (d),  (e),  'and  (f)  have  upper  bounds;  the  sets 
in  (d)  and  (e)  have  greatest  rriembers.;  The  sets  ^t.upper  bounds 
for  the  sets  in  Exercise*  1  are 

(a)  V{x:  X  ^  0}        ^     .  (b)  0    '  (^)  {x:  x  ^  1} 

{d)  .{x:xsO}  ,  <e)   {x:  X  >  2}      ^  (f)(? 
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2.  Suppose  that  AB  is  not  a  diameter.  Let  /  be  the  line  through  B 
^  which  is  parallel  to  ;i4Z>.  ^ 

(a)  Show  that  /  intersects  the  given  circle  in  two  points. 

(b)  Let  C  be  Uie  second  point  in  which  /  intersects  the  circle,  and 
assume  that  0  is  exterior  to  LB  AD.  Show  that  LCBA 
^lBAD.  ' 

(c)  Assume  now  that  O  is  interior  to  LB  AD.  What  qan  you  say 
about  lCBA  and  Z^AD?  ^ 

(d)  Show  that  A  is  equidistant  from  and  C.  What  can  you  say 
about  CACB  and  iCBAl  ^  ' 

(e)  What  can  you  say  aibout  LEAD  and  inscribed  angle  LACBl 

3.  Find  the  amine  and  sine  of  acute  LB  AD  in  each  of  the  following;. 
Wr  =5,Afi=8  (b)  r  =  10,  AB  =  10 

(c)  cos  aAOB  -  f  (d)  r  «  10,  cos  WAS  =  i 

ie)  AB  =  lO^cos  lOAB  -  i    (t)  AB  -  10,  sin  ^OAB    i  . 

4.  Find       AD)  in  each  part  of  Exercise  3. 

The  theorem  wh(^  proof  ig  outlined  in  Part  F  is: 

i  Theorem  17-15  If  a  secant  and  tangent  of  a  circle 
intersect  in  a  point  of  the  circle,  the  angle  between 
,  the  secant  and  the  tangent  is  either  congruent  to, 
or  the  supplement  of,  an  angle  half  as  large  as  its 
corresponding  central  angle  according  as  the  center 
of  the  circle  is  exterior  or  interior  to  the  former 
angle. 

Part  G 

1.  In  each  c^Mhe  following  you  are  given  a  set  5  of  real  numbers.  For 
each  sett  answcir  the  following  qi;^tions: 

(i)  Is  there  a  number  which  is  greater  than  or  equal  to  each  mem- 

berofS?^'      _     ^      .      :  .  ^   

<ii)  Is  thei^  Q^re  than  one  number  z  such  that,  for  each  X€S, 

X  sz?  '      .  ; 

(iii)  Is  there  a  number  0  in  S  such  that       €  S ^  f]? 
'^(iv)  Is  th^  tpore  than  (me  numWr  2€  <S 

{a)  |;t: :e  <  0}       (b>  {x:x^l}    ^         -  Cc)  {x\  Q  <x<l} 
id)  {x:  X  S  0}        (e)  {:^:  ;e  <  1  or  ;e  -  2}    (f )  0      V  ^ 

2.  We  shall  say  that  b  is  an  upper  bound  of  a  set  S  of  reat  nmnl^rs  if 
and  only  if  V^p  S  — ^  x  S  fe],  A  nun^b^  6  is  a  greateit  member 
of  S  if  it  is  an  upper  bound  of  S  and  belongs  to  S.  Which  of  thesets 
in  Exercise  1  have  upper  bounds?  Which  of  the  sets  in  Exercise  1 
have  grea^^  menabers?  For  each  set  of  Exerdse  1  c^scribe  its 
set  of  upper  bounds.  « 
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3.  Suppose  that  6  is  an  upp^r  bound  of  a  set  S  of  real  numbei^.  Are 
there  any  other  numbers  which  you  are  certai?  are  upper  bounds  of 
S?  Explain,  , 

4.  (a)  Can  a  set  have  just  one  upper  bound? 

(b)  Can  a  set  have  more  thart  one  greatest  member?  fjustify  your 
answers  for  (a)  and  (b).] 

(a)  Is  there  a  set  which  Ms  no  upper  bounds? 

(b)  Is  there  a  set  which  has  every  real  number  as  an  upper  bound? , 

If  you  have  answered  Exercise  5  cojrectly  you  see  that  the  set  of 
all  upper  bounds  of  &  given  set  of  reaf  numbers  may  be  0  or'raay  be 
These  possibilities  occur  if  the  given  sai  has  no  upper  bound  or 
is  the  empty  set.  Given  a  nonempty  set  ofreal  numbers  which  has 
an  lippe?  bound,  the  set  of  upper,  bounds  of  Uie  given  set  is  a  set  of 
a  special  kind.  Gu6ss  what  kind. 

7.  Give  definitions,  in  analogy  with  those  in  Exercise' 2.  of  *lower 
bounrfand^least  member'.  ^ 

8.  How  nfjany  sets  can  jyou  find  each  of  which  has  upper  bounds  but 
whose  set  of  upper  boimds  does  not  have  a  least  member? 

U  If  a  set  has  a  greatest  member,  does  the  set  have  a  least  upper 
bound?  Explain. 


4.  .(a) 


(b) 


Answers  for  Part  G   [cont.]  ,  ^  . 

3.  Any  nximber  greater  than  an  uppt?r  bound  of  S  is  also  an  upper 
bound  of  S*  This  is  because  the  relation  of  being  less  than  or 
equal  to  is  tranfiiitive.  *  * 

No.    For,  giyen  any  upper  bound  there  i6  a  number  greater 
than  it  and,  by  Exercise  3,  this  number  is  ^Iso  an  uppfer 
bound  of  the  given  set. 

No.   'For  if  a  and  b  are^greatest  members  of  S  then,  siiice 
a  e  S  and  b  is  an  upper  bound  of  S,  a  <  b.    Similarly,  b  <  a. 
Hence,  a  =  b.*'  .  *  . 

Yes,^ 

The  set  df  all  upper  bounds  of  a  nonempty  set  is  a  positively 
sensed  ray.  "  '  " 

A  number  b  is  a  lower  bound  of  a  set  S  if  and  only  if  it  i»  less  than 
6V  equal  to  each  member  of  S.    A  number  b  is  a  least  member  of 
S  if  and  only  if  it  is  a  lower  bound  6f  S  and  belongs  to  S.    [After  an 


5. 


6. 


(a) 


there  are  many  such  sets^ 


8. 
9. 


1 7.05  An  Important  Property  of  ReaJ  Numbers 

In  the  background  wof  k  at  thp  end  of  Chapter  15  we  have  seen  that 
each  ngp^pty  set  of  integers  which  has  an  upper  bound  has  a  greatest  ^ 
mem^  In  the  preceding  exercises  of  Part  G  we  h^ve  seen  that  other 
nonempty  sets  ofreal  numbers  which  have  upper  hounds  need  not  have 
greatest  members.  [The  set  of  negative  real  numberp  is  ^  example. 
Name-some  others.]  Nevertheless,  the  exercises  of  Part  G  should  have 
suggested  to  you  a  prof^rty  of  sets  of  arbitrary  real  numbere  which 
is  somethii^  like  the  property  of  sets  of  int^^  which  we  discovered 
in  Chapter  15,  This  property -called  the  least  upper  bound  property  ^ 
-  may  be  stated  as  the  final  part  of  our  Postulate  5: 

5^ ^   Each  nonempty  subset  of  3?  which  has  an  upper  ^ 
bound  has  a  least  upper  bound. 

[For  example,  although  tlie  set  of  all  negative  numbers  does  not  have  a 
greatest  member,  the  set  of  all  its  upper  bounds-{:t:  x^i  0}.^does 
have  a  least  member.]  You  may  have  Tound  yoxirself  agreeing  with  5^^ 


argument  like  that  in  answer  to  Exercise  4(b)  we  are  justified  in 
speaking  of  the^  least  member  pf  a  set  which  has  a  least  member.  ] 

Only  one,  the  set  0;  ♦ 

Yes.    Suppose  that  b  is  a  greatest  member  of  S,    Since  b  €  S,  no 
number  less  than  b  is  an  uppej:  bound  of  S.    So,  since  b  is  an- 
upper  bound  of  S  it  is  the  least  member  of  the  set 'of  upper  boiinds 
of  S.  '      ,  V 


Postulate  is  a  postulate  and  so,  if  it  is  to  be  accepted,  must 

be  accepted  on  intuitive  evidence  or  on  authority.    We  have  tried  to 
furnish  a  basis  for  intuitive  evidence  in  the  preceding  exercises  of  P^rt 
G,    What  Postulate  S^^^  says  is.  essentially,  that  there  are  no  ''gaps'* 
in  the  ordered  system  of  real  numbers.    As  a  foil  you-may  point  out 
that  the  .system  consisting  of  only  the  rational  real  numbers  satisfies 
all  the  earlier  parts  of  Postulate  5,  but  fails  to  satisfy  Postulate  5^g. 
One  proof  of  this  involves  showing  that  there  is  no  rational  nxmiber 
whose  Square  is  2,  but  that  there  ar^e  rational  numbers  as  clo#e  as  one 
wishes  on  either  side  of  sJT,    From  this  it  follows  that  the  set  of  all 
ratipn^l  Climbers  less  than        has  no  least  Vat i ona  1  ,upp0jr "bound. 
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Or,  you  n.ay  have"  L'^  l^^efustn'  of. 
you  were  working  on  Exercise  8f(^ifT  ^       '^'^  "^"^^ 
bound  but  has  no  least  up^^  bound  T^lf"  "PP^^ 

that  Postulate  6  is  egse^t^^  In  Section  ,17.06  we  shall  find 

^  ^  t>,3  18  essential  when  we  define  ihe  measures  of  circular"^ 

pages'S^rC^^^^^^ 

combined  into  a  s"^JaS  "'^''^  ^  J'^'''  P^tulat^s  -  whichVe 
ment  that  .9?  is  an  Sdemi  field  VT  the  state- 

condensed  into:  ^^"^  ^^"'^^^^^^  Postulates  5,-5,3  can  be 


115      is  a  complete  ordered  field. 

that  there  are.  For  examole-  itiTX,  t,  """'^'^  we  have  believed 
nowegative  real  numSas  a  sq^e  tt"""'  """'^ 


If 


.  a2:  0 


roots  rn  the  mt^dul^^SLe  *  ^"""^ 
which  has  an  wner  ten^H        ^    ^'  ^a-*  nonempty  set  of  integers 

w.thatthesetr:sx:£:rhrotppt^^^^^ 


(C) 


3^  (x€  Nn  and;y.,>  a) 


.theorem.  To  Jo  s^  asauS^ft^  »n,:*t  ^V'''  "™  ^ 
bound.  Since  ATn  i*  0  it  follows  to  (C),  JVn  has  an  upper 

has  a  least  upper  tomd-sTv  *  ^  a«^umption  and  B„  thatNn 
Aan  or  equal  ^STwstoTf  i  ■«°>l«'-of  JV«  ij,  less 
J  a  member  Of  ^"f  -  -P^r  io^  of^Xre 

S  4-but,  this  is  impossible  since  c^.lvt    I'  ".'*'"°>™*atc  +  1 

ofAr„  So  there  is  no  such  numZ^b  ^^^^'j  ^''^'^'^''-^ 
per  bound.    .  ?  as  o,  and  iVn  does  not  have  an  up- 
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To  show  that  a  nonnegative  number  =.  V 
root  we  n.ay  proceed  by  sLvvIng  tSt  (x    .   '  ^„  nonnegative  square 
least  upper  bound  and  that  this  feast  upol-r  h  ^  i  ^ 
has  a  as  its  square.  ^^^east  upper  bound  is  nonnegative  .and 

Since,  for  a  ^  O'O.-?       ,       /„n  , 

c,  >  U  and  c2  >  a.  ^^or,  in  case  a  c    i  ?  ^'      ~~  ^"<^h  that 

number  greater  than  1,  and  in  case  a  ^  T  ""^^  '^^^  *°  ^^ny  ' 
follows  that  this  number  c  ^  ^  ^         may  take  c  to  be  a  It 

ationand.  so.  thatThe  set         a"  "ef^run"""!^' «ct  under  confide r- 
s.t  contains  0.  u   ,  0.    I,  .^^^^  bTpVov^^d  ttaT  u^r.'  ^ 
To  SHOW  that  u^^  -  a  we  begin  by  choosing 


Clearly,  b  >  0 


'      *       b  =  S}Lt± 

U  +  c  ' 

[b  =  0  if  and  only  if  u 
£2L±^  .      >  a  - 


a  =  0], 
and 


b^*  = 


(u  +  cl^ 


au^  f  ac' 


{u  +  cp^ 


_  C' 


(a   -  ug)  -  a(a   ^  ^^2)         /    ^   ^  ^ 


Suppose,  now,  that        <  a      if     ^  ,  > 

^  a]  that  a  -  >^  I  So^b  A  °a  Tnd f^"" 
s  it  makes  h  a  ,v,„^u__        r     "   "  d   >  u.    This  is 


This  is  impossible 


-J  a  -  u.     So,  b^ 

emce  it  makes  b  a  member  of  {x-  x  s  0      ^     p"     * 'V"  ^'^  "^P°' 
greater  than  the  least  upper  bouid'o^tfis  s^t     Z  l^!^  "'^^'^^ 

a.d  f"fr  <•  o:  t.r/  uMd  i^^-  s    "     t^t-  b  -  u  <  o 

eac^  member  of  {x:' x  >  0  and        <  a)  if?"  iF  ^o^ows  that 

xs  an  upper  bound.of  this  set  and    i„£  J  ^^^'^  ^  ^nd,   so,  that  b 

east  upper  bound  of  the  set     Thislaat  bei°"'  ''''  than 'the 

that  u^  >  a.  ^  •     ■'^'^  ^«^ng  impossible,  we  conclude 

ahowfThat'^;/^r^4       ^  ^  it  follows,  as  we  wished  to 
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342  CIRCLES 
ExercUes 


Given  AABC.let  P  be  any  point 
interior  to  the  triangle,  as  shown 

.    in  the  picture  at  the  right.  I A  pomt 
is  interior  to  a  triangle  if  and  only 

if  it  ^  interior  to  each  angle  of  the  ^ 

triangle.]  .  •  ^ 

.         ,Ar*rR>AP  +  PB.  [Hint:  Make  use  of  thefects  that 

in  the  picture  ]  tell  you  about  AC  +  CS  with 

2.  Wh^t  does  the  remit,  n  Exemse  ite  y  ^  ^^^^  .  ^. 

,N      respect  to  the  set  of  all  numbers  AP+ /^li.wnere 

than  >iC  +  OS  witn  resj^         AC  +  CB  in  consequence  of  this 
ercise  2?  What  can  you  say  about  AC  +  t^o  n 

and  Exercise  2?  ,  r>p  4.  RP  where  QeAP  and  ^. 

and  B«PB:  IDravii  a  picture.!  Show  tnat /u- 

plain.  * 

17  06  Measures  of  Circular  Arcs 

-say,  f.pn  Intuitively,  the  ineasure  of      isllW  n\ 

lengih-OTliies«e-Gf  PQ.  ^^^'""^'^^^^  a  vector  of 

times  the  n^^asure  of  a  unit  segfti^^^^^  ^^^^     ^1^,,,  dif- 

norm  1.  If,  as  suggested  m  Part  I  «^  P^f^/^;  g^me  notion  of  orthog- 
ferent  scalar  pnxiuct  [but  -"^^^^^^^^^^^^^  vector,  and  all 

osalityl  then  f  -n^^     page  165'  by  the 

aistat^  Wd^  -^^^^  are  uj.a^ected_, 

number  /c].  In  any  case,  ^""""^^  .  ^  of  O  -  P  to  «  where  u 

afid  the  measure  of  a  segment         the  ratio  of  Q 

is  a  unit  vectflr  in  the  '1^^®^°''^' ^  endpoints  in  common 

Given  several  segments  of  a. triangle  or 

Jas,  for  example,  the  segments  contammg  tne  8  Q 


h-S-^J^J^^^^^^^^^  ^  .  ^  intersectsBC  at  apoint  -  say.  D 
1.     Since   P  is  Interior    o  ZA.  ^"c  =  ZACD.   P  £  S^-    By  t^e  tri- 

Since  P  is  ^"t'^^^^V"  ^Fj^  =  AP  ^  PD.  Similarly, 

.      .  angle  inequality,  AC  +  CD  - 

AC  +  CB  -  AC  ^  CD+  DB 

>  AP  +  PD  +  DB         .  ' 

>  AP  +  PB.  '  " 
,      AC  .  CB  .  an  upper  .ound  o.  all  sun.s  AP  .  PB.  .or  P  interior 

3      LTse"  interior  to  -^BC  ana  at  a^^^^^^^^^^^^^^^^  ti\'T/^ 

C.    lt'^ollo^^•s           f                         CB  <  (AP  +  PB)  + -d  and, 
and.-thatCB,<   PB  ^  a/Z^^f^^^^^^^ 
consequently,  AP  +  PB       K  ^^^^^ 

4.  No  number  less  than  AC  4  ^Bas  an    pp         ,^  leafit  upper 
descWbed  in  Exe.rcxse   2;;  "^^'^^'pB,  P  interior  to  AABC. 
bound  oi  the  set  of  all  «umfi         +  ^   '  follows  that 

5.  Since,  by  the  triangle  i««^^V7pR  +  RB)  <  AP  +  PB.  So  , 
■       •  ?l'ts\"n  :gL^°.3^oJ:S  sum.  .0.0..  RB  .here 

,  e  -  f      ,  .  PB  ie.  itseV^an  upper  ^ 


Yes 


bound  of  the  8et  m  question. 


69'-; 


1 

a. 
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quadrilateral,  or  those  whose  union  is  the  ""polygonal  line"  shown  in 
Fig,  ly  - 13  -  it  is  customary  to  define  the  measure  of  their  union  as  the 
sum  of  their  measur^HIn  the  case  of  a  closed  figure,  such  as  k  triangle 
or  qustdrilateral,  this'^measure  is  called  the  perimeter  of  the  figure.] 
This  way  of  assigning  measures  to  unions  of  segments  is  reasonable 
on  intuitive  grounds.  For  example,  if  you  imagine  laying  the  given  seg- 
mfents^nd  to  end  and  measuring  the  resulting  'Waight"  figure,  you 
would  ^xpect  it  to  have  the  same  measure  as  the  given  figure.  And  as 


a  segment,  the  measure  of  the  straight  figure  is  the  sum  of  the  meas- 
ures of  the  segments  which  conu>ose  it. 
Consider,  now,  a  circular  arc, -A  reasonable  question  to  ask  is: 


How  do  we  proceed  t5  measure  this  arc? 


Intuitively,  we  can  take^  hold  of.the  ends  of  the  arc,  pull  it  "straight", 
and  measure  the  resulting  segment.  Then,  by  defining  the  measure 
of  the  arc  to  be  the  measure  of  this  segment,  we  would  have  found  the 
measure  'of  the  arc.  Of -course,  we  do  have  the  problem  of  having  to 
straighten  an  arc  in  prder  to  measure  it,  so  such  a  definition  i§  not 
very  useful.  Taking  a^hint  from  the  above-r^entioned  procedure  used 
to  define  the  measure  of  a  polygonal  line,  we  choose  some  successive 
points  on  the  arc  froyi  one  end  <ff  the  arc  to  the  other  and  join  them,  in 
order,  by  segments.  Defining  the  measure  of  the  inscribed  polygonal 


^  '  Fig.  17-14  . 

line  to  be  the  suin  of  the  measures  of  the  segments  of  this  polygonal 
line,  it  is  intuitively  clear  that,  no  matter  how  the  measure  of  an  -arc 
is  defined,  the  measure  of  any  such  in^ribed  polygonal  line  is  an  ap- 
proximation to  the  measure  of  the  arc.  Furthermore,  given  any  in- 
scribed  polygonal  line,  a  longer  one  can  be  inscribed  in  the  same  arc 
in  the  naanner  suggested  by  the  dashed  lines  in  Fig.  17-14,  and  this 
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longer  polygonal  line  is  a  better  approximatior?  to  the  measure  of  the 
arc  This  suggests  that  the  'measure  of  an  arc  must  be  an  upper  bound 
for  the  set  of  ail  measures,  of  polygonal  lines  inscril^  in  the  arc. 

It  also  seems  reasonable  that  we  can  find  inscribed  polygonal  lines 
which  approximate  an  arc  as  closely  as  we  wis^.  [Think  of  a  polygonal 
—Mine  maiie-4;p^  a  miUion  segments,  alLxif^abQut  Uie  same  length,  in- 
scribed in  the  arc  of  Fig,  17^  iC]  And,  intuitively,  v^e  should  obtain  in 
this  way  insoib^  polygonal  lin^  whose  measures  approximate  that 
of  the  arc  as  closely  as  we  wish.  So,  it  would  seem  ti^atural  to  define  the 
measure  of  an  arc  to  be  the  least  upper  bound  of  the  measures  of  its 
inscribed  polygonal  lines.  So,  if  we  can  establish  that  the  set  of  all  such 
measures  has  a  teast  upper  bound,  this  nimiber  is  the  chief  candidate 
for  the  title  erf  measure  of  the  arc.  Our  job,  then,  is  to  determine 
whether  the  set  of  all  measures  of  polygonal  lin^  inscribed  in  an  arc 
has  an  uppefr  bound*  For,  if  we  can  manage^to  do  this  we  will  know,  by 
-Postulate  5,3,^that  the  givMi^^et  of  measures  tas  a  least  upper  bound, 
and  we  may  define  this  to  Be  the  measure  of  the  arc. 

Exercises  .  ■  ■  '  t     .o  t 


Part  A  _ 

Consider  arc  Afi  [mitior,  semi- 
circular,"or  m^orl  and  its  inscribed 
"     polygonal  line  AApA'yAjB.  Note  the 
corresponding  drcumsa^bed 
lygonal  line  AT, T J' ^"^^  made  ug^" 
of  s^ments  of  tangents  to  the  dr- 
'  cle  at  the  vertic^  of  AA^A^^. 
.      1.  Showt^jat  AA^v^jB  is  shorter  than  yiT.r.TjT^. 

2.  Given  that  P  €  ^^2'  ^  shown  in  ihe  figure,  show  that  the  polygo- 
nal line  A4,P>iy4jB  is  longer  tiban  >li4^^3S. 

3.  Show  th^  tl^e  polygonal  linByiT,QRT,T^  is  shorter  than  AT^T^- 
 :  ^T,T^.  _  _  '  .  .  . 

'  4.  What  can  you  say  about  the  Ifengths  <aMtPA^fi  and  AT^QRT;- 

The  preceding  ^r^a^  illiistrate  the  feet  that,  corresponding  witK 
any  polygonal  line  p  inscribed  in  A^,  there  is  a  polygohal  line  c  cir- 
cumscribed about  Ab  and  made  up  of  segments  of  the  tangents,  to  the 
are  at  the  yertic®  of  p.  Evidently,  given  corresponding  insoribed  and 
'    dnjumspibed  ipolygonal  lines  p  and  c,  p  is  shorter'.than  c- 

'  The  exercises  also  illustrate  the  fact  thgt,  given  an  inscribed  po- 
lygonal line  p  the  "insertion  of  a  new  vertex"  P  results  in  a  longer  in^ 

"00  ■ 
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Suggestions  for  the  exercises  of  tection  17.06:  * 
{{)   Part  A^nd  the  discussion  which  follows  should  be  directed  the 
teacher. 

(ii)   Part»  B  and  C  may  be  assigned  as  homework, 
(iii)   Part  D  nriay  be  used  for  class  discuskion^ 

Answers  for  Part  A  \  ' 

1.  By  th^  triangle  ine,quality,       

AA^  <  ATj^  +  T^A^,   s- 

A2A3  <  A2T3  +  TgAg,  and 

On  adding,  noting  that  T^A^  4-  A,Tg  =.  T^T^,  etc..  on^  finds  that 
AA^AgAgB  is  shorter  than  AT^TgT3T^B. 

2,  The  measure  of  AA^PA^AqB  is  greater  than  that  of  AA^^A^AgB  by 
A^P     PAg     Ai^Ag*  t 

'3.     The  measure  of  AT^QRT3T4B  is  less  than  that  of  AT^T^T^T^B 
by  QTg  +  T^R  -  QR.  ^  , 

4,     The  former  is  shorter  than  the  latter,  ^ 


7oi 
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scribed  polygonal  line  p' .  Also,  if  c  and  c'  are  the  circumscribed  polyg- 
onal lines  corresponding  with p  and  p'  then  c'  is  shorter  than  c  [and, 
of  course,  p'  is  shorter  than  c'].  Similar  results  wo;iid  be  obtained  if 
w&  inserted  any  finite  number  of  new  vertices  in  p.  [Explain.] 
Suppose,  now,  that  p^  is  any  polygonal  line  inscribed  in  Ab  and  that 
»  is  any  polygdnal  line  circumscribed  about  AB.^e  wish  to  show  that 
p,  is  shorter  than  and,  so,  that  the  measure  of  c^-ii  an  upper  bound 
for  the  set  of  measures  of  polygonal  lines  inscribed  in  AS .  To  do  so,  let 
p  be  the  inscribed  polygonal  line  whose  vertices  are  those  of  p,  together 
with  the  points  of  tangency  of  c^.  Let  c  be  the  corresponding  circum- 
scribed polygonal  line.  [Its  points  of  tangency  are  those  of  C2  together 
with  the  vertices  of  p,/J  It  follows  from  the  remarks  made  in  the  pre- 
ceding paragraph  that  p,  is  shorter  than  p,  that  p  is  shorter  than  c, 
and  that  c  is  shorter  than  c^.  So,  as  we  wished  to  show,  p,  is  shorter 

The  result  just  obtained  shows  that  the  set  of  measures  of  polygonal 
lines  inscribed  in  Afi  has  an  upper  bound.  Hence,  by  Postulate  5,,, 
this  set  of  measures  has  a  least  up>er  bound.  ConsequentlyVwe  are 
justified  in  adopting:  ^ 

Definition  17-4  The  measure  of  a  circular  arc  is  the  i 
least  upper  bound  of  the  set  of  measures  of  polygonal 
lines  inscribed  in  the  arc. 

A  ' 

We  have  previously  seen  that  this  definition  is  intuitively  satisfactpry. 

For  'measure  of  AB'  we  sliall  often  write  'miABY. 

There  is  anotfier  result  illustrated  by.  the  exercises  of  Part  A.  We 
saw  there  that  the  result  of  inserting  a  new  vertex  P  in  a  polygonal 
Ime  p  inscribed  in  AS  is  a  new  pcdygonal  line  p'  which  is  inscribed  in 
AB  and  whose  measure  is  greater  than  that  of  p.  It  follows  that  the 
__5etofj[nfiaau^  Adjust  those  inscribed  polygonal  lines  which  have  a 
given  point  P  of  as  a  vertex  has  the  same  least  upper  bound  as 
does  the  set  of  measures  of  all -inscribed  polygonal  arcs.  [Explain.] 

^  From  this  we  obtain:  . 

.......  t     ■  , 

j  Theorem  17-16  If  AP  and  PB  are  arcs  [minor, 
semicircular,  or  msuor]  which  have  no  point  in  > 
•  -  l        fj     compKjn  thten   ^  -  * 

,     *  miAPB)  ^  mUP)  +  niiPB). 

.  {Explain.]  .  ^  \  . 
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Suppose  that  the  polygona^line  p'   results  from  inserting  a  finite 
number  of  new  vertices  in  the  polygonal  line  p.    We  may  think  of  p'  aa 
the  end  result  of  a  sequence  of  steps  eacSl^of  which  involves  insertinc 
one  new  vertex  in  a  previously  obtained  polygonal  line.    Since  each  step 
results  in  an  increase  in  length  p'  will  be  longer  than  p. 

The  least^per  bound,  m{APB).  of  measures  of  polygonal  lines 
inscribea  in  APB  is  certainly  an  upper  bound  of  the  measures  of  those  • 
polygonal  lines  which  have  P  as  one  vertex;    On  tk-  other  hand,  given 
any  number  a  <.  m(APB),  there  is  a  polygonal  line  p  inscribed  in  ^PB 
whose  measure  is  greater  than  a.    Inserting.  P  as  a  new  vertex  in  this 
polygonal  line  gives  a  polygopal  line,  with  P  as  a  vertex,  whose 
measure  is  greater  than  that  of  p  lind.  so.   is' greater  than  a.  Hence, 
no  number  less  than  m{APB)  is  an  upper  bound  of^he  measures  of 
those  inscribed  polygonal  lines  which  have   P  as  a  vertex.  Consequently,, 
the  least  upper  bound  of  the  riieasures  of  these  latter  polygonal  lines,  is 
the  same  as  that  {m{APB)]  of  the  measures  of  all  polygonaj  lines 
inscribed  in  APB.  • 

Since  m(AP)  +  m(PB}  is  an  u>pcr  bound  for  the  measures  of  poly- 
gonal lines  which  are  inscribed  in  .AB  and  have   P  as  a  vertex  it  follows 
from  the  preceding  argument  tliat  m(AP)  +  m(PB)  >  m(APB).    But,  if 
inequality  held  .we  could  combine  properly  chosen  polygonal  lines  p^ 
and^^  inscribed  in  AP  and  in  PB  to  obtain  a  polygonal  line  inscribed 
in  APB  whofe  measure  would  be  greater  than  m{APB).  [All  we  would  " 
need  to  do^wpuld  be  to  clioose  p^^  and'  p^  so  that  their  measures  differed 
from  m(AP)  and  m{PB),  respectively;  by  less  than  half  of 
m{AP)4  m{PB)  -  m(APB).  ]   This  compR^tes  the  proof  of  Theorem  17-16. 
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The  preceding  procedures  can  be  extended  easily  to  give  a  definition 
of  the  measure  [or:  the  circumference]  of  a  circle  X.  Instead, i/af  in- 


Fig.  17-15 

scribed  polygonal  lines,  we  use  inscribed  simple  closed  polygons.  And, 
essentially  as  %  corollary  of  Theorem  17-16  we  would  have: 

Corollary  The  circumference  of  a  circle  is  the  sum 
of  the  measures  of  any  two  arcs  which  have  the 
same  endpoints. 

"We  know  by  the  corollary  to  Theorem  17-6  that  if  J^,  and  Sf^  are 
circles  whose  diameters  have  measure  d,  and  dg,  r^pectjvely  [foi^ 
"  short,  whose  diamet^  d^l  ,  then  ;%^,  is  similar  to  ^-^-and  Oie 

ratio  pf  similitude  of  JT,  to  JT^  is  djd^.  [Explain:]  Any  similitude  which 


B 


V, 

1  \ 

Fig.  17»16 

maps  ^,  onto  J^g^p^  any  polygonal  line  inscribed  in  J',  onto  a  simi- 
lar polygonal  iMfecribed  in  .T^,  and  the  inverse  of  any  such  simili- 
'  tude  maps  anyiPygonal  line  inscribed  in  jfj  onto  a  polygonal  line 
in^ribed  in  jr,.'[Ejq5lain.]  So,  there  is  a  one-to-oRe  correspondence  be- 
tween polygonal  lines  inscrib«i  in  J^,  and  polygonal  lines  inscribed  in 
^  and  the  ratio  of  the  perimeters  of  two  such  lines  is  the  ratio  of 
similitude  d,ld.,.  [Explain.]  It  follows  that,  if  c,  and  are  the  circum- 
ferences [or,  measures]  of  .^j  and  •  .  , 
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Wc  have  seen  that  the  ratio  of  similarity  of  X^^  to  }C,  is  ^x^^'^* 
and  this  is,  also,  d^^/d^. 

A  similitude  which  maps        onto  X^  rpaps  the  vertiees'of  a  polygon 
inscribed  in  X^  on  the  vertices  of  a  polygonal  line  inscribed  in  X^,,  £\nd 
a  similitude  which  maps  the  end  points  of  a  segment  on  those  of  another 
maps  the  first  segment  onto  the  second.    Since  such  a  similitude  maps 
the  center  of  X,   on  that  of  X^  ^it  follows  by  the  a.^.  similarity  theorem 
that  the  ratio  of  the  measurvs  of  the  sides  of  the  first  polygon  to  tho^e 
,of  the  second  will  be  d^/d^. 

A  procedure  for  corfiputing  approximations  to  w  by  finding  the 
measures  of  polygonal  arcs  inscribed  in  a  semicircle  is  outlined  in  the 
Teache r' s  Edition  of  High  Sc hool  Mathematics,  Course  Z.    Si-e  T  4Z0. 
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So,  .we  have  ^ 

Theorem  17  - 17  '  The  ratio  of  the  circumference  of 
one  circle  to  that  of  9  second  is  the  ratio  of  the 
diameter  of  the  first  to  that  of  the  seix)nd. 

It  follows  from  (*)  that  . 


and,  so,  that  the  ratio' of  circumference  to  diameter  is  the  same  for  ail 
circles.  This  ratio  is  always  denoted  by  V*,  and  it  can  be  shown  that  the 
number  n  is  approximately  3,141592653.  Another  rational  niimber 
which  is  a  fairly  good  approximation  to  tt  is  [One  way  otobtaining 
approximations  to  tt  is  to  compute,  by  using  the  Pythagorean  Theorem, 
the  lengths  of  polygonal  lines  inscribed  in  a  semicircle  of  diameter  2, 
choosing  polygonal  lines 'with  2^  4,  8,  and,  in  general,  2*  sides  J  We 
have,  then,^as  a  corollary  to  Theorem  17-18:  >^  ^ 

Corollary  If  a  circle  has  diameter  d  and  circum- 
ference c  then  c  =  tt^. 


Parts 


r 

X.  In  each  of  the  following,  compute  th^  circumferent^  of  the  circle 
whose  diameter  is  given. 

(a)  12         Cb)  15/2  ,       (c)  9/n         ,(d)  13/(477)         (e)  7r/4 

2.  Find  decimal  approximations,  to  the  nearest  tenth,  for  the  circum- 
^ferences  romputed  in  Exercise  1.  . 

3.  Give  a  formula  for  the  circumference,  c,  of  a  circle  in  terms  of  its 
radius,  f.  [Hint  What  is  a  relation  between  r  and  d?] 

4L  In  each  of  the  following,  find  the  ^diua  of  a  circle  ^hose  circimi- 
ference  is  given.  * 
(a)         \  Sb)  7Tl4          Lc)  7rVl5m         (d)  8         (e)  B/^ 


%•  What  is  the  length  of  a  semicircular  arc  of  a  drcle  whose  radius 
is.lS?  '\     ^     ^  ■ 

2«  A  square  whose  sides  measure  7  is  inscribed  in  a  circle, 
<a)  \!^hat  is  the  diameter  of  the  circle? 

{b}  ClKX>se  any  one  of  the  four  minor  an»  subtendai  by  the  sides 
of  the  square*  D^cribe  isometries  which  map  this  minor  ai^ 
onto  the  remaining  three  arcs. 

(c)  Compute  the  length  of  a  ph^or  arc  subtended  by  a  aide  of  the 
sqtiare*  . 
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Anawere^foT  Pa.rt  B            ,  ■  ^ 

1.  (a)    IZn          ih)  IS^/Z  (c)  9                  (d)   13/4  (e) 

2.  (a)    37.7        (b)  23.6  "  (c).  9               ,  (d)  3.3  (e)  2.5 

3.  c  =  Zirr  ^ 

4.  (a)    2             \^)  1/8  (c)  sJTs/lZ        (d).  4/ir    .      (e)  4/ir^ 
Answers  (or  Part  C  ^  . 

(b)    Two  such  isometrics  are  reflections  in  the  planes  which  are 
perpendicular  to  the  plane  of  the  circle  and  each  of  which  con- 
^     tains  a  diameter  of  the  circle.    The  third  is  the  reflection  in 
*    the  plane  which  is  perpendicular  to  the  plane  of  the  circle  and 
contains  the  midpoints  of  the  two  sides  of  the  square  which  are 
«        adjacent  to  the  one  which  subtends  the  given  minor  arc. 

{c)    It  seems  reasonable  to  assume  (and  see  the  corollary  to 

Theorem  17-18]  that  aU  four  minor  arcs  referred  to  in  part 
(b)  have  the  same  measure.    This  being  so  it  follows  by  the 
corollaries  to  Theorems   17-16  and  17-17  that  each  minor 
^   ■       arc  has  m'easure  7'ff\JT/4^ 
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3.  Considei^  the  square  ABCD  in- 
scribed in  a  circle,  JTj,  of  radius 
4,  as  shown  at  the  right  L6t  ^ ^ 
he  the  circle  with  center  D  and 

radius  AD.  ^ 

(a)  What  is  the  ratio  of  the  cir- 
cumferences of       to  J^:2^ 

(b)  Which  is  thejarger  of 
 ^,^__fniAC        m(ABC\  where 

AC  is  a  minor  arc  oi^,^  • 

(c)  Given  Ah  of  and  AC  of  .r^,  which  is  the  longer  arc?  What 
is  the  ratio  of  m{AB )  to  m{At)l 

4,  Suppose  that  a  circular  plate  has  a  radius  of  6  feet  and  that  a  cir^ 
cular  piece  of  rope  just  fits  around  the  edge  of  the  plate. 

(a)  How  long  is  the  rope? 

(b)  Given  that  the  length  6f  the  rope  is  increased  by  6  feet,  what  is 
the  radius  of  a  circular  plate  around  which  this  new  rope  will 
just  fit? 

&  Supper  that  a  circular  rope  jiist 
fits  around^  the  equator  of  a 
globe  of  radius  r.  Given  that  the 
length  of  the  rope  is  ii^creased 
by  6  fpet,  ho.w  far  above  the  sur- 
face of  the  globe  will  the  cir-' 
cular  rope  be,  given  that  the 
c^ntefr  of  the  circle  containing 
the  lengthened  rope  is  the  cen- 
ter of  the  globe.  >   , 

6.  Consider  isosceles  triangle,  AABC,  with  base  AQ.  LetAB^BC 
a  and  AC  =  b,  and  draw  semicircles  with  diameters  AB,  SC,  and 

AC.  '  _ 

(a)  What  is  the  measure  of  the  semicircle  whose  diameter  is  AC? 

(b)  What  is  the  sum  of  the  measures  of  the  semicircles  whose  di- 
ameters are  AB  and  SC?  ^ 

(c)  Show  that  the  sum  in  (b)  is  greater  than  the  measure  in  (a). 


i 


Although  any  two  circles  are  similar  it  is  not  the  case  that  any  two 
arcs  are  similar.  [Explain,]  The  same  argument  which  led  to  Theopem 
17-17  establish^: 


ITh^rem  17-18   If  two  arcs  ^re  similar  then  the  i^atio 
of  their  measures  is  Jthe  ratio  of  their  radii. 
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Answers  for  Part  C  [cont.] 

3.  '(a)  ^  ^ 

(b)  m{ABC)  >  m(Xc)   [m(ABC)  =  45r,  m(^)  =  ZtnTZ] 

(c)  i8  longer  than  XI!;  [m(^)  =  Ztn/T,  m(0)' =  Zir] 

4.  (at)    127  feet"  ^  ' 
(b)    6  +  3A  ^eet  *^ 

5.  3A  feet   [(c  +  b)/(Z^)  -  r  =  6y'(2»)  since  c/(2ff)  =j  ?.  ) 

6.  (a)  7b/2 

 -(b)  -ira,   - ' - ■•    -  -  -   --  -  

|c)  ^  >  yb/2  because,  by  the  triangle  inequality.  2a  >  b, 

...  *     .  ■  ' 

Two  arcs  of  the  same  circle,  one  of  which  is  a  subset  of  fhe  other, 
are  not  similar.  '  "  .  ^ 

TC  349  (1)     •  , 

Answers  for  Part  D 

1.  (a):  »/2  ^b)   ir/2  (c)   ^  W  »/2 

2.  (a)    x/3  ^  ^ 

(b)  ?r/6;  7/3  [m{UP-^)  =  m(tJP)  because  th^  isometry  f  maps 

onto  UP*.}  ■ 

(c)  In  APCP',  I-P'  ^  ZP.    Since  PP'  Ij  .VV  [both  being  perpen- 
dicular to  Ulp]  and  since  P'  and  V  are  on^opposite  sides  of^ 
CP  it  follows  that  IV  ^  ZVCP.    Since  m^PUP')  =>/3  =  m(PV) 

^      it  follows  that  PUP'  S  Py.    So,  PP'  3  PV  and.  hence, 
'     '      I'P'Q.P  ^  IVCP.    Since;  as  we  have  now  shown,  APCP'  is 
equiangular  it  follows  that  APCP'  is  equilateral.    [Since ^ 
PP*  11  VV',  an  alternative  way  to  show  that  ZP  3«  ZVCP  is  to 
show  that  these  angles  are  not  supplementary.    This  can 
done  by  showing  that  "both  axe  acute,    ^VCP  in  acute  becatise 
it  is  smalleif  than  ZVGU.    ZP  is  acute  because  it  is  inscribed 
'     '      ift  a  major  arc  and.  so,  is  half  as  large  as  the  corresponding 
central  angle,  ] 
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|j  Corollary  Congruent  arcs  have  the  same  measure. 

The  converse  of  Theorem  17  - 18  is  also  a  theorem  but  its  proof  is  quite 
difficult  We  shall  accept  it  without  proof: 

* 

Theorem  17-19   If  the  ratio  of  the  measures  of  two 
arcs  is  the  ratio  of  their  radii  then  the  arcs  are 
similar. 


Cprpiiary   Arcs  which  have  the  same  radius  and  the 
same  measure  are  congruent 


Part  D 

Consider  a  circle  of  tt  with  center 
C  and  whose  radius  i8  1.  Let  /  and 
m  be  coplanar  lines  through  C  and 
such  that  / 1  m,  as  shown  in  the 
picture  at  the  right. 
1.  What  is  the  measure  of 

(a)  fm 

(b)  trv"! 

(c)  $p£)'? 

(d)  i/V'?  ^ 

2*  Let  P  be^th^  point  of  IN  such 
that  miVP)  -  7r/6, 

(a)  What  is  m(PV)? 

(b)  Given  that  /  is  the  refl^on  inj:he  perpendicularbisector  of 
VV\  let  P  -  AP).  What  is  mkVP')l  What  is  m(PUP')l 

(c)  Show  that  APCP'  is  equilateral,  where  F  is  the  point  de- 
scribed in  part  (b). 

• — • 

3*  Let  g  be  the  reflection  in  the  perpendicular  bisector  of  UU\  and 

let  ^=  g(PX  where  P  is  the  point  describe  in  Exercise  2. 
;  (a)  What  is  mifF^n  miUV^njt^iUV^)^ .  _ 

(b)  .  Let  Q'  -  giP'l  What  is  miU'^')  and  m{QQ')7 

(c)  Give  ,an  argument  to  show  that  f{Q)  «  Q',  whSre  f  is  the  re- 
flection described  in  ^cercise  2/  ' 

4.  Consider  the  coordinate  system  for  v  with  origin  C  and  orthonor- 
mal  basis      -  C,     -  CI  Give  tiie  coordinate  of  each  of  th^  fol- 
lowing points  with  respect  to  this  coordinate  system. 
<a)  U  ih)  V  (c)  V 

m  p  m  P'         ^    is)  Q  <h>  Q' 

(i)  proj,  (P)       (j)  proj^  (P)       (k)  proj,  (Q)       0)  proj^  (Q) 
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Answers  for  Part  D   {cont. ] 

3,     (a)  m(lJP)  bicauac  the  isomt  try  g  mapt*  UP  onto  U'Q.  | 

{bh  I-  ni{UP')l;  ^ 

(c)    The  isomctry  g  maps  Pp  onto  QQ'  and  maps  UU'  onto  itself. 

So,  s'xncv   PP^  X  uD^,  QQ^  X  UlP,    Since  QU' U'Q'  it  /oIIonvs 

that 'QlF  ^  U'Q'  and  so,  by  h, i. ,  that  Q  and        ari'  equidistant 

from  UlP.    So,  Q'  =  f(Q).  ^  ^ 

4%     (a)    (l.O)  (b)   (-1.0)  U)  1^,1)  id)  (0,^1) 

(c)    (n/T/Z,  [By  rOKcrciso  l{v)  and  prop<- rt it's. of  oquilate ral 

trianglcH,]  ^  ^  ^ 

if)    {>iT/Z,  -l/2)  (g)   (->/3/2,  1/2)  (h)  {-VT/^.-l/2)V' 

(i)  {0,1/1)       (j)  (^^/^,o)     "(kj  (O.i/a)       (1)  i-N/T/2,0) 

Sample  Qui^  '  . 

1.  An  equilateral  triangle,  AABC,  whose-  side »  havi;  ^e^*»1lre  6  is 

inscribed  in  a  circle  with  centt^r  O  and  radius  r.  » 

{a)    What  is'thv  radius  of  the  given  circle?    What  i^  its  circum- 
ference? 

{h}    Compute  cos^AOC  and  cosZABC. 

(c)  Show  that  ZAOC  and  /ARC  are  supplements. 

(d)  What  is  the  distance  frorr*  the  midpoint  of  AC  to  the  chord 

2.  Given  that  ApQR  is  a  right  triangle  with  hypotenuse  PR.  and  ^ 
inscribed  in  a  circle  with  center  T  and  radius  lO,  assurnc}^  that  r 
PQ  =  5.  .  '  ^ 

(a)    Compute  QR  and  coeZQTR.  ^  ^  ; 

'  (b)    If         is  the  ^ingie  bisector  from  P.  compute  QS  and  PS, 

(c)    Which  of  ZQF^^  and  ZQRP  i«  the  %rger7  ^ 

Key  to  Sample  Quie 

1.  ,  (a)    ZsfJi   ATt^rr  (b)   -^1/25   i/2  '  ' 

(c)    By  (b),  cosZAOC  +  cosZABC  =  0.   So,  ZAOC  and  ZA^C  are 
supplements.  \  ^  ' 

2.  (a)    5n/I;    -l/Z  •   '  (b)  10>/T/3  \ 

(c)  'Neither  is  lareer,  for  they  are  congruent.    Note  thaj^" 
cos^QPS  =  Vf"/2  =  cos^QRP. 
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17,07  Measures  of  Angle? 

Consider  lAOB  where,  for  convenience,  d{0,  A)  =  d(0,  B).  Con- 
sider, also,  the  circle  X  and  JT'  of  AOB  with  the  common  center  0 


*and  radii  r  and  r',  where  r  =  OA  and  r'  =  OA' .  [A'  and  B'  are  the 
intersections  of  and  with  ^'.]  There  is  a  simihtud^[in  fact,  a 
uniform  stretching  about  O]  which  leaves  O  fixed,  maps  A  an  A*  and 
•  5  on  B',  and  iMj^  AB  onto  >i'S'.  The  ratio  of  similitude  is  Hr\  It  fol- 
lows from  TheoAm  17  ^  18  that 


and,  so,  that 


m{AB)lm{A'B')  ^  rlr' 


m{AB)lr  =  m(A'B')/r\ 


In  other  words,  the  ratio  of  the  measure  of  the  ^rc  intercepted  by  a 
given  central  angle  to  the  radius  of  that  arc  is  the  same  for  all  circles 
having  the  given  anglfe  as  a  central  '^ngle.  This  ratio  evidently  tells  us 
something  about  the  size  of  the  given  angle  and  is  called  the  radian- 
measure  of  the  given  angle:  ' 

Definition  17'-5  The  radian- measure  of  an  angle  is 
the  ratio  of  tl^e  measure  of  the  an:  intercepted  by 
the  angle,  on  any  circle  for  which  it  is  a  central 
anglfe,  t^/t|ie  radius  of  the 

We  shall  uke  *m(^ABCy  to  ifeferlo  the  radian-measure  of  Z.ABC.  It  is 

cqptomary  to  call  an  angle  whose  radian-measure  is  k  an  angle  ofk^ 

radians.  So  a  central  angle  which  intercepts  an  arc  whose  measure  is 

the  radius  of  the  circle  is  an  angle  of  1  radian.  Sketch -an  angle  of 

•approximately  1  radian. 

Using  the  corollaries  to  Theorems  17-18  and  17-19  we  have  an ^ 

analog  of  Theorem  15-8: 

.  ■  ♦     .  •  •  • 

il  Theorem  17-20   Angles  are  congruent  if  and  only  if 
I       they  have  the  same  radian-meapure.  '  * 
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An  angle  of  1  radian  is'nearly  two-thirds  of  A  right  angle.  More 
precisely,  it  is  an  angle  of  about  57.3*.    [This  last  is  to  help  you  to 
evaluate  the  sketches  asked  for  in  the  text  following  Definition  17-5, 
Students  will  be  introduced  to  degree v^^easure  later  in  this  chapter. 

Proof  of  Theorem  17''Z0:    Let  X  and  K'  be  circles"  of  radius  1  in 
the  planes  of  ZA  and  lA^  and  with  centers  A  and  A',   respectively,  ^ 
Let  B  and  C  be  the  points  of  intersection  of         v^ith  X^and  let  B'  and 
C'  be  the  points  of  intersection  of  /A'  with  \\  ■ 

Suppose,  first,  that  z^A'^  IA\    Since         5^  A'B'  and  AC  ~  A'C 
it  follows  that  there  is  ah  isometry  which  irSps  A  on  A',  B  on  B',  and 
C  on  C',    This  isometry  will  also  niajg^  onto  X'  and  will  map  th«-aa*c 

BC  intercepted  by  /A  onto  the  arc  B'C  intercepted  by  ^A'.    it  follows 

that  BC  S  B^C^  and  so,  by  the  corollary  to  Theorem  17-18,  that 

m{/A)  ^  m(BC)  =  m(B^)  =  m(^A'K        '  .  • 

Suppose,  on  the  other  hand,  that  m(/A)  =  m(ZA')i*    It  follows  that 

m(BC)  =  m(B'C')  and  so,  by  the  corollary  to  Theorem  17-19,  that 

BC  S^?C^.    So,  BC  S  B'C'  and,  since  AB  s  aTb^  an4  AC  S  A'C', 

ABC  *^  A'B'C'  is  a  congruence.    In  particular,  Ih  «  M'. 

*  * 

Suggestions  for  the  exercises  of  section  17.07: 
(i)  Use  Parts  A  and  B  for  demohstration  and  practice  exercises  in 
class. 

(ii)  Parts  C  and  D  may  be  used  for  homework,  but  is  a  long  assign- 
ment.   Vou  may  wish  to  have  students  work  together, 

(iii)  Part  E  and  the  discussion  preceding  it  are  good  demonstration 
exercises  for  class. 

(iv)  Part  F  may  be  assigned  as  homework.  .  *  . 
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Part  A        ^  V 

G^ven  a  cirde  with  c^ter  0  apd 
. ;    •    radius  10,  suppose  that  A,  B,  C,  D, 
and  £  are  poiifcs  of  this  circle  and 
that  the  naeaaires  of  some  of  the  77r72 
arcs  of  the  circle  are  as  given  m  the 
picture  at  the  right 
*    1.  (a)  What  is  the  circumference  of  the  gi\ 
(b)  What  moffi)? 
2.  Give  the  radian-measure  of  each' of  these  angles. 

(a)  zfAOB  (b)  /JOC     ^      (c)  ZJiOC  ^     '{d)  Z.COD 

■  )r         (e)  ^OC  s        (f)  Zi40D  (g)  /lAOE^  (h) 

/         3,  Consider  the  diameter  of  the  circle  one  of  wh^e  e^points  is  A. 

Let  F  ^  the  other  endpoint  of  this  diameter.  What  is  the  measure 
4      ^  of  t 

(a)  LCOFl^        ih)  ^FOBn        ,(c)  /LD0F7         (d)  IMOF? 
'    4.  What  is  Od  in  relation  to  Z^OF,  where  F  is  described  i|i  Eiter- 
ciseS?     ^  * 
5.  Suppose  that  G'is  a  point  of  the  cir^e  such  that  jLDCXS  is  a  right 
angle, 

(a)  How-many  such  points  G  are  there? 

(b)  What  is  the  measufeofthe  arc  intercepted  by^Z.  DOG? 

(c)  What  is  mUDOG)?  .    ^  '  y 
V  (d)  For  each  of  the  points  G  you  found  in^(a),  determine  m(Z.£OG). 

PartB 

*    Given  a  circle,  X,  with  c^ter  0  and  radiu#r,  suppose  j^at  P  and 
Q'  are -two  points  of     such  that      is  not  a  diameter. 
1.  Find  the  measure  of  the  minor  arc  ^  given  the  following  infor- 
matv>n- 

(a)  r  »  iO,  mUPOQ)  «*Jr/4     (b>       5,  m(LPOQ)  »  7r/4 
<c)  r  =  2,  milFOQ)  =  ir/6      (d)  r  ^=4,  m(Z.POQ)  s=  ir/3 
<e)  r  »  4,  fn(^OQ)  -  Stt/S     (f)  r  =  6,  m(Z.POQ)  -  37r/4 
(g)  r  =  i  m(ZPOQ)  =  i  (h)  r  =  i  m(/iPOQ)  =  ? 

■  2.  Find  r  given  the  following  information.  "       '  ' 

(a)  mtPQ)  =  27r,  m( aPOQ)  =  77/2 
V    n    (b)  =  Ti^mCzPOQ)  =  27r/3 

/  (c)  mlf^l^^m,  mUPOQ)  =  Sir/4  , 

"  .     Cd)  =      mUPOQ)  ~  ¥  '  „ 

a  Let  R  and  S  be  4)oints  of  ^  such  that  PR  and  QS  are  diamfeters. 

(a)  If  r  «  5  and  miPQ)  »  Sir,  find  m{H^),  wi(^),  and  mi^OQ). 

(b)  If  r  -  6  and  )w(/^)  -  Sir,  show  that  PQIfS  is  a  square.  _ 

■  ^     *(c)  If  APOQ  is  equilateml  and  r     10'  find  m{P^),  miQR), 
;  ^{LROS),  and  m(LPOS).  [Hint:  See  Part  D  on  page  349.] 


ERIC    '   .     .  '  r  '  7M 


TC  351 


Answers  for  Paft  A.  . 

•  •             55r        •       ■  ■  '  \ 

^.     (a)    5r/2       '       '  (b)  ff/4        ^  "     /(c)  3jr/4     ..  (d)  2t/5' 

,.           If/A  (f)   173r/2:«''  '»(g)  5r/2  >  (h)  7»/20 

Some 'questions  which  might  be  raised  in  connection  with  this 
exercise  are;  ^ 

(1)  Which  of  the  pairs  of  angles  are  congruent? 

(2)  Which  of  the  angles  are  acute?   Right?  Obtuse? 

(3)  Is  OB»^OE  an  angle?  Explain. 

(4)  Which  angle  is  "hair'  of  ZAQB?    Is  this  angle  half  of 
any  other  of  the  angles  mentioned  in  Exercise  2? 


3.  (a)    5r/4  (b)  r/Z  (c)   37r/20  • .  (d)-'-x/Z 

4.  OC  is  the  angle  bisector  of  ZBOF,  for  C  ig  Interior  to  ZBOF  and 
IBOC  ^  ZCOF.  \:  i 

5.  (a)    Two.    They  are  the  points  of  inters^c^t^  of  the  circle  with  the 
'         plane  which  contains  O  and  is  perpendicular  to 

(c) 

(d)  "S^r/ZO  and  I7t/20.    [The  measures  of  the  arcs  from  E  to  each 
•     ^ of  the  points  G  are  3^/2  and  Mi^/Z.] 

Answers  for  P^rt  B  ' 

1.  By  Definition  18-5,  m(ICi)  =  r«in{ZPOQ).  '  ' 
U)             '            .    i^)               .            -(c)   »/3  ' 

'  (e)    10^/3  Jf)  9^2  (g)  Vl8  <h)  9/l6 

2.  By  Definition  iS-5,  r  -  ni(PQ)/^(ZPCX3).  n 

(a)  4     ^  ^  ,{b)  3/2         ,         (c)   I  (d)  I 

3.  (a)   m(RS)      3#;  m{PS)  =  Z^rj  miZROQ)  =  ?ir/5. 

(b)  Since  r  ^  6  and  m<^)  =  3;r,  ni(z:POS)  =  ir/2^   So^^  ^POS  i»/ 

a  right  angle^  and  tha  four  arcjs^  jPQ^  QR*  'RS^  &nd  ES  are  *^ 

congruent.    Thus,  PQRS  is  ec[uiUterisa,  which  implies, that 
PQHS  is  a  rhombus.    Since  the  diagonals  of  PQRS  are  con- 
gruent —  for,  they  are  diameters  of  the  circle  —  PQRS  is 
a  sqiiare,  ,  ^ 

^  (c)  in{PQ)  =  im{QRl  an^  m|^S)  =  10».   Since  m(PQ)  4^  m(QR|'  ^ 

=  lOy.  in(PQ)  =  IO^r/3  and  m(QR)  =  20t/3;   Now,  ^ROS  and 

; /iPOQ  are  congruent  (vertical)  angles^  5Fn(ZROS)  ^  m(ZPOQ)  . 

V  c  a0ir/3)/i0  =  x/3.    Similarly,  mUPOS)  =  mUQOR)  =  2^/3.^^ 
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Using  Therein  17-10  it  is  possible  to  prove:  , 

i!  Theorem  17-21   If  D  is  interior  to  lABC  then 
I     mi^LABC)  =  m(ZABD)  +  min)BC). 

.  and: ' . '  ,  <> 

tTheoreTn  Jr?'^^^^  Angl^  are  supplementary  if  and 
only  if  the  sum  of  their  measures  is  tt. 

Here  is  a  third  theorem  which  is  analogous  to  Theorem  15-7,  But 
which  we  shall  not  prove;  ^ 

Theorem  17-23   Given  a  number  k  such  that  ^ 
0  <  ^  <;  TT,  and  given  a  half-line  r,  there  is  one 
and  only  one  angle  whose  radian-measure 
is  k,  which  has  r  as  one  of  its  sides,  and  whose 
other  side  is  in  a  feiven  side  of  the  line  which 
a)ntains  r. 


Par^  C 


,1.  What  can  yap  say  about  the  measure  of  a  right  angle?^An  acute 
angle?  An  obtuse  angle?  Explain  your  answer®. 

2.  (a)  Given  that  4.A  is  congruent  to  LB,  do  aA  and  /LB  have  the 

same  measure?  Justify  your  answer. 
(h)  Suppose^  that  lA  and  Z-B  have  the  same  measure.  Are  they 
congruent?  Explain. 

3.  What  is  the  sum  of  the  measures 

'  (a)  of  two  supplementary  angles? 
(b)  of  two  complementary  angles? 

4.  Given  a  point  D  in  the  interior  of  /.ABC. 

Sa)  Shpw  that  mUABD)  +  mUCBD)  «  mUABC), 
(b)  If      is  the\)i8ector  of  lABC,  what  can  you  say  aljout  m{  /.ABD) 
and  mijLABOl  About  mUABD)  and  mUCBD)? 

5t  Show  that  the ^um  of  the  meas-  - 
ure^  of  the  angles  of  a  triangle 
is  TT.  [HiTtt:  Consider  exterior 
angle,  L  CAD,  of  AABC  and  let 
Xi!  be  the  ray  from  A  in  the 

*  sense  of  Bd,  as  shown  in  the  pic- 
ture at  the  right.  What  is 
mUA,)  +  mUA.^)  +  mUA^)7] 
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Theorem  17 -21  ^follows  from  The o rem  17-16,  Definition  17-5, 
and  the  fact  that,  if  D  is  interior  to  /A'BC  then  the  interiors  of  /ABD 
and  ZDBC  have  no  points  in  common  and  contain,  lespectiveiy,  the 
arcs  intercepted  by  these  angles,  on  any  circle  fqr  which  they  are 
central  angfes. 

To  prove  Theorem  17-22,  note  that  it  is  sufficient  to  consider  the 
case  of  adjacent  angles  —  say,  ZABD  and  ^DBC,    Those  are  supple- 
mentary if  and  only  if  A  and  C  ^re  end  points  of  a  diameter  of  a  circle 
for  which  th^  angles  are  central  angles.  ^  And  this  is  th/e  case  i£  and  only 
af  the  sum  of  the  mea8uz:es  of  the  intercepted  arcs  Is  the  measure  of  a 
semicircle. 

* 

Although  Theorem  17-23  should  seem  reasonable  on  intuitive 
grounds,  its  proof  requires  the  use  of  Postulate  and  of  methods 

beyond  the  scope  of  this  te^t,  ^ 

Answers  foj^  f^rt  C 

1.  The  measure  of  a  ri1;ht  angle  is  t/Z^    [A  central  angle  which  is  a 
right  anglfe  intercepts  an  arc  of  its  circle  whose  measure  is  one 
fourth  the  circumference  of  the'circle.  ]  ^ 

The  measure,  k,  of  an  acute  angle  is  such  that  0  <  k  <  3r/2, 
[A  central  angle  which  is  acute  intercepts  an  arc  of  its  circle 
whose  measure  is  less  than  one  fourth  the  circumference  of  the 
circle,  ]  */  ' 

Tfie  measure,  k,  of  an  obtuse  angle  is  such  that  w/Z  <  k  <  1^  ^ 
[A  central  angle  which  is  obtuse  intercepts  an  arc  of  its  circle  ^ 
whose  measure  is  greater  than  one  fourth  of  and  less  than  one 
half  of  the  circumference  of  the  circle.  ] 

2.  (a)    Yes,    Suppose  that  ZA  is  congruent  to  ZB-    Let  f  be  an 

isometry  which  maps  /A  pnto  ZB,  and  let  K  be  a  circle  of 
which  ZA  is  a  central  angle.    Then,  ZB  is  a  central  angle 
of  £{H)  and  the  arc  of  f(X)  which  ZB  intercepts  is  the  image, 
under  f,  of  the  arc  of  K  which  ZA  intercepts*    So,  the  ^ 
measures  of  these  intercepted  arcs  are  equal,  as  are  the 
radii  of  X  and  f (K).    Hence,  ZA  and  ZB  li^ave  the  same 
measure, 

(b)    Yes.    Suppose  that        and        are  circles  of  radius  r  such 

that  ZA  and  ZB  are  central  angles  of        and  K^,  respectively. 

Let  '^^^Q^  and '"^Q^  be  the  arcs  of        and  JCg,  respectively, 
intei|^pted  by  ZA  and  ZB.  ^*That  ZA  and  ZB  have  the  same 

^  measure  implies  that^'pTQ^  and  "pJOa^  have  the  same  mei^sure. 

Let  f  be  any  isometry  wTiich  maps        on  P^,        and  and 
the  center  of        on  the  fcenter  of  K^.    Then,  f  maps 

'P^Q^  onto  ""^Q^  and,  so,  maps  ZA  onto  ZB.    Hence,  ZA 
is  congruent  to  ZB. 

3.  (a)    ^  [The  union  of  the  arcs  of  a  circle  intercepted  by  supple- 

mentary adjacent  centj;|tl  angles  is  a  semicircular  arc  of  the 
.  .  circle.  ] 

(b)  >;r/2 
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Answerg  for  Part  C   [cont.]  "  , 

4t\    i^) '         ^       •^'^y  circle  of  which  ZABC  is  a  central  angLe.  Then, 

.  BA,  BD,  and  BC  intersect  K^in  A^,  D^,  and  C^^,  respectively, 
^         ^  such  that  the  sum  of  the  measures  of  A^D^  and '^D^C^  is  the 
meas\2re  0f  A^C;^.    So,  given  that  X  Has  radius  r,  we  have  ^ 
,that 

m{A^D^}/r  +  n\(D^C^/r  =  m{A^C^)/r. 

Thus,  by  definition,  ^ 

m(ZAiBD^J  f  m(ZCiBb^)  =  mlZA^^C^).  r 

Since  ZA^BD,  -  ZABD,  ZC^BD^"^' =  ZCBD  and  ^A^BG^ 
^  ZABC,        have  that 

m(ZABD)  +  mUCBD)  =  m(ZABC). 

(b)   in(ZABD)  ~  ^m^iiiABC);   They  are  equal. 

ft 

5*     Using  the  notion  suggested  in  the  figure,  we  note  th^t  ZA^  ^  ZC 
and  ZAg  ^  ZB.    So,  miZAg)  =  m(ZC)  and  milA^)  =  mUB).  Now, 
ZA^  and  ZCAD  a^re  supplementary  adjacent  angles.  So, 
m(ZA,)4'  m(ZCAD)  =  j.    Also,  since  E  is  interior  to  ZCAD,  we 
knpw  by  Exercise  4(a)  that  mjZA^)  +  ni(ZAg)      m(ZCAD).  So, 
mjZA^)  +  mfZAg)     mU^^)  =  ^.    Hence,  mfZA)  +  mCZB)  +  m(ZC)  =  tt. 
[Mote  that  the  preceding  argument  also  shows  that  the  mesisure  of  an 
exterior  angle  [ZCAD]  of  a  triangle  is  the  sum  oi  the  measures  of 
the  opposite  interior  angles. 
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6.     From  the  hypothesis,  m(ZAp)  -  miZA'^.)  and  m{ZBp)  =  Irn^ZB^^). 
Furthermore,  ^(ZA^)  4-  m(ZA2)     ni(ZB^)  +  mtZB^f  =  tt.  So, 
mtZAg)  +  m(ZB^)  =  n/z.    Now,  since  miZA^)  4^  miZB^)  +  m{ZAPB) 
=  7,  it  follows  that  m{ZAPB)  =  tt/i.    Hence,  ZAPB  is  a  right 
angle. 


4 
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6.  In  the  picture  at  the  right,  /  ||  m 

and  P  is  such  that  AP  and  / 
are  bisectors  of  the  interior  an- 
gles at  A  £ind  B.  Sho^y  that  ^ 
I.APB  is  a  right  angle.  [Hint: 
Cpmpute  mikLAPB).] 

Spme  of  the  results  we  ca^  prove  concerning  the  angles  of  triangles 
anA  convex  quadrilaterals  generalize  to  figures  which  have  five  or 
more  intervals  as  sides.  As  examples  of  such  figures,  ^  pentagon  is  the 
union  of  five  segments  AB,  BC,  CD,  and  ^4  which  are  such  ithat 
each  of  the  set^  {A,B,C},  {B,C,D},  {C,D,E},  {D,E,A},Bnd  {E,A,B} 

A  convex  pentagon       A  rtonconvex  pentagon 
Fig.  17-18 

is  nohcollinear-in  short,  such  that  no  three  consecutive  vertices  of 
the  pentagon  are  a>IIinear.  A  pentagon  will  be 'said  to  be  cont;^  if  and 
only^if,  for  each  three  consecutive  vertices  X,  F,  and  Z,  each  <if  the  re-> 
maining  vertices  is  interior  to  ^XYZ.  [A  similar  definition  of  con- 
vexity for  quadrilaterals  turns  out  to  be  equivalent  to  the  one  we  have 
previously  adopted,] . 

The  notions  of  a  hexagon  and  of  a  convex  hexagon  can  be  defined  in 
a  similar  marmer,  but  using  six  sides  rathjgr  thaii  five.  More  generally, 
an  n  gon  is  the  union  6f  n  segments^  i4  jA^,  A^,^, .  .  A^^  which  are 
such  that  no  three  consecutive  vertices  are  collinear.  A  convex  n-gon 
is  an  n-gon  with  the  property  that,'  for  each  three  ix)nsecutive  vertices 
X,  Y,  and  Z,  each  of  the  remaining  vertices  is  interior  to  /LXYZ. 

It  can  be  proved  that,  for  n  5:  3,  the  ;i-gon  obtained  by  replacing  two 
consecutive  sides  AB  and  SC  <if  a  convex  <n D-gon  by  the  interval 
AC  is  also  convex.  ^ 
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PartD  , 

1.  Suppose  that  ABCD  is  a  con-  7° 

vex  quadrilateral.  Show  that 
the  sum  of  the  raeastires  of  the 
angles  of  ABCD  is  2ir.  [Hint 
■  '  ^  Consider  the  diagonal  from  A. 
^  Use  the  results  of  Exercise 
4  and  5  of  Parte.]  C 
♦  2.  <Find  the  sum'  of  the  measure  of  the  angles  of  a  convex*  pentagon; 
:{HtnT.  ^Bw^^  ASCIIS -rand  draw  the 

diagonals  from  one  of  its  vertic^.] 
'  3.  Find  the  sum  of  the  lAeasures  of  the  angl^  of  a  convex  hexagon. 
-    ^  4,  What  is  the  sum  of  the  measure  of  the  angles  of  a  convex  ;i'gon 
l«>  3]?  - 
♦5,  Use  mathematical  induction  to  justify  your  answer  for  Exercise  4. 
[Hintr  Use  the  fact  that  the  result  of  "cutting  off  a  comer"  of  a 
convex  in  ^  l)-gon  is  a  convex  n-gon.] 
6^  <a)  Consider  the  exterior  angl^,  one  at  each  vertex,  of  a  tri- 
*  angle.  What  is  the  sum  of  Uie  measures  of  these  exterior 

angl^?  * 
'     (b)  Answer  the  question  in  (a)  for  a  convex  quadrilateral. 
..  ic>  Answer  the  question  in  (a)  for  a  convex  penta^tft 

(d)  Answer  the  qu^tion  in  (a)  for  a  convex  n-gojL 
A  regular  polygon  is  a  convex  polygon  all  of  who^^  angl^  are  con- 

r  gruent  and  all  of  whose  sid^  are  congruent  ( 
(a)  Wfeat  is  a  regular  polygon  of  tiu^ee  sides?  Of  four  sides? 
tb)  What  can  you  say  about  the  exterior  angles  of  a  regular 
^  polygon? 

(c)  In  Exercise  6,  you  found  that  ^e  sum  of  the  measures  of  th§ 
exterior  angles,  one  at  each  vertex,  of  a  convex  polygon  is  27r. 
In  a  regular  polygon,  all  of  the  exterior  angles  are  Congruent. 
Find  the  measure  of  an  exterior  angle  of  a  regular  polygon  of 
n  sides  in  terms  of  'n\  ^ 
^  (d)  How  caxi  you  use  your  result  from  (c)  to  find  the  measure  of 
an  angle  of  a  regular  polygon  of  n  sides? 
-  ~  -  Find  the  measure  of  an  exteris^t  aa^e  of  a  jegular  polygon  of  each 

of  the  following  number  of  sIIh. 

<a)  3  (b)  4       ^    #    (c)  5  .  id)  6 

(e)  8  -     (f)  10  eg)  12  (h)  60 
0.  Find  tiie  meas^res  of  the  angles  of  the  regular  polygons  described 

in  Exercise  8. 

10.  Find  the  num^r  of  sides  in  a  regular  polygon  if  the  measure  of 
an  interior  angle  of  the  polygon  is  k  times  the  measure  of  an  ex- 
terior  angle,  where 
^      (a)  *  -  2;         ^lh\k  -  1;    \  ^  <c)  k  -  i;         .  (d)  k  ==  3. 


^2n 
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iwera  for  Part  D 

Stippose  that  ABCD  is  a  convex  quadrilateral.    It  follows  that  C 
is  interior  tos  ZDAB  and  that  A  is  interior  to  /BCD.  So, 
m{ZA)  =  m(ZBAC)  f  mUCAD)  and  m(ZC).=  m(ZBCA)  +  m(ZACD). 
By  Exercise  5  of  Part  C,  m(ZBAC)  +  m(ZBCA)  +  xn(ZB)  =  ir  and 
m(ZCAD)+  m(ZACD)  +  mUD)  =        Combining  these  results, 
m(ZA)  +  m(ZB)  +  mUO  +  miZD)  =  Z7t\  ^ 

An  argument  similar  to  that  given  fpr  Exercise  1,  but  using 
Exercide  1  in  plape  of  Exercise  5  of  Part  C,  shows  that  the 
sum  of  the  measures  of  the  angles  of  a  convex  pentagon  is  3ar. 

A  repetition  of  the  same  kind  of  ^^rgument,  uflling  Exercise  2  in 
place  of  Exercise  1,  shows  that  the  sum  of  the  measures  qj(the 
angles  of  a  regular  hexagon  is  4t.^  \ 

It  is  easily  guessed  that  the  sum  of  the  measures  of  the  angle^  of  a 
convex  n-gon  is  {n  -  2)3r. 

The  sum  of  the  measures  of  the  angles  of  a  convex  3-goa  [a  tri- 
angle] is  (3  -  Z)t»  by  Exercise  5  of  "Part  C.    Suppose,  then,tl>at 
the  §\im  of  the  angles  of  a  convex  k-gori  [k  ^  3]  is  (k  -  Z)jt  and 
consider  a  convex  (k+  l)-gon  with  vertices  A^^,  Ao,  ....  Aj^. 
Since  the  polygon  Ap...A^+3^  is^  convex  k-gon.  the  sum  of  the  . 
measures  of  its  angles  i«  (k  -  2)5r.    The  sum  of  the  measures  of 
the  angles  of  AA^AgAj^^  is  jr.    Since  Ag  is  interior  to 
ZA^Ai^+^Ai^  and  Ai^-^.^  is  interior  to  ZA^AgA^  it  follows,  as  ia 
Exercise  1  that  the  sum  of  the  jneasures  of  the  angles  of 
A.A^. . .  A|^+,  is  (k  -  2):r  +        But,  this  is  [(k     1)  -  Z)f.  Hence, 
by  induction,  it  follow*  that,  for  each  n  ^  ^  the  sum  of  the 
measures  of  the  angles  of  a  convex  n^gon  is  {n  -  2)». 

(a)  2ir       3t  -  ir]  . 

(b)  .  Zir       47t  -  It] 

ic)  2t  [=  Sir  -  3ir]  ^ 

id)  Zw  t=  nT  '  (n  -  Z)t]^  ^ 

(a) ^'  A  regiilar  polygon  of  three  sides  is  an  equilateral  triaingle; 

one  of  four  sides  is  a  square. 

(b)  Any  two  exterior  angles  of  a  regular  polygon  are  congruent 
[as  supplements  of  congruent  angles  of  the  polygon]. 

(c)  2Tr/n  '  . 

^  (d)    The  measure  of  an  angle  of  a  regular  n-gon  is  w  '  (2T)/n^or, 
in  other  words,  (n  -  2)ir/n.  jThis,.  of  course,  check*  with  the 
^  result  of  Exerci«  4.  }  ,  :  ^  .  ^ 


(a) 

It /I 

<b) 

,*/2  .. 

2»/5 

(d) 

t/3 

(e) 

(f) 

t/5 

(g) 

»/6 

(h) 

i/30 

M 

»/3  . 

4b) 

(c) 

3»/5 

(d) 

23r/3 

fe) 

4»/5 

(g) 

5,/6  ' 

(b) 

29»/30 

(a) 

6 

j  (b) 

4 

(c) 

3 

(d) 

8 

721.  ■ 
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Some  of  the  results  of  the  exercises  just  completed  are  summarized 
in  the  foUovai^  theorems:  .  \ 

Th«)rem  17^24  Given  that  mUABC)  =  k.  Then, 

(a)  iJiBC  is  right  if  and  ohly  xik-  it  12, 
.  (b)  /ABC.  is  acute  if  and  only  if  0  <  ft  <  ttI2,  and 
(c)  /lABC  is  obtiise  if  and  only  if  ir  12  <  k  <Tr. 

Theor^  17-25   The  measure  of  an-exterior  angle  of  a 
'  triangle  is  the  sum  of  tiie  measures  of  the  opposite 
interior  angles.  „     ,  ..  #  / 

Theorem  17-26   The  sum  of  the  measures  of  the  angles 
of  a  convex  polygon  of  n  sides  is  (n  -  2)rr. 

Corollary  1   The  sum  of  tJie  measures  of  the  angles 

(a)  of  a  triangle  is  it; 

(b)  of  a  convex  quadrilateral  is  27r.  • 

ii  Corollary  2  The  sum  of  the  measures  of  the  exterior  angles, 
I     one  at  each  vertex,  of  a  , convex  polygon  is  2ir. 

I I  Corollary  3  The  measure  of  an  angle  of  a  regular  polygon 
I     of  n  sides  is  (n  -  2>r/n.  ■  > 

Earlier,  we  considered  inscribed  imgles  of  a  circle.  We  learned  that 
an  angle  inscribed  in  a  m^or  arc  is  half  as  large  as  its  corresponding 
j^ntral  angle  and  that  an  angle  inscribed  in  a  minor  arc  is  the  supple- 
ment of  an  angle  half  as  larg^/'as  its  corresponding  central  angle. 

/  ■  ^^^^ 

.  supplementary 

congruent 


Pig.  17T-20 

I 

Since  QOUgnient  anglel  have  the  same  measixre,  it  follows  immediately 
.  that  the  measure  of  in  angle  inscribed  in  a  m^or  arc  of  a  circle  of  ra- 
dius r  i^  the  quotieiit  by  r  of  qne-half  the  measure  of  the  intercepted 
arc  Furthermore,  siiiCe  the  sum  of  Uie  measures  of  supplementary 
ahgl^  is  TT,  it  follows  that  the  measure  of  an  angle  inscribed  in  a  minor 
arc  is^so  the  quotient  by  r  of  one-half  the  measure  of  the  intercepted 
arc.  To  see  that  this  is  the  case,  let      be  the  dainor  he  and    ^  the 
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corresponding  major  arc  of  a  circle,  and  let  m{^^)  =  p.  Then  m{3f^) 
^  2tt  -  ;?.  ,C£xpIain!l  If  lA  is  insoribed  ih  than  LA  is  the  supple- 
metit  of  half  the  central  angle  which  intercepts  ^^j.  So, 

'  m{/Ji)  =  [it  ^  im(J^,)]/r  =  [it  -  ki^ir  -  p)]/r  =  kplr. 

Finally,  it  is  easy  to  establish  that  the  measure  of  an  angle  inscribed 
in  a  semicircle  is  Ir  times  one-half  the  measure  of  the  intercepted  arc. 
So,  in  any  case,  we  have:     — ^  ' 

Theorem  17-27   The  measure  of  an  angle  inscril^  in  a 
circle  of  radius  r  i^  half  the  measure  of  the  arc 
intercepted  by  that  angle  divided  by  r. 


PartE 


Given  a  circle  with  center  O  and 
radius  5,  sil^pose  that  A,  B,  C,  D, 
and  E  are  points  of  the  circle,  that 
AU  and  BD  are  .diameters,  and 
that  the  measures  of  some|  of  the  - 
arcs  of  the  circle  are  a^^  indicated 
in  the  picture  at  the  right. 
^1.  Give  the  measures  of  each  of  these  inscribed  angles. 

(a)  /lAEB  (b)  lADB  (c)  ^lACB  (d)  ZABE 
(e)  tCDA           if)  LCDE          (g)  LDEA  m  LEAB 

2.  What  is  the  sum  of  the  measures  of  the  aisles  of  quadrilateral 
ABCD?  Of  quadrilateral  >t£:DC7 

3.  (a)  Show  that  both  iDCA  and  IVBA  are  supplements  of  Z.i)JB>i. 

(b)  Show  that  /MAC  is  a  supplement  of  LDEA. 

4.  Suppose  that  /  and  m  are  the  tangents  at  A  and  B,  respec^vely, 
and  thM  /  D  m'= 

(a)  What  is  m{LOAP)  and  mUOBP)? 

(h)  Show  that  LAOB  and  lAPB  are  supplements. 

(c)  What  is  mUAPB}? 


PartF 


Suppose  that  PA  and  PB  are 
tangents  at  A  and  B  to  a  circle 
with  center  O  and  radius  r. 
^(a)  ExJ>Iain  'why  AB  is  not  a 
diameter. 
)  What  kinds  of  ^gles  are 
lPAO  and  ^^0?  Wh^t 
•are  Iheir  measures? 
U\  Show  that  /LP  and  AO  are^ppiements. 
(d^  Given  that  miAB)        find  in  terms  of**'. 
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Answers  for  Part  E 

^    '{a)    3w/lO  (h)   3^/10  (c)  3ir/l0  (d)  3rf/a0 

(e)  (s)   nrr/ZO  ,  (g)  4ir/S  (h)  l  lt/zQ 

2.  2^;   2y  ^ 

3.  (a)    ^DCA  and  ZDBA  intercept  DEA  and  ZDEA  intercepts  DCA 

So,  m(ZDEA)  +  mUDCA),=  m{ZDEA)  +  ni(/DBA)  =.  ir.  Hence, 
^        both  ZDCA  and  ^DBA  are  supplements  of  ZDEA. 

(b)    Since  m{ZBAC)  =  w/b  and  m(lDEA)  =  4^/5  and  y/5  +  4y/5=  r,. 
it  follows  that  ^BAC  and  ilDEA  are  supplementary. 

4.  (a).  :r/2,  .t/E  "  ,  ^ 

(b)    It  follows  from  part  (a)  and  Corollary  Mb)^t€>  Theorem  17-26 
that  the  sum  of  the  measures  of  these  angles  is         So,  by 
Theorem  i7-.22,  the  angles  are  supplementary, 
ic)    Zw/5  V  , 

Answerl  for  Part  F  '  ^ 

1.     (a)    If  AB  were^  diameter  then  the  two  tangents  would-be  perpen-.. 
dicular  to  AB  and,  so,  wotlld  not  intersect  at  P. 

(b)    They  aref  right  angles.  ;   w/Z  ^  \ 

ic)    By  Corollary  1(b)  to  Theorem  17-26,  the  sum  of  the^measures 
of  the  angles  of  PAOB  ^s  Zif.    So,  by  part  (b),  m(ZP)  +  m(ZO) 
=  7.    Hence,  by  Theorem  17-22,  /P  and  ZO  are  supplementary 

(d)   m(ZPl  =  ?r  -  k/r. 
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(b)  AAOB  is  equilateral. 


2.  Given  the  information  from  Exercise  1,  find  OP  and  AP  in  terms 

of  V  given  that 
,  (a)  Z^AOB  is  a  right  angle. 
3«  Suppose  that  I  axu^  m  are  se- 
cants of  a  drcle  with  c^ter  £> 

and  radius  r,  that  /  n  m  =  {P},  , 

and  that  I  and  m  intersect  the 

circle  in  points  A  and  B,  and 

C  and  D,  respectively^  as  shown 

in  the  picture  at  the  right. 

Given   that  m(BD}  =  and 

miAC)  =  k^,  compute  mUAPC) 

in  terpis  of  V,  'k^\  and  *k^\ 

[HifU:  Vbb  Theorem   17-^26,]  '  . 

4*  Given  the  information  fmm  fixercis^  3,  suppose  that  Q  is  the  point 

of  intersection  of  chq^^ds  AD  and  BC.  Find  the  measures  of  LBQD 

and  lBQA  in  terms  of  V,  'k'  oMlk:.  [Hint  Use  Theorem'  17-25.] 

5.  Suppose  that  ABCDE  is  a  regu-  ^  * 
lar  pentagon  inscribed  in  a  cir- 

cle  of  radius  10.^ 

(a)  :^rhat  is  miAB)7  _   

(b)  Given      that     AC  n  BE 
-  ;{P},  find  m(zBPC).  ■ 

ic)  Given     that     ^  HBD 
{Q},  find  mijLBQC).  '  . 
(d)  Determftie  whether 
is  isoscel^es,  , 
<e)  Let  /?  be  the  point  of  inter-* 
section  of  %S  andS?.  Find 
,  m{/.ARB)^ 

6.  Consider  the  inscribed  penta- 
gon ABCD^  pictured  at  the 
right.  Given  the  measures  of 
the  arcs  as  indicated  in  the 
picture,  answW  the  following.  » 

— What-is  tiie  radius  of  the 
given  circle?  - 
<b)  Give  the  measures  of  each 
.  of  the  angles  of  ABCDE. 
<c)  Let  R  be  the  point  of  inter- 
section of  AUmd  BD.  What 
is  mi^RO? 
(d)  Let  Q  be  the  point  bf  inter- 
.      .  section  of  AB  and  SD- What 
i&m(cAQCyf' 
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Answers  for  Part  F  [cont.J  '      .  . 

2.  (a)    OP  =  rNTT,  AP  =  r*  (b)  OP  =  Zr/^fS,  AP  =  r/s/l' 

3.  In  AADP,  m{^A)'+  m(ZP)  is  the  measure  of  an  exterior  angle  at  D 
[Theorem  17^5],    By,  Theorem  17-27,  m{/.A)  =  kj/(2r),  and 

.  .m(ZADC)  =  kg7^eT^)^|^^m(ZP)  ~  i\^s  -  ki)/{2r). 

4.  ZBQD  is  an  exterioNangle  of  AAQB  and,  so,  itS  measure  is  the 
sum  of  the  measures  of  ZA  and  IB,    Hence,  by  Theorem  1-7-27, 

•    m(ZBQ'Di  =  {kj^  +  k^)/({ZT).  /^BQA  ia  a  supplement  of  ZBQD.  So. 
,m(ZSQA)  =  jr  -  (k^  +  k2)/(2r).  ,  *  ^ 

5.  (a)    43T  '  <b)   2^/5  '        '  (c)  3»/5 

(d)  In  ABPQ,  /iP  S  l-Q,    So,  ABPQ  is  isosceles  with  base  p5. 

(e)  x/5 

f.     (a)  9/2  •  ,         ■    ^  ■  , 

(b)  milA)  =  Zt/3,  m(lB)  =  2:r/3,  mUC)  m.(/D)  =  5t/9, 
mtZi:)  =  U^r/lS                         ■              •  • 

(c)  llf/is'  ..  ' 

(d)  5:/6         •  ■         .       ^       '     '  . 
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The  sum  of  the  degree-measures  of  the  angles  of  a  convex  quadri- 
lateral is  360;   that  of  a  convex  pentagon  is  540. 

Suggestions  for  the  exercises  of  section  17.08; 
(i)  Use  Part  A  to  demonstrate  degree -measure  td  ^our  class, 
{ii)   Use  Parts  B  and"  C  as  homework. 


/  :         ^     .  ■■.  ■    _  -"7.  .  •:  •    .  ■ 
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Prom  Exercises  2  and  4  we  have  two  useful  theorems  on  measuring 
angles:     .         _  ^ 

Theorem  17 --28   The  measure  of  an  angle  whose  vertex 
is  exterior  to  a  circle  of  radius  r  and  whose  sides  intersect 
the  circle  is  the^q^otienjt  by  r  of  half  the  difierence  of  the 
measures  of  the  intercepted  ans.  ^ 

.Theorem  17-29   The  measure^f  an  angle  whc^  vertex 
is  interior  to  a  circle  of  radius  r  is  the  quotient  by  r  of 
half  the  sum  of  the  measures  of  the  arcs  intercepted  by 
the  angle  and  ^ts  vertical  angle. 


9  ■ 


17.08  degree- Measures  of  Angles  ^ 

There  is  another  measure  fbr  angles  which  is  commonly  used.  It  is* 
known  as  degree-measure.  We  define  this  concept  in  terms  of  the  now- 
familiar  radian-measure  as  follows: 

Definition  17-6   Given  a|i  angle,  LA,  whose  radian- 
measure  is  k,  the  degree-meaBure  of  LA  is  l%Qkh, 

For  convenience;^ we  shall  often  use  ^m{LA)\  in  place  of  'the  degree- 
measure  of  lA\  '  -  : 
By  de£nition«i;^  angle  of  7r/2  radians  has  as  its  degree-measure 

^180-1/    or  90.  That  is,  an;angle  of  7r/2  radians  is  an  angle  of  90^. 

Since  angles  whose  radian-measure  is  7fl2  are  right  angles,  we  have* 
that  the  degree- measure  of  a  right  -angle  is  90i.  Alternately,  a  right 
angle  is  an  angle  of  90^  ^  . 
In  the  last  section,  we^leamed  that  the  sum  of  the  radian-measures' 
^  ^  of  the  angles  of  a  triangle  is  tt.  Making  use  of  tlje  relation  between 
,  radian-measure  and- degree-measure  given  in  Definition  IT- 6,  it  is 
9       easy  to  see  that  the  sum  of  the  degree-measiu*es  of  ^he  angles  of  a  tri- 
t  . .  ■■-  anglfe  is  18(1  [What  is  the  sum  of  the  degr^meagures  of  the  anglea  of 
-    a  wnvex  'qaadrilateral?  Of  a  convex  pentagon?]  * 


Part  A. 


\ 


^  1«  In'  each  of  tlie  foUowing,  you  are  giv«n  the  radian-measure  of  an 
♦     angle.  Give  its  degree- measure.  \  . 

(a)  7T/3  .        '      (b)  7r/4  '     (c)  27r/3  (d)  27r/5 

• '  (e)  67r/6  .  (f)  ^/6  (g)  ZnlA  .     (h)  5/2 
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Answers  for  Part  A     


1. 

(a) 

'60 

(b)   45                     (q)   120  (d) 

I  Z 

(e) 

\  SLCi 

TC359 

(a) 

(b)   7r/4                   (c)  7r/3  (d) 

3jr/4 

(e) 

bir/o 

(f)   2?r/3                (g)  ir/l  (h) 

v/8 

3. 

(a) 

(b)  60,  30               «c)   °m(ZBJ  =  65.  'm{/.C)  =  25 

A 

An   R  n 

c. 

60  (b) 

90         (c)   108         (d)  *  120         (e)  13| 

(T)  144 

6 

180,  360, 

540,  720,  1080,   1440  [respectively]  (b) 

360  ^ 

7. 

(a) 

180  • 

(b)  90 

8. 

Yes.    Such  an' angle  has  degree -measure  45,. 

Yes^    Such  an  angle  has  degree-mea«ure,  90,  _ 

• 

Answers 

i  for  F^rt  B                                .             .  \ 

1.     (a)    ff/4;   45   [Making  use  ^f  AABC  picUred  in  Part  B.^we  have 
that  mUA)  ^  mUB),  m{ZC)  =  ir/Z,  and  m(ZA)  +  m(ZB)  . 
+  mC^C)  =  ff.    So,  2m(/A).  =  t/Z,    Hence,  m{ZA)  =i  ir/4  ^  tnW^h] 

(b)  ;r/3;  60  -  \ 

(c)  and  ^/3j   30  and  60   [Reflecting  APQR  in  QR  ma^  P 
onto  P'i  and  QPP'  is  an  equilateral  triangle.    Using  the  result 
in  part  (b).  m{lQ)  -  ir/6  and  m{ZP)  "  ir/3.] 

(a)  l/\[Z*t  l/'sfZ  [This  makes  use  of  the  res^ults  in  Exercise  1  and 
the  fact  that  congruent  angles  have  the  same  radian -measures,^ 
degrqe-measures,  cosine  values,  and  sine  values.    So,  for 

,    example,  any  angle  whose  radiftn-mea«ui*e  is  3r/4  is  congruent 
to  ZABC  of  the  isosceles  AABC  described  in  Exercise  1.]  \ 

ih)  ,  1/2;  V3/2  '  (c)    ^/|/2|  1/2 

-  TC  360  .  ■  ' 

3.  la)    ^!3/Z;    l/z  .  (b)' l/VIj  l/sU 

ic)  .1/2;  -/3/2  <d)   0;   1  ;  - 

4.  (a)    -I/nTZ;   1/>/2   [An  angle  of  3 t/4  radians  is  a  supplement  of  an 

angle  of  it/4  radians.  So,  its  cosine  value  is  opposite,  and  its,  . 
sine  value  is  the  same  as,  that  of  an  angle  of  t/4  radians.  ] 

(b)  -1/2;  %/3/2     .  .  (c)    -\/3/^  Ify 

^^^nswere  for  Part  C  *  ' 

1,     ZBGF  is  a  plane  angle  oi*ZA-HG-F  and  has  radian -me  a  sure  j/6. 

So,  ZA-HG-F  has  radian -measurci  t/d  and  degree-measure  30..  • 
A  plane  angle  of  ZA-^KG-H  has  radian-measure  ^/4*    So,  iJA-FG-^H 
is  a  dihedral  angle  of  ff/^.  radians  and  of  45*; 

•2.     ir/l    [As  indicated  by  the  dashed  risht  triangle  in  the* picture,  a 

plane  angle  bf  ZP-AB-C  is  an  angle  whose<cosine  is  l/l  and,  so*, 
is  an  angle  of  ff/3  radians.  '  ^  ^ 
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2*  The  following  are  d^ee-measures  for  angles.  Give  the  corre- 
sponding radian-measures. 
^ '     (a)  30  <b)  46  (c)  60  (d)  135 

(e)  150  (f)  120  (g)  90  jh)  22i 

3,  Given  that  AAiSC  is  a  right  triangle  with  hypotenuse  BC,  . 

(a)  Find  ""miZ-B)  pwen  that  °m(Z.C)  =  35. 

a»'Find  ^m(^B)  and  ""mUO,  given  that  °m(/^)  -  2  -  ^m(^C). 

(c)  If  JO?  is  the  median  from  A  and  ""miZMAO  =  25,  find  °m{ilB) 
and  °mUCl 

4,  Suppose  that  a,  /3,  and  y  are  the  decree-measures  of  /A,  LB,  and 

respectively,  of  AABC  and  that  a  :  ^  :  7  =  2  :  3  :  4.  Find 
i8,  and  y, 

5,  Find  the  degree-measure  of  an  angle  of  each  of  the  following  mgu- 
lor  polygons. 

.      ,  (a)  equilateral  triangle  (b)  square  (c)  pentagon 

(d)  hexagon  (e)  octagon  (f )  decagon 
^             6.  (a)  What  is  the  sum  of  the  degree-measures  of  the  apgles  of  each 

.of  the  polygons  describejd  in  Exercise  5? 

(b)  What  is  the  sum  of  the  degree-measures  of  the  exterior  angles, 
'  \  one  at  each  vertex,  of  the  polygons  described  in  Exercise  5? 

7.  What  is  the  sum  of  the  degree-measures  of 

(a)  two  supplementary  angles?    (b)  two  complementary  angles? 

8.  (a)  Is  there  an  angle  which  is  its       complement?  If  so,  what  is 
'    '      its  degree-measure?  If  not,  explain.  / 

(b)  Is  there  an  angle  which  is  its  own  supplement?  If  so,  what  is 
its  degree- measure?  If  not,  explain. 

i  ' 

PartB  ^ 

Here  are  pictures  of  an  isosceles  right  triangle,  AABC,  an  equi- 
lateral triangle,  ADEF,  and  a  right  triangle,  APQR.  one  of  whose  legs 
'       is  half  as  long  as  its  hypotenuse. 


1.  What  are  the  radian-m^surfefi  and  degree-measures  of  the  ^te 
angles  of  ' 

(a)  an  is(»celes  right  triangle? 

(b)  an'equiiaterai  triangle?  ^   /  ' 

(c)  a  right  triangle  like  APQB7  [Hint:  Consider  the  reflection 

,  2*  What  are  the  cosine  and  sine  values  of  an  angle  whosfe  radian- 
measure  i« 
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3.  What  are  the  cosine  and  sine  values  of  an  angle  whose  degree- 
measure  is 

(a)  30?  .  (b)  45?  (c)  60?  (d)  90? 

4.  Give  the  cosine  and  sine  values  of  angles  whose  radian-measures 
are  the  following. 

(a)  37r/4  <b)  27r/3  (c)  57r/6 

[Hint:  Consider  supplements  of  the  angles  described  in  Exer- 

« 

cise  2.] 


Parte 


In  Chapter  15,  we  discussed  the  notions  of  a  dihedral  angle  and  the 
plane  angle  of  a  dihedral  angle.  It  is  customary  to  assign  as  the  meas- 
ure of  a  dihedral  angle  the  measure  of  its  plane  angles.  So,  for  ex- 
ample, if  a  plane  angle  of  a  dihedral  angle  is  an  angle  of  tt/S  radians 
then  the  dihedral  angle  is  one  of  tt/S  radians.  Its  corresponding  de-' 
gree-measure  is  60  for  its  plane  angles  are  angles  of  60*^. 

A      1  fi 

Given  the  rectangular  box  sorde 
of  wh<»e  dimensions  are  shown 
in  the  picture  at  the  right,  find 
the  rad i an- me asu res  and  de- 
gree- measures  of  /.A*HG-F  and 
^A-FGH.  {/-A^HG'F  as  indi- 


1- 


cated  in  the 
heavy  lines.] 


picture  by  the 


2.  Consider  the  pyramid  P-ABCD 
pictured  at  the  right.  Its  base 
ABCD  is  a  square  whose  sides 
have  measiu^  2  aiui  its  trian- 
gular faces  are  isosceles  tri- 
angles whc^  altitudes  h^ve 
measure  2.  Find  the  radian- 
measure  of  the  dihe<iral  angle 


47.0s  Areas^^  Circular  Regions  ^ 

Earlier,  we  learned  how  to  ojmpute  area-measures  of  certain  plane 
regions.  We  shall  now  consider  the  problein  of  computing  the  area-- 
measure  of  a  circular  region.  As  in  th^  ca^  of  computiiig  the  measure 
of  an  arc,  we  shall  nxake  tise  of  inscribe  and  circumscribed  polygons. 

Given  that,ABCDJ?F  is  a  polygon  inscribed  in  a  circle  ^  and  that 
A'BVD'E'F'  is  the  related  clroimscribai  fwlygon,  as  shown  in 
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Figure  17-21,  It  is  reasonable  to 


Fig.  17-21 


expect  that  the  area-measures  of~^ 
the  given  inscribed  polygon  and 
circumscribed  polygon  are  approxi- 
mations to  the  area-nieasure  of  X. 
[The  areas  of  such  inscribed«and 
oircumscril^  polygons  are  some- 
times called  lower  approximations 
and  upper  approximations,  respec- 
tively. Why  *lower'  and  'upper"?] 
And,  by  increasing  the  number  of 
sides  of  file  inscribed  polygon,  as  in- 
dicated by  the  dashed  Jines  in  Fig- 
ure 17-21,  we  obtain  a  better  lower  approximation.  [Can  we  also  ob- 
tain a  better  upper  approximation?]  If  we  observe,  now,  that  each 
circumscribed  polygon  of  ^  has  an  area-measure  which  is  greater  than 
the  area-measure  of  an  ifiscribed  polygon  of  JT,  we  see  that  the  set  of  all 
area-measures  of  polygons  inscribed  in  has  an  upper  bound  and,  so, 
has  a  least  upper  bound.  Hence,  it  is  natural  to  define  the  ar^a-meas- 
ure  of     to  be  that  least  upjjer  bound.  We  formalize  this  in: 

;  Definition  17-7   The  area-measure  of  a  circle  ^  ih  the 
leasit  upper  bound  of  the  set  of  all  area-measures  of 
polygons  inscribed  in  JT,  . 


It  can  be  shown  that  the  set  of  area-measures  of  regular  polygons 
inscribed  in  a  given  circle  has  the  same  least  upper  bound  as  dp^  the 
set  0^  area-ineasures  of  polygons 
inscribed  in  that  circle.  So,  to  get  ^ 
some  idea  as  to  how  to  compute  the 
area-measure  of  a  circle,  it  is 
enough  to  consider  the  regular 
polygons  inscribed  in  the  circle.  In 
'  Fig,  17 --22,  we  show  regular  poly- 
gon A^A^^  .  ,  .  A^^^A^  inscribed  in 
a  circle  with  center  O  and  radius  r. 
Each  side  of  the  polygon  is  the  base 
of  an  isosceles  triangle  whose  vcsr- 
tex,  0/  is  the  center  of  the  circle. 
There  are  n  such  isosceles  triangles 


Fig.  17-22 


1 1  ' 
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Answers  to  questions  in  the  text. 


approximation  to  the  area-measure  of  the  circle  because  the  region  it 
bounds  is  a  proper  subset  of  the  circulair  region  and,  so,  has  an  area- 
measure  which  is  less  than  that  of  the  circle. 

The  area-measure  of  a  polygon  circx^msc ribed  about  a  circle  is  an 
upper  approximation  to  the  area-measure  of  the  circle  because  the 
region  it  bounds  contains  as  a  proper  subset  the  circular  region  and, 
so,  has  an  ar^a -measure  which  is  greater  than  that  of  the  circle. 

A  better  upper  approximation  is  obtained  hy  increasing  the  number 
of  sides  of  the  circumscribed  polygon,  as  indicated  by  the  dashed  tangent 
line  in  Figure  17-21,  ' 

Sample  Quiz 

1,  In  AABC,  the  radian-measure  of  lA  is  and  that  of  ZB  is  • 
twice  that  of  ZC, 

(a)/  What  is  the  radian-measure  of  ZB  and  of  ZC? 

{b)    What  are  the  degree-measures  of  ZA,  ZB,  and  ZC? 

(c)    Given  that  AC  =  6,  show  that  BC  ^  b-s/J  and  AR  =  3(n/F  -  sfl). 

2.  In  AAEC,  suppose  that  the  'r  . 
degree-measure  of  ZB  ig  105, 

that  D  is  the  ppint  of  AC  such 
that  ZQBC  is  a  right  angle  and 
that  AADB  is  isosceles  with 
base  AB. 

(a)  What  are  the  degree-measMres 
of  ZA^  and  ZC? 

(b)  If  BC  ^  6,  compute  BD.  CD,  and  CA. 
Key^to  Sample  Quig 


I, 


BC 


SI 


AC 


•     {b)   135;    30;  15 

by  the  sine  law,  so  that  BC  ^  ^^Jl/^ 

smZB 


to  AS 
AB  =  3^JF 


Bin  IB' 

=  6r/T.  Lict  D  be  the  foot  oi  the  perpendicular  from  C 
Then,  'CD  =  Ssfz  -         and  BD  =  3^^,  So, 


as  large  as  ZB,  sinZC  -  ^JTV 


[Alternately,  since  ZC  is  half 


2.  (a) 


cos  ZB)/Z  =  >/(!  -  \rS/2)/l 

'^/Z     So,  AB  =  ^^^^  =  l/f^^  = 

Andf  since  n/z  -  nTJ  =  (4^ -  >il)/l,  AB  =  r  olz).] 

151   60  '  {b\^«^j   12;    12  +  6VT. 


732 


362  CIRCLES 


TC  362 


and  they  are  all  congruent.  [Explain.]  Given  that  the  measure  of  the 
base  of  each  of  these  isosUl^  triagigl^ Jg  gjndjthat  the  altitude  to  the^ 
base  is  ia,  it  follows  that  the  area-measure  of  any  one  of  the  isos^Tes 
triangle  is  ic5.  So,  the  area-measure  of  the  given  n-sided  regular 
poiygon^is  n^^as  or.  more  coje?ii|aiently, 


Notic©  that  for  larger  vaiu^  of  'n\  {*)  yields  better  approximations 
to  the  area-m<iasure  of  the  given  circle.  Now,,  the  least  upper  bound  of 
the  set  of  all  the  measures  of  al£itudes  a  is  r  and  the  least  uppef  bound 
of  the  ^et  of  all  the  perimeters,  ns,  of  the  inscribed  regular  polygons  is 
27rh  This  being  so,  it  can  be  shown  that  the  least  upper  bound  of  the 
set  of  all  the  prpducts  iains)  is  ir(27rr),  or  simply,  ttt^.  Thus,  we  have: 


The  area-measure  of  a  circle  of  radius  r  is  irr^. 


Explanation  called  for  in  the  teKt>    There  are  n  such  isosceles  tri- 
angles as  a  polygon  with  n  vertices  has  n  sides..  They  are  all  con-, 
^gruent  by  s.  s.  s« 

Suggestions  for  the  exercises  of  section  17.09: 
(i)   Part  A,  and  the  discussiqn  preceding  it,  should  be  teacher  di  - 

rected.  '  ' 

(ii)   Parts  B  and  C  may  be  assigned  for  homework. 

Answers  for  Part  A  '  . 


1. 
2. 


4. 

5. 


(a)  95r'  {hi   I67/8I  (c)  3/7r 

(a)  K  ^  7dS/4 

(b)  9ir:    lbw/81;  /v 

(a)  3n/2  (b)   3/(7rV2)  (c)  isJJ/^ 

(a)  8A  {b)   8I/579  (c) 

(a)  3^/49  (b)    1/4  (c)  25/9 


(d)  /ir 


id)  3n/7/5 
(d)  8l5r3 
(d)  rjVr^ 


Exercises 


Part  A 


1.  Compute  the  area-measures  of  circles  whose  radii  are: 

(a)  3  (b)  4/9  '(c)  VsTtt  (d)  /tt 

2.  <a)  Give  a  formula  for  computing  the  area-measure  of  a  circle  in 

terms  of  the  diameter,  d,  of  the  circle. 

(b)  Make  use  of  your  formula  to  compute  thfe  area-measures  of 
cirdes  whose  di|tmeters  are  6,  8/9,  and  2/7r. 

3.  Find  the  ^adii  of  circles  whose  area-measures  are  the  following, 
(a)  IStt  •  (b)  IS/w   ,  (c)  18  ^  (d)  9*^/25 

4.  Find  the  area- measures  of  circles  whose  circumferences  are  the 
following. 

(a)  IStt  (b)  IS/TT   .  (c)  18  (d)  ISt-^ 

5.  In  each  of  the  following,  you  are  given  the  radii  of  circles  and 
J^.^,  respectively.  Find  the  ratio  of  the  area-measure  of  J^,  to  that 


4b)  5,10 


<c)  5,3 


%    Given  an  arc —say,  AB^  of- a  circle  with  center  O'and  radius  r,  the 
reg«m  bounded  %y  the  arc  and  the  radii,04  and  QB  is  caH«i  a  circular 

^  .>0mT>>^ .major  AB  ' 
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sector  lor:  a  sectorj  of  the  circle.  Making  use  of  inscribed  regular  poly- 
^ns»^W(gi^^n  obte^^^  a  circular  sector  in  terms  of 


r  and  the  measure  of  the  bounding  arc. 

To  obtain  a  formulafor  the  ai-ea-measure  of  a  sector  of  a  circle  de- 
termined by  an  arc  AB  of  that  circle,  consider  the  regular  polygon . 
AAjAg  .  /.  inscribed  in  ajcircle  of  radius  r.  Those  vertices  of  the 
polygon  which  are  points  of  Ai3  together  with  A  and  pe  rliafis  [but  not 
neces3arily]  B  determine  the  bases  of  (X)ngi-uent  isoscjeles  triangles 
whose  vertex  is  the  center  0  of  the  circle.  As  in  the  case  of  the  full  cir- 
cle, we  see  that  the  area-measure  of  the  sector  is  approsqimated  by  the 


Fig-  17-24 

sum  of  the  area-measures  of  those  isosceles  triangles  which  are  con- 
tained in  the  given  sector.  So,  given  that  the  measure  of  the  bases  of 
these  isosceles  triangles  is  that  the  altitude  to  the  base  is  a,  and  that 
there  are  k  of  these  isosceles  triangles  contained  in  tfie  s^tor,  we  see 
that  the  area-measure  of  the  sector  is  approximated  by: 

\ 

Since  the  least  upper  bound  of  .the  set  of  all  the  measures  of  altitudes 
a  is  rjjid  the  least  upper  bound  ofjthe  set  of  all  sums  of  measures  of 
bases^cluded  in  the  sector  is  m{AB),  it  can  be  shown  that  the  least 
upper  bound  of  the  set  of  all  products  ^aiks)  is      •  miAB).  In  short, 


the  area-measure  of  a  s^tor  of  a  circle  of  radius 
r  and  determined  by  an  arc  with  measure  I  is  irL 


For  example,  assume  that  in  the  circle  of 
radius  6  shown  at  the  right,  the  measure  of 
Xc§  is  8.  The  area-measure  of  sector  OACB  is 
J  •  6  •  8,  or  24.  Note  that,  in  this  example,  the 
Pleasure  of  Xd^  is]l27r  -  8.  So,  the  area- 
measure  of  sector  OA^B  'is  i  •  6  •  (127r  -  8), 
oi;  36ir  -  24'.  This  last  i-esult  "checks"  in  that 
the  sum  of  the  a'rea-meksures  of  the  given  sec- 
is  the  area-measure\of  the  circle. 
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Givfen  a  circle  .T  with  center  O  and  radius  r, 
let  A  be  any  point-^^.  Then,  any  point  of  y^ 

"titRirgntfronf  A  defermine8-twe-ares-ef^.a«d,  

so,  determines  two  sectors  of  X.  The  sum  of 
the  area-measures  of  the  two  sectors  deter- 
mined by  two  points  A  and  Bof^Jt  is,  of  course, 
TTT^.  Thus,  it  is  enough  to  know  the  area- 
measure  of  one  of  those  sectors  [and  the  radius]  in  order  to  impute 
the  area-measure  of  the  othei;.  H  AB  is  a  ^iameter,  then  the  sectors 
have  the  same  area-measure.  If  AB  is  not  a  diameter,  then  zlAOB  in- 
tercepts minor  AB  and  the  area-measure  of  the  sector  in  the  interior 
of  ^AOB  is  an  increasing  function  of  the  radiMwneasure  of  /.AOS  as 
well  as  of  the  degree-measure  of  /lAOB.        "  , 

We  have  already  discussed  the  assignment  of  length-measures  to 
circular  arcs.  There  is  another  kind  of  measure -called  degree-measure 
-which  is  at  times  a)nvenient  to  assign  to  circular  arcs.  It  is  done  as 
follows:       ,  ■■ 


Given  two  points  A  and  B  of  acircle  with  center  O, 

(a)  if  aS  is  a  minor  arc, ''mCAB)  is  °m(MOB), 

(b)  if  iB  is  a  semicircular  arc,  °m(AB)  is  180,  and 

(c)  if  AS  is  a  mfdor  arc,  *fn(Afe)  is  360  -  "rhi^OB). 


290"' 


Thus,  if  Z.AOB  is  a  central  angle  of 
70°,  it  follows  that  the  degree- 
measure  of  minor  AB  is  70  and  the 
degree-measure  m^or  AB  is 
360  -  70,  or  200.  That  is,  minor 
AS  is  an  Wc  of  70*  and  m^or  AS 
is  aij  arc  of  290°.  [What  are  the^ 
degree-measures  of  the  m^or  and 
minor  arcs  of  a  circle  determined  by  a  central  angle  which  is  a  right 
angle?  Is  this  the  case  regardless  of  the  radius  of-the  circle?  ExpIaiH.] 
^  In  the  example  des<?ribed  in  Fig.  1 7  ~  27,  we  see  that  A  and  B  deter- 
mine two  sectors  of4he  given  circle.  Furthermore,^  length-measure 


Fig.  17-27 


70 


of  minor  AB  is  -xp:  •■  27rr.  [Why?]  So,  the  a^ea-measureo^the  minor  sec- 
70  70 

tor  OAS  is  kr 


360 


2iTr,  or  -^xf^T^-  [What  is  the  area-measure  of  ^e 


m^or  sector*OAS?]  Reasoning  in  a  similar  fashion  with  regard  to  an 
arc  of  a\  we  see  that  the  area-measure  of  the  sector  determined  by  that 

arc  is  tJt^  •  irr^^  wh&-e  r  is  the  radius  of  the  circle. 


360 
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The  degree '^measures  of  the  circular  arcs  determined  by  a  central 
\fight  angle  are  90  [minor  arc]  and  270  [major  arc].    Since  the  defini- 
tion of  degxee-measure  for  an  arc  XB  refers  only  to  whether  the  arc  is 
semicircular,  minor,  or  na^jbr  and,  in  the  last  two  cases  to  ^miZADB), 
the  degree -measure  of  an  arc  is  independent  o^its  radius.    [It  may  be 

wd tth  noting  that  arcs  are  similar  if  an^S^only  il  they  hSVirthe-TOme  — 

degree -measure  •  ] 

Since  •mUAOB)  -  70,  m(ZAOB)  ^  70(27r/360)  and,  so, 
70 

m(AB)  =  YFTn*  Zwt. 

290  4 

The  area-measure  of  the  major  sector  OAB  is  2irr.  * 
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Answers  for  F^rt  B 

1.  U)    i53r/2      (b)   iSir  (c)   25      (d)   SOjr      (e)  ZSw/Z      (f)  25/2 
Z.     U)    63»/4          '  (b)   lOOy/3  (c)  50^ 

<d)    40Sj/8  (e)  2433r/4  (f)  175^/2 

3.  (a)    90  ^     (b)   120  (c)x  200  '     (d)  216        (e)   330      (f)  324^ 

4.  (a)    90     \  (b)  -120  (c)   l60        (d)   144        (e)  30       Af)  38 
Angwers  for  Phrt  C  ' 

p.     (a)    100(jr/3  (b)  95r  -  18  (c)   327r/3  -  16n/T 

2.  (a)    lOOjr/3  : 
<b)  4 

(c.)    1007r/3  -  Z5\fl  ' 

(d)    25n^  -  ZSw/3   [or:  U25/^/3  -  25jr)/3j 
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vPart  B 


1.  In  each  of  the  following,  (X)mpute  the  area-measure  of  the  sector 
from  the^information  given  about  its  arc,  AB,  and  radius,  r. 
<a)  miABf^air,  r 5  ^>-77iMSt^  6^,  r  6 

ic)  m(AB)  =  10,  r  =  5  (d)  AB  is  semicircular,  r  =  10 

(e)  AB  is  semicircular,  r     5   (f)  m(AB)  =  5,  r  =  5 

2*  In  each  of  the  follomng,  compute  the  area-measure  of  the  sector, 
from  the  information  given  about  its  arc,  AB,  andjadius,  r. 
(a)  'm(iS)  =  70,  r  =  9  (b)  ^m(4B)  ^  .120,  r  =  10 

(c)  ""miAB)  -  ISOTr  -  10        (d)  ^m{A^)  =  226,  r  -  9  . 
(e)  ""rniABl  -  270,  r  =  9         {}%  ^^mCiS)  -  315,  r  =  10 

3.  What  is  the  d^p*ee^measure  of  an  arc  of  a  circle  whose  sector  has 
an  area-measure  which  is 

(a)  i  that  of  the  circle?  (b)  i  thatof  the  circle? 

(c)  fthat  of  the  circle?  (d)  60%  thatof  the  circle? 

(ej  H  that  of  the  circle?  (f )  90%  that  of  the  circle?  ,  . 

4.  What  are  the  decree- measures  of  the  antral  angl^  determined  by 
the  end  points  of  the  arc^  dcs^bed  in  Exercise  3? 


Parte 


In  A  circular  segment  is  a  region 
iunded  by  an  arc  of  a  circle 
kd  its  chord.  Given  the  circu- 
lair  segm^  bounds  by  minor 
and  AB  shown  at  the  right, 
ipute  its  area-measure  when 
10  and  ^miAB)=  120; 
AAOB  is  a  right  triangle 
,  and  r  =  6; 
(c)  1  AB  is  the  side  of  a  re^lar 
^hexagon  insaibed  in  xhe 
circle  and  r  ^  8, 
2.  Consider  the  circles  inscribed 
and  circumscribed  about  equi- 
lateral AABC.  ^iven  that  0  is 
the  common  center  oF  these 
circles  and  that  OS  =  10  com- 
pute the  following; 

(a)  Area-measure  of  minor  sec- 
tor C!)BC. 

(b)  Ratio  of  area-measures  of 
sectors  OBC  and  OPE. 

(c)  Area-measure  of  segment 
boui^ied  by  minor  >C&  and 
AS. 

(d)  Area-measure  of  shaded  re-' 
gion  AB'C\ 
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\  3.  Given  the  semicircular  regions 

I  "  whose  diameters  are  the  sides 

1  of  right  triartgle,  AABC,  whose 

-hypotenuse  is  CBy 
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;  area-n^easure  of  the  rei^ion  on 
the  hypotenuse  is  the  sum  of  the 
area- measure  of  the  regions  on 
thelegsLof  AABC^ 
Sugpose  that  BDA,  £AC,  and 
are  Semicircular  arcs. 
Show  that  the  sum  of  the  area- 
measures  of  the  shaded  regions 
is  the  area-measUre  of  A-ABC. 


Answers  for  Part  C    [cont.fw  .  ' 

3,  ^<BC)2/2  =   ?KCA)?/2  t^AB)^/?  because  (BC)^  .=  (CA)^  ^  {AB^. 

4.  '  iet  K,,  ^JSo,  knd;K3  be  tbe  a,rea-4;neaiu.res  of  the  semicircular  -  ■ 

regions  and  let  K  be  tk^t  of  tJ^^^t^iat|$ular  region.    By  Exercise  3, 

_  ^^^^-.m^^^^^^^^^y^i)^^  figtry^-tlfeitqrn-p^^  »u-r<r* :t?f - 

*   •mie  shaded  regions  is        +        ^  fK^.  -  K).'    So,  this  sum  is 
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Vocabulary  Summary 

sphere 
radius 


semicircle 
jpircumcircle 
secant  line 
central  angle 
upper  bound 
least  upper  bound^ 
radian-measure  ' 
regular  polygon 
^  circle 
diameter 
m^jor  arc 
incircle 

internally  tangent  circles 


inscrited  angle 

lower  bound 

greatest  lower  bound 

degree-measure 

pentagon 

chord 

circumference  * 
minor  arc 
tangent  line 

externally  tangent  circles 
intercepted  arc 
iniiscril^  polygonal  line 
circumscribed  polygonal  line 
convex  polygon 
hexagon 


Additional  Poslulat€8 


5ia*  Each  nonempty  subset  of  ^  which  has  an  upper  bound^  has.  a 

least  upper  hft^d, 
is.    ^  is  a  dUfflie  ordered  field  ^ 


Definitions 
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17-1.  The  sphere  with  center  C  and  radius  r  >  0  is  {X:  \\K  -  C\\ 
17-2.  The  circle  of  n  with  center  C  €  tt  and  radius  r  >  0  is 

{X:Xe-7T  aud\\K  -  C\\  =  r}. 


i 
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Given  a  coplanar  line  /  and  cirde  X,  (a)  /  is  a  tangent  of  3f  if 
an4  t)nly  if  /  n     consists  of  exactly  one  point,  £tod  (b)  /  is  a 
secant  cf     if  and  only  if  /  n      consists  of  two  points. 
17*4,  The  measure  of  a  circular  arc  is  the  least  upper  bound  of  the  set 
of^irnaa^ufes  of  polygonal  lines  inscritwi  in  the  arc.  \  * 

17-5.  Tto  j^adian-measure  of  an  angle  iAthe  ratio  of  the  measure  of 
' .Jf  .    th^^arc  intercepted  by  the  angle,  on  any  circle  for  which  it  is  a 
^■s^  central  angle,  to  the  ravins  of  the  arc. 
^  1?tA  Given  an  angle,  Zi4,.  whose  radian-measure  is     ihe  degree- 
measui^  of  lA  is  ISOA/tt^ 


*  17-1.    Four  noncoplanar  points  belong  to  one  and  only  one  sphere. 

17*2.    Three  noncollinear  points  belong  to  one  and  only  one  circle. 
"  Corollllry.  Any  triangle  has  a  lihique  cirqimscribed  circle. 
^i7«flL)  '  The  intersection  of  a  plane  tt  and  the  sphere  w'ith  center^  and 
,  '    radius  r  is  either  the  empty  set,  or  a  set  consisting  of  a  single 
point,  or  a  circle.  Specificaily^if  F  is  the  foot  of  the  perpendicu- 
lar from  C  to  TT  and  d  is  the^istance  between  C  and  it  then  the 
'"^        intersection  is  0  if  d  >  r,  is  {F}  ifd       and  is  the  circle  of  tt 
^  with  c^ter  F  and  radius  Vr^  -  cP  if  d  <  r 

\,  17*4.   The  intersection  of  a)planar  lihe  L  and  circle  with  center  C  and 
*  radius  r  is  eithei*  the  empty  set,  or  a  set  consisting  of  a  single 
*      p^t,  or  a  set  (insisting  of  two  points.  Specifically,  if  F  is  the 
foot  of  the  perpendicular  from  C-to  I  and  d  =  CF  then  the  inter- 
s^ion  is  0     d  >  r,  is  {F}  if  cf  =  r,  and  coiffeists  of  the  two 
.      ' '    points  of  i  whose  distance  from  F  is  Vr^  -"cP  if  d  <  r. 
'  i7rS;..*  Two  sphered  [or:  cbplanar  ciiylesj  N^th  centers  Cj  and  and 


radii^Tj  and  r2  inters^  if  and^orily  if      -      S  jj^^  ->'C:J\ 
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Two*spher6s  [on-cirdes]  are  congruent*  if  and  only  if  they, have 
<  the  same  radius.        *  .    -  1; 

Corollary.  Any  two  s|)heres  [or:  circle^]  are  similar  in  the  ratio  pf 
*       ''iheir t*adii.^    ^  ^    ^  . 

Any  isomet^y  m£^s  a  circle  onto  a  congruent  circle,  mappixig 
tiiinor  arcs  onto  minor  arcs,  m^jor  arcs  onto  major  art^,  pnd 
semicircles  b^to  semicircles,  mapping  centers  on  c^^nters  and 
,^mippints  on  ei^points.  ^  , 

Given  two  noncongnient  chords  of  the  same  circle^  the  shorter  ' 
of  the  chords  is  farther  from  Ihe  center  of  the  circle. 
M^^,   Minor  [or:  JJsyor]  arcs  t>f  congruent  circles  are  congruent  if  and 
•  .  only  if  the  ghprds  which  subtend  them  are  fcdngrtient.  ^ 
^I7.i0t  Any  ard^C  is  a  union  A5  U  {fif  U  BC^wherei^B  andBC 
*      have>  no  common  wint  and  e^h  may  ise  either  a  mino^  arc,  a 
-    semicircle,  9r  a  i^or  itrc*  v  . 


17-7. 


17^8. 


17-11.  A  copilanar  lints  is  tangent  to  a  circle  at  a  given  point  of  the 
circle  if  and  only  if  the  line  contains  the  point  and  is  perpen- 
dicular (o  t^e  radius  at  that  point.      .  - 
^7-12.  An  gngle  inscribed  in  a  miyor  arc  is  half  as  large  as  its  cqr- 
^      '  responding  ceritral  angle;  an  angl^  inscribed  in  a  minor  arc  is 
J   a  supplement  of  an  angle  half  as  large  as  its  rorresponding 
central  ^ngie. 

Corollary  1.  Any  two  inscribe  ai^gles  vyhich  inter^t  the  same  ar^ 

are  congruent.  .  . 

CoroUary  2.  }(  ABCD  is  a  convex.quadrilateral  inscribed  in  a  circle, 
each  two  opposite  angles  of  ABCD  are  supplementary. 
17-13.  If  two  chords  of  a  circle  intersect,  the  point  of  inters^ion 
divides  each  chord  into  segments  such  thaC  the  product  of  the 
measures  of  thf  segments  of  one  chord  is  the  product  of  the 
me|isures  of  the  segments  ^of  the  other. 
17-14*  If  two  secants  of  a  circle  intersect  at  a  point  in  the  exterior  of  a 
circle,  tha  product  of  the  distances  between  the  ex^rior  point 
^  and  the  pointy  of  intersection  on  one  of  the  secants  is  the  pro- 
duct of  the  distances  between  the  exterior  point  and  the  points 
of  intiersectlQn  pn  the  other  secant. 
Corollary.  If  a  secaiit'and  a  tangent  of  ^  circle  intersect  at  a  fl)int 
exterior  to  the  circle  then  the  product  of  t^e  distances  be- 
tween the  exterior  point  ^d  tl|e  points  of  intersection 
^    V  on  th^  secant  \  the  square  of  the  distance  between  the 

exterior  point  amMJ^  point  of  tangency.  ^ 
17-15.  Jf  a  secant  and  tangent  of  a  circle  intersect  in  a  point  of  the 
circle,  the  angle  between  the  recant  and  the  tangent  is  either 
*  .  congruent  to,  or  a  supplement  of,  an  angle  half  as  large  as  its 
^  .     €X}rrespbnding  c^nj^ral  angle  according  as  the  c^ter  of  the 
cifc^fe  is  exterior  or  interior  to  the  former  angle.  ' 
l,^rl6.  If  AP  and  PB  are  arcs  [minor,  s^mii^irculan  or  m^jor]  which 

have  no  point  in  Common  theft  m{APB)  «  m{AP)  rf  m{PB). 
Corollary.  Tl^e. circumference  of  a  circle  is  the  sum  of  the  measusiS" 

nfahy  two  arcs  which  have  the  same  endpointa.  r 
17-17.  The  ratio  of  the  cm3um^^  circle  is  t^tof  asewnd  * 

is  thisi  ratio  of  the  diameter  of  Uie  first  to  that  of  the  second. 
CoroUsury.  If  9  circle  }ias  diorsieter  d  and  circumference    th^n  c 
=  ^d* 

17«18t  If  two  arcsiu-e  similar  then  the  ratip  of  their  measures  is  the 

■  ■  .  ratip  of  their  rady^.^-"  ;^'^^^^^        '  ,  .  •  ' 
CoroUary.  Congruent  ^ui^ir  Have^i^ 

17-l^vIf  the  ratio  of  thf  pleasures^  of  is^0  arcs  in  the  ratio  of  their 

radir  then  the  a^  are  simitW-  / 
CoroUary.  Ar^  which  l^ve  the  same  raHius  ^^id  tiie  same  rn^ut^'* 
are  congruent.  *  ^^^  ^ 
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17-20.  Angles  are  congruent  if  and  only  if  they  have  the  same  radian- 
measure. 

17-21.  If  D  is  interior  to  /lABC  then*  m(/LABC)  =  mUABD) 
+  mUDBCl  ^  ; 

17-22.  Angles  are  supplementary  if  and  only  if  the  sum  of  their 
measures  istt, 

17-23.  Given  a  number  k  such  that  0  <  *  <  tt,  and  given  a  half-line 
r,  there  is  one  and  only  one  ahgle  whose  radian-measure  i§ 
which  has  r  as  one  of  its  sides,  and  whose  other  side  is  in  a 
*  "    given  side  of  the  line  which  contains  r, 

17-24.  Given  that  mUABC)  =  k.  Then,  (a)  /LABC  is  right  if  and  only 
if  k  ^  7r/2,  (b)  CABC  is  acute  if  and  only  if  0  <    <  7r/2,  and 
-  \  (c)  /LABC  is  obtuse  if  and  only  if  ^2  <  ^  <  tt. 

1       17-2$.  The  measure  of  an  exterior  angle  of  a  triangle  is  the  sum  of  the 
measures  of  the  opposite  interior  angles.  ^ 
17-26/  The  sum  of  the  measures  ofthe  angles  of  £^convex  polygon  of  n 

sides  is  in  -  2>jt.  -  \ 

Con^ary  1.  The  sum  of  the 'measures  of  the  angles  (a)  of  a  triangle 

is  tr;  (b)  of  a  convex  quadrilateral  is  Ztt. 
Corollary  2.  The  sum  of  the  measures,  of  the  q^cterior  angles,  one  at 

each  vertgx,  of  a  convex  polygon  is  27t, 
Corollary  3.  The  measures  of  an  angle  of  a  regular  polygon  of  n  sides 
is  in  -  2)7r/n. 

17-27.  The  measure  of  an  angle  inscribed  in  a  circle  of  radius  r  is 
half  the  measure  of  theij^c  intercepted  by  that  angle  divided 
by  r.  1%,  '  . 

17-28.  The  measure  of  an  aRg|e  whose  vertex  is  exterior  to  a  circle  of 
radius  r  and  wiiose  sides  intersect  the  circle  is  the  quotient  by 
r  of  }ialf  the  difference  of  4h0  measures  of  the  intercepted  an^ 

17-29.  The  measure  of  an  angle  whq^,  vertex  is  interior  to  a  circle  W 
radius  r  is  the  quotient  Ipy  r  oflialf  the  sum  of  the  measures  of 
the  arcs  intercepted  by  tKe  angle  and  its  verticatlngie. 

Chapter  Teat  ' 

1.  Given  that  /LA  is  an  angle  of  77r/12  radians. 
*(a)  What  is  the  degree-measure  of  a  Suppliment  of  ^-A?- 
(b)  Does  lA  have^  a  complement?  If  so,  give  ita  cfegree-measure. 
If  not,  explain,  ^ 
/     /  (c)'lf^i4  is  the  vertex  angle  of  an  isosceles  triangle,  AABC,  what 
is°m(2lB)? 

(d)  Find  the  radi^-me^ures  of  /-B  and      of  AABC  given  thut 
m{^)/m(/;C)-i 
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Answers  for  ChaT>ter  Test  ^  '•'^ 

1       (a)    7S   [The  radian-measure  of  a.  supplement  of  ZA  is  5^/l2.  So, 
the  degree -mea.su re  of  a  supplement  of  ZA  is  Yz^'T^*  or«75.] 
(b)    No/  for  ZA  is*  obtuse  and  oi^ly  acute  angles  have  conriplements. 
.  ^  .(c)    75/2,  or  37j.    [The  radian -me«^ sure  of  ZB  is  J^Jz'^ 

m(ZB)  ^  7y/24  and  nri{ZC)  =  tr/S*  [From  the  given  information, 
m(ZB)      7a  and  m(ZC)  -  3a,  for  «ome  a^  and  7a  +  3a  =  5^/12, 
From  the  latter,  a  =  ff/24  so  that  mlZB).  =^  7«  w/Z4  and 
g        in(ZC)  =  3.J/24.  ] 

2.  -(a)    105   [-mtZB)  =  50  =  ^m(ZACB)  bo  that  "m{ZFCB)  .=  25.    So,  ^ 

•m(ZBFC)  -  1.80  -  (50  +  25)  =  ,105.  )  ... 

(b)    FC,  AC,  AF.    [The  degree -measure s  of  ZA,  ZF,  and  ZC,  in 
AAFC,  are  80,  75,  and  25,  l-e»pectively,  and^e  larger  of 
.two  sides  of  a  triangle  is  oppopite  the  ^rger  of  their  opposite  angles. 

3.  (a)    j/3    [The  radian-measure  ofthe  central  angle  intercepting 

'    *  any  arc  whbse  end  points  are  two  consecutive  hour  marks  is 

(b)    5iy/6   ^  ic)    n/b  . 

4.  (a)    100  [The  radian-measure  of  ZAOB*i«  5^/9,  and  ^.r-— =  iOO,] 

1  12      180      ^       '  * 

•(b)    20    ['mUAPC)^=  j-'mUAOC)  =  ^--f-—.] 

<c)    70     fm(CP)  =  7.T;"so7-mUPB^;)  =  |- •m(ZPOC)  =  =^  70. 


5. 


=  180  -  [|-'m<ZCAB)+  i-'m(ZCBA)]  =  180  ^•m{ZCAB) 
+  'mCZCBA)]  =  180  -  •|-[180  -  c]  =  90  +  |c.  ]  , 


6.  (a)    8,  8    [AC  =  AS  +  SC  =  n/S^  -  3^  +  sfS^  .  3=  -  8.  Similarly 

ior  ABv]  '  -  .    .    "•  . 

(b)  In  AABC,  T  and  S  are  the  midpoints  cif  aS  and  AC, 
respectively.    So,  ST.  |j  CB, 

(c)  A  is  equidistant  from  C  and        for  AC  =  AB  =  8.    Al«a,  O 
is  equidistant  from  C  ^  ^    So,  AO  is  coiiUijied  in  the  per- 
pendicular bisector  of  CB.  ♦  . 

(d)  ST  =  24/5  and  CB  =>  4S/5.    [Let  M  "be  the  potnt  of  inter- 
"  section  of  ST  and  SD.    Then,  SSS  is  the  altit^de^from  S  in 
.   ^  right  triangle.  AASO,  and  SM  =  iST.    So,  SM  =  3.4/5  «o 

that  ST  =  24/5.    Since  CB  =s2ST,  CB  =-48/^.^ 

7.  18   [Each  exterior  angle  of  the  given^lygon  lias  degree -measure 
20.    Since  the  sum  of  the  degree -measures  6f  the  earterior  angles, 
one  at  each  vertex,  is  360,  and  the  number  of  sides  ia  the  nurpber 
of  vertices,  there  are  360/20,  or  18,  sides.]  4» 

8.  (a)    4'>/T   [AGAB  is  equilateral  and  GH  is  an  altitude.  So, 

^    GH  =  8n/T/2  =  W?.  ] 

(b)    96'y/T  [As  suggested  in  the  figurfe,  the  given  region  is 
composed  of  six  Equilateral  triangular  regions.    So,  the 
area-measure  is  6  •  |  •  8  •  4's/T,  or  96^3.]  \ 
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2»  Given  isosceles  triangle,  dABC^  with  base  BC,  assume  th^t  CJIJ  is 
the  angle  bisector  froni  C  and  that  ""mi/^B)  =  50. 
(a)  Find^m(^CFB). 
'    (b)  Arrange  the  Sides  of  AAFC  in  order  from  longest  to  shortest. 
3.  What  is  the  radian-^measure  of  the  angle  filmed  by  the  minute 


hand  and  hour  hand  of  a  clock  at 


(c)  11  o'clock? 


(a)  2  o'clock?  ' '    (b)  7  o'clock? 

4.  Given  a  circle  with  center  O  and 
radius  9»  assume  thfift  niiAB) 
=  &7r  and  m(AC)  =  27t,  as 
shown  in  the  picture.  ^ 

(a)  Find"m(Z^OS).  ' 

(b)  Find  ^'mUAPCl  where 
lAPC  is  an  inscril^  angle 
which  intercepts  AC. 

(c)  Given  that  AP  is  a  diame- 
ter, find'^m(zPflC). 

5*  Suppose  that  the  angle  bisec- 
tors of  /LA  and  of  Ai4fiC  in- 
tersect in  the  point  D,  as  shown 
at  the  right,  and  that  ^m(^C) 
=  c.  Find  ^m(^!:^Z)B)  in  terms 
ofV. 

6.  Given  that  coplanar  circles  Jf^ 
and  have  the  same  center, 
O,  that  the  radii  of  and  ;/r2 
are  3  and  5,  r^pectively,  and 
that  AC  and  AB  are  chords  of 
which  are  tangent  to  at 
S  and  T,  as  shown  at  the  right. 

(a)  Find  AC  and  AB, 

(b)  Show  that  SJilCB, 

(c)  Show  that-  AO  is  contained  in  the  perpendicular  bisectoV  of 
Cfl.  .  .  ^ 

(d)  Find  ST  and  CB .  ^ 

'7.  "Given  that  each  of  the  angles  of  a  regular  polygon  is  an  angle  of 
16(f,  how  nrany  sides  has  the  regular  polygon? 

8.  AssumCi  that  ABCDEF  is  a  reg- 
"  ^'ular  hexagon  whose  sides  havS 
measures  8.  Given  that  G  is  the 
center  of  the  hexagon  find  the 
following. 

(a)  GH,  where  H  is  the  foot^^of 
the  perpendicular  from  G  to 

(b)  The  area-measure  of  hexa- 
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The  principal  purpose  of  this  Background  Topic  is  to  introduce!  j 
students  to  the  notions  of  even  functions  and  odd  functions,  and  to  c^l 
to  their  attention  certain  propertied  of  these  functions.    This  is  done 
in  Part  B«    Part  A  deals  with  the  power  functions  for  nonnegative 
integral  exponents.    It  is  relevant  to  Part  ^  in  that,  in  parts  (a)  and 
(b)  of  Exercise   2,  it  is  shown  that  the  powe'r  functions  with  even  expo- 
nents are  among  those  functions  which,  ih  Part         are  called  even 
functions,  and  that  the  power  functions  with  odd  exponents  are  pdd 
fun,ctions.    Part  A  also  serves  to  give  students  a  little  practice  in 
rtiathem'tical  induction  and  a  foundation  ^or  tSe  main  laws  of  exponents. 

p   There  are  three  explanations'asked  for  in  the  prearnble  for  Part  A. 
First,   since   1       0  +  1,         =  a°^^  =  a^  •  a  -    l'»a  -  a  [the  middle  two 
•  =  's  are  justified  by  the  two  parts  of^the  recursive  definition  (1)]  and 
since  2  =    1  +  1,  a^  =  a^"*"^  =  a^»a  =  a«a  [the  last         is  justified  by 
the  previously  proved  theorem  'a^  -  a'].  ' 

For  the  second  expllination,  the  first         is  Justified  by  the  fact 
that  m  +  0  =  m,  the  second  by  the  fact  that,  for  any  c,  c  -  c  *  1,  the 
third  by  thf  first  part  of 

For  the  third  explanation,  the  firat  *  =  '  is  justified  by  the  fact  that 
m  +  (p  +  1 )  =  {m  +  p)  +  1 ,  the  second  by  the  second  pa  rt  of  ( 1 ).  the 
third  by  the  assumption  'a"^"*"?  =  a*y^  •  a*''   [the  so-called  *indiictive  . 
hypothesis'],  the  fourth  by  tUe  associative  principle  for  multiplication, 
and  the  fifth  by  the  second  part  of  (1).    [Note  that  in  fhc  first  applica- 
tion of  (1)  we  need  to  know  that,  for  m,  p  €  Nn,  m  +  p  €  Nn^    This  we 
have  proved  in  earlier  exercises.  ]  ^ 

The  *Why?*  is  to  be  answered  by  j^^ference  to  the  induction  postu- 
late (Nng).    We  have  shown  that  'aP*^^  =^  a"^«a^'  holds  for  the  value  0 
of>  'n*  and  that  if  it  hcrlds  for  any  giv^<?n  value  p  €  Nn  of  *n'  then  it  also 
holds  for  the  value  p  -f  1 ,    So,  by  (Nn2)/we  are  assured  that 
,g^m+n  ^  a^.a^\  holds  fqr  any  value  of  *n'   in  Nn.    We  have  seen,  in 
fact,  that  this  is  the  c^^e  whatever  honnegative  integral  value  *m*  may 
be  giv^n.    Hence,  (2).    "  *  -       .  ,  , 
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Background  Topic 
Part  A  • 


We  have,  earlier,  adopted- the  recursive  definition: 

(1)  ^  f  ^'^'^ 

{Note  thai  it  follows  from  this  that,  for  any  real  number  a,  a*  =  a  and 
-  a    a.  Explain.]  On  the  basis  of  this  definition  we  can  use  math- 
ematical induction  to  prove: 

,'^(2)'^  m,  neNn  — ^  a^*^  ^  a*^  '  a'*,  and 

(3)  m.neNn^  a'^"  -  (a'^)^ 

■  ■ .  ^ 

To  prove  (2),  we  begin  by  noting:  that,  for  mcNn/a^*^  = 
•  1  =  a*"  '  a^.  [Explain J  The  next  step  is  to  show  that/ assuming,  for 
m,  peNn,  that  a«^^  -  -  o^,  it  follows  that  a^*^^**'  =  a***  -  a^*^ 
This  is  easy,  since  a'"*^^*  =  a^*"  *  ^  =  '  ^  a  =  -  •  a 
^  a^iaP  a)  ^  -  a^^  tE^Jplain,)  We  can  now  conclude  hjy  math- 
ematical induction,  that  (2)  is  a  theorem,  {Why?) 

1.  Prove  (3X  [Hirit:  Use  mathematical  induction.  At  a  point  in  the 
second  step  you  will  find  it  convenient  to  use  (1).] 

2.  (a)  Prove  that  i-uY  -      [Hint:  i-af  -  -a  — a  -     .  .] 

(fa)  Prove  that,  for  n€Nn,  t-nf^  -  a^r  iHint:  Use  part  (a)  and 

i^eorem  (2)J  ■  '     "    •  ■  - 

(c)  Prove  that,  «V  n  e  Nn/HaF" ' '  -  -a^^  ^  ^ ' 
3»  Show  that,  for  n  €  Nn, 

(a)  i«  - 1,       .     .  ^  '      •  ;        -  , 

(b)  eip''  =  1,     -  / 

4.  Use  mathematical  induction  to  prove: 

.* 

(4)  m  eiVn  —  (abr  -  a'"  -  b^' 


PartB  '  ? 

f  Suppose  that,  for  a  given  neNn,  fix)  ^  x^""  and  ^ix)  =  x^''^^  for 

each  real  number  x^  In  Exercise  2  of  Part  A  you  have  s^own  that,  for 
each  ac,       ,  *  r  ^ 

a)  /(-x>-/'W      and      (ii)  ^(-;c)  - -^(;«),        ^  ' 

4  ■    -  s  *V  '      '  ' 

Functions  which,  like  f  and  g,  satisfy  either  (i)  or  (ii)  are  of  special 
.  interest  in  some  parts  of  mathematics.  Functions  like  fare  called 
even  furwHoni  and  those  like  g  arei^ca^le^  odd  functions.  [Guess  the 
reason  for  u^ing  the  wonfe  *even'  and  J6dd'  to  describe^such  functions?] 
1..  Suppose  you  were  given  an  even  function  and  asked  to  draw  its 
graph  for  arguments  between -ICJ^and  lO,  Knowing  that  the  funq- 
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l^nt^wers  for  Part  A 

1.     To  begin  with,  for  m  €  Nn;.  a"^^'      a^'  =   I  ^  (a^^f  [btuauac 

mO 0,  and  by  tht;  first  part  of  {D,  used  twici'j.    Suppose  then 
that,  for  ni,p€  Nn,  a«^P  -  (a"^)P,    it  follows  that  \  , 

^m(p^i)  ^  ^mp+m  ^  *^mp.^m  ^  ^^m^p^^m  ^  (3^^^)?+^ 

[beqiiusc  m(p  -I-  1)  -  mp  +  m.  ^nd  by  (Z),  by  the  induetivv  hypo- 
thesis, and  by  the  second  part  of  (1)),  Hence,  by  mathematical 
induction,  for  m,  n  C  Nn,  a^"^  -   (a^M""-  ,  * 

I.     (a)    (-a)^  -   --a'-a  -  --(a -a)  -  a«a  ^  a"  (by  the  second  "littl 
fheorem"   proved  in  the  preamble  and  three  real  number 
theorems  dealing,with  opposUing],    [Npjte  that  in  applying  (2) 
we  have  used  the  fact  that,  for  m,  p  €  Nn,^  mp  €  Nn.  ] 

(b)    For  n  €  Nn  [and  since  I  €  Nn],  (-a)"^  =   [(-aTP  =  [a^]"  = 
[because  qf  \tS,  part  (a),  and  (2)]. 

{c)   Tor  n  €  Nn  [and  since  2  £  Nn  |.  (^a)'^""^^  ^  (-a)'^"'7a 

=   -{a^"*a)  =   -a^""^^   [because  of  (1).  part  (b),  a  thc»orem 
aLout  oppositing,  and  (1)].  "  ' 

3       (a)    To  begin  with  1^  ^=   1,    Suppose,  for  some  p  €  Nn,  that' 

iP  =  K    Then  1^     r   jP,]   =  l-I  -   I.    Hence,  by  mathe- 
matical induction,  for  n  €  Nn,         -  1. 

(b)  By  part  (b]j  of  Exercise  2,  ( 7  U'""  -   1'""  =   1.  by  part  -{a>  of 
the  present  e5^erci»e.  / 

(c)  Similarly,  (-1)^"^'  =   -i'""^'  "i- 

4.     To  begin  with.  {abF  =  1  =    l'.' ^  =  a^^  •  b'\    Suppo^o^  for  Sonne 
peNn,  that  (ab)P  =  aP-b?.    it  foHbws  that  (ab)P^     =  (ab)P(ab) 
=  (aP-bP)(ab)  =  (aP.aKbP.b)  =  a?^    •  b?^  \    Ht-nci!.  bymathi-- 


matical  induction,  for  rr^  6  Nn,  (ab)"^  =  a"^  •  b^. 


.0  ,        ■  • 
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CIRCLES 

tion  is  even  would  save  you  about  half  the  work  that  you  would 
otherwise  have  to  do.  Explain  how  this  com^  about. 

2.  Repeat  Exercise  1  with  'odd'  in  place  of 'even'. 

3,  Illustrate  your  answers  for  Exercises  1  and  2  by  drawing  some 
gtophs  which  you  are  sure  are  graphs  of  even  functions  and  some  * 
which  you  are  sure  are  graphs  of  odd  functions.  Also,  draw  some 
graphs  which  represent  functions  which  are  neither  even  nor  odd. 

-4-^(4^  What^can  you  say  about  the  value  of  an  odd  function  at  the 
^         .  argument  0? 

(b)  Is  there  a  function  [defined  for  all  real  numbers]  which  is  both 
even  and  odd?  .  ^ 

6.  (a)  Is  the  absolul;e  value  function  even  or  odd?  If  so,  t^Hwhiph. 

Xb)  Is  the  signum  function  even  or  odd?  if  so,  tell  which.-'* 
'^(cl  Is  the  integral  part  function  even  or  odd?  If  so,  tell  which. 
6.  Suppose  that    and    are  even  functions  and  that     and    are  odd 

functions.  For  each  of  the  functions  described  below,  tell  whether 

the  fimfeion  is  even  or  odd,  or  may  be  neither. 

<a)  h,{x)  -  i^Kx)  ^  f^(x)  (b)  \ix)  -  g^ix)  +  g^lx) 

(c)  h,{xy=  f^(x)^  g,{x)  (d)  h^ixY^  f,{x)f,,{x)  , 
ie)  hja)  -  f,{x)gSx)              if)  h^ix)  ^  g,(x)g,ix) 

«7.  Suppose  that  h  is  any  function  whose  dofnain  isiif  and  whose  range 
is  a  subset  of Show  that  there  it  an  even  function  /'.and  an  odd 
function  g  such  th^t,  for  each  X€f'^,  h{f)  ^  fix)  +  g(xy[kint:  What 
kind  of  function  ig  the  function  k  such  that,  for  eaQhx^  k(x)  ^  hix) 
h(-x)7] 


TC372 


Answers  for  P^j't  B 

I*  ' 

1.  Since  an  even  function  Ywls  the  samt^  value  fpr  an  argument  atid" its 
opposite,  it  would  be  fcjnough  to  draw  the  graph  for  arguments 
between  0  and  10,   0  included,  and, ^thjn  copy  tfiis  by  reflection 

V   in  the  vertical  axis.    [Graphilig  in  the  Ic,  y- plane,  the  y-axis  is  a 
line  of  symmetry  for  any  even  function.  ]  ^  * 

2.  In'tlie  ca&e  of  an  odd  function;'  draw  the  grapH  of  arguments 
between  0  and  10,   0  included,  and  copy  this  in  the  third^quadran^^\^ 

'accoxding  to  th^  rule  (x,  y)  ~*  (-x,  -y);    [The  origin  is  a  center  of 
symmetry  for  any  odd  functions.] 

3, 


1 

4.  { 


5. 


6: 


a) 

(b) 

(a) 
(b) 

(a) 
{c) 


EVEN  ISEITHeR  \  -  ODD 

>. 

If  f  is  an  odd  function  then  f(0)  =  0,    [For,  if  f  is  oddj 
i{-0)^:^    -f(0),  while  in  any  case,  f( --0)  =^f(0).  ] 

There^s  suph  a  function,  and  only  one  such.    Its  value' is  '0 
for  each  rei?I' numbe r.  ^ 

The  absolute  value  function  is  even,    (i  ""^  |  ^  jaj] 

The  signum  function  is  odd.    [sgnl-x)  "  — sgn(x)]  ^  . 

The  integral  part  function  is  neither  evenjaor  odd, 

[tti/211  =  0,  2-1/^1  -  -I]  .  ■ 

fh^(-a)  =  fi(-a)  4- f^C-a)  v  f ^<a) f^ia)  =  h^Ja)] 
[hp(-a)  =  gii-a)  f  g^t-a)  =  -g^ia)     -gp(a)      /  - 

if  is  the  function  of  Exercise  4(a)  then  hg  -  g^^  and  is  • 
odd.    If  g^  is  the  function  of  Exercise  4{a)  then  h^  ^  and 

is  even,    In«fact,  by  Exercise  7,  for  proper  choice  of  f^ 
and  g^',  hg  may  be  any  real-valued  function  whose  domain  is  ft. 

h^  l€  even.^h^^'-a)      ij^i^3L)i^{'-aL)      f^fa)f^(a)  =^  h^(a)j  . 

hg  is  odd.    [bg{-a)  =  f;,  ( -a)g,  (-a)  f,U)r-gi(a) 
^  ^If,(a)g,<a)r  =  -h^U)]  ^0 


is  even, 
hp  is  odd. 


(i)         is  even.    [h^{-a)  =  g^^-ajg^i-a)  -  -g^(ar^ -g^ia) 
^  gi(a)g2(a)  =  Ms)] 

Since  h{a)  -  [hU)     C-a)]/2     [h(a)  -  h(-a)]/2,         f(x)  ^  Hk) 
+  h(-x}]/2  and  g(x)  =  [h(x)  -  hHx)j/2,  for.  each  x^  .  It  is  .easy  to 
show  that  f  is  even  and  that  g  is  odd. 


Chapter  Eighteen 


Angles 


1 8.01   SpecHying  an  Orientation  for  a  Line 

If  we  "look"  at  a  line  we  can  distinguish  two  senses  of  orientation, 


Fig.  18-1 


'say,  left  and  right.  But.  what  is  "left"  and  what  is  "right"  really  de- 


obviously 
left 


tf  obviously 
right 


Fig.  18-2 

pends  on  one's  point^of  view.  We  can,  however,  specify  the  orientation 
of  a  line  /  in  ^  precise  inanner.  To  do  this  mathematically,  we  merely 
select  from  [/]  ail  those  vectors  which  have  a  given  sense,  and  agree  to 
say  that  those  selected  vectors  are  positively  sensed  and  that  the  re- 
maining non-7  vectors  in  [/]  are  negatively  sensed.  Once  we  have  speci- 
fied which  of  the  vectors  in  [l]  are  positively  sensed,  we  shall  say  that 
we  have  oriented  the  line  /. 

For  example,  \fA  and  B  are  two^inta  of  I,  we  may  orient  I  by  agree- 
ing that  the  vectors  in  [B  are  positively  sensed.  [Fig.  18- 3(a).] 
Alternately,  we  may  orient  /  by  agreeing  that  the  vectprs  inT>l  -  B]+ 

373 


^51 


■  Given  a  line  i  and  one  of  the  two  unit'v^ctors  —  say,  u  —  in  1<) 
we  can  define  the  sensed  distance  from  a  point"  P.^f  i  to  a  point  Q  o^f  f 
to  be  (Q  -  P)ju.    [See  page  363  of  volume  1  and  r»<;,<ill  that  we  have. 
— Tft-T^ie-pre-sent  volume,  defined  l5:u  to  be  0.]  Since  theare  are  two  unit 
vectors  in  [i],  there  are  two  possible  definitions  of  sensed  distance  for 
an  ordered  pair,  J  P.  Q),  of  points  of  t.    The  sensed  distance  from  P 
•  to  -Q  according  to  either  of  these  definitions  is  preci^sely  the  opposite  of 
the  sensed  distance  from  P  to  'Q  according  to  the  other  definUion,  We 
can  remove  this  ambiguity  by  agreeing  to  speak  of  sensed  distances, 
from  one  point  to  a  second,  o^  an  oriented  line      One  orients  a  Une  i 
by  choosing  one  of  the  t^vo  proper  senses  injl]  and  agreemg  to  speak  of 
members  of  this  sense  as  being  "positively  sensed"  and  of  members 
of  the  other  proper  sense  in  [t]  as  being  "negatively  sensed    .    The  line 
i,  together  with  tlie  chosen  pt-oper  sense,  is  an  oriented  line.    Given  an 
oriented  line  we  can  define  the  sensed  distance  from  P  to  Q  on  this 
oriented  linp  to  be  (Q  -  P) :  u,  where  u  is  the  positively  sensed  unit 
vector  in  the  direction  of  the  line. 

We  can  apepify  an  orientation  for  a  line  I  by  stipulating  that  some 
given  proper  translation  a  in  [i]  is  to  have  the  positive  sense.  Note 
that  a  translation  ^  in  [i]  has  the  same,  sense  as  S  -  and.  fO.  has  the 
positive  sense  -  i/  and  only  if  a  •  b  >  0.    For    since  b  c  [ij  =  la  J. 

iTb  fo^  some  real  number  b.  4nd  ^-S  =  ifall^b^a^d  is  greater  than 
0  if  and  only  if  b   r"^*—  that  is,  if  and  only  if  b  €  [a  J  . 

To  obtain  a  similar  notion  of  orientation  for  planes,  it  is  convenient 
to  note  that  orienting  a  line  I  amounts  to  choosing  one  of  two  classes  of 
ba^es  for  [t],  where  the  bases  (a)  and  (E)  for  [i]  belong  to  the  same 
class  if  and  only  i£  a  and  b  have  the  same  sense,  or,  equivalently,  if 
and  only  if  a  •  S  >  0.    One  of  the  principal  jobs  of  the  present  chapte  r 
is  to  show  tha^the  bases  for  a  given  bidirection  1»]  can  be  "PYt**'J 
into  two  classes,  each  of  which  is  associated  with  a  sense  of  rotation  - 
'  "clockwise"  or  "counterclbckwise"       in       and  to  develop  art 
algebraic  criterion  for  detCTmining  whether  or  not  two  bases  for  l»J 
belong  to  the  same  class.  ' 

•  ■  •  *■ 


/ 
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Answers  for  Exercises 


i'V         f  V^^^^^  ^®  following  with  stateisient*  alxjut  a* •  T 


Fig,  18-3 


are  positively  sensed.  [F4g.  18-3^b)]  The  choice  just  described  foi* 
orienting  /  yield  oppo^ite'^orientations  of  /.  AndTthese  are  the  only  two 
possible  choices.  I       *  ^ 

Notice  that  orienting  a  line  /  am()unts  to  partitioning  the  Bon-O 
members  of  [l\  Hnto  two  sei^e  classes^  ihe  class  of  positively  sensed 
members  of  [/]  and  the  clMfiof  negatively  sensed  membere  of  If  /  is 
an  oriented  line  and  a  andhft  ate  non-0  members  of  [/J  then  either  a*arid 
b  belong  to  the  same  sense  cla&s  of  /  or  a  and  .6  belong  to  opposite  sense 
classes  ofL  ^  % 

Exercises  •      ^  *  '  ^ 

1.  On  your  paper,  draw  a  picture  of  an  oriented  line  /.  Draw  an  arrow 
to  indicate  the  positive  sense  class  of  /.  '  '  ' 

(a)  Draw  pictures  of  two  vectors  r  and  s,  which  belong  to  the  posi- 
tive sense  class  of  /.  [In  this  case,  r  amd  5  are  said  to  be  posi- 

tively  sensed.]  What  can  you  say  aboiitT'  *  ^ 

— ^  — >   *  » 

(b)  Draw  pictures  of  two  negatively  sensed  vectors,  p  and  ^  What 
can  you  say  ^boi}t  p  '  q?  '  f  .' 

.  (c)  Draw  pictu|?4s  of  two  vectors,  a  and  6,>uch  that  a  i«  positively 
sensed  and  6  is  negatively  sensed.  What  can  yoU  say^^bout^ 

2.  Is  there  a  vector  in  [/]  which  is  neithe^  poiitiveiy  sense4  nor  n^ga-* 
.  ,     ^^fiyelyseMed?  Explain.  ^  *^  .  *  ' 


(b) 


r  •  s  >  0 
p  •  q  >kB 


Z.  ,  Sincjp  0  does  not  belong  to  either  of  f he  proper  sense  chaises  con-» 
tained  in  [i],  IS  is  neither  positiveiy  sensed  or  negatively ;^enfiied,  ,  . 

3.     <a}    a-S  >  0  (b)  a.g  <   0,   '        .  ^*  - 

*  -  v  '  •  ^  V 

To  explain  the  results, in  Exercise  3  note  that,  for  a  ;^  l5,  b  belongs 
to  the  same  sense  class  as  a  if  and  only  if  S  =^  ab  for  sofr^e  b  >  0  and, 
so,  a«S  =  a«(ab)  =  (a»a)b  >  0.    Also,  a  and  6  are  inapposite  sense 
classes  if  ^nd  only  if  B  =  ab  for  some  b  <  0  and,  so,  a»D  =  ^a«a)b  <  0. 


^  i^C-H  i^-  i^/'^^l^'  ^^^v®^  ^  i  and  bas^  ("a)  and  (T)  for{/],'aand  5^ 


i,^^ . '^^V  long  to  the  same  sense  class  of  I  if  ancl  only  if"  ^  * 

^j^^.^  }  \     \  0i)  Given  an  oriented  line  /  and  bases  (a5  aiid  (T)  for  [4^a»d^bf^ 


\V  ?t  >  *       ^  Jong  to  opposite  sense  cias^  of  /  if  and  only  if  _^ 

Froni  ^^ftsSt  exercise,  we  see  tthdJ^e  non-0  members  of  [l]  can  be 
sorted  irilci^wo  sense  classes  by  putting  aiiy  two  of  tl^em  in  the  same 
s^nse  class  if  [and  only  if]  their  dot  product  is  positive*  This  is  illustrated 
in  Fig.  18-4  '  v:. 


^ 
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18.02   Specifying  an  Orientation  for  a  Plane  ^75 


C 

The  two  sens©  cJasses  of  /.  containing  the 
non-0  members  of  III 

Fig,  18-4 


a  •  6  >  0.  So,  a  and  b  are  in  the 

same  sense  class. 

■  -- ►  — ♦ 

a  •  c.<  0.  So,  a  anc^  c  are  in  appo- 
site sense  classes. 

-     — ^  '  -  — ^ 

c  •  a  >  0.  So>  c  and  d  are  in  the 
same  sense  class. 


To  orient  a  line  amounts  to  choosing  one  of  its  two  sense  classes  to  be 
the  positive  sense  class.  . 


18.02  '  Specifying  an  Orientation  for  a  Plane 

If  we  ''look"  at  a  plane,  we  can*  distinguish  two  senses  of  rotation. 
Either  of  these  senses  of  rotation  can  be  indicated  on  a  picture  of  the 


Fig,  18-5 - 

«  % 

plane  by  drawiag  a  curved  arrow.  To  orient  a  plane  amounts  to  speci- 
fying that  one  of  these  senses  of  rotation  is  phe  positive  sense  of  ro-; 
tation.  ^  ^  ' 

One  sometimes  reads  something  like:  "We  shall  orient  it  by  choosing 
le  counterclockwise  sense  of  rotation  in  n  positive"  This  is,  of 
Sfourse,  nonsense.  In  the  first  place,  pla[nes  are  not  material  objects 
which  one  c^n  see  and  on  which  one  can  place  clocks.  In  the  sea)nd 
place,  if  they  were,  what  a|^>eaa-ed  clockwise  and  what  appeared  amn- 


obviously ' 
clockwise 


obviously 
counterclockwise 


Fig,  18-6 
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terdockwise  would  depend,  as  illustrated  in  Fig.  18-6,  on  one's  point 
of  view.  What  does  make  sense  is  to  say  that  in  drawjng  pictures  of  an 
oriented  plane,  it  may^be  convenient  to  draw  things  so  that  the  chosen 
positive  sense  of  rotation  appears  in  the  picture  as  counterclockwise. 
{Fig.  18-5(a)]  This  convention  is  similar  to  the  one  according  to 
which  one  often  pictures  an  oriented  Jine*  by  choosing  the  positive 
s^se  of  translation  to  be  that  from  left  to  right. 

There  are  many  ways  of  distinguishmg  the  two  senses  of  rotation  in 
the  bidirection  of  a  plane  tt.  One  of  these'  l^ars  a  close  analogy  to  the 
means  we  used  in  distinguishing  the  two  sensespf  translation  in  the 
direction  of  a  line  /.  There  we  found  that  the  non-0  members  of  [/]  could 
be  sorted  into  two  sense,  classy  by  putting  and  b  in  the  sam'e  sense 
class  if  and  only  if  a  •  6  >  0.  Since  each  non-0  member  of  f/1  constitutes 
a  basis  for  [/],  this  suggests  that  what  we  need  to  do  is  to  sort  the  bases 
for  [tt]  into  two  sense  classes  in  such  a  way  that  the  rftembers'of  each 
rlass  correspond  in  some  intuitive  manner  to  one  of  the  two  senses  of 
rotation. 

The  intuitive  portion  of  this  task 
comes  easily  ^ough  to  mind.  Giv-  * 
en  two^  linearly  independent  mem- 
bers,  a  and  6,  of  [rr]  it  is  natural  to 
associate  the  basis  (a,  6)  with  the  _     "  a 
direction  of  rotation  which,  in  Fig.       *  Fife,  18-7 

18-7,   appears   as   coimterclock;;^  _^ 

w\se,  and  to  associate  the  basis  (6,  a)  with  the  direction  of  rotation 
which'  app^rs'  as  clockwise.  This  suggests  that  whatever  method  we 
decide  upon  to  sort^he  basesjpr  [tt J  into  two  sense  classes,  we  should 
want  th^  bases  (a,  b)  and  (6,  a)'tp  be  in  opposite  sense  clashes*.  ' 

The  problem  which  remains  is  thalt  of  formulating  an  algebraic 
criterion  for  determining  when  two  bases  for  a  given  bidirectio^j  belong 

to  the  sam^  sense  class.  In  order  to  obtain  such  a  criterion,  it  is  con- 

»  •  ■• 

veBient  first  to  introduce  another  way  of  describing  the  two  orienta- 
tions of  £f  plane.  •  , 

We  already  know  that,  given  a  non-0  vector  a  of  [7r],  thete  are  e^c- 
iactly  two  vectors' in  [tt]  each  of  which  isr  orthogonal  to  a* and  has  the 
same  norm  as  does  a.  In  pictorial  terms,  we  can  ttiink  of  either  of  tijesli 
vectors  as  being  dbtained  from  a  by  subjecting  a  to  a  quarter-turn 

^  .• 

^  r  (orthogonal  to  a 

and 

L  has  the  norm  of  a) 


^    Fig.  Igr-S        ^     .  (b) 
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Just  as  we  can  choose  an  orientatioi^  fb»  a  line  I  by  choosing  one 
non-Ii  translation  from  [ij  and  decret-ing    that  this  translation  has  the 
positive  sense,  so  we  can  choose  an  orientation  of  a  plaiie  ir  by  choos- 
ing one  basi^  for  [ir]  and  dt-creeing  that  tjiis  basis  has  the  jK>sitive 
sense*    In  the  case  of  a  line  we  know  how'to  determine  whether  two 
non-S  translations  nn  [I]  have  the  same  sense  —  they  do  if  and  only  if 
their  dot  product  is  positive.    In  the  case  of  a  plane  we  have  yet  to 
develop  such  a  criteribn.    As  an  intermediate  step'in  developing  such  a 
criterion  wa  introduce  the  notion  of  a  perping  operation.    Such  an  oper- 
ation on  [if]  is  a  way  of  assigning  uniformly  to  each  non-CJ  tVanslation  ^ 
a  €  [tt]  an  orthogonal  translation  a"^  e  [ir]  whicl^  has  the  same  norm  as  'a, 
^* Uniformly*'  means,  intuitively,  that  for  any  non-3  t ranslation^^ "a  and 
c  in  [^],  the  bases  (a,  a  )  and  ^c^c"^)  will  have  the  same  sense.    In  (3) 
on  page  380  ^we  have  an  algebraic  condition  which  forces  this  kind  of 
uniformity  on  a  perping  operation.    Using  it  we  are  able  to  prove  that, 
for  any  bidirection  there  ar\ju8t  two  perping  operations.    And,  we  can^ 
then  formally  orient  a  plane  n  by  choosing  one  of  these  to  be  **the'' 
perping  operation  in  [f].    We  can  then  agrpe  that  a  basis  {a,  b)  of  [ir]  • 
is  positively  sensed  if  and  only  if  a^»b   >  0,  ^^^^        arrive,  in 

Theorem   18 -4  on  page  3^7,  at  a  dot^product  condition  for  determining'' 
when  two  bases  for  [tt]  have  the  same  sense. 


Suggestions  for  the  exercises  of  section  18,02: 
(i)   Part  A  should  be  developed  in  class,    (You  might  also  develop 

part  of  Part  B,  )  .  ^ 

(ii)   The  remainder  of  Part  B,  and  Part  C,  rx?ay  be  assigned  for  home- 
work.   Be  sure  to  subsequently  discuss  these  exercises  in  class. 
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Answers  for  Part  A  * 

'  1.  •    There  are  in/initeiy  many 
,  vectors  orthogonal  to  a. 

They  are  just  the  members 
.  of  [a]^. 


2. 


4. 


There  are  irjfinitely^many  vectors  which  are  orthogonal  to  a  and 
have^the  sai^e  norm  as  a^.    The  set  of  them  is  {x:   x»a  =  0  and 

Just  two  vectors  of  [w]  are  orthogonal  to  a  and  have  the  same 


norm  as  a. 


[Some  students  may  choose  to  draw  a'^'^^upward  and  some  downward,  y 

the  first  case  the  sense  of  <a,  E)  is  positive  in  (a)  and  {c )  and 
a  >  0,  and  is  negative  in  (b)  and  (dj  and  a         ^*  0.    In  the 


second  case  the  sense  of  {a,  is  negative  in  (a)  and  (c)  and 
a'^«S-s  0,  and  is  positive  in  (h)  a^fid  (d)  and  a-^  •  .'^  0.  In  1 
cases  the  drawing  of  a"^. should  be  the  same  length  as  the  dra 


both 

wing  of  ^a,  ] 


ERIC 


757 


18,Q2   Specifying  an  OrieatatiQn  for  a  Plane  377 


—  counterclockwise,  as  in  Fig.  18-8(a),  or  clockwise,  as  in  Fig.  18-8(b). 
Intuitively,Hhere  are  two  singulary  operations  defined  on  [tt],  one  of 
which  maps  aViy.  member  of  [tt]  on  the  vectorifetaiaed  by  subjecting 
to  a  ''cour^terclockwise  quarter-ttim",  whil^he  other  maps  any 
ber  of  [tt]  on  the  vector  obtained  by  subjecting  it  to  a  "clock\ 
quarter-turn".  One  way  of  orienting  tt  is  to  specify  one  of  th^ 
operations  as  the  "preferred  way" 
of  selecting  a  vector  in  [ttJ^  which  is 
orthogonal  to  a  given  vector  in  [v]. 
In  fact,  if  we  indicate  the  preferred , 
one  of  these  singuiary  operations 
by  [read  'a  '  as  perp']  then  it 
is  intuitively  clear, that  a  basis  (a,  ♦  ' 

6)for  {tt)  is  to  be  regarded  as  positively  sensed  if  and  onl^  if  a  ;  6  >  0. 
[How  can  you  tell  froni*the  picture  in  Fig. 49^9  that  a  %b  >  0?] Our 
problem,  now,  isio  characterize  the  two  perping  operations  oifi  [tt]  in 
such  a  way  that  we  can  prove  that  ther^  are  two  such  operations  and 
to  discover  their  less  obvious  properties. 


Fig.  18-9 


Exercises 


Part  A 


Given  tt,  suppose  that  a  is  a  non-O  member  of  [tt]! 
U  How  many  vectors  are  orthogonal  to  a?  Give  a  description  of  the 
set  of  all  such  vectors,  and  draw  a  picture  to  illustrate  your  answer. 

2.  How  many  vectors  arelordiogonal  to  a  and  have  the  same  norm  as 
does  a?  Give  a  descriptW  of  the  set  of  all  such  vectors. 

3.  Hovy  many  vecitors  in  [7r]\re  orthogonstPto  a  and  have  the  same 
norm  as  does  a? 

4.  Choose  as  a    one  of  the  vectors  described  in  Exercise  3.  On  your 
paper,  make  a  copy»of  each  of  the  following  bases,  draw  an  arrow 

\^ describing  a  and  tell  HI  whethex^  (a,  b)  is^  positively  sensed  or 
negatively  sensed  and  (1i)  whether  a  •  fc.  is  positive  or  negiative. 
(a)  V  (b)  .        '     -  a  ^ 


(d) 
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5.  Consider  the  basis  for  [tt]  pictured,  in  Ex^cise  4(a). 

(a)  Supifose  that  this  basis  is  positively  sensed.  Make  a  copy  of 
this  basis  and  draw  an  arrow  which  describes  a  . 

(b)  Suppose  that  this  basis  is  n^ativslj/ sensed.  Draw^an  arrow 
'  wh^ch  describes  a  ^  * 

(c)  What  is  the  relation  between  the  arrows  you  drew  in  p^rts  (a) 
^    and(b)?  -  ' 


B  , 

Consider  the  rectangle,  ABCD, 
pictured  at  th^  right.  We  know  that 
AD  1  AB,  so  that  B  -  A  =  Tb  and 
D  ^  A  =^  jd,  for  some  b  ai>d  d  and 
orthonormal  basis  for  the  bi- 
direction  of  the  plane *of  ABCD. 

1.  Express  C  -     as  a  linear  (x>mbination  of  i  aS^dj, 

2.  iJt  £  -  4  -^  'fb  and  G  =  A  +7*-  -d,  ^ 

Make  a  copy  of  the  given  picture  of  ABCD,  locate  points  E  ajid 
^     G  in  your  picture,  and  locate  F  such  that  AEFG,  is  a  rectangle. 

(b)  Express.  F  -  i4  as  a  linear  combination  of  i  ^^dj,  where  F  is 
.  ^    the  point  described  in^part  (a), 

(c)  Show  that  F  -  A  and  C  -  A  have  the^same  norm  and  are  or- 
thogonal 

3.  LetX  ^^^^x  ^  ^^^t  vectors  in  [C  -  i4]^'^and  [F  -  ^4]^,  respec- 
tively. Show  that  Up  7^)  ^9  an  orthonormal  basis  for  ^  plane  of 
ABCD.  .  ,  • 

4.  (a)  Does  it  appear  that  (7^,7^)  and  (i  j1  give  the  same,  or  opposite, 

orientations  to  the  plane  of  ABC W  Is  this  the  case  no  matter 
wh^t  your  point  of  view?  Explain  your  answer.  , 
(b)  Assume  that  (X  j)  is  positively  sensed.  So,  i    =  j.  Based  on  * 
your  answer  for  part       would  you  ^y  that     .  =     or  that 

'       - --^'?jvhy?    '  _^ 

5.  Let  P  ^  A  ^T;-b  and  Q  =^  A +yr-d.      -  ^ 

(al  Locate  P  and  Q  in  ;^our  picture,  and  locate  K  such  that  APRQ  is 
a  i^'ctangle 

(b)  Show  that  \\R  -  A\\  -  IfF  ^      and-(i?  -  A)  liF  ^  Al^  ■ 
.  (c)  What  can  you  say  about  R  -  A  and  C  -  A7  /j 

•  6-  Let  J    A  -hTrf  and  L  ^  4  4-  7-  / 

(a)  Locate  J  and  L  in  your  picture,  and  locate  K  suciy thjE^t  AJKL 
is  a  rectangle.     .       \  •  *  ^ 

(b)  Show  that  ii/f  -  AH  =  ||C  -  A\\  and  (X  -  A)  l  (C  ^  A\ '  < 
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5, 


[In  (a),  a 
downward, 
other. 1 


should  drawn 


should  be  drawn  upward;  in 

The  two  choices  of  a"''  should  be  oppositee  of  each 


Answers  for  Part  B 
1.  C  -  A  ^,lb  +  jd 
2. 


3. 


4. 


6. 


P  G 
R 


{Some,  of  the  points  in  this 
figure  are  referred  to  in  ^ 
Exercises   5  and  6^J 

(b)    F  -  A  ^  !•  -d  -i-lb 

{c) '  ll  F  -  Ajj^  =  b'"  ^ 

=   lie  «  At!-; 

(F  -  A).{C  '  A) 
--db  +  bd  0 


Since 


C  -  A  and  F  -  A  are  linear  combinations  of  i  and  j,  where 
|TJ)  is  a  basis  for  the  plans  of  ABCD,  both  C  -  A  and  F  -  A  belong 
to  the  bidirection  of  thfs  plane.    So,  l^.  H         ^^^^  vectors  in  * 

this  bidirection  and,  ^since  C  -  A  a^d  F  -  A^  are  orthogonal,   so  are 
^1  and  7i.  .        .    ♦  *    /  /  ♦  0 

(a)   fix'^i)^  f^'^^         associated  with  the  saiiie  sense  of  rotation 

in  the^ plane  of  ABCD  —  counterclockwise  as  viewed  from  in 
front  of  the  paper  and  clockwise  as  viewed  from  behind  the 
paper.    So,  choosing  eithel^  (^iili)  as  positively 

'sensed  would  establish  the  same  ori^ntation^of  the  plane, 

^1    ^  7i  ^^caUse  the  perping  operation  for  which  (I,  j)  id 
jpositively  sensed  is,  by^art  (a),  the  same  as  the  perping 
ope  ration  for  which  {t^^^jj^}  is  positively  sensed,  \ 

[See  figure  in  answer  for  Exercise  2(a),  ]  ^ 


(a) 
(b) 


Since 
F 

=    II  F 


[P  -  A)  +  (Q  -  A)  .r 


R  "  A  ,     ,  , 

-A  =T*-d4-7b  itioUoWfithat  || 
kll^  and  '(K  -  A)-{F  -  A) 


-d  and 
^b  •  -d  +  -db  -  0. 


1 1  -b  +  J  • 


(c>   R  -  A  and  C  -  A  are  opposites, 


a)    [See  figure  in  answer  for  Exercise'  2<a),  ]  . 

(J  -  A)  +  (L-  -  A)  =  td  +j  •  ^b  and  C  -  A 

IlK  -  aII^  -  d^  +  b^  -  flC     Ajt^  and 


(b)    Since  K  -  A*  = 
it  follow^  that 


7  h)*{C  -  K)  ^  db  +  -bd  =  0. 


N4  ' 
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Answers  for  Part  B  [cont«] 


6, 


(c)  [Similar  to  answer  for  Exercise  3.  ^  )  . 

(d)  (1^,7^)  and  (i,7)  are  associated  with  opposite  senses  of  rota- 
tion in  the  plane  of  ABCD.    As  viewed  from  the  front^  jt^,^^ ) 
associated  w^h  the  clockwise  sense  pf  rotation  and  {i^jf  is 
associated  with  the  Counterclockwise  sense;   as  viewed  ffom 
behind  the  plane,  (i^,  j^)       associated  with  the'  coxfnte  r  clock - 

^   wise  sense  of  rotation  and  is  associated  with  the  clock- 

Nwise  sense*  ^ 


(e)    Since  (^2*^2)  i^rl)  are  "oppositely  sensed  and /t 


Answers  for  Part  C 
I.' 


J—' 


[Students  should  discove r'that 
(p  +  q)    =  P 


2. 


[Student  s  should  discover  that 


q  -  i 
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(c)  Given  thatT^  andX  are  u|u£  vectoi^s^     -  ^]^*and[if  ^  i4h, 
r^peetively,  show  that  {ij,^^)  is  m  orthonormal  basis  for  the 
plane  of  ABCD,  X       %       *  . 

(d)  Does  it  appear  that  (^j*  jg)  gives  the  same,  or  opposite;  orienta- 
tion to  the  plane  of  ABCD  as  does  (i,/)?  ft  this  the  case  no  mat-  ^ 
ter  what  your  point  of  view?  Explain^  '  • 

ie)  Would  you  s^  thatl^'^       or  that7^\=  -J^^f  Explain. 


are  searching  for  algebraic  criteria  with  which  to  characterize 
the  two  perping  operations  on  [tt].  As  we  have  seen,  perping  is  to  be  a 
singularly  operation  on  [tt]  such  that,  for  any  a  €  [tt], 


a 


€  [77],  a  ^  •  0"=  0,  and  Ijo^^l  = 


—  that  is,  such  that  a,  €[7r],  is  orthogonal  to  a,  and  has  the  same 
norm  as  does  a.  These  £X)nditions  are  by  no  means  sufficient  to  give  us 
what  we  wish.  For,  in  theory  at  least,  these  conditions  can  be  satisfied 
by  choosing,  quite  independently  for* each  separate  a  in  [tt],  one  of  the 
two  vectors  in  [v]  which  is  orthogonal  to  a  and  which  has  tfie  same 
norm  as  does  a,  and  themtaking  this  vector  to  be  a  In  view  of  what 
we  are  after,  it  is  reasoijable  to  subject  perping  to  some  other  require- 
ments. We  investigate  these  in  the  next  exercises. 


Parte 


Suppose  that,  intuitively  speaking,  we^ave  chosen  a  perping  opera-^ 
tion  on  [tt]  such  that,  for  any  aeM,  a    is  obtained  by  subjecting  a 
to  a  counterclockwise  quarter-turn. 
1.  Given  vectors  p  and  q  in  [^], 

which  are  pictured  at  the  right,  '  . 
draw  pictures  of  each  of  the  fol- 
lowing. 


Xa)  p  4-  q 
<d)p^^ 


(b)p^  (c) 
(e)  (p^^^ 


2.  Giveathe  vectors/?  and  shown 
at  the  right,  draw  pictures  of 
each  of  the  following. 
(a)^p^-  q^  •  (b)  p"^   (c)  -q^ 
(d)  p^  -  q^    (e)  (p-  'q)^ 
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(d)  r^2 


3»  Given  the  vectors  rands,  shown 

at  the  right,  draw  pictures  of  ^  ^ 

each  of  the  following.  '  ^'  ^^ 

(a)  72  -  "si 
(c)  -T^i 

(e)  (72  -^)^  '  ^ 

4.  Compare  your  results  in  paris  (d)  and  (e)  of  each  of  Exercises  1,  , 
2,  and  3.  '  , 

5.  ^mplete  the  following  sentences  and  be  prepared  to  illustrate  ^ 
your  answers.     ^  • 

(a)  (a%  6)^  -   •     (b)  (aa)'  -  _ 

(c)       -       =  _  '  (d)  (aa  +  bb)'  =  _ 

6.  Show  that,  each  of  the/^ults  in  parts  {a)^(c)  of  Exercise  5  fol- 
^  lows  from  part  (d)  of  th^^^xerdse. 


^Answers  for  Part  C  [cont.] 


;  tiieri 


18.03  Th^  Perping  Operations 

It  is  clear  intuitive  grXnds  that  tiiere  are  two  senses  of  rotation 
associated  witii\fi  given  bidirection  [ni 

In  seeking  to  ^aracterize  the  perping  operations  on  M  we  found 
two  properties  thk  we  wished  those  singulary  operations  to  have- 
,  They  are: 

)       (2)  '\,      ■   \\a^\\  =  10!  ■ 

A  thini  property  of  thoseoj^erations  is  suggested  in  Part  C,  above.  It  is: 

(3)  '      For  oir^^Tr],  (aa  +  Vb)^  =  a^a  +  b^b. 

It  is  interesti^ig^  note  thatliere  are  exao<iy  'two  singulary  operations 
on  [tt]  which  h^e  these  threfe  properties,  ^his  is  not  difficult  to  es- 
tablish, and  we  shall  do  so  shortly.  But,  first,  we  adopt  the  following 
definition  and  investigate  some  of  its  ojnsequenc^,  ^ 

Definition  18-1    A  singulary  operation  ^  onjTr]  is  a 
perping  operation  on  [ttJ  if  and  only  if,  for  a  and 

(a)  a*     a  =  0,  , 

(b)  |g1  =_]ia|  an_d .       .  ,      ^      ^  ^ 

(c)  {aa     bb)  =  a  a  ^  b  b. 


'^83 


[Students  should  discover  that 
(r2  -  s  j)    -   r  ^^  -  8   J,  J 


4., 
5. 


In  each  es^rcise,  parts  "(d)  and  {ej  refer  to  the  same  translation. 


(a)  a^+Sf 
(c)  a^-b^ 
For  (a),  take  a 


(b)  a"^a 
(d)  S-^a  + 

b;   for  (B),  take  ^^^f  ^^^^  a  =  I. 


-Suggestions  for  the  exercises  of  section  18.03:  - 
(i)   Part  A  may  be  used  for  class  discussion  to  insure  an  understaaid- 

ing  of  Definition  18-1.  ^ 
(ii)    Part  B  should  also  be  developed  in  class. 
Uii)   Part  C  may  be  assigned  as  homework. 
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Answers  for  Part  A 


1. 


2. 


3. 
4. 


{a)  0 
(c)  0 


v'aF^  +  b.' 


(e)    a.^-^  +  S.a-^  [or:   0]     •      {{)  0 


(at    By  (c)  of  Definition  18-1,  the  products  in  (c)  and  ({)  ^»re 
*    Batne.    So,  ^'b    +D«a     =  0  and.  hence,  a«b     =   -a    •  b. 


{he 


(b) 


Considering  tv^o^iVlit  triangles  in"" 
the  figurc3,    |a  •b]/||bjl/ 


a  •  b 


/ 


Notetfthat 


and,  InJlHo  figure,* 

.0.  (There 
are  other  figures,  but  "atny  one  can 
be  treated  similarly  to  alifs.  ] 


^1  \  ^  * 

a   ♦  b    ^  O  and  a 


(c)    Since  a  •  b»^  is  the  pro^uct^of 


ib^l 


a^d  th^'  cosinq^^fof 
,an  aogle  whose  sides  have  the -sense s  of  a  and^;>^  ,  while  a  -b 
is  the  product  of   j|a"^j{,    ||^)|»  and  tHe  cosino  of  an  a^gie 

and  h*'  it  follows,  ironn 


who&e  sides  have  the, senses  of  a 

part  (a)  [and  the  fact  that   ||a)|   =    H^"^!!  ll^j 
that  the  cosines  of  these  angles  are  opposites  and^,  so,  that 
the* angles  are  suppl^mfe^ntary .        •  «  ^ 


laa  +  a-^b! 


a^  -f  b^  and,  so, 


\i  aa  +  a.-^b       3)  then  0 

a  =  0':^  b.       5  '  ' 

(a)    Fc^  a^ny  S  €  [tt],        €  [tt]*    So,  given  a  €  [tt],  a"^  €        and,  since 


(b) 


For  a  ^  "d,  (aj-Ji"^)  is  an  orthogonal  basis  for  [tt]. 


a      =  aa  i  a  d.  for 


So, 


some  a  and  b  and  it  follows  that 


a  ♦a 


=^  0 


aa.    So,  for  a  # 


it  follows  that  b  %  0**and,  so,  that  a'"^"^ 
a-^  €  [a  ].    On  the  other  hand,  ff^  -  ^. 

By  Exercise  2(a),  a"^"^*  a  =  ^a'^«  a"^,  ^-5o,  by  Definition  18-i<b), 
a     •  a  =^  --a  •  a.  , 


In  the  notation  of  part  (b),  for  a  #^  0,  a" 
a(a  i  i).    Hence,  (a"'^-i'a)»a 


a 


"  aa  and,  so, 
(a  •  a)(a  +  1 )  and. 


since, v^y  (c),  ( 
so,  that  a 
a       =  ^a.  , 


jij^  4-  a^- a  =  0  it  follows"  that  a  =  t:!  and. 


case  a  and,  _  certainly, 


.  5. 

■  'I 

ERIC 


(b) 


By  Exercise  2{a),  a^»?"^=-a'^ 


'•b   ^    a«b  by  Exercise  4(d). 
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iWe  adopt4he  convention  acxjording  to  which  saving  t^jat  js  a  smgu- 
laiy  operation  on  [tt]  implies  that,  for  qcItt],  a  \  €  [tt].]         ■  . 


Exercises 


Part  A 


Suppose  that  ^  is  a  perping  op^ratidn  on  M, 

1.  Complete  each  of  the  following, 
(a)  a  •  a  ^  ^  ^  


(c)  irii- 

(e)  (a+~b)  ■  ia+  'h' )  = 


(b)  p'  =.   ^ 

(d)  _ 
(f^  (a*  +  V>  •  (a*  + V)^  = 


^  2,  (a), Show  that  a  ■  h    =  ~e    •  .6.  [Hint:  Make  use  of  Exercises 

(b)  Draw  a  pjcture.of  a  pair  of  linearly  independont  vectors,  a  and 
b,  and  illustrate  part  (a).       '  * 

(e)  Consider  two  angles  of  tt,  th,e  fryst  of  which  has  sides  in  the 
senses  orai.and  and' the  .second  of  which  has  siiies  in  the 
senses  of  a    and  6.  What  ^oes  ^part.fa)  tellu§  about  these 

3.  Show  that**  if  a,  ^  0,  (a,  d  )  is  rinearly  independent.,  IHiht:  Suppose 

that  &a     Q  6  =  0,  for  some  a  and*6,  and  compute  Ma  -f  a 
4*  (a)  Give  an  ar|ument^  that,  for  ael^J/ijoth  a'  and  a    *'are  in 

(b)  Give  an  argument  th^t  a  and  a  are  linearly  dependent 
vectors.  ' 


(c)  Show  that  a     -  a  ^  -^a  -  a.  * 

td)  Show  that  a^^  =  -a.  [Hiril:  By  {c\  ta^^  +  a)  •        0.  Now, 
use  the  result  in  (b)J  .         ^        *  ' 

5.  (a)  Show  that       •      >  a*'T.  [Hint:  Use  Exerfisijs  3(a>  and 
^    \*       4(d).]       •    ^  ^^-^  *       ^  -   '  ^ 

(b)  Given  that  (a,  6)  is  linearly  independent,  let  Z-i4  and  Z-S  be  ' 
angles  of  tt  whose  sides  are  in  the  sehaes  of  a  and  6,  and  of 
'  ,  apd  6*^,  respectively.  What  does  part  (a),tfen  us  about 

and'zB?  •  * 

Some  6f  the  r^ults  in*  Part  A  about4he  singularyoperation  p^rping^ 
are  ^orth  stating.  We  do  so  in:  *     ;  .  ' 

ThBorem  18-1    Given  that  ^  is*a  perping^peration 
^  on  [ir],  if  a  and  6  belong  to  [n],  then     ;  .  , 

(a)  o^-  6  ^  =  r^^^'        •  ' 

(b)  z^~^»  BP^JJ       *  '  * 

(c)  a  ^  •  "6  ^     "a   "6^         '  ^SQ^  ^ 


< 
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PartB  *  •  . 

*      '    -    ■  ■         /  -  - 
*    Suppose  that  ^  is  a  perping  operation  on  [tt].       ^  _^ 

1.  Given  tijat  ia,  T)  is  a  basis  for  [it]  and  that  a  1  b,  show  that 
-"atcl^andT^c  W.  ;     0.  '  ' 

-    2,.  Given  that  (ij^  is  an  orthonormal  basis  for  [tt],  show  the  fojlowing^ 
'  (a)  Either^  =^7orT'^  ^        .    \  C^)  EitherJ^  =?or7^  «  -i 
[Hint:  Use*  Exercise  1.]     ^  \  ,  , 

•  3.  Given  thai  (O^  is  an  orth^nonnaf  basis  fdr  M,  iijake  use  *of  The- 
orem 18^- 1  and  Exercise  2  to  show  the  following.       ' '  ^ 
fa)  jrT^  ==7thenJ^= --t^  ♦  :  ^  ^ 

'   (b)  rf7^  = -/thenX^  '   .        •  ^ 

.  .   <c)  Eithei:  (i  -I- :=  i  "•^  or  (i  4:7).  =  J  -  ^  . 

We  are  now  in  a  position  to  pro^6  that  there  ate  exactly  two  perping 
of>erations  on  [ttL  We  do  this  as  follavzs;   -         ^  • 

Suppose  that  (i,  J5  is  an  orthonoYmal  basis  for  {ttI:  By  Exercise  3, 
y  above,  we  have  that  *  ^  J^'  ' 

(T^  =  /and7^^=      or  (T^  =      andj^  =  "O.    *  . 

,  Also,  for  any  a€  [tt],  we  have  that  ^  ^ 
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Answers  for  Part  B  ' 

1,     Since  a"^  €  [t?)^  a"^  =  aa  +  ^b^for  some  a  ancj  b.    Sine?  a»a     =  0  it 
follows  that  a-(aa)  4  a  HSb)  -  0  and  so.  since  avb  =  0  that 
(a*a)a  ^  0*.  Since  a  a  =  OJ'   Hcncer  a^.  =  b*b6[b*].  ^ 


2. 


Sinriilarly, -b    €  [  a        ^  ^  ; 

(a)  By  Exercise   l\  v*^  €      ].    Since,  like  7.  "T"^  is  a  unit  ve_ctor  it^ 
folloivs  that^pNL*-<>pe  of  the  two  unit  vectors,  j  and   -j,  in  [ j  \» 

(b)  Ift  fT,-7)  is  an  orthonormal  ba«U  then  so     '^(X^'i)^  and  the  argy-  • 


ii.  wfj^  w*...^  41 

ment  for  part  {a)  showrtlUf'J, 


1  ■  or  J 


.,(a)  Ifl-^ 


j  ,then  1      -  J  . 


Butp  by^  Theorem  l& 
So,  if  i^  -  J  thfct^  jt  «^  .-C 


.Kb),  t-^' 


-1. 


(b)    If  (T.  j')  i§  an  orthonormal  basis  for  [tt]  thijn  so  is  (1, 

by  part  (a),  if  T'"^  =  -J  then  ( -  j      =   -n.    Bui,  by  definition, 


a  =  iia  '  i)  +  j(a  •  j^,^ 


so  that 


Ir-* 


a    =  i  (a  '  i)  ^  j  (a  -  j). 


Now,  if  I    =  j  and  j    =  -^i  then 

; ,  .     G  ^  =  j{a  '  i)  -  iia  -  j) 


And,  ifT'^  -     and   ^  -  /  then 


Hepce,  either 


for  any  a^lTr],      =  — i(c         j(a  '75 
or 

.for  any  a^€[7r],^^  =  T{a  -J^  -jia  '"H. 


(c)    By  definition,-  (i  +  j)"^ 


Sq.  if  1    =  /"J  then  )     -  1. 


By  Exercise  I  and  pa^ts  (a) 
and  J     ?  J.  ^  In 


and  (b)  either4|Jf!"  -  j  1    =         or  7  * 

th^  former  case  t    +  j  =  I  -  ^  ^^^^^^  in  the  latter  case 

i^+J-^  ^  -j+l  =  I  -X  So.  in  any 'case.  (T  +  J)"^  is  either  , 
1  '  j  or  j  -  1, 


1 


'^he  ope  rcit 
J  and.  fo 


ttions  described  in  are  difierent  si 
rthe*second.  t"^  =  -j  (and  -j  #  j].  ^ 


ince,  for  the  first, 
We  shall  show  that 

the  first  of  them  —  that  defined  by: 

—  satisfies  Definition  ^18-1,    Since  a  =  *i(a 't)  +  l(a -J)  and  ("i,j)'i%;. 


^rthonormal, 
Moreover, 
Finally^ 


a-^.a  =   -a.i)(a.t)  +  {a't)(a.7).=.  0. 


/  ^ 


(aa  +  Sb)-".  =  -t[(aa  +  ShITI]  +  j[(aa  +  ^)-^] 

=  [.>t(a.t)  +l(S-t)]a  +7C&-t))b 

=  a  a  +  b  D. 


It4s  ea^y.  to  check  that  the  operations  on  [tt]  defined  by  the  altern'a- 
tives  in  (*)  are  different,  and  each  satisfies  the  three  conditions  in 
Definition  18-1.  [Do  so.]  Hence,  each  of  the  operations  defined  in  (*) 
are  perping  operations  on  [tt],  and  they  are  the  only  two  such  oper- 
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We  have  just  proved:  . 

Theorem  18-2   There  are  exactly  two  perping  opera- 
tions on  [tt].  Furthermore^  if  iCj)  is  an  ortho- 
normal  basis  for  M  and  ^  is  a  perping  operation 
on  [17]  then,  for  any  a€  [tt],  "        . .  ^ 

or  for  any  [ir]. 


ERLC 


a 


Parte 


Suppose  that  we  have  chosen  one 
of  the  two  perping  operations  oi\ 
[nl  and  that  the  picture  at  the  right 


describes  vectors 


We 


a  and 

shalLsay  that  (a,  a'^)  is  positively 
^nsed.  Make  a  c^py  of  fhe  basis 
(a,  a  )  on/your  paper,  » 

1.  (a)  Given  that  6  =  a  +  a  2,  draw  a  picture  of  6  and  teil  whether 
or  not  {a,  b)  is  positively  $ensed| 
(b)  Compute      -  b.  Tell  whether  or  not      ;  6  is  greater  than  0. 
2*  (a)  Given  that.c  =  — a  -f  a  ^2,  dr-aw  a  picture  of  c*  and  tell  whether 
or  not  (a,  e)  is  positively  sensed, 
(by  Compute  a  ^  •  c,  and  teil  whether  or  not  it  is  greater  than  0. 

3.  (a)  Consider  (6,  c5,  where  7  and  Tare  as  described  in  Exercises  i 

and  2.  Tell  whether '^or  not  ib,~ci  is  positively  sensed.^, 
(b)  Compute  6  ^  •  c,  and  tell  whether  or  not  it  is  greater  than  0. 

4.  (a)  Given  that  d  =^  cui  -h        for  some  6  >  0.  Tell  whether  or  not 

(o^     is  positively  sensed  Would  you  f^hang^  your  answer  if 
a  =  0?lfa^<  0?^ 
(b)  Compute  a  ^  :  d,  and  tell  whether  or  not  it  is  greater  Uian  0, 
Does  your  answer  depend  on  the*  choice  pf  yalu^  for  'g7 
&  (a)  Given  thaiT«  aa  4-  a^b,  for  some  6  <  0.  Tell  whether  or  not 
(gC     is  pwitively  sensed  Would  you  change  your  answer  |f 
a  =  0?lfa^<  q?  " 
(b)  Compute  a  ^  •     and  tell  whether  or  not  it  is  greater  than  0. 
£>oes  your  amwer  depend  on  the  choica  of  valu^  for  *a7 
6,  (a)  Given  that  7==*  oa^  for  some  a,  tell  whether  ^r  not  (a,  /5  is  a 
^  basis  for  [tt]*  Does  your  answer  depend  on  the  choice  of  values 
:   for'a7  ' 
(b)  Compute  a  <  -  f.  Does  your  axiswer  depend  on  the  choice  of 
V     valuM  for  'a*? 


769 


>  TC  383 


Answers  for'^Part  C  ' 


(b)    b  •  c  =  (a  +  a  2)  •{^a  +a  2) 
(a"^  -  a2)«  {-a  +  a  Z) 


4.  (a)  y  (a».3)  is  positively  sensed.;   No/;  Nq. 

(b)  =   jlSil^b  >  0   [sinc^e  a  #  3  and  b  >  0];  No. 

5.  (a)    <a,  e)  is  not  positively  sensed. ;   No.;  No. 

"     ih)    t^-'i  ~   tfalt^b  <  0;   No.    '  "  ' 

6.  |a)    (a,"?)  is  nol  a  basis  for  [n],  3  "No. 
(iJ)  =  a-^.<aa)  =  0;   No.  ^ 
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1 8.04  Using  a  Pepping  Operation  to  Orient  a  Plane 

"Recflll  that  we  are  after  a  mathematical"  prdfcedure  for  orienting  a 
^a  plane  that  is  analogous  to  that  for  orienting  ^  line.  In  other  words, 
we  are 'after  a  procedure  for  determining  when  two  bases  for  a  bidireo^ 
lion  belong  to  the  same  sense  class.  *  • 

So  far,  vfe  have  made  good  progress  towards  this  goal.  We  know  that 
there  are  exactly  two  perping  operations  which  give  us  orthogonal 
bases  fqr  a  hidirection.  We  knoW,  too,  that  by  choosing  either  of  these 
pferping  operations  as  that  one  wTiich  determines  the  positive  sense  of 
*tptation,  eafch  basis  for  the  hidirection  is  either  positively  sensed  or 
i^egatively  sensed.  And,  the  exercis^  just  completed  suggest  a  way  of 
sorting  basis  for  a  bidifection  into  two  sense  classes.  We  mak^se  of 
the  latter  in:*  -  r    ,  ^ 

Definition  18 --2   Choosing  a  perping  operation,  ^, 

(a)  a  basis  (a,  b)  for  [ttJ  belong  to  the  sense 
class  determined  by  ^  and,  so^  is  positively 
sensed,  if  and  only  if  a    •  6  >  0,  and 

(b)  a  basis  (a,  b)  for  M  is  negatively  sensed  if 
and  only  if  c    '  6  <  0. 


For  example,  given  the  bases  (a,  b)  and  {a,  c)for  [tt]  and  a   as shoWn 
in  Fig.  18-10,  we  see  from'  the  picture  that      /  6  >  0  and  that  a 
•:T<  0.  So  (oi  6)  is  positively  sensed  and  (a,  c)  is  negatively  sensed. 


a 

Fig.  IS- 10 


[How  can  you  tell  from  the  picture  that       •  6^>  0  and  that  a 
<  .0?  What  can  you  say  about  a  •  6?  About  a  •  c?] 
For  coni^enience,  we  also  introduce:  ,  ^ 
;        .  ■  .  •  ' 

Definition  18-3    Choosing  a  perping  operation  on  [rru 

bases  ia,V)  and  (c^  rf)  for  M  l^iong  to  the  same  \. 
sense  class  if  and  oiily  if  both  are  positively 
sensed  or  both  are  negatively  sensed. 
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Choosing  a  perping  operation,  ^,  dh  [tt]  we  know  that  if  a  is  a 
non-0  vector  in  [rr]  then  ia,  a  )  is  a  bafeis  for  [77].  In  fact,  since  a    •  a 
>  0,  we  know  that  (a^  a  ^Us  a  positively  sensed  basis  for  [it].  Now,  for 
any      [tt],  there  are  rear  numbers  a  and  6  such  that 

♦  — »        ■  -  ♦  ♦  i 

*  b  7^  aa  \  a  b. 

Moreover,  ■  b.  =  \\a]fb.  ^Explain.]  So,  a  ^  ~b>  0  if  and  only  if 
6  >  O..Thus,  we  have  the  fplloWing:  .         .  , 

.     i    '  .  .   . 

■  Theorem  18-3   Given  a  bas^lo.  b)  for  [tt],  and.choosmg  • 

•/  ^      a  perking  operationf^,  6n  [ttV, 

(a)  fa,  6)  is  positivelyseiised  if  and  only  if 

h\>ob  =  ax  +  a  y,and  ^ 

(b)  ia,  b)  is  negatively  sensed  \{/^A  only  if 

Theorem  18-2  tells  us  that  the  bas^  which  ai^  determined  b^  a 
chosen  perping  operation,  ^,  on  [tt]  are-just  the  pairs  {a,  aa  +  a  b), 
for  a  a  non-O"  member  of  [ttI  and  6  >_0.  In  particula^an^rthononnal 
basis  (T  j1  for  [7r]  .is  oosituvely  sensed  if  and  only  iQ=Ja  +  i  b,  for 
some  "6  >  0.  And,  theHattfer  is  the  case  if  and  only  if  j  =  i  .  Hence^jan 
orthonormal  basis  (i,  jXfor  [tt]  is  positively  sensed  if  and  only  if/  =  i  . 
And,  for  such  a  basis,  it  follows  that,  if  a  e  M  then  ■ 

Let  us  consider,  for  a  momenfe,  an  oriented  line  /.  We  know  that  bases^ 
(a)  and  (6)  for  il]  belong  to  the  same  sense  class  if  and  only  if  both  a 
-  and  6* are  positively  sensed  or  both  aWd  6*376  negatively  sensed.  And, 
the  latter  is  the  case  if  and  only  if  a*  •  T  >  0.  Note  thatthe  latter  is  a 
criterion  we  can  use  to  determine  whether  or  not  a  and  b  belong  to  the 
same  sense  class  without  referring  to  a  picture  of  /  aijsf,  perhaps  more 
significantly,' wi%)ut  referring  to  the  particular  orientation  chosen 
on  /. 
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N^te't'hat  by  Etef^nition -18 for.  a  #  15,        a"*"},  is  positively  ■ 
sensed.    For,  i'l^^)  is  a  linearly^independent  sequence  of  membe rs 
of  [»]  and  a^'-.al  =   ftaljz  >  o. 


Suggestions  for  the  exercises  of  section  1 8.  04:  \ 
(i)    Pa,rt  A  and  the  precedingMiscussion  sjiotlld  be  teacher  direcfted. 
iU)  After  suitable  examples,  Parts  B  and  C.  majl^  be  assigned  for  « 

*  *       ^  TC386 

« 

Answers  for  Part  A      ^  5 

•  (c)    Since  1  -  a/||ali  and  1  =  t"^  it  follows  that  7      aVHall,  ' 
Making  these  replacements  for  't'  and, '7'  in  (iS)  and 
simplifying  ["factoring  out"    j ) a  j  j.]'  yields  the  desired  result, 

2.      [Both  (a)  and  ^b)  follow  dfirectly  frorA  the  result,  in  Exjercise  l{c) 

>r 


negative,  ]     .  . 

3.  (a)    Since  {a,  S)  is  a  basis,  S    f  a  ]  and,  so,  b  #  0.  - 

(b),  (c)   With  S  >:^^a  j;a-S,  a-^.^  =  r-^.(irV-    ||a||2b.    So.  since 
^    ,       I  |a  I J  2  >  0,  a   •  b  is  positive  or  negative  ac-cording  as  b  is 
positive  or  negative »  ^ 

'(d)    With  S  =  aa  4-  a'Si,  a»S  =  {a«a)a  and  a"^*S=  {a"^»a"^')b-  {a*a)b 

So,  a*  -  (a»S)/{a»a),  S  =  {a^«S)/(a-a)  and,  hence, 

•  S  -  a(a  •  S}/{a  •  a^ a  (a  •S>/(a»a). 

Solving  this  last  for  *a"^'  ^ives  the  desired  result* 

4.  Froni  Exercise  3(d)  we  see  that 

■  i:-^.3  =  ((S-^Ka.?)  -,(a.3)(a.S))/(a-^.5}  ' 
■  ■  '         J-^ .  ?  =  ((S .        .  a)  -  {a  .         ..SD/(a-^  '^h 

So,  .  «  '  '  •■  ' 

(S.JMa-'.a)  -  (a.a)(a^.?)  "  .  . 

•       '=  ({a.?KS--3Ha«a)  -  (a.e){a.3Ha.K))/(a-^.S) 

-  Ua"3KS.b*){a.i)  -  (a"^)(a.?Ka.Sl)/^a-^.S). 
:=  {(a..?)(S..a)  "  {a.3){S»S')){3.S)/ia^.S).  . 

Since  a»a  >  .0,  each  of  parts  (^)  and  (b)  follows  from  the  G.orrc- 

**'sponding  part  of  Ejtercise  2,  . 
>  * 

5.  This  follows -at  oncd  /rom  Exercise  1(c)  and  the  jesult  of  the, 
'comjputation  in  Exercise  4  once  we  know  that  a  •  a  #  0  an^ 
a'^»b  tjfe  0.    Thqse  follow  from  the  assumption  that  (a,  li)  is  a 
basis.    [A»  to  the  last,  if  a"^«  S  =  0  then     Xu^  and,  so,  S  e  [  a  ]» ] 
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Now,  in  the  case  of  an  oriented  plant,  we^ish  to  find  ai>  algebraic 
criterion  for  determining  whetheror  not  bases  (n,  b)  and  (c,  d)  belong 
to  thte' same  sense  class.  And,  as  with  lines,  we  wish  to  find  such  a  cri;- 
terion  which  doesn*t  depend  on  the  particular  orientation  chosen  on  tt.  . 
That  is^  we  wisti  to  find  a  way  to  complete  the  sen4^^ce;^ 

Bases  («,  b)  and  (c/d)  for  [tt]  belong  *^ 
«        to  the  same  sense  class  if. and  only  if.  .  . 
^  .        •  ^  "  '         •       .  * 

which  is  independent  of  the  perping  operation  chosen  to  orient  tt.  The 
remits  we  have  obtained  so  far  will  be  df  great  use  in  oTbtaining  such  r 

criterion.  In  the  exercises  below,  one  such  criterion  is  obtained^  |' 


Exercises 
Part 'A 


Given  that  (a,  6)  and  (c^d)  are  bases  for  [tt],  letT«  a/^|ol|  and/=^  T"^. 


pies 


S>0 


Ip,  (a)  Exp^ss  both'e  ^  and  d  as  linear  combinations  of  i  andy*.  [Hint: 
See -(*),^ above.' J  ,  t  •  ^. 

(b)  Compute  c  ^  *  d.  . 

(c)  Show  th^t 

-^x    -r*  — Xc  •  'a^){d  '  a)  +  (c  •  a)(d*'  a^) 
^    •     =  - 


2.  Make  use  of  the  results  in  Exercise  1  to  s^ow  the  following. 

(b)^^  •  d«)^(Q^7)(a^  ^  d)  -  (a^  d)ia^.   7x  0 

Is.  We  know  that  (a.~a^)  is  a  basis  for  [7r],.^tthat oa     a "^6,  for 
some-a  and  &rSmi^  the  fbttowing. 


(a)  6^0  ;    (b)  a"  •  6^0^6>^  ^ 

<c)  .'a ^  •  T<  b  ^  6  <  0   (d)  a*'  =  (i(a  •  "a)  -  a(a  •  fe))/(a -fe'i 
*         •  .  ■* 

/     4.  Use  the  results  from  Exercises  2  and  3  to  prove  me  foHowing. 

(a)  Ifa*^•T>  Oandc*''  •  rf*>  0  then  v  '  * 

(7 -  cUj  ^)  -  i7^d)ib^7)  >  0.         '     ■    ^         '  ■  .    '    ■  '. 

(b)  If  a*^  •  V<  0  andfc*^  •  d'<  0  then     '  ' 

{&:-7}(b -  (Ty  -  (d- •7)  >"0.       ••  ■ 

5.  Show  that  *      ^  '         .  .  ' 


(c  ^  •  b)icc  ^  •  dj  =•  (a  •  c){b  •  d)  -  id  •  d)(b' 


'hi 
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6.  Show  that  (a^  t)  and  (c!  d)  Aielong  to  the  same  sense  class  if  and 
only  if  ^    ,  . 

•    '  '  "  (a  •  7)(6  •  5)  -  {cT  •       7)  >-o.  '  • 

■  /  -•  ■  • 

{Hint  This  should  be  an  easy  job  by  now  J  '     ,  , 


Taking  advantage  of  detennhiants,  the  results  of  tKe  exercises  just^ 
complete  can  be  summarized  in: 

Theorem  18 -'4   Give6  baaes  (^T)  and  (c,  d)  for  I^J, 
(d,  b)  and  (c,  d)  belong  tOs^e  same  sense'  class  if  and 
only  if  . » ^  ^ 


a  •  c  a  •  d 
6  •  c  d 


>  0. 


Part  B 


Given  that        is  an  orthononnal  basis  fdr  [tt],  let  a,  6,  c,  and  d  ^ 
such  that 

■  a  =  T2  +  74,  *  =  -76  -  72, 7^  -72  +  J  6,  and  7=  75  +  75.  ' 

Do  the  following  probienas.  I^ifote:  Ck)mputing  the  required  dot  pro- 
ducts is  an  easy  task.] 

1.  Deteranine  which  of  the  following  belong  to  the  same  sense  class, 
and  which  belong  to  opposite  sense  classes  of  [tt]. 

■  (a)  (o^T),  (7^      •       (b)'(al£j.  (0^5  (c)  ("^J),  (Jd) 

.  '        (d)  (6.7),  (^o)  (e)  (o"7),  (K^.  (f )  (5*7),  (7,  c) 

2.  Let  4  -  O  =  -  O  =  7,  C  -  O  =  7  and  D  -  O  =  Compute 
'    the  cosine  of -each  of  the  following  .  "  ^ 

(a)  ^AOS  *  ih)  zCpD  •  ic)  /.DOB 
idS /-BbC'                    (e)^OC  (f)  ZAOD 

3.  List  the  angles  ^mentioned  in  Exercise  2  sowing  to  size  from 
smallest  to  largest.  •  ^ 

4u  (a)  Give  the  two  possible  line^  combinations  of  i  and  J  for  d  ^. 

(b)  Show  that,  in  any  cas^  d    *  c  ^  -d      6.  _^ 

. '  (c)  What  does  the  result  in  (b)  tell  you  about  (5^^^  and 

Do^  this*  agree  wit^  your  results  in  Exercises  1(a)  and  1(c)? 
.  (d)  What  does  the  result  in  (b)  tell  you  about'B  and  C  in  relation 
•  to  5c?  Wh&t  el^  must  you,  know  in  order  to  tell  whether  or 
^         not  £>  is  interior  to  zlfiOC?  "   '  ■  \ 


1^ 
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Angwers  for  Part  A   [c ont , ]  ** 

6.    ,By  Definition  IS -2.  (a,S)  .and  (c,  3)  belong  to  the  s^me  sense  class 

if  andgily  if  |a^.S)(c^*2)  >  0.    By  Exercise   5,  this  is  the  case  if 

Vnd  oiJ^\jaic){b'.a)  -  (a»*3)(^''c)  >  0.    [Note  that,  by  a  similar 

a^^un^ent;^^^)  and  {c  J  3)  belong  to  opposite  sense  classes  if  and* 

only  if^(a-?)(S*3)  Ma.^KS- c)  <  0.  ]  * 

Answers  for  I^rt  B  . 
■  —  ■  ^  « 

1.  (a)    same               (b)  same               (c)  oppoaite  (fi)  same 
(e)    opposite *[Compa re  with  (b),  ]     (f>  same  [Compare  with  (d).  ] 

2.  (a)    sfl/lO  '  '  (b)   V5/5  I  '        (c)  ^ 
(d)    -3/5                      .          ie)  sTz/Z  {f)3sfV5/lO. 

3.  ZAOD,  ZAOC.  -^DOB.  ^COI?,  ^ADB,  ZBOC   [I.  e, .  (f).  {e)T  <c).  (b),  ^ 

(a)  ,  fd).    The  order  of  the  cosines  found  in  Exercise  2  ^hoiUd  be 
easy  enough  to  determine  by  inspection,*    For  example.  3VT0/10  is 
nearly  1  atid  is^certainly  larger  than  \}Z/Z  which  is  about  0.7. 
Aibo,  VTO/5  -  sfl/sfS  i^  certainly  less  than  nI/Z.] 

4.  -(a)    3"^  is  either  -IS  +^5  or  Is  -J^* 

'    lb)    In  the  first  case  3'^'£=  40  and  ^^^-S  =  -4Q  and  in  the^  second 
a-t.?  =  -40  and  J-^**  =40. 

(c)  (3,5)  and  (3,  S)  have  opposite  seujses.    Yes.;   since  (c ,  3j  and 
(S,  3)  have  opposite  senses,  one  has  the  same  sense  as  (a,  b) 

,and  the  other  has  the  sense  opposite  to^(a,b). 

(d)  B  and  C  are  on  opposite  sides  of  OD. ;   It  is  sufficient  to  know 
t.Hat  b»3  >  0  and,  c-3"  >  0/   This  is  the  case. 

.  .  TC  388  (1)  .  . 

Answers  for  Part  C  ♦ 

1       H  either  ag  or        were  0  then  (a,?)  or  (S,  ?)  would  be  linearly 

dependent  contrary  to  the  assumption  thai  A,  B,  and  C  are  verticeo 
foi  a  triangle.  , 
'   2.     c-^.a=  (?''-c-^)a^  -  (c.3)a^,  3^.S=Jc.?)b3 
3;_(a)Ub)   [Solve  the  equations  (*)  for  *c   *.  ] 

(c)    [Follow  the  hint,  ]  *  v 

4.  "  (a):  From  parts, (a)  and  (c)      Exercise  ^3  it  follows  that,  since  * 

it,c)  is  linearly  independent,  /ag  =  -/bg.    So,  a^  =  -bg, 

(b)  By  part  (a)  and  Exercises  .1  and  2  i%  follows  that  one^of  2  *  a 
and  c^-S  is  positive  and  the  other  is  nega^tive.    So,  (c,a)  and 

f     (c ,  S)  are  oppositely  sensed. 

5.  (a)    3^=  c(b^  +  |-)  f  3-H>2V  '  • 

(b)   c"^-3  =  (c.Jlb^  and  3"^-?  =  (3-3)a2.    Since  a^  ='-'b2  if 

follows  that  (?.3T  and       S)  are'  oppositely  sensed.    [Alter-  ... 
natively,  tke  determinant  of  Theorem  18 -4  turns  out,  in  this 
case,  to  be  {c  •  c)2a2b2  and,  so.  to  be  negative.  ] 

6.  By  Theorem  15-17,  e  =  S  -f  3b/(a  +  b).    So,       *^  ^  3  •S/  Since,  , 
,  by  Exercise^  4(b),  (c,  3)  and  (c»a)  are  oppositely  sensed,  so  are 

(c,  e)  and  (c,  a).    ^  ' 
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'  Sample  Qiiiz 

1,  Let  (r,  ^)*and  {a,  S)  be  basea  for  [sr],  where  c  is  an  orife'rited  plane. 

(a)  -  Give  a  determinant  criterion  for  judging  when  and  (a,  S) 

belong  to  the  same  sense  class. 

(b)  Consider  the  basis  <r,  r  )  'for  [cr].    Draw  a  picture  which  shows 
I  a  vector  t  such  that  >  0. 

fc)    Make  use  of  your  criterion  from  (a)  to  judge  whether  or  not 
C?,?"^)  and  (r,7)  belong  to  the  same  sense  class^." 

2.  Let  (?,X)  orthonormal  basis  for  an  oriented  plane  and  let 

^       a  =       +       and  b  =  r*  -2  f  '    '        '  '  ,  , 

•  (a)    Determine  whether  or  not  {>»  a)  and  {j*,  S)  belong  to  the  same. 
X        flense  class.  ,  * 

(b)  Given  that  (r.j)  is  positively  sensed,  exp'ress  a    as  a  linear 
combination  of  i  and  j.  • 

*  »^  ^ '  — ♦  t 

(c)  Given  that  (i,  j)  is  ne^tively  sensed,  express  b    as  a  linear 

combination  of  T  and  j,  ^ 
Key  to  Sample  Quiz 

1.     (a)    {t,  b)  and  (a/S)  b^ong  to  the  same  sense  cl^ss  if  and  only  if 
r  •  a     r  •  b 

>  0.    [Any. comparable  determinant  is  just  as  good.] 

(b)    Here  are  two  sanysle 
answers,  both  of  which 


7 

r 

(c)' 

r  •  r      r  •  f 
r   •  r     r  •  f 

rKr 

■  ?) 

>  b 

since  both  ?*  r  and  r^*?are  positive.  Hence, 
(xf^)  belong  to  the  same  sense  class. 

•  ^  ^ 
(r,  r 

')  and 

r.r 

1  •  b 

0  -2 

(a) 

They  belong  to  the  same  sense  class,  for 

2  ^-4^ 

=  4  >  0.  , 

(b)  a-^  =  t^5f  7-^2  ^nd.Sbince  7  =  l"^  and  j;^  =  -t.'^it^aiowe  that 

=  -t2-+t5. 

(c)  =  t^.  -2  +1-^3  and,  since  1  =  f  and  l""  =  -1.       =l2  .+  t2. 
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Part  C 


Consider  the  triangle,  *  A  ASt, 
pictured  at  the  right,  where,  as 
usual,  B-A-c,C-B^a,  and 
A  -  C  ^  Since  c  ^  0,  (c,7*^)  is 
a  basis  for  and,  for  some 

Cg,  6p  and  6^* 


{*)   a  =  cOj  +  c  and 
Do  the  follpwing  pn)blems* 


^  Or 


Ip  Show  that  o!^  5**  0  and 

2.  fivaluate      •  aandc*^  -  b. 

3.  Verify  each  of  the  following. 

'  (a)  c    ^  o/Ojj  -  da^la^) 

(c)      =  2 '        -  c(/62  -h  6,/6^)  [Hint^  Use  (b)  and  the  fact  that 

6  =  --a  -  Ci'] 

4.  (a)       the  r^ulta  of  Exercises  3(a)  and  Mc)  to  show  that  —b^. 
(b)  Show  that  ic,'a)  and  (c^  60  are  oppositely  sensed. 

6*  Suppose  that  CD  is  the  median  o'f  AABC  from  C.  Let  d*=  Z)  -  C. 

(a)  Express  c2  as  a  linear  rambination  of  c  and  c^, 
ih)  Show  thirt  (c,  5f  and  (^o^  belong  to  opposite  sense  classes. 
6L  Suppose  that  CE  is  the  an^e  bisector  of  /SABC  £roni>  C*  Let?«  F 

(a)  Express?as  a  linear:  otm'binationofcandc^ 
[Hintt  In  whaWatio  does  E  divide  AS?]  '  * 

(b)  Show  that  (cj^  and  (c!^  belong  td  opposite  sense  class^. 

In  this  section,  we  liave^learned  tidw  to  specify  the  two  sentes  of 
rotation  in  a  plane  and  how  to  determine  whether  two  bases  for  the 
bidirection  of  the  plane  belong  to  the  same  sense  class.  We  now  have^ 
a  mathematical  eriterioxi  at  our  disposal  which  cables  us  to  spedfy 
which  of  the  two  senses  of  rotation  is  positive,  qr  counterclockwise. 
With  this  criterion  we  can,  for  example,  describe  iT\  mathematical 
terms  precisely  how  to  .'^travel  arotrnd"*  a  drcle  Cor  any  other  simple  ^ 
plane  dt^ed  figure]  in  a^dock%vi«e  or  oountercloekwise  fashion.  We 
shall  have  occasion,  in  Chapter  19,  to  do  just  that  and,  in  so  doing,  we 
shall  study  some  new/unctions  pn  the  I'eal  numbers  and  extend  our 
knowledge  of  both  Eudidean  geometry  and  algebra.  Before  doing 
this,  however,  it  will  be  convenient  to  take  a  second  look  at  the  a>n- 
cept  of  angle,  and  to  extend  our  knowledge  of  Uiis  concept.  Th^^oe- 
maindar  of  this  chapter  is  devoted  to  that  end.        _  '  ^  [ 
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18.05  Sensed  Angles 

Consider  a  basis,  (6,  c),  for  [7r].'6iveti  thatTe  [bY  andTe  [cV,  (r,  si  is. 
also  a  ^asis  for  [w].  And,  all  such- bases  (rvT)  belong  to  the  same  sense 
class.  [Verify  this.]  Now,  giyenthat 
5  =     +  Vand  C-=  A  +  c,  AC  are 
rays  with -the  sajne  vertex,  and  the 
ordered  4)air  of  rays,  (AB,  AC),  is_^  ^ 
called  a  sensed  an^/g.  Furthermore, 
the  sense  of  (AB.  AC)  is  the  sense 
cll^s^Verify'lhis.]  Now, giyenthat  * 
fi  =  A  +  Tand  C  =  A  +  ^C'jare 
its  sense  is  the  sense  class  which 
contains  (c,  b).  ' 

We  formalize  the  notion  of  sensed  angle  in: 


Fig.  18- U 


( Definition  18-4    A  sensed  angle  is  an  ordered  pair 
of  rays  with  the  same  vertex.  '  • 

Given  that  (r,  s)  js  a  sensed  angle,  the;-ay  r  is  sometimes*cailed 
initial  side,  and  s  is  called  Oie  terminal  side,  of  (r,  s).  Notice  that  when  r 
and  s  are  noncoUinear  rays  [with  the  same  vertex],  r  U  s  is  an  angle. 
Notice,  also,  that  Definition  18-4  does  not  restrict  sensed  angles  to 
those  ordered  pairs  whose  initial  and  terminal  sides  are  noncol  linear 
rays.  Thus,  for  any  ray.  r,  {r,  r)  aftd  (r,  ~r)  are  sensed  angles  [even 
though  r  U  r  and  r  U  ~r  are  not  afigles]. 

For  convenience,  we  introduce  the  following:  ' 

Definition  18-5   Given  rays  r  and  s  with  a  common 

vertex.  .  * 
(a)  (r;  s)  is  null  if  and  only  if  s  =  r. 

(b>  (r,  s)'is  right  if  and  only  if  s  1  r. 
1     (c)  (r,  s)  is  straight  if  and  only  if  s  =  -r. 

For  a  sensed  angle -say,  (r,  s)?- which  is  neither  null  nor  straight, 
there  is  exaa^One  plane  which  contains  the  angle  r  U  s.  Fufther- 
more,  all  ba^M^^^-  where Tand Tare  vectors  in  tlie  senses  ofjays  r 
and  s,  respectSKljelong  to  the  same  sense  class  of  the  bidi*«»e«on  of 
£!iat  plane,  ThisTense  class  is  called  the  sense  6f{r,  s),  and  is  formal- 
ized in:  •  *  . 
"  \ 

Definition  18-6   Given  that  sensed  angle  (r,  s)  is 
neither  null  nor  straight,  the  sense  of  (r,s)  is  ■ 
the  sense  class  which  contains  the  baais  (r.'s), 
where  Te  [r3+ and  s  €  ls]+. 


9 


To  show  that  if  r  €  [S  ]*  and  s  £  [c  ]*  then  (S,  c )  and  (r.  s). belong, 
to  the  same  sense^class  we  can  use  either  the  deterrninant  condition  or 
the  definition.    In  eitl?^r  ca*se  we  Resume  that  r 
b  >  0  and  c  >  0.  then 


=  .Sb  and  s  =  cc  where 


b  •  r  c  •  r 
b  •  8     c  •  s 


(3.^)b  (c.b)b 
-^b  ♦  c)c»    (c  •  c  )c 


,S  •  c  •  b 
b  •  c     c  •  € 


(be). 


hftve  the  same- 6ei3.^e  if  and 
>  0,  they  have  th^  same 


san^e  sense  jf 


Since  the  third  of  these  determinants^is^ positive  by  the  Schwarz 
inequality  it  follows  that  (S,  c )  and  {r,  s)  ' 
only  if  be   >  0,    So,  sinre  b   >  0  'and  c 
sense, 

Alternatt^ly,  if 

and,  as  before,  it  follows  that  _ 
4nd  only  if  be   >  0, 

The  notion  of  angle  introduced  in  Chapter  15  ii,  as  we  have  seen, 
a  useful  one  in  many  geometrical- contexts .    In  some  cases^  l^oweve^, 
[particularly  in  trigonometry],  we  need  another  notion  of  angle  whith 
can  be  used  in  distinguishing  betwefen  senses       rotation  and  which 
includes  notions  of  null  angles  »and  straight  angles.  [See  Definition  18-5. J 
The  notion  of  sensed  angles  introduced  in  Definition  18^  seWes  these 
purposes.'  l^Tote  that  a  sensed^ngle  is  ^pt  flike  an  angle  or,  more 
generally,  a  geometric  figure]  a  set      points.    It  is  an  ordered  pair 
whose  components  are  sets  of  points.    J«ote,  also,  that  we  have  found 
it  convenient  to  take  the  sides  of  a  seni|'*d  angle  to  be  rays,  ^though  the 
sides  of  an  [ordinary]  angle  are  defined  to  be  half-lines* 

.  Each  angle  '•determines''  two  sensed  angles  which  are  neith|j.nuU 
nor  straight;   each  sensed  angle  which  is  neitheV  null  nor  straight^  ' 
••determines"  one  angle.  "  A 

Note  that  the  vertex  of  any  sensed  angle r,  ^  is  uniquely  deter- 
mined while  no  unique  vertex  can  Bti  singled  out  fdr^  w  g  in  case 
s  =  -r.    This,  in  addition  to  their  general  lack  of  utility,  is  why 
straight  angles  were  not  introduced  in  Chapter  16,         ^  ' 


^       Suggestions  for  the  exercises  of  section  18.05: 


(ii) 
(ill) 
livX 


Part  A  ^nd  the  accompanying  discussion  should  be  directed  by  the 
teacher,  ■  \ 

Parts  B  and  C  may  be  assigned  for  homework. 
Part  D  may  be  developed  in  class,  along  with  some  of  Part  E, 
The  refnainder  of  Pan  E,  and  Part  F,  may  be  assigned  as  home- 
work. '     «  . 
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ORIENTED  PLANES  AND  SENSED  ANGLES 


Exercises 
Part  A 


ERIC 


1«  Given  an  angle,  what  are  the  two  sensed  angles  whose 

sides  contain  those  of  ZPQ/J?  In  each  case,  give  the  initial  and 
^- terminal  sides  of  the  sensed  angle.  What  can  you  say  aboulrtfl^ 
^  senses  of  the  two  sensed  angles?  9         y  ' 

2*  Consider  AABC,  pictured  at  the  right.  (AB,  AC)  is  a  sensed  angle 
of  AABC.         *  ' 

(a)  Give  the  other  sensed 'an- 
gles of  AABC  \¥hich  havQ 
th^  same  sense  as  (AB,  AC). 

(b)  Give  the  sensed  angles  of 
'V.AABC  which  have  senses 

opposite  to  that  of  (AB,  AC). 
3.  Given  sensed  angle  (a^,  a^)  with 
vertex'  A  and  coplanar  ray  6 
with  vertex  B,  &s  pictuted  at  the 
ri^ht.  * Assume  that  cos  /LA  =  f 
an|J  that  o^,  and  b  are  unit 
vectors  in  the  senses  of  the  rays 
Cj,  o^,  and  6,  respectively.  Copy 
this  picture  on  your  paper, 
(a)  D;|'aw  a  picture  of  sensed  angle  (6,  c)  which  has  the  sense  of 

(Cj,  a^)  and  is  such  that  6  U  c  is  congruent  to  Z.i4.  What  is 

sin  (6  U  c)? 

V  (b)  Draw  a  picture  of  sensed  angle  (6,  d)  which  has  the  sense^  op- 
posite to  that  of  (Cp  a.p  and  is  such  that  6  U  d  is  congruent  to 
iii4.Whatissin  (6  U  d)?  ^|  ' 

<g)  Suppose  that  the  orientation  of  the  plane«ts  chosen  so  that  (a,, 
ajm  positively  sensed.  What  is  a.    •  o^?  What  is  6 ,   •  c,  where 
•     c  is  the  unit  vector  in  [cV?  What. is  6    -  rf,  where  d  is  the  unit 

vector  in  [cf!^?  What  can*you  say  about        c  and  6^*5? 
(d)  Huppose  that  the  orientation  of  the  plane    chosen  so  that  (a^ 
c^)  is-  negatively  sens^.  Answer  the  questions  in  part  ie)^. 
WhicA  of  your  answers  are  the  same  as  those  of  part  (c)? 
4«  Which  of  the  following  are  true  and  which  ^re  false?  [r  a^d  s  are 
.  rays  with  the  same  vertex.! 

(a)  ff  (r,  s)  is  a  sensed  angle  and  r€[r]*  and  5€[^]^fthen  (r,  is 
linearly  mdependent. 

(b)  If  (r,  s)  is  neither  null  nor  straight  and  re  [r]^  and  s  €  [sV,  then 
(r{Vi  is  linearly  independent  ^ 

(c)  The  sensed  angle  (r,  s)  is       if  and  only  if  [rV  ^  [s]\ 

(d)  If  r    ^  then  [rV  =  W^  .     .  .  .  .  ' 
<e)  If  [r]+ «       therrr  =  s.# 

if)  llie  sensed  angle  (r,  s)  is  straight  if  and  only  if 
[r]^  ==  (2  3^(T€  [s]^.and7- '  ,  . 
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Answers  for  Part  A  . 

1.  The  two  sensed  a^igl^cs  are  (Q?,  QR)  and  (QR,  QP),    The  senses  of 
these  angles  are  opposites  of  e^ch  pther. 

2.  (a)    (CAtCB),  (BC,bX)\ 
(b)    (AC,AB),  CA)/(^,' 


*3.     (a),  (b) 


-i — f  ^ 


(c)    a/-4  =  4A;    S-^-?  -  4/5;  -  -4/5;   S^^-c  and  2^.3 


are  opposites. 


(d)  a/.4  =  -4/5;  2"^.?=  -4/5;  h^-^^  4/5;   S"^ .  c  and  S""  •  ? 
are  opposites.    The  answers^to  the  last  question  are  the  same, 

4.    -ta)-  False.  (b)'True.  •  (c)   True.  (d)  True.  ' 

(e)  True.  (f)    Trufe.  '  (g)    False..  (h)  True. 


if 


■u  , 
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(g)  The  Benfed  angles  {r,  s)  and  {s,  r)  have  opposite  senses. 

(h)  If  sensed  angle  (r,  s)  is  neither  null  nor  straight,  then  ir,  s)  and 

r)  have  opposite  senses. 

5.  Suppose  that  ins)  and  (p,  q)  are  sensed  angles  of  a  plane  tt,  and  that 

[r]%T€  Ife]^,  p*e        and  V^I^]^  Complete  eadh  of  the  following 
^  in  terms  of  a  condition  on  a  particular  determinajat,  and  explain, 
(a)  {Py  s)  and  {p,  q)  have  the  same  sense  ^  —  X 
<b)  (r^s)  and  (p,  q)  have  opposite  senses^***  _  ^ 
(c)  {r^  8)  and  (p,  9)  are  neither  ftuH  nor  straight  — 
'  (d)  At  least  one  of  {r,  si  and  (p,    Sfs  either  null  or  straig^  — 

6,  ^feuppose  that  (r,  s)  and  (p,  9)  are  sensed  angles  in  parallel  plan^. 
Which  of  your  answers  in  Exercise  5  remain  unchanged? 


'The  results  of  Exercises  5  and  6,  above,  are  summarized  in: 

Theorem.  18-5  Given  that  (r,  s)  and  (p,  g)  are  sens^ 
•  angles,  thatTe  [r]^,  5*€  [sY,  p'c  \pY,  and  g  €  [qV, 
and  that  the  sides  of  (r,  s)  and  of  (p,  qf)  are  a)ntained, 
in  parallelplanes,  (r,  s)  and  (p,  g)  have  the 
same  sense  if  and  only  if 


r  '  p  r  *  q 
s  *  p   s  *  q 


>  0. 


They  have  opposite  senses  &  and  oply  if  this 
determinant  is  less  than  0.  And,  one  of  the 
sensed  angles  is  either  null  or  straight  if  and       ,  < 
only  if  the  determinant  is  0. 

As  was  the  case  with  angles,  it  is  convenient  to  study  relationships 
among  sensed  angles  in  teriiis  of  relationships  among  dot  products  of 
unit  yectors  in^e  senses  of  ^eir  sides.  In  the  case  of  angles,  the 
cosine  function  was  used  to  order  them  according  to  size.  In  the  case 
of  sensed  angles  with  noncollinear  sides,  it  is  intuitively  clear  that  the 
cosines  of  the  relatai,  angles  can  be  used  in  the  very  game  way  to  order 
these  sensed  angles  awarding  to  [absolute]  size.  Remembering  to 
include  the  '"extreme'Vcas^-the  null  and  stoaight  sensed  angles 
—we  adopt:  '  ^ 

Definition  fS- 7   Given  sensed  angle  (r/s), 

cps(r,  s)  «  (r  • 

*  ■ 

JEefi«i 'cx»(r,  s)' as  "the  p(»me. of  [sensed  angle]  r^  s'.] 
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Answers  for  Part  A    [cont.)  » 

5.     The  answejrs  all  refer  to  the  determinant 


s  •  p 


8  •  q 


6. 


(a)    the  determinant  is  positive        (b)'  the  d^erminant  Is  negative 
(c)    the  determinant  is  not  zerq^       {d)  the  d«ternninant  is  zero 
All  answers  resnain  unchanged. 
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P.artB 

•  1.  Show  that,  for  any  sensed  angle  (r,  s),  C50s(r,  s)  =  *cos(s,  r). 
2«  Under  what  conditions  is  cx>s(r,  s)  =  cos(r*  U  s)| 
3.  Complete  each  of  the  following  sentences, 

(a)  Given  that  (r,  s)  is  null,  cos  (r,  s)  =    ^ 

(b)  Given  that  (r,  s)  is  ,  cos  (r,  s)  =  0. 

(c)  Given  that  cos  (r,  s)  =       (r,  s)  is  

(d)  If  cos  (r,  s)  =  0  then  (r,  s)  is  

(e)  "ir,  s)  is  ^  only  if  cxis  (r,  s)  =  --^1. 

.4*  Suppose  that  R  an^  S  are  points 

on  the  sides  of  (r,  5)  sUth  ttmt 
PRj==  PS     1,  and^then  «  -  P 
r  and*  5  -  P  =     as  shdwn 
in  the  picture  at  the  right  Com- 
plete the  following* 

(a)  RS  ==  1  if  and  only  if  r  •  s  =  

<b)  RS  =  1  if  and  only  if  r  •  s  =  . 

'(c)  vRS  -      if  and  only  if"?  •  T=  0. 
Xd)  Assume  that  T  =  P  +  '^and  RS  ^ 
(e)  Assume  that  A  =  P         B  =  P +73  and 
AS  =  ^RB  =  ^  and  AS  =  , 

;,  Hi 

We  know  that  two  figures  are  congruent  if  and  only  if  there  is  an 
isoinetry  which  maps  one  of  them  onto  the  otheV.  This  is  of  no  direct 
help  to  us  if  we  wish  to  talk  about  "congruent"  sensed  angles,  for 
seeded  angles  are  not  '"figures",  ^nsed  angles  are  ordered  pairs  of 
rays,  and  rays  are^  figures.  Knowing  that  isometries  map  rays  onto 
rays,  lines  onto  lines,  and  angles  onto  angles  with  the,  same  awine, 
It  is  reasonable  to  talk  about  congruence  of  sensed  angles  in  termi  of 
their  cxisin^.  We  introduce  this  notion  in: 


l/Then,       =  • 

7-7=1  Then, 


Parte 


ERIC 


OefNtkm  18-8^  Given^eiis^  angles^,  g)  and  <r,  ^ 
^hoae  sides  are  contained  in  parallel  planes, 
(p,  q)  and  (r,  $)  are  congruent  if  and  only 'if  both 
are  null  angles,  both  are  straight  angles,  or  both  have 
have  the  same  sense  and  cds<p,  q)  =  eos(r,  s), 

1.  Give  ai^uments  to  support  each  of  the  following  statements  con- 
cerning sensed  angles* 

(a)  ir,  s)  is  congruent  to  ir,  s).  {For  short;  (r,  s)     (r,  s)] 


(c)  lir,  $)  at  (a,  6)  and  (a,  6) 


(p>  q)]  "-^  (r,  sX»  {p,  q) 


(e)  {r. 
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,  Ans'wers  for  Pg-rt  B  ^ 

1.  This  M  the  case  because  both  dot  rnuUiplipation  and  multiplication 
,  of  real  numbers  are  commutative.  * 

2.  If  r  and  s  are  noncollinear  rays  with  a  common  vertex. 

3.  (a)    1  (b)   right  .     (c)  straight        (d)  Tight       (e)  straight 

4.  (a)-   l/Z       (h)  7/8  (c^  ^JT/Z  (d)  ^/^ 

(e)    ^^VT,  sfW/l.  sfb/l  V    '  '  ^ 

Ajis^ei'S  for  Ps^rt  C  .      '  ^ 

1.     (a)    If  (r,  s)  ia  null  or  straight  then  so  is  (r,  «).    Otherwise  (r.  s) 
has  the  same  sense  and  the  san^e  cosine'as  (r,  s). 

(b)  Xf  {r,s)  and  {t,.u)  are  both  null  or  both  are  straight  then  so  are 
(i,u)  and  (r,  s).    If  <r,»)  and  (t,  u)  have  the  same  .sense  and  the 
same  cosine  then  so  do  (t,  u)  and  (r,  s).    Hence,  in  any  caae, 

If  (r,  s)  ^  (t,u)  then  (t,u)  S  (r,  s). 

(c)  If  (r,  «)«and  {a,  b)  are  both  nul^  or  both  straight  and 
^a/b)  ^  (Piq)  then  <a,  b)  and  (p,  q)  are  both  null  or  both 
straight,  riespectiVely  and,  so,  (r,  s)  and  (p,  q)  are  both  null 
or  straight.    If  (r,  s)  and  have  the  same  sense  and  the 
same  cosine  and  {a,b)  »  {p,  q)  then  (a,b)  is  neither  null  nor 
straight  and;  so,  (a.b)  and  (p,  q)  have  the  sam^  -sens?  and 
cosine.    So,  in  this  case,  (r,  s)  and  (p,q)  have  the  same  sens** 
and  cosine.    Hence,  in  any  case,  if  Jr,  s)     ^a,  b)  and 

(a,b)  ^  ^p,a)  then  (r,  s)  ^  (p,q), 

(d)  If  {r,i)  is^  null  or  straight  so  is  {-r,  -s)v    In  the  contrary 
case,  (r,  s)  and  {-r,  -s)  have  *the  same  sense  because,  with 
r  €r[  r  r  and  s  €  [  s  ]\  -r  €  [-r^  and  -s  €  [-sf  and  ^ 


r  •  — r     r  •  — « 

-(r • s) 

r  •  r  '  r  ♦  s 

»  —  r  .  s  •  —  s^- 

-(s-s) 

^  -# 
8  «  r  8*8 

1 


>  0. 


r,  s)  =  cpsH-r,  becav^se 


An?i,  in  the  same  ca»e,  cosCr,  s)  =  cos  . 
7..^=  =  ana  \\t\\  =  lj-f||.  Hence, 

-in  any  case,  {r,  s)  a?  (*^r,  -s), 
(e)    By  part  (d),  ^r,  -^s)  ^  {-^r,  --s)  =  (--r,*). 
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2.  Consider  a  circle  with  center  0  and  diameters  AB  and  CDs 

,  (a)  Given  that  (04,  OD),  (OD,  0C\  {OC,*0fl),  and  (OB,  OA)_are 
congruent  to  each  other,  what  can  you  say  about  AS  and  CD? 
About  ^CSD?  ^        J  *^  . 

(b)  Itis  convenient  to  use  *IA0D'  as  an  abbreviation  for  \OA, 
ODY  Similarly,  'llk)W  is  an  abbreviation  for  '(02),  0A)\ 

.  Given  that  lAOD,  JLDOB,  IBOC,  and  ZCO^  are  congruent 
.   •   to  each  other,  what  can  you  say  about  ^  and  CJD?  About 
ACBD?  ^  . 

3.  Suppose  that  (a,  b)  and  (c,  d)  are  copl^nar  sensed  angles  and  that 

c,  and  d  are  c^ni^  vectors  in  the  senses  of  the  rayfe  a,  6,  c,  and  d, 
respe^ively.  Give  ailments  to  support  each  of  the  following. 
[Th^  should  be  familiar  results^] 
(a)  (aW  +  Ca^        =  1  and  (7-  df  +  (c^  •  d>  -  1. 
t  ^    <b)        •  6^,=  (a,  6)  and  ic*^  •  df  =  Vl  ^^  cosHcVd) 

[Note:  a>s' ia,b),=  Icos  ia,.bm  '  ^ 

(c)  If  (a,  6)  is  neither  null  nor  straight,  \a    -  b\     sin  (a  U  6). 

(d)  If  <a,  6)  is  positively  sensed,  a      b  =  sin  (a  U  a). 

•       {e)  If  (a,  6)  is  negatively  sensed,  a  ^  •  6  =  —sin  (a  U  6). 

4.  Given  the  sensed  angl^  (a,  6)  and  (c,  cf)  described  in  Exercise  3. 

(a)  If  (a,  6)  and  (c,  d)  are  bdth  p<^itively  sensed  and  are  congruent, 
what  can  you  say  about  a    •  6  and  c    *  d? 

(b)  If  (a,  6)  and  (c,  d)  are  both  negatively^ensed  and  are  congruent, 
what  can  you  say  about  a  ^    6  and      -  fj^ 

5.  Consider*  the  converses  of  the  ojndiftonal  sentences  in  Exercises 
3(d)  and 3(e).  Are  they  theorems  or  not?  Explain  your  answer. 

For  a  sensed'angie,  (r,  s),  of  a  plan^  V,  cos  (r,  s)  =  r  •  s,  where  r  and 
Tai-e  unit  vectors  in  the  senses  of  rays  r  and  s,  respectively.  We  know 
that  the  dot  product  r  •  s  does  not  depend  on  thci  orientation  chosen 
for  TT.  And,  we  know  that  the  dot  product  r  *  s  does  tiepend  on  the  cho- 
^n  orientation,  i|pr  7*  •  Tis  positive  if  and  only  if  (r,  $)  is  positively 
sensed  and  is  ne|ati^  if  and  only  if  (r,  s)  is  negatively  sensed.  Thus, 
the  dot  product  r  •  Tin  some  resist  diaracterizes  the  sense  class  to 
which  (r,  s)  belongs  under  a  chosen  perping  opei^tion  ^  on  [tt].  Since, 
for  noncollinear  rays  r  and  s,r  s%b  related  to  the  sine  of  r.  U  thig 
suggests  that  we  define  a  function,  like  sine,  on  sensed  angles.  We  do 
this  £lfoUpws:  .  ^ 

Definition  lB-9   Choosiiig  a  perping  operation,  ^,  on 
[tt],  and  given  a  sensed  angle  (r,  s)  of  tt, 

-  sift^  {r,s)  =  (r^  •  iHl). 

wWe /^elr]-^  and  s^ts]"^.  -    ^  ^ 

?ad"  *sin^  (r,  s)'  as  you  would  sine  perp  of  r,  s\] 
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Answers  for  Part  C  [cont.] 

2.  (a)    AB  -  CD;   ACBD  is  a  segment.    [Recall  that 

ACBD.^  AC  ^>  CB       BD  w  DA.  ] 
^'(b)    ABXCDj   ACBD  is  a  square. 

3.  (a)    Since  (a,  a^)  is  *a  basi§  for  the  bidirection  of  the  plane  of  the 

sensed  angle,  b  =  ab^  +  a        where,  since  b  is  a  unit  vector,  ^ 
*    b^^  -I-  bp^  =   1,    It  follows  that  a»b  =  a^Sb^^)  +  a^la^S^) 

=  (a  •  ajb^^  +  (a  •  a"*^)bp  ^  b^.    [Since  a  is  a  unit  vector,  a-a^  1, 
and,  in  any  case,  a-a"^      0,]   Similarly,  ^,  *  ^  -   b>,.  [Sincea 
is  a  un^it  vector,  so  is  a  .  ]  ,Hence,  ta*bp  +  (a   -bp  ^ 
=  b^2  4         r   1^  'similarly,  (c  •  3)^  4-  {c"*^.  3)^  =  1, 

(b)  These  equations  follow  at  once  from  the  equations  of  paft  (a) 
and  the  fact  that,  since,  a,  b,  c,  and  3  are  unit  vectors,  , 

V         a  «£  ~  cos(a,  b)  and  c  •  d  =  cos(c,  d ).  .       -  . 

(c)  If  (a,b)*i8  neither  null  nor  straight  then*  cos(a,  b)  =  cos(a  ^  B) 
l      .    and  sin(a  <^  h)  ^  n/1  -  cos2(a  ^  b).    So,  by  part  (b),  if  (a,b). 

Is  neither  null  nor  straight  then'  =   siri<a  w  b). 

(d)  If^(a,J>)  is  positively  sensed  then  a-^^b   >^0_^and,  so, 
ja-*^»S|  -  Hence,  by  part  (c),  if  (a.S)  is  positively 
sensed  then  a         -  sin{a  O  b).  ' 

{v}    If  (a,b)  is  negatively  sensed  then  a         <  0  and,  so,  ^ 

ja-^.b*!   =   -a-^.b'.    Hence,  by  part  (c>,  if  (a  b)  is  negatively 
sensed  then  -a-^*S  =  sipja      b)  and,  so,  a •  H  -  -6in{a  w  b). 

(a)    a-'. 6  =  c^^H       .  (b)   a^.b*  :  c^^^l, 

If  a"^»£  =  sin{a       b)  then  [since  it  follows  that      w  b  is  an  angle], 
ain(a      b)  >  0  and,  so,  a**^  ^  S  >  0,    Hence,  if  a-^«S  =  sin<a  w  b) 
then  (a,b)  is  positively  sensed..  ConlSequently,  the  converse  of  (d) 
is 'a  theorem*    Similarly,  the  converse  of  (e)  is  a  theorem. 

In  section  IB. 06  wc  shall  define  the  *'pe  rp-measure' \  m  ,  of  a 
sensed  angle.    This  will  be  a  positive  number  for  positively  sensed 
angles,  a  negative  number  for  negatively  sensed  angles.  Alsd,in 
Chapter  19  we  shall  introduce  a  sine  function  with  numerical  argu- 
ments.   Combining  these  two  hOtio^S  it  Will  turn  out  |^at  "  ' 

sin"^(r,  s)  ^  sin[m  (r,  s)]. 
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Answers  for  Part  D  ^         *  ^ 

Suppose  that  s  6  [s]\  ■  Then: 
-(a)   sin-^{r.s)  ■-  (V-'.  « )/(|  |?  i  j  j  j  5 1 1  V 

(b)    Sin-^(r.  s)  =  (V-^.  s)/(Hr|j  Ij.sl!) 

=  -(8-^-"rV(|lsll!|?||)  =  -6iAs,T) 


4. 
5. 
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Answers  for  Part  D  [cont.] 

,2.     (a)    Since  {r,  r  ).is  an  orthonormal  basis  and  s  is  a  unit  vector, 
{jr'ff  =   Ijr'^ll  ^   l|s||  =   1.    Hence,  s-r,=  r*s  =^  cos{r,  s) 
and  ?ASi^  r"^*  6*=  .8in"^|r,  st*.    Consequently,  s  =   r  co8(r,  s) 
+  r"^  sin'^Ci-.  s).    [Note  that  it  follows  that  if  r  is  ^  non-3  vftc^oi^ 
♦      ani  s  €  [  r ,  r"^  ]  the^^ 
'  ,         ^  8  =  UcQ8{r.s)  +       sln-'{V,  a)){|ls||/||^ 

The  case  s  =  6  requii'es  special,  but  trLvial,  treatment.] 

(b)  lis  II  ^  [cos(r,  s)P  +  [sin^r,  8)p  ^  .  ; 

(c)  tHis  follows  from  {h)  and  the  fact  that  ||s||  -  V'! 

'  3.     By  part  (a)  of  Exergi^  2^        = 'r  qos{ r,  s*^)  +  r"^  sin  ( r,  s  ), 

Using  the  results  of  Exercise  1  ^nd^the  fact  ths^t  s"^  =   -s  and 

cos(r,  s)  =  *co8{8,  r),  it  follows  that   

*         ;      *  -*        ,  1  ■  .  ±.  1  . 

8         r  cos{s  ,  r)  -  r    sin  (s  ,  r)  . 

=   r  8inMS»  r)     r    cos(s     ,  r) 

=   -r  sin  \r,s)  -  r    cos(-8,  r) 

-r  sm  (r,  s)  +  r    cOs(r,  s). 

The  last-transformation  makes  use  of  the  easily  proved -fact  that 
cos(-s,  r)  ^  ^co8ts,tr)  =  -cos(r,  s) 

*.   4,     (a)    r*s=r-r=l,r*8       _  ^ 

(b)    r  •  8  =   r »  r  ^  0,  r   •  s  =  r    -  r     -   i;   cos(t,  s) 
sin'^(rr8)  =1 

\if  ■       .        ^  ^   ^  ^  ,   X.        *  -♦J.  ^ 

{cf  cos{r,  s)  =  r*  s^^  r  •  -r  =  -1,  s^  Cr,  s )  =  r    •  s  -   r   •  -r 


r"^«r^=  0;   co8(r,s)  =  1,  sin'*'(r,s)=  0 

0.  . 


(d,)  .cos(r,  s)  =   r*fi  ^  r-  -r  = 

•  .     .   .=  ^  -  ^1 

5.     (a)    I;  0 

*(c)    right;  negatively  sensed;  d 
U)    0     .  ' 
Answers  for  Part  E  • 


-(r  •  r  )  =  0,  sm  (r,  s)  =  'i-   •  s 

.  ■  I 


{h)'  right;  0 

(d)  right  and  negatively  sensed 
(f)   right  and  positively  Sensed 


I.  {a),(b) 


Z.     (a)  r      t  is  an  obtuse  angle.;    (r,t)  is  positively  sensed 

".(b)  r  Wt  is  an  acuie  angle.;   (r,t)  is  negatively  sensed 

(c)  t  =  /  ' 

(d)  t  =  r    [or  t  =  bJ 
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Part  D 


1.  Given  a  sensed  angle,  (r,  s),  of  tt,  let  be  the  ray  of  -n  whose  vertex 
is  that  of  (r,  s)  and  whose  sense  is  that  of  r  ,  where  [r]^.  Show^ 
the  following. 

(a)  sii\^  (r,  s)  -  cos  (r-^,  $i)  • 

(b)  sin^  (r,  s)  =  — sin^  (s,  r)  ,  *  , 

2.  Suppose  that  (r,  r  ^)  is  an  orthonormal  basis  for  [tt].  Then,  for  any 
unit  vector  s  in  [r,  r  ^],  s  =  r(s  -  r)  4-  r^[s'  r^). 

(a)  Express  s  in  terms  of  *cos  (r,  s)'  and  *sin^  (r,  s)'. 

(b)  Express  the  norm  of  s  in  J^rms  of  'cos  (r,  s)*  and  'sin^  (r,  s)\ 

(c)  Show  that       (r,  s)P  +  [sin^  {r,  sW  =1. 

3.  Repeat  Exercise  2(a)  for  the  unit  vector's*^. 

4.  Suppose  that  sensed  angle  (r,  r^)  is  right  and  positively  sensed,  and 
that  s  is  any  coplanar  ray*  whose  vertex  is  that  of  (r,  r^).  Let  r* and V 
be  unit  vectore  in  the  senses  of  r  and  s,  resj>ectively. 

(a)  Given  that  s  -  r,  compiite  r  -  s  andT^  •  if!^  What  can  you  say 
about  cos  (r,  s)  and  sin^  (r,  5)? 

(b)  Given  that  s  ^  r-^,  compute  r  •  s  and  r  ^  •  ^.  What  does  tlwfi  tell 
you  ^bout  a>s  (r,  s)  and  sin^  {r,  s)?     /  ^     '  • 

.  (c)  Compute  cos  (r,  s)  and  sin^  (r,  s)  given  that  s  =  — r, 

(d)  Compute  cos  {r,  s)  and  sin-^  ir^sl  giveji  that  s  =  —rf.^  / 
5«  Complete  these  sentences.  '  . 

(a)  If  (r,  s)  IS  null,  cc«  (r,  s)  =.     /and  sih^  {r,.s)  =  

(b)  If  (r,  s)  is  and  positively  sensed,  sin^  (r,  s)  -  1  and  cos  (r,  s) 


(A) 


If  fr,  s)  is  and  ,  sin-^  {r,  s)  =      and  cos'  (r,  s) 

)  If  sin-^  (r,  s)  -  ^1,  {r,,$)  ift 


Rart  E 


(e)  If  sin^  (r,  s)  -  ,  (r,  s)  is  straight  or  null 

(f)  If  sin^  (r,  5)  =  i,  (r,  5)  is  


1.  On  your  paper,  draw  a  picture  of  a  positively  sensed  right  angle, 

ir.^l  .  .  V    ■  ,  ... 

<a)  Draw  any  coplanar  ray  s  whose  vertex  is  that  of  r, 
(b)  Now,  draw  a^ea>nd  a>planar  ray,  t,  whose  vertex  is  that  of  r 
and  such  that  sin-^  (r,  s)^-  sin^  (r,  t). 

2*  Suppose  that  s  and  I  are  ajiy  rays  such  as  those  described  in  Ex- 
ertrise  1, 

(a)  Given  that  t  9^  s  and  r  U  s  is  an  acute  angle,  what  can  you  say 
about  r  U  t?  About  (r,  /)?^  ^  ^ 

^    <b)  Given  that  t  ^  s,r  U  siQ  obtuse,  and  (r,  s)  is  negatively  sensed, 
what  can  ycu  say  about  r  U  ^?  About  (r,  0?  , 

tc)  Given  that  s  =  r^,  what  can  you  say  about  t? 

id)  Given  that  s  =  — r,  wh^t  can  you  say  about  t? 
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3-  Is  it  the  caM  that  for  any  acute  angle  r  U  sofir  there  is  an  obtuse 
angle  r  U  t  of  jr  such  that  sin (r,  s)  =  sin-^  in  t)?  Explain. 

4.  Given  an  angle,  r  U  of  tt  we  already  have  established  that 
sin^  (r,  s)  =  cos  (r^,  s).  Suppose  that  Sj  U  s.^  is  an  angle  of  rr  whose 
vertex  is  that  of  r  and  that  bisects  Sj  U  s^.  Show  that  sin-^  (r,  s^) 
=  sin^  (r,  s.^). 

5.  Given  that  AABC  is  a  right  tri- 
angle with  hypotenuse  AB  and 
that  Z  CBi4  is  positively  sensed. 
Assume  that  AB  ^  c,  EC  "/i^ 
and  CA  =^  6,  as  shown  in  the 
picture  at  the  right.  a 
(a>  Show  that  sin^  /.CEA  =  co% ABAC  =  eos  LA. 
(b)  Shbw  that  sin^  /  ABC  =  -cos       =^  -6/c. 

6.  Make  use  of  the  information  in  Exercise  5  to  express  each  of  the 
following  in  terms  of  and  V.  .  . 

(a)  cos  IBAC  (b)  cos  lACB  {c)  sih^  ZBAC 


<d)  sin^  ICAB 


(f)  sin^-^Z^CB 


(e)s  sin^  IBCA 

Earlier,  we  saw  that  if  (r^  s)  is  a  sensed  angle  of  ^  oriented  plane  tt, 
sin:^  (r,  s)  -  — sin^  (s,  r).  It  is  not  difficult  to  make  use  of  what  we  know 
about  dot  products  and  perping  operations  td  obtain  manjrsuch  state- 
ments. To  obtain  sptne  insight  as  to  how  we  can  do  this  consider  the  ex- 
pression  'sin^  (r,  s^)\  and  let  r  and  s  be  unit  vectoVs  in  the  sepses  of  r 
and  s,  respectively.  Then,  the  given  expression  can  be  transformed  as: . 

•7^     '  [Why?]  /  ^    "  ' 

7  [Why?]     .  .  " 

=  cos  (r,  s)     '  [Why?.] 


— M 

sin^  (r,  s^)  =  r 


— ♦ 
=  r  ' 


Thus,  We  kiiow  that  sin^  (r,  s^)  =  cos  (r,  s).  Thi3  is  pictured  as  follows: 


T  (COS  (r^)) 


Fig.  18-- 12  ^ 

[Fig.  18- 12  shows  the  case  where  cos  (r,  s)  <  0.  Draw  pictures  for  the 
cases  where  cos  (r;  s)  =  0  and  cos  {r,  s)  >  0.] 
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Answers  for  Part  E  [cent.] 

3.  '    Yes.    Supnose  that  r  and  s  ^are  unit  vectors  in  fr]*  and  [s]*'.  Then 

s       rs^  ^^"^^^  where,   since  r       s  is  acute  ?«s  -         >  0.  Let 
^  f -rs^  V  T-^S^  and  let  t  be  the  rav  with  the  same  vertex  as  r  and 
s  and  who^c  sense  is  [7]*.    Since   |]t)|    -  s  ^  4         =    ||si|   -  1, 
t  is  a  unit  vector,    ft  follows  that  cos(r  ^  tp=   r -T  "   ^s^^       6  and, 
so,  that  r  ^>  t  is  obtuse,  A\so, 

»  sin  (r,t)  =   r   't  =^Sp  =   r    -s  -  sm  (r,  s),. 

4.  Suppose  that  r,  s^^,  and  ^s^  are  unit  vectors  in  the  senses  of  r,  s^^, 
and  s^.    It  follows  that,  since  r-^  bisects  s    ^  s^,  that 

7-*^  ^  t?i  +  t^)/4z.  So, 

sin^r,8^)  =  -  (s^- 8^  f  S2-s^)/V2  -  {1  +  s%*^  s^)/VI,  knd 

sin"^(r,  s^)=  r^^B.^  -  (s ^  •  B^*B^)f^ri  ^        •  s^  +  y)/\^. 

Hence,  sin'^ir,  e^^)  =  ein'^(r,S2)« 

5.  (a)    Suppose,  as  usual  that  a=C~B,  b-A-C,  and  c  -  B  -  A. 

By  definition,   sin-^/CBA  ~   (aT"^  • -cf )/(ac Since  /CBA  is  posi^ 
tively  sensed,  a"^  =' S(a/b).    So,  .  sin"^ ZCBA  =  (K'-c)/(bc} 
{?--e)/(cb)  =  cos/BAC  =  co^/A. 

(b)    sin-^/ABC  =   -sin-^/CBA  =   -cosZA.  by  part  (a).  Fronn 
earlier  results,  cos/A  =  b/c.  ^ 

f).  .  (a)    b/c       '  (b)   0  {c)   a/c  (d)    -^a/c         (e)    -1       *  (f)  1 

Answers  for  •Why?*s:    definition  18-9.   Theorem  18 -1(c), 
Definition.  18-7 

Figures  supplementing  Figure  18-12:  * 
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Angyyers  for  I^rt  F 

[In  the  following,   r  and  s  are  unit  vectors  in  the  senses  of  r  and 
6.  respectively.    Then,  for  example,   r"*"  i*s  a  ^unit  vector  in  the  §ense  of 

(this  is  how  r"^  Was  defined)  and  -r  is  a  unit  vector  in  the  sense 
of  -r.  ]  • 

1.  (a)    sin  {r, -s)  =  r   • -s  =  -(r   •  s)  =   --sin  (r,s). 
V  (b)    cos{r  ,8)  =  r  -  s  =  sm  (r,  s) 

(c)  cosi-r  ,  s)  =^  -r   -9  -  -(r   •  s)  =   -sin  (r,  s) 

(d)  sin  {r  ,s)  =   r     ♦^s  =  -r  »s  -  --(r^s)  =   -cos{r,  s) 

2,  (a)    cos{r,  s)  (b)  ^  9in"*"(r,  s)  (c)   ci'osir,  s) 

^  X  X 

'         (d)    co»(r,s)  (e)   sin  .<r,  s)  jf)   sin  (r,  s) 

<g)    -8in"*"(r,s)  ,(h)   -cos(r,s)     ^  (i)  sin"*"(r,s) 

[The  parts  9^  Ej^ercise  Z  can  be  answered  by  using    earlier  parts 
and  the  results  of  Exercise  I.] 

^.3.     <a)    co6ZA,F  1/2,  sin^^A  =  n/T/Z 

<b)    cos(r,  s)  =  l/Z,  8in'^(r,  s)  =  n/T/Z 

X  * 

(c)  co6{r,  s)  =  i/2,  sin  {r,  s)  =  -sIT/Z 

(d)  co8(r, -s)  =  -1/2,       cosir"*",  s)  =  \/T/2, 
sin'^(r»-s)  =  -n/T/2,    sin"^(r  ,s)  =  -1/2, 

cos(r.s-^)  =  -n/T/Z,  •  cosir, -6-^)  =  VT/a, 
»in-^(r,  8"^)  -  1/2,         .ini(r. -b^^)  =  -l/Z, 

4.  ■  (a)    coB(r. -s)  =  -l/VT,       co8(r^  s)  =  l/>/z; 

.  -       ,  /  nr         .*'..-L,  J-        _      ,  APT 


Bin  (r, -s)  =  Bin  {r  ,8)  =  -i/\/T, 

cos(r,  s"^)  =^  -l/^fZt  co8{r,  ~s"^)=  l/\fZ 

(b)  co8(t, -s)=  -A/372.  cosir"'',  8)=  l/z, 

,  8in-^{r,-s)  =  -1/2,     .  8in-^(r-^,s)  -  -nTI/Z, 

cosU,  fi"*")  -  -1/2,  .  co8(r, -«■'■)  =  1/2 

(c)  cos(r, -8)  =  1/2,  cos(r,"'",  s)  =  \/T/2, 
sin'''{r,— »)  =  -n/T/2,  Bin"''(r"''.  s)  =  1/2, 

co8(r,  8:^)  =  .  -yr/Z.  co8<r,  -b"^)  =  sfT/Z 

.  8in-^(r.s-^)  =   -1/2,  sin-^(r, =  l/^ 

(d)  co8(r, -a)==   1/-^  co8{r^  *)  =  l/'/T, 

•  sin-^lr, -8)  =  .'i/sfT,  sin-^u\»)  =  i/"^. 

coB(r.»-^)  =  -I/V2,  cos{r. -8-^)  *'  l/^/^ 

•ln-*-(r,  8-^)  =  -I/V2;  sinV, -«"^)  =  l/VT 
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PartF  .  ^ 

1.  Make  use  of  what  you  know  about  dot  products  and  perping  opera- 
tions to  prove  each  of  the  following.  - 

(a)  sin;^  (r,  — s)  =  -sin-^  (r,  s)    (b)  a>s  (r^,-s)  =*sin4  (r,  s)  * 

(c)  iXisifr^,  s)  =  -sin^  (r,  s)    (d)  sin-^  (r-^,  s)  =  -«>s  {r,  s) 

2.  Express  each  of  the  following  in  terms  of  .  either  oos(r,  s)or 
sin^  (r,  s).  ♦  i 
<a)  cos  ir^,  sj-)        4    (b)  sin-^  (r^,  s-^)  ^       (c)  fcos  (-r,  -s)  ' 

(d)  cos  (-r^,  -5^)  .     (e)  sin^  (-r,  -s)        (f )  sin^  (-r^,  -s^) 
(g)  cos  (r,  s^)  -  (h)  cos  (r,  -s)  ^         (i)  cx^  (r,  -s-^)  - 

3.  Suppose  that  Z-j4  is  an  angle  of 
7f/3  radians  and  that  ^  r 
U  s,  as  shown  in  the  picture  at 
the  right  Answer  the  following, 
(a)  What  are   cos   LA  and 

sip  zA? 

^(b)  Given  that  (r,  s)  is  jx^itively  sensed,  what  are  oos  (r,  s)  and 

sin-^  (r,  s)? 

(c)  Given  that  (r,  s)  is  negatively  sensed,  what  are  <»s  (r,  s)*and 

sva^  (r,  s)? 

(d)  JIvaluate  each  of  the  following,  given  that'{r,,s)  is  positively 
sen^. 

gc^  (r,  —b)      cc^  (r^,  s)      cos  (r,  R^)      coa  {r,  ^s-*^) 
sin-^tr,  — s)     sin^^,  s)    sin^  (r,  s-^)    sin-^  (r, --s^) 

4.  itepeat  Exerdse  3(d)  in  case  lA  is  an  angle  of 
(a)  7r/4  rfidians;       (b)  7r/6  radians; 
(c)  2ir/3  radians;   .  (d)  SttM  radians. 

18.06 '  Mfiasures  of  Sensed  Angles 

*  ■  ^  . 

In  Chapter  17,  we  found jt  useful  to  assign  ineasur^.to  ^gles.  It  is 
also  usaiiil  to  assign  sensed  measures  to  sensed  angles.  Now,  given  any 
^gle-^say,  Z^C-there  are  two  sensed  angles,  /ASb  and  ^CSA, 
associate  with  It.  Of  coxme^  ZABC  and  ^  CSAs^'e  oppositely  sensed 
and  have  tHe  same  "absolute  We  wish  to  have  th^  sen^  Bieas- 
tn^  we  assign  to  them  reflect  these  two  properties.  An  obvious  and 
reasonable  way  to  do  this  Is  to  assign  the  radian-measure  of  the^related, 
angle  to  ihe  positively  sens^  of  the  two  sensed  angles^d  the  oppc^ite  * 
of  that  measixre  to  the  negatively  sensed  ona  Ha^^ing  done  this,  we  can 
complete  the  task  by  assigning  measures  to  the  '"e^^eme"  sensed , 
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angles -those  which  are  null  or  straight.  Natural  choices  for  the  latter  ^ 
are  0  [for  null  sensed  aiigles]  and  tt  [  for  straight  sensed  angles]. 

Before  we  proceed  to  formalize  the  assigning  of  measures  to  sensed 
angles,  it  is  worth  recalling  that  whether  a  given  sensed  angle  is  posi- 
tively or^egatively  sensed  is  directly  linked  to  which  of  the  two  perp- 
ing  operations  has  been  selected  as  the  positive  onfe.  So,  it  should  be 
clear  tjjat  there  are  two  **s€nsed  measure"  functions— one  for  pach  of 
the  perping  operations— which  can  be  used  to  assign  measures  to 
^sensed  angles.  In  particular,  if  and  are  the  two  perping  operations 
•pn  [o-]  and  m^^  and  m^^  are  the  functioBOvhich  as^^^^ 
sensed  angles  of  c  then,  for  sensed  angle  of  cr,  we  have  that 
m^KlA)  and  m^HZ.A)  ^re  d^posites. 

For  example,  suppose  that,  in  cr,  lABC  is  an  angle  of  tt/S  radians. 
Let  be  the' perping  operation  on  [cr]  for  which  /' 4^BC  is  positively 
sensed,  and  let  -^^  be  the  other,perping  opera tio'n  on  lo^].  By  our  above- 
mentioned  "obvious  arid  reasonable''  way  of  assigning  directed  meas- 
ures *to  sensed  angled,  we  have  that 

m^'UABC)  =  77/3  and  m^HZABC)  =  -tt/S. 

[What  16  m^KZCBA)?  m^HlCBA)?] 

Recall  that       is  positively  sensed  if  and  only  if  sin^  Z^  >  0  and  is  * 
negatively  sensed  if  and  only  if  sin^       <  0.  We  make  use  of  this  in 
assigning  measure  to  sensed  angles  in: 

Definitiqn  18-10   Given  sensed  angle  /C4  of  an      .        '  ^ 
»    oriented  plkne,  *  ^  \ 

;<a)  mH^A)  =  sgnCsin^  ^A)miCA)  if       i^  ndther      '  j 

null  nor  straight; 
,   (b)  rriH/A)  =  0  HI  A  is  null,  and  mHlA)  =  tt  if, 
Zi4  is  straight  ^  . 


IRead  ^mHZAy  as  you  would 's^ed  measure  of  sensed  ^ngle  A\] 

ExercLes     '  ^  ^    ^  .  ^ 

Part  A 

1.  What  is  sgnCsin-^  Z-A)  given  that  Z>i  is  negatively  sensed?  Posi- 
^         tiv^ly  sensed? 

'     2#  What  is  the  range  of  valu^of  sensed  measures  of  positively  sensed 
anglesf^egatively  sensed  kngles?  -  ^  , 
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Answer  to  questions  at  end  of  third  paragraph:   m"^^{ZCBA)  ^  •~?f/3  and 

i  Sannple  Quiz 

Given  right  APQR  with  hypotenuse  RQ,  assume  that  the  plane 
APQR  is  oriented  so  that  ifQPR  is  positively  sensed,  that  PM  is  the 
median  and  P5  is  the  altitude  frpm  P.  and  that  PR  =  5  and  PQ  =  12. 
Compute  the  following ♦ 

1.  RS  ^2.    PS  .         3.    SM  4.  PM 

5.     cos^SPR        6.    sin^^SPR  7.    oosZQMP     -     8.  sin^^QMP 

Key  to  Sample  Quiz 

25/13  2,  ^3.    n9/26  .4.  H/2* 

5.     12/13         •     6.    5/13  7^    -U9/169  8.  -120/l^9 

[Note:  Ail  cosine  and  sin^-perp  values  are  easily  computed  by  taking 
ratios  in  appropriate  right  triangles  and  paying  attention  to  the  sense 
classes  of  the  angles  in  question.  ]  '  ^ 

Answers  for  Part  A 

2.  {x;   Q  <.  X  <  jr);  {x:   -sr  <  x  <  0}  , 

TC  39^ (J) 

3.  (a)   m'^(^UOA)  =  v/b,  m^AjOD)  =  -?r/3,  m"^(/BOU)  =  -^t/b,, 

^     jti'^UB0V')'=  m-^(/COU)  =  3«/4,  m"^(/COU')  =  -»/4, 

V     (b)    Qos  IVOA  =  '^/Z^    Bih-^  AJOA  ^  l/2i  •  '   ;  ~ 

cos/UOD  =  \fT/Z,    siri^AJOD  =   -l/Zl  ^  ,, 

cos^BOy  =  -\/T/2^   sin-^/iBOU  =  -1/2; 
cos/BOV  =  sfT/Z,    sin-^zfBOy'  =   l/2-;  . 
.cos'^COU  =  -l/VT,    Bin-^/COU  =  lA/T; 
cos^COU'  =  1/sfz,   sin"^ZCOU'  =  -I/n/I; 

co,s/AOB  =  -1/2,   ain^AOB  =  a/T/^Z;         -  ,  ' 

.  cos/DOD  =   1,    sin/DOD  =  0  -  ' 

(c)    If  /UOV  iB  negatively  sensed  then  each  measure  ia  (a)  is 
replaced  by  its  opposite  and,  in  (b)  each  value  of  sia  is 
'      replaced  by  its  opposite.    TKe  values  of  cob  remaip> the  same. 

■(d)'  m-''(/UOU),  =  Q;  m-^|/UOU')  =       m-^(/VOV')  =  »;  '  • 

-     inh^'OW)  =       [not  " 
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3.  Consider  the  circle  with  center 
O  and  radius  6,  pictured  at  the 
right  Given  that  UU'  and  W  . 
are  perpendicular  diameters, 
and  the  arcs  have  measures  as 
indicated,  answer  these  ques- 
tions. 

(a)  What  are  the  sensed  tneas- 
tires    of    the  following 
sensed  angles,  given  that 
~^2fr70V  is^>6sitivily  sen^^ 
ZUOA.  ZUOD,  IBOU, 
/BOU\  ZCOU,  ZCOU\ 

(li)  Give  the  cosine  and  sinerperp  values  for  each  of  the  sensed 
angles  given  in  (a). 

(c)  How  are  your  answers  fbr  (a)  affi^rted  if  y^u  are  given  that 
^UOV  la  negatively  sensed?  How  about  your  answers  in  (b)? 

(d)  What  is  the  sensed  measure  oi  lUOW  Of  Z  UOUn  Of  Z  VOV'l 

4.  Supped  that,  in  AASC,  m{^B)  ttIA  and  m{LC)  =  tt/S.  Also,  let 
|7  and  E  be  points  on  such  that  lACD  ainJ  lABE  are  exterior 
angles  of  dABC.  [Draw  a  picture,] 

(a)  Given  that  ABC  is  oriented  so  that  /  ABC  is  positively  sensed, 
giye  the  sensed  measures    each  of  the  following: 


•  lEBA,  ^AEC,  lACB,  lACD, 
^  ZiJCB,  ZBCA,  ZCBA  / 

(b)  Give  the  c^ine  and  sine-perp  values  of  each  of  the  angles 

whose  measures  you  gave  in  Ca). 
<€)  How  are  your  answers  in  (a)  affected  if  A^fC  is  oriented  so  that 

ZABC  is  negatively  sensed?  How  about  your  answers  in  (b)? 


Supp(^  that  (u]v)  is  a  positively 

sensed  orthonormal  ba^is  ftcjr  [cr], 

that  O  is  the  eenter  of  a  circle  of  cr> 

with  radius  1,  and  that  U  ^  O  -f  IT 

and  V  ^  O  ^  Vf  slb  shown  in  the 

picture  at  the  right  Consider  the 

coiardinate  sys^tetn  for  or  with  origin 

O  and  basis  (u»  i;). 

1.  On  your  paper,  draw  a  picture  of  the  given  circle  and  cooxtiinate 
syitetn.  [Squared  graph  paper  is  useflzl  for  this  purpoi^.]  In  e^h  of 
t|L6  following,  you  are  given  points  together  with  the  measures  of 


V 

U'V 

0 

u 

jU 

0 

V 

ERIC 


797 


TC  398  (2) 


Answers  for  Part  A  [cont.} 


(a)  m'^(/EBA)  =  3^/4,  m^i^ABC)  ^  ^/4, 
m'^{/ACB)       -ff/3^in'^(AcD)  =  Itt/S. 


(b) 


-1/n/X,   sin-^^EBA-=   1 /sfT, 
I/n/T,    sin-^/ABC  =  1//T'. 
1/2,    sin''' /AC B  =^  -4^/1; 
-1/2,    8in^/ACD.=  \/T/2; 
-1,   6in''"/EBC  -  0; 
-1,   eiri^DgB  =  0; 
1/2,    sin'^/BCA  =  n/T/?.; 
iZ-v/X    sirt^/CBA  ^  -1/'>[Z 


'  (c) 


cos  /£BA^ 
cos /ABC 
cos  /ACB 
CPS /AC  D 
cos  /EEC 
cos  /DCB 
COS  /BCA 
COS  /CBA 

If  /ABC  is  negatively  sensed  then  eacb  measure  in  (a)  is 
replaced  by  its  opposite  and,  in*  (b)  ea^ch  value  of  sin"'"  is 
replaced  by  its  opposite.    The  'Jalues  of  cos  remain  the  same. 


TC  399  (1) 


Answers  for  Part  B 


1. 


U'v/1/2,-1/2) 
5l  »2rVl72) 


2.  (a)  Tf/b  (h)  7r/4 
4^    UV'U';  UVU' 


(c)  (d)   l^/v'  ^e)   3^/4     (f)  bir/b 

(i)  -2?r/r   U)  -7r/3    (k)  -^r/b 
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the  counterclockwise  arcs  from  U  to  those  points.  Plot  the  points 
and  give  their  coordinates.  *  , 

.  (a)  A,  7r/6  "  (b)  B,  ttM  it)  C,  ir/3  (d)  A  27r/3 
(e)  37r/4  (f )  F,  Stt/B  (g)  G,  77r/6  (h)  /f,  SttM 
(i)/,47r/3       (j)«/.57r/3       (k) /f ,  7tr/4      (1)  L,  IItt/B 

2.  Give  the  sensed  measures  of  the  sensed  angles  ZUOX,  where  the 
values  of  X  are  points  described  in  fa)-(l)  of  Exercise  1. 

3.  Give  the  sensed  measures  ofZUOU,  Z  UOV,  ZUOU\  and  ZUOV\ 

4.  Which  of  the  semicircular  arcs  of  the  given  circle  contains  just 
those  points  X  such  that  ZUOX  is  negatively  sensed?  Positively 
sensed? 

5*  What  are  the  cosine  and  sine-perp  values  of  each  of  the  sensed 
angles  described  in  Exercises  2  and  3?  ^ 

6b  How  are  the  cosine  and  Mne-perp  values  of  /LVOX  related  to  the 
coordinates  of  X,  where  the  values  of  'X  are  the  points  described 
in  (a)  -  (1)  of  Exercise  1?  Does  this  same  relation  hold  for  each  point 
^       of  the  given  circle?  Explain  your  answers. 

*7.  How  can  you  make  use  of  the  given  information  about  ^4,  B,  and  C 
together  with  properties  of  circles  to  obfiain  tfee  a)nwponding  in- 
formation about  the  points  D  -  LI  Can  the  same  be  dpne  with  re- 
spect to  any  point  of  UVl  ' 

8.  Describe  the  locations  of  two  points -say,  P  and  Q-of  tH6' given 
circle  such  that  '  -  ( 

(a)  cos  Zi/OP  =  COS  Zf/0@  but  sin^  HOP  ^  sin^  //OQ; 

(b)  sin^  LVOP ^  sin^  /{/OQ  bu^  cos  //OP  ¥^  cos;llOQ. 

18.07  Cl^apter  Summary 

Vocabulary  Summary  ^  -  ^ 

sense  classes  perping  operations 

of  W  pcwitively  sensed  basis  for  [rr] 

of{ir}  negatively  sensed  basia  for  {tt) 

sensed  angle  sense  of  a  sensed  angle  <^ 

r  null  sensed  angle  ^  right  sensed  angle 

I  straight  sensed  ai^fiK  cosine  of  a  sensed  angle 


sina-perp  of  a  sensclSH^le         a)ngruent  sensed  aisles 


De&nitions 
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18*1.   A  singulary  operation  Mm  [it]  is  ajserping  operat^n  on  [rr] 
if  and  only  if,  forVajuJ^in  [tt],  (a)  a  ^  •  a^«?  0,  (b)  ||a  ^||  = 
and  <c)  <aa  +  T6>^  «  a "^c  4^  T'^fe.     ^  * 
Choosing  a  perping  operation,     on  In],  (a)  a  basis  (a,  b)  fot 
'  [tt]  belongs  to  the  sense  class  ^termined  by  ^  and,  so,  la  posi- 


TC3W(2) 

Answers  for  Part  B  *[cont,] 

5,     [See  answer  for  Exercise  6,  below,] 

lb.     For  each  point  X  on  the  circle,  thp  coordinates  of  X*are 

(cos/UOX,  sin-^-ZUOX).    This  ii  so  because  the  c ©ordinate a^of  X^ 
ar&  the  components  of  X  -  O  with  respect  to  u  and  v,  and  v  =  u  . 
Hence,  cos  ^UOX  =  (X  -  0)*u  =  first  coordinate  of  X,  and 
sin-^ZUOX  =  {X  -  0)*v  =  second  coordinate  of  X.  , 

7.  The  points  D  -  L»  cari  be  obtained  from  A,  B,  and  C  by  reflections 
.   in  5u  and  OV.    [See  below.  )  The  reflection  of  a  point  P  in  5u' 

has  the  same  first  coordinate  as  does  P  and  its  second  coordinate 
is  the  opposite  of  that  of  P.    [A  similar  statement  holds  with 
in  place  of  *U'  and  •first*  and  'second'  interchanged.]  To  provff 
this,  suppose  that  P  -  O  =  up^     vp^  .and  consider  the  point  Q  such 
that  Q  "  O  ^  uPi  -  vpg.    We  show  that  Q  is  the  reflection  of  P  in  ' 
*  OU  by  noting  that  P  -  Q  -  v{2p^)  -L  u  and  that  the  midpoint  or'PQ 
is  Q  +  (P  -  0){l/l)  =  O  4-  up^  e  5u. 

The  proof  that  the  points  ^.D  -  L  can  be  obtained  from  A,  B, 
and  C  by  reflections  in.  OtJ  and  5>/  depends  on  the  consideration 
of  various  rlgl^t  triangles,    j^r  example,  since  m{ZU'OF)  =  t/h 
'  mUUOA}  and  OF  -  OA  it  follows  that  F  and  A  are  at  the  %^me 
distance  from  OU  and  at  the  same  distance  from  OV,    Since  they 
are  at  the  same  distance  from  OU,  FA  j|  OU  and,  so,  FA  X  OV. 
Since  they  are  at  ^he  same  distance  from  OV,  the  midpoint  of  FA 
belongs  to  OV,    Hence,  F  is  the  reflection  of  A  in  OV.  Sii^ilar 
argumd"hts  apply  to  D  and  E  and  slightly  modified  ones  show  that 
L,  K,  and  J  are  reflections  of  A,  B,  and  C  in  OU.    Finally,  t  H, 
and  G  are  shown  [in  the  sanrje  way]  to  be  reflections  of  D,  and 
F  in  OU.  ^ 

[Obvioualy,  there  is  a  lot  of  work  involved  in  carrying  out  the 
details  of  all  the  arguments  described  above.    There  is  no  need  for 
any  but  representative  samples  and  different  arguments  can  be 
farmed  out  tp  different  members  of  the  class.  ] 

8.  (a)    Choose  P  differcht  from  U  and  U'  and  let  Q  be  its  reflection 

in  OU.  ^  '  V 

(b)    Choose  P  different  from  V  and  V  and  let  Q  ho  its  reflection 
in  OV.  '  ,  * 
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tively  sensed^  if  aiui  oxxly  if       lb>Q,  and  (b)  a  basis  (cC  6)  for 

[jt]  is  n^^tively  seiised  if  and  only  if  a    -  b  <  0. 

Choming  aj>erpiiig  operation  on  [tr],  bas^  (a,V)  and  (c,  d)  for 

[tt]  belong  to  th§  same  sen^  class  if  and  only  if  both  are 

tively  sensed  or  both  are  negatively  sensed* 
18-4.   A  sensed  angle  is  an  ordered  pair    rayB  with  the  same  verteic. 
18-5.   Given  rays  r  and  s  with  a  common  vertex,  (a)  (r,  s)  is  null  if  and 
 ^^^^.L!^^^MSk,sI    rjighljf  and  Qnlyif.^xx..tcXtr^&j-is- 

straight  if  ai^  only  if  s  -  — r. 
18-fi.   Given  that  sensed  ^le  (r,  $)  is  either  null  npr  straight,  the 

sense  of  (r,  s)  is  the  sense  class  associated  with  the  basis  ir]  8% 

where  r  €  [r]-^  aiui  s€  [s]+. 
18-7,   Given  'sensed  angle  (r,  s),  cos(r,  s)  =  (7  - Ssl)»  where 

r€[rh  andscEs]^.  ^ 
18-&   Given  sensed  angles  ip,  q)  and  (r,  s),  whose  sid^  are  qontained 

in  parallel  planes,  iplq)  and  {r,  s)  are  congruent  if  and  only  if 

both  are  null  angles,  both  are  straight  angles,  or  botfi  have 

the  same  sense  axid  co8(p,  q)  »  ct^ir,  ^  ^ 

18«d«   Cl^)osing  a  perping  operation,  ^,  on  br],  and  given  a  sensed 

jMgle  (r,  8)p{ TT,  8in-^(r,  s)  ^  (T""  *  l^/CiH  M),  where^rc  [r]^  and 

18-10.  Given  sensed  angte  ZA  of  an  orieiited  plane, /(a)  m^iJlA) 
«  sgn(sin-^  ZA)  m{^)  if  A  A  is  neither  null  nor  straight;  (b) 
mH^A)  «  0  if  /.A  is  null,  and  mH^A)  «  tt  ifZA  is  straight 

Other  TfyBorems 

18-1.  Given  that    is  a  perping  operation  on  [tt],  if  a  and  6  belong 

to  [tt],   then   (a)  o  *  6  ^  =        *  T,  (b)  cT^^  ^  -c^  aud 

(c).a    •  i>   »  a  •  6. 
18-2.  There  are  exeurtly  two  perping  op^tions  on  [tt J:  Furthermore, 

ifO  is  an  orthonormal  basis  for  [it]  and-^  fe  a  perping  opera* 
-„        ation  oaj^I  theiv  for  any  "a^l^U^^  =  +  J{a  -  %  or, 

for  any  a  €  [nl  a*  j»  i(a  *  7^*-  j(a  *  75. 
^18*3.  Given  a.  basis  (a,^)  for  [tr],  and  choosinj^  ^rping  operation, 

^,  on  Itt]^  (a)  (a,  6)  is^ositively  sensed  if  and  only  if  3^^^T 

^  ax  +  a  V>  and  (b)  (a,  6)  is  negatively  sensed  if  aiui  only  if 

3^y<e6  =  or  4  a  V 

18^  Given  bases  (ol  V)  and  (cI  ^  for  [^J,  (o^  6)  and  (c!  5)  belong  to 

3^ 

a  •  c   a  *  a 

the  same  sense  class  if  and  only  4f  -i.  ^       ^  >  0« 

6  •  c,  6  •  J| 

18-&  Given  that  (r,     ahd  (p,  q)  are  eeaised  angles,  that.  V€[r]% 
I*]* ,  p'c       and     1?]%  and  that  the  side!? of  (r,  s)  and  (p,  g) 
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are  contained  in  parallel  planes,  (r,  s)  and  (p,  q)  have  the  same 

-r  '  p  *r  '  q 


sense  if  and  only  if 


>  0*  They  have  opposite 


s  *  p   s  •  g 

senses  if  and  only  if  this  determinant  is  less  than  0.  And,  one 
of  the  sensed  angles  is  either  null  or  straight  if  and  only  if  the 
determinant  is  0«  ^ 


1.  Suppose  that  (u,  V)  is  an  orthonormal  basis  for  [irl  ^ 

(a)  Which  of  (-iS  -h  "y3,  -w*  +  V2) _and  (a2  +"^3,02^  V)  belong  to 
the  same  sense  class  as  do^  (u,v)?  Explain  your  ainswers. 

(b)  Are  (--^2  +^^3,  -u\~v2)  G^d  (u2  +V3,  u2  -15^  similarly 
sensed  or  not?  Explain* 

2.  Suppose  that  (a]  6)  is  a.  basis  for  [irl  Under  what  conditions  is  it 
the  case  that  (o^  T)  and  (a",  a  +  fcfe)  belong  to  the  same  sense  class 
of  [tt]?  Justify  your  answer. 

3.  Given  AABC,  with  AB  =  10, 

BC  =  IJ,  and  CA  =  21,  assume  ^ 
that  ABC  is  oriented  so  that 
Abac  is  positively  sensed  and 
that  BD  is  the  altitude  from  S, 
as  sho^  in  the  picture  at  the 
right 

(a)  Compute  oob  Z.BAC  and 

cos  ZBCA. 
Cb)  What  are  sin^  ZBAC  and 

sin^  IBCA? 
ic)  Compute  BD  and  AD. 

4.  Given  APi2Q,  with  exterior  an- 
gles, ^PRV  and  ZPQT,  as 
shown  in  the  picture^  at  the 
right,  assume  that  /J^RQ  is  an 
angle  of  7r/3  radians,  that 
is  an  angle  of  irfB  radians,  and 
that  PS  is  the  angle  bisector  at 

^  P,  Also  orient  P^R  so  that 
ZPBQ  is  positively  sensed. 

(a)  Compute  the  following  sensed  measur^ 

mHZ.QPRl  mMlQPSl  mM4^SRUn^iZPQn  mMZPRV) 

(b)  Evaluate  e^ch  of  the  following: 

cos  IPRS,  cos  IPRV,  cos  IRPS,  cos  ZPQT 
sin^  ZPRS,  ain^       V,  sin^  ZSPQ,  sin-  IPQT 
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Answer B  for  Cb;iptf  r  Tfst 


1.  .(a) 

u  • 

{-u2  f  v3} 

u  •  { +  yl) 

-1 

V  • 

{-u2  v3) 

~*  ~-t 
v^^^^  v 

2) 

3 

2 

-* 

u  • 

(uZ  +  v3j 

"'WW 

I 

2 

v  • 

(u2  +,v3)' 

V  •  (uZ  v) 

3 

It  follows  by  the  determinant  criterion  [Theorem    18*4]  that 
  :n^ithi?T  bas^  belongs  to  tihe  same  sense  class  as  does  {u,  v), 

^  (b)    By  part  (a)  both  bases  are  oppositely  sensed  to  (u,  v)^  Hence 
they  are  similarly  sensed. 

2.  They  belong  to  the  fSame  sense  class  of  [ir]  if  and  only  if  b  >  0, 
This  can  be  shown  by  using  the  determinant  criterion  or  by  noting 
that  a-^'b*  and  a"^'<a  +  ^)  are  botVi  positive  or  both  negative.if 
and  only  if  b  >  0.  Ia-^.{a-^Sb)  =  <2-^.^)b]  - 

3.  {^)    cos/BAC  =  cosM  and  cos  ZBCA' =  co&  ZC*  By  the  c office ■ 

law,  cosZA  =  3/5  and  cos  z:C  =  15/17. 

(b)  Since  ^BAC  is  positively  sensed  and  ^BCA  is  negatively 
sensed  it  follows  that  sin-^/BAC  =  sinZBAC  and 
sin^/BCA  -  -sin/BCA.    By  part  (a),  sin/BAC  =  4/f> 
and  sinZBCA^==  8/1?*.  ^ 

(c)  BD  -   10  siaZBAC  =  B^^^D  -  10  cosZBAC  =  6 

4.  (a)    n/{ZQPR)  ^  ?r/2,   m'^i/QPS)  =  m^UPSK)  =  •'>y/i2, 

m"^(.pQT)  -  S7r/6,    n/(/PHV)  ^  -2ff/3 
'(b)    cos/^RS  ^1/2,   cos/PRV  -  -1/2,  ^  vos/RPS  =  i/^/T, 

cos/TOq;^^  -'v/T/2,    sin-^/PRS  =  >/T/2,    sin-^/PRV  =  -^/2. 

sin"^/SPQV-^/N^.   Sin"^/PQT  -   1  / 2 
(a)    S^/6  (b)  -7t/l2  *  .(c)   ir/ii^      /   ^       (d)  7^/12 

■  ■  ,    M  .  . . 
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5.  Consider  tha  picture  at  the 
right,  in  whidi  AABC  is  equi- 
lateral and  BCDE  is  a  raplanar 
square.  Suppose  that  the  plane 
of  the  figure  is  priented  so  that 
/.CAB  is  positively  sensed.  Give 
the  sensed  measure  of  each  of 
the  following. 

(a)  ZDCA  (b)  /ABD 


.  A 


(c)  /CAD 


(d)  lABD 


Background  Topic 


In  Chapter  5  [pages  17^-210  of  Volume  1]  you  learned  that  the  set 
0?  X  0fof  all  ordered  pairs  of  real  numbers  could  be  made  into  a  vector 
space  by  adopting  the  definitions:  ' 


(1) 
(2) 
(3) 


(a,  fe)     (c,  <i)  -  (a  4-  c,  6  4  d), 
-  (0,  0)  and  Ha,  b)  -  (-a.  -6),  and: 
(a,  6)c  ^  (ac,  be) 


With  this  structure  [that  is,  with  addition,  '0',  oppositing,  and  multi- 
plication by  r6al  numbers  defined  as  above]  we  referred  to  the  mem- 
bers of  ^  X  ^  as  measure  vectors.  The  resulting  vector  space  is  easily 
seen  to  baF2-dimenBion^.  To  do  so,  let  iT  =  (1,  0)  and  IT  =  {0,  1).  Then^ 
clearly,  for  any  real  numbers  c  and  6,  (a,  6)  -  (a,  0)  (0,  b)  =  Va 
-t-  vb.  So,  {u,  v)  spans  the  vector  space  x  ^  and,  since  Im  '¥~vb 
^  {a,  b)  and  (a,  6)  =  0  if  and  only  if  a  0  =  6,  (^17)  is  linearly  inde- 
pendent 

We  can  now  go  a  step  further  and  make  x  ^  an  inner  product 
space  by  adopting: 


(a,  b)  He  d)  =^  ac  bd 


This  amounts  to  deciding  that  we  shall  take  {u,  t;)  as  an  orthonormal 
4)asis  for  ^  X  ^  (Theorem  11  - 12 j.  In  Chapter  5  you  showed  ihat  if 
adopt  (11  -  (3)  then  Postulates  4,-4^^  are  satisfied.  If  is  now  easy, 
if  we  adopt  (4)  as  well,,  to  show  that  Postulates  4j,--4;^  are  satisfi^ 
so  that  ^  X  ^  is  indeed  an  inner  product  space  when  we  adopt  (1 )  -  (4). 
[What  hapi^ns  with  .respect  to  Postulate  4^,'  and  4^^?  With  respect  to 
Postulate  4^?3  ,  ^ 


Part  A 


1.  Show  that,  with  d^feoitions  (1)^(4),  Postulate$  4^  4^,  and  4^^  are 
satisfied 

2.  Show  that  the  measure  vectors  (a.  b)  and  {-b,  a)  are  orthogonal  and 
have  the  same  norm.  / 

3f  Show  that  (u,!))  is  an  orfhonormal  basis  for  ^^M.  \' 
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The  purpose  of  these  exercises  is  to  point  out  tha^t     X  £  can  be 
considered  from  two  points  of  view  —  as  a  2-dimensional  inner  product 
space,   T^,  and  as  a  space  of  points,  S^.    When  operation!^  [and  '5*]  are 

'  defined  in        by  (1)  -  (4),  when  addition  of  member^  of        to  members 
of  &2  is  defined  by  (5),  and  when  subtraction  of  members  of  ^® 

.    defined  by  {6),  all  our  postulates  are  satisfied,  with  'T^'   for  'T'  and 
*£^*  for  *£*  [except  for  minor  changes  in  the  dimension  postulates  4g 
and  43^^].    As  a  consequence,  Itll  our  theorems  hold  in  this  situation 
[with  minor  changes  to  t^ki*  account  of  th«  fact  tha4  w«^  are  Ww  operating 
in  two  dimensions  rather  than  in  three  ]• 

With  these  conventions   [(1)  -  (6)]  we  shall  call         [that  is,  ft  X  ^e] 
the  gu9 1  id e an  number  plane ^    [For  brevity  we  shall  usually  omit 
•Euclidean*  although,  strictly  speaking,  this  is  required  to  alert  the 
reader  that  we  are  taking  into  consideration  the  inner  product  defined 
by  (5),    Without  this  we  would,  properly,  speak  of  the  affine  nianber  plane 

The  idj^'as  treatej  here  will  Ve  used  in  Cftapter  19.    In  lac t  they  can 
be  thought  of  as  exploration  exercises.  ^ 

In  this  new  situation  Postulate  4g  would  be  replaced  by; 

There  are  two  Jinearly  independent  members  of  R  X 

and  Postulate  4^^^  would  be  replaced  by:  " 

There  are  not  three  linearly  independent  members  of  ft  X  ft. 

[That  the  first  of  these  two  postulates  follows  from  (1)  -  (3)  is  ^hown  in 
the  text,    (u  and  v  are  two  linearly  independent  members  of  ft  X  ft. )  The 
second  follows  from  the  factithat  a  system  of  equations  like:  ^ 


{: 


a^^a  +  bj^b  +  c^^c  -  0 
a^a  +  b^b  4  c^c  =  0 


always  has  a  solution  {a,b,  c)  different  from  (0,  0,0).    For„  if  the  deter^ 
minant  a^bp  ~  ^2^%  ^  ^  then  one  can  find  a'  solution  in  which  •c'  has  any 
value  one  .chooses  —  s*ay>  !•    Similar  results  hold  if  bj^c^  '  b^^c^^  4  0 
and  also  ii  Cj^a.^  -  ^2^1  ^  ^*   And,  if  all  three  determinants  are  0  then 
the  left  side  of  one  equation  is  a  multiple  of  the  other  (sinc^  ^a^^,  fo^,  c^) 
and  (a^,  b-,  Cg)  are  linearly  dependent  by  Theorem  10- 14)  so  that  any 
solution  o?  the  ftjrmer  is  a  solution  of  the  system.  ]   The  only  change 
required  in  the  parts  of  Postulate  4o  is  the  replacement  of  'T'  by 
•ftXft\    [When  we  introduce  the  nbtation  't^'  and  the  'ftxft^s 

of  this  paragraph  should  be  replaced  by  'T^'s.] 

Answers  for  Part  A 

1.  ia,b),H--^a,b)*-(s,M^^^a/^)=  ^'^^  -a,  h       b}  =^      0}  ^It 

[{a,b)c]d  =  (ac,bc)d  =  {acd,  bcd)=  {a^cd),  b(cd))  =  (a.bHcd) 
4^3:   [(a^,  a^^l-  ib^^b^)  =  <a^c,  a^c)- ib^^,  b^)  =  a^cb^  +^2cb2 

=5  a^bj^C  +  a^jbgC  =  (a^bj^  4-  a^bg)c 
=  [{a^^,  a^}*  {b^,  b2)]c 

2.  Since  {a,  b)  •  { -b,  a)  =  a  • -b  4  ba  =  0.   <a,  b)  X  { -b,  a).  Since 
|l(a,b)||^  =  a^  4^b^  and  {|{"-b,a)i|2  =  {*b)^  4-  a^,  (a,b),and  ^ 
{^b,  a)  have  the  same  norm, 

(0,  1)  =  1  .0  +  0»  1  =  0;  u*u  ^  (1,0).  (1,0)  ^  1; 


3.     u.v  f.  (1.0) 
w*v  =^'(0,  1) 


<0,1)  =  1 
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In  th^  Background  Topic  at  the  end  of  Chapter  13  you  learned  that 
X  .#  can^be  given  a  different  structure  by  using  a  different  defini- 
tion for  multiphcation.  With  this  struct\ire  ^  x  ^  is  called  the  com- 
plex number  system.  We  shall  now  see  that  3(  x  ^  can  be  given  still 
another  structure  -  the  structure  of  a  ^Euclidean  plane.  With  this 
structure  ^  x  ^  is  called  the  Euclidean  number  plane  and  each 
ordered  pair  of  real  numbers  is  a  point  of  this  plane. 

In  introducing  this  new  structure  it  will  be  convenient  to  adopt  a 
new  name,       for  01  x  ^,  Our  problem,  then,  is  to  define  a  set 
in  such  a  way  that  Postulates  1-4  are  satisfied  when     is  replaced 
by  '^2*  and       by        [Of  course,  we  shall  make  qj^er  changes  in 
Postulates  4^  and  4j^.' Why?]  '       •*  ' 

♦  Correspoiuiing  to  any  measure  vector  c  there  is^  a  mapping  of  ^2 
onto  itself  which  maps  any  point  A  6  onto  the  .point  A  +  c,  where, 
since  points  of  and  measure  vecto:^  are  ord^^  pairs,  addition  is 
defined  by  (1).  In  jnoref  detail,  if  A  ^  (p^^  and  c  ^*(Cj,  c^€^^, 

then  ^  * 

(5)  f  A  4-  €  =  (a,     c,,a^  c^eW,^, 

Intuitively,  the  Operation  o£'adding  a  given  measure  ve£?tor  to  each 
<point  of  ^2  looks  like  a  translation.  [Draw  a  picture  of  and  show 
the  effect  of  adding  the  measure  vector  (2,  -3)  to  various  points  of- 
gr^J  Apparently,  we  might  take  for  ST^  the  set  of  those  "adding  opera- 
tions", one  for  each  measure  vector.  It  is  simpler,  however,  to  take 
for  just  the  set  ^  x  5?  itself  wit^i  the  inn^  product  space  structure 
'  given  by  (l)-'(4).  Note  that  nothing  in  our  postulates  says  that  the 
members  of  ^  must  be  translations.  All  that  we  require  is  that  our 
postulates  be  satisfied.  If  they  are,  then  any  member  c  of  \^  deter- 
mines a- translation  — the  translation  which  maps  any  poiht  A*on  the 
point  A  c!  If  the  memBers  o^  ^  ate  translations,  and  refers  to 
the  application  of  a  function  to  its  argument,  then' the  translation 
associated  with  c  is  c,  itself.  We  may,  lu)wever,  take  other  objects  as 
members  of  .Ty  and  defing in.&4ifie^itAWiy,  as  loftg  as  our  pos- 
tulates are  satisfied.  \ 

We  shall,  then,  take  to  be  the  2-dimensional  inner  product  spac^ 
of  measure  vectors— that  iS,  is  x  ^  with  the  structure  deter- 
ihined  by  (1)  -  (4).  ^f^  is  al»  x  but  with  the  structure  determined 
by  (5)  and  by  a  suitable  definition  of  subtraction  of  points*  This  defini- 
tion is  easy  to  gu^.  If  A  =  (Oj,  0^)6^2        ^  ^  ^^1'  63)^^2 


(6)  B  -  ^^(b,  -  a,,b^  ^a^)€^r 


r 


As  'we  have  seen  in  (5)  and  (6)  our  definitions  of  adding  vectors  to 
points  and  subtracting  points  from  points  satisfy  P(^tulate  1  [with 
for     and     '  for  ''^\]  In  the  next  set  of  exercises  you  will  show 
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that  they  also  satisfy  Postulates  2  and  3.  We  already  ^nowthat 
satisfiea  Postulate  4  [witJi  minor  modifications].  And,  of  course,  in  any 
case,  the  leal  numbers  saUsfy  Postulate  5.  So,  as  operated  on  by  the 
members  of  is  a  2-dimensionaI  Euclidean  space -for  short,  a 
plane.  We  call  it  the  [Euclidean]  number  plane.  Since  our  postulates 
[except  for  4^,  and  4j  J  are  satisfied,  all  our  theorems  hold  for  the  num- 
ber plan?- [with  the  obvious  modifications  required  by  the  fact^that 
^2  is  2-dimen5ionaI  while  our  space  ^  is  3-dimensional]. 

,  1.  Show  that,  for  If^  and  .T^  as  defined  above,^ 

(a)  <A  +     -  A  =  and 

(b)  A  +  (S  -  A)  =  fi.      u  ^ 

[Hint:  Take  A  =  (a,,  a^)  €  gr,,  5  =  (6,,  b^)  €      and7=  (c,,  c^U 
2,  Show  that  (fl  -  A)  +  (C  -  S)  =  C  -  A. 

'  * 

In  the  next  chapter  we  shall  make  use  of  some  of  the  geomeb7  of 
the  Euclidean  number  plane".  We  shall  introduce  names  for  some  of 
the  points  of  ^ 

o  -  {0, 0),  u  =  (1, 0),  V  -  (0, 1),  (/'  =  (-1, 0),  r  7  (0,  -1) 


V 

> 

y 

Fig.  18- J3 

*  I  ■ 

Notice  that,  when  u  and  y  are  the  vectors  (1,  0)  and  (0,  1}  of 
-  Oh- tT,  F  =  O -f-T,  L^'  =  O  -     and  V"'  ^  O^"^ 

Since  iT  and  T  are  orthogonal  unit  vectors  each  of  the  four  points  U, 
V,  U\  and  V  is  at  unit  distance  both  O  and  ^t/OV  is  a  right  angle. 
[Name  three  otheV  right  angles  shown  in  Fig,  18-13.] 

Ac^rding  to  our  definition  of  dot  multiplication  in  and  the  re- 
lated definitions  of  norm  [for  men^iers  of  aSld  distance  f for  pairs 
of  members  of  ^j]  it  follows  that,  for  A  ^  {a^,      and  S  =  (6,,  6^), 

diA.B)  ^  m  ~  A\\  '   • 

V(B^^  A)  '-  iB  -  A)  '■  , 

=  V(6^o^2  T  o,)  >  (6,  -  a^.b^  -  Oj) 
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.Students  may  have  difficulty  at  twp  points  in  the  discussibnj  of  tRt? 
Euclidean  number  plane.    The  first  difficulty  may^be^summdrlzod  in  the 
question  'How  do  you  know  who^her  an  ordered  pair  of  re^l tiumbe rs  is 
a  vector       a  point?*.    The  second  difficulty  inay  be  put  as  *  But  the 
.meml>ers  of  T  were  translations.    How  come  we  can  take  measure 
vectors  as  the  menibers  of  T^?'.  ^""^ 

Qnt  answer  to  the  first  question  is  that  whether  a  member  of     K  E 
in  a  mea'suiys  vcptor  or  a  point  [or,  for  that  matter,  a  complex'^nun^bpr]  ^ 
depends  on  what  structure  you  are  assimiing  ^  X  R  to  have.    1^  the  case 
of  Tg  and  are  considering,  at  the  same  time,  ftX  R  with  two  ^ 

different  structures,  and  an  ordered  pair  is  a  measurl^  vector  or  a  point/, 
according  to  <^hich  you  wish  it  to  be.    Another  answer  is  that  [assuming 
you  are  thinking  and  are  not  just  writing  or  talking  fori^ally]  you  can 
i^lways  tell  from  context  whethetr  a  given  ordered  pair' referred  to  im'that 
context  is  a  measure  vector  ox:  a  point.    One  way;  to  make  quite  sure  is^ 
to  say,  as ^ we  did,  that  A  =  (a^,ag)  €  .6^  and  c  =  {q  ^,c^)  t         A  final 
answer  is  that  thinking  of  the  same  thin^  in  two  ways  is  something  that 
you  will  become  accustomed  to.    Just  don't  fight  it!      ^  ^ 

The  ©«cond  question  can,  first,  b^.«tn»wered  by  pointing  out  that  all 
we  have  done  throughout "^he  course  has  been  bas^d  entirely  on  out  postu- 
lates andjdefinitibns-    None  of  these  imply  tliat  membe?^  of  T  are. 
tr^niilatlons.    Thinking  of  the  members  of  T  as  translations  has  merely 
been  an  aid  to  our  i^ntuition.    Second,  giOen  an^  sets  Sand  T  [and  , 
operations]  which  satisfy  our  postulates,  each  member  of  T^does 
determine  a  mapping  of  '^S  onto  itself  —  the     adding  the  given  member 
<jf  TV'  mapping.    Cbly  if  the  members  of  T  are  themselves  mappings 
of  S  and  W  in  *A  +      'reffers  to  function  application  are  we  .entitled  to 
call  the  members  of  T  themselves  'translatlonB',    [Of  cejirse,  these 
have  been  our  intuitive  understandings  throughout  the  course,  and 
motivated  our  choice'' of  postulates  and  definitions.    But,  formally,  ^ 
they  are  irrelevant  to  the  geometry  we  have  developed*  |  \  ^ 


•    ^  \  ■     •   ■  ■  ' 

Answers  for  I^rt  B  /  * 

1.  (aj*  Lret  A  -  (a^,a3)*€  So  and  c  =  (c;,  Cp)  €  T^*    Then»  by  {5)  and 

^  ,  \ 

f   *        '    (A  +  c)  ^  A      [(a^/ag)  +  (c^ic^)]  -\(a^,a2)  *  ' 

'  =  (a^^  +  c^,  a^  4  c^)  -  (^n^a) 

.  =MCi,C2)  = 

(b)    Let  A  -  {a.,a2)€  g^  and  B  =  (b,,bp)€e^.    ThSn,  by  (-5)  and 

'  ^  ^■ 

A-f  (B  -  A)  =  (ai,a2V+  [{bi,b2)  -'U^.a^)] 

'  =  (a^,  a^)  +  (b;^  -  a^,        -  a^) 
f  ^        (a^  +  (b^  -  a^),  a^  +  (b^  -  a^)) 

=  (bi,b2)  =  B.      '  ; 

2.  Let  A  =  (a-,  ag)€g2»    ^      (b,,b2)ee2»  and'  C  -  {c\,c^)e&^. 
Then,  by  (5)  and  <6), 

<BrA)+{C'B)  =  {(b^.bg)  -  {a^.a2)J+  {(cj,Ca) -6jbi,b2)] 

=^  <b^  -  a^,       -  ag)  +  (c^  -  b^,       -  b^) 

=  (b^  *ia^  +  (c^  -  b^),  b^  -  «2  +  (Cg  -  b^))  , 

-  [c^  -  a^,  Cg  -  ag)  =5  (c^,  Cj^)  -  U^t.^e) 

=  C  -  A,  -  ' 


y  . 
t  • 
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In  particular, 

is  the  circle  of  the  number  plane  withtrenter  0  ^nd  radius  1.  We  shall 
.  call  it  the  unit  circle  [of  the  Euclidean  number  plane  fi'^l 


Parte 


V 


Part  D 


1.  Suppose  that     ^  (i  V3/2)  €      Show  that  P,  belongs  to  the  unit  ^ 
circle  and  give  cos  Zl/OP,  and  sin  Z^UOP^, 

2.  Repeat  Exercise  1  for  points  P^,  P^,  and  P^  where  P.,  -  (- V3/2,  i), 
P3  -        -VmX  and  P,  -  (\^^/2,  -^). 

3.  Make  a  table  with  one  line  for  each  of  the  four  angl^  in  Exercises 
1  and  2.  la  successive  columns  list  the  angle,  its  radian-measure, 
its  cosine,  and  its  sine. 

4.  Find  cos  ^ I/OP  and  si<k: l/OP  when  P  =  (a.  .6),  where  +  6^-1 
and  6"?^  0.  ,  * 

*5;  Repeat  Exercise  4  assuming  that  all  :^ou  know  about  a  and  b  is 
that  6  9^  0.  " 

Like  any  plane,  -^^  has  two  possible  orientations  each  of  which  cor- 
responds to  one  of  two  perping  operations  on  .T^,  For  one  of  these  perp- 
ing  operations,  =  "v.  What  is  the  perp  of  u  with  respect  to  the  other,.y 
p€n>ing  operation?  In  these  exercises,  and  in  the  next  chapter,  we 
shall  make  use  of  the  orientation  of  corresponding  to  the  perping 
operation  for  which  ^  [Intuitively,  this  is  the  counterclockwise 
Orientation  of  ^3.] 

1.  Repeat  ExercisWl  and  2  of  Part  C  for  sensed  angles-that  is,  re- 
place V/  by  'Z\'  and  replace  'sin'  by  'sin^'. 
2*  Tabulate  information,  as  in  Exercise  3,  concerning  the  four  sensed 
angles  of  Exercise  1  and  /(/Of/,  /UOV,  ZUOU\  and  /UOV\ 
For  each  of  the  eight  sensed  angles  list  its  sensed  radian-measure,  "^ 
and  arrange  the  sensed  angles  in  your  table  in  increasing  order 
^   of  these  measures.  (That  is,  first /UOP^,  n^%t  IU0V\  etc.} 

3.  Compare  comparable  results  in  your  two  tables.  [Pay  special  at-* 
tention  to  the  measures  of  t^e  angles  and  the  corresponding  s^sed 
angles  and  compare  the  valute  of  sin  for  the  former  with  the  values 
of  sin-^  for  the  latter;)  '  - 

4.  Find  cos  ZUOP  and  sin^'  Z  f/OP^when  P  =  (6,  6), 
(a)  where'er*  +  fr*  =  1,  and 

Cb)  without  any  restriction  other  than  that  P  #  O. 

5.  Show  that  for  any  point  P  €     other  than  O, 

P  ^  (r  oos  /t/OP,  r  sin^  Z  UOPh 
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AnBwe  rs  for' Pa  rt  C 


1-3. 


/. 

»  rh 

cos 

sin 

1  /? 

If  L 

\  3  /  c 

5ff/6 

1/2' 

ZUOP3 

-i/i 

-s/T/2 

1 

1/2 

4,  cos/^UOP  =  a.  BinZUOP  =  jb)  [8inZUOP=  VI  "  {cob  ZUOP^ 
<r5.     cos  ZUOP  =  a/^/i^TW»inZUOP  =    Ibh/Va^  +  ' 


Answers  for  Part  D 


cos 

.  1 
sin 

ifUOPg 

-In/I 

-1/2 

-N/r/2 

—s/l 

0 

-1 ' 

/UOP4 

-v/b 

-1/2 

iuou 

0 

i 

0 

'/UOPj 

^/3 

I /I 

ZUOV 

V/2 

0 

1 

^UOPg 

53t/6 

'  1/2 

-1 

0 

3. 


4. 


The  «um  of  the  measures  of  ZUOP,  and  /UOP    is  0,  and  the  Bame 

holds  for  ZUOP.   and  /UOP,.    For  each  senaea  angle  the  absolute 

value;,  of  ein-^  is  the  value  of,  sin  for  tlio  corresponding  insensed 
angle. 

fa)    cos/UOP  -  a,    sin^UOP  =  b   [If  p  -   P  -  O  .then  |  =  b> 

and  is  a  unit  vector. -So,  cos/UOp  =  p.u  =  a  and 

,    sinVuOP  =  p-u-^  =       V  =  b.  ]   ^ 

(b)    cos/UOP      a/^i?AF^sin-^AJOP  ^  b/s/a^  t  b'- 

[{a/s/a*  +  b*.  b/Va^  +  b?')  is  the  unit  vector  in  the  sense 
of  P  -  O.  ]  •  ■ 

Suppose  that  p'-  (all),  where  |a,b)  *  O.    Th^  - 
d{Orp)  =  -v/T?  +  b5?"  #  0,  and  the  desired  result  follows  directly 
from  Exercise  4(b),, 
[These  last  cKercises,  particularly  fexercise  4(a).  ar.C  of  consider- 
able importance  since  the^  form  the  basis  for  correlating  the  cosine  and 
sine  of  a  sensed  a^gle  wit>i  the  cosine  and  sine  df  its  measure  as  these 
are*  introduced  in  Chapter  19.] 
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Consider  the  square  UVU'V  of  the 'number  plane      What  is  its 


Pith 

— * 

V 

\  0 

V' 

.Pig,  18-14 

side-measure?  Imagine  a  particle  whidi  moves  around  this  square, 
in  the  counterclockwise  sense,  at  the  speed  of  one  unit  of  distance 
per  second.  In  moving  around  the  square  the  particle  will  pass 
through  the  point  ff  many  times.  Let's  choose  one  instant  when  the 
particle  is  at  U  and  call  this  the  initial  instant  For  t  ^  0,  let  Pit)  be 
the  point  where  the  particle  is  t  seconds  after  the  initial  instant;  for 
^  <  0  let  Pit)  be  the  point  where  the  particli^  is  —t  seconds  Wfore  the 
initial  instant  Our  problem  is  to  find  out  what  we  can  about  the  func- 
tion P  whose  domain  is  and\vhose  range  is  the  square  UVU'V, 
Since,  for  each  t,  Pit)eM'^,  there  are  functions  c^  and  s  such  that,  for 
any  t,     -  * 


(7) 


P«)  =  (cit),  sit)). 


What  is  the  domain  of  the  function  c?  What  is  the  range  of  c?  What 
are 'the  domain  and  range  of  s? 

^One  of  the  most  obvious  phxperties  of  the  function  ^  arises  from  the 
fact  that,  wherever  the  particle  may  be  at  a  given  instant,  it  was  at 
the  same  position  seconds  before  this  instant  and  will  be  at  the 
same  position  4V2  seconds  after  this  instant.  [Explain.]  More  gen- 
erally, for  any  t  and  any  integer  kf 


(8) 


Pit  +  4V2k)  =  Pit). 


We  shall  refer  to  this  property  of  the  function  P  by  saying  that  P  is 
periodic^iiix period  4\^, 

^  In  view  of  the  periodiqjt^y  ^  intuitively  clear  that  we  can 
calculate  the  value  of  P  for  any  value 'of  T  if  we  can  calculsfte  the 
value  of  P  for  all  values  off  between  0  and  4  VS!  Forthase  latter  val-^ 
lies,  it  is  fairly  evident  that  we  shall  need  different  formulas  for  0  ^  ^ 

<  V2,  for  W<  t  <  2V2,  for  2V2  ^  t  <  3V2,  and  for  3>/2  <  t 

<  4V2.  For  example,  if  V2^  t^  2V2  then,  as  in  Fig,  18-- 14,  Pit) 
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In  the  remainder  of  these  cKercises"  we  parody  the  method  used  in 
Chapter   19  to  define  the  functions  cosine  and  sine  with  numerioal  argu' 
ments.    In  Chapter   19  the  square  UVU'V'*is  replaced  by  the  unit  circl 
in  S^;   the  function  P  is  replaced  by  the  winding  ^function  W  which  map 
ft  in  a  simple  way  onto  the  unit  circle j   tVie  functions  c  and  $  aie 
replaced  by  cos  and  sin;   and  the  role  of  VT  is  t^ken  by  ^/Z, 

^The  side  measure  of  UVU'V'  is,  of  course, 

The  domain  of  the  functictn  c  is  £  and  the  range  of  c  is 
{x:    |x|   <   1}.    The  function  s  has  the  same  domaiii  and^ange  as 
does  c« 

Formula  (8)  is  intuitively  obvious  when  one  realises  that  the 
perimeter  of  UVU'V  is  4^1, 
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a  W'.  In  tiiis  case,  if    is  the  iinit  vector  in  [V  -  V]*  then  Pit)  -  V 
-  S(<  -  V2).  Since  w  ~  (-7  -  y)/ V2  itfollows  that 

?(t)-o^(V  -  O)  +  (P(t)  -  V).  -7+  -  v'a") 

.-"(-4)r"(-4)"     ,   ,  : 

and,  so,  that  / 
^  in  ot^er  >*ordB,  for       <  «  *  2V2, 


rv  ■  '  ■ 

1.  From  "Figure.  18-14,  what  is  P(V2)?  P{-V2)?  P(6Vg)?  P(0)? 
'    /^4V^/2)?,.^  ,.  . 

2.  Use  (7)  arid  <8)  to  show  that  each  of  the  functions  c  and  s  is  penodic 
with  period  4V2,  [Hint.  WJth'regard  to  c,  what  you  must  show  is 
that,  for  any^f  and  any  integer  k,  cit  +  4V2  k)  =  c{t).] 

3.  It  sitoiiid  he  Intuitively  obvious  that,  for  any  the  points  P(f)and 
Pi-t)  are  symmetric  to  one  another  with  respect  to  the  line  OLuj- 

,    What  does  this  te|I  you  about  the  ftinction  e?  About  the  ftmction  si] 

4.  Fiiid  formulas  like  (*)  for  computing. values  of  e  and  s 

(a)  in  case  0  <  «  ^  V2, 

(b)  in  cage  2\/2  5  t  ^  3V2,  and 

(c)  incase3V2  ^  i  ^  4V2. 

6.  Use  (*>  and  the  r^ults  of  Exercise  4  to  draw  graphs  Ion  the  same 
*  flies]  ofloth  c  and  s,  for  0  ^  f  5  4 V2.  IHint  You  should  see,  from 

(*)  and  the  formulas  from  Exercise  4,  that  the  graphs  of  c  and  s  are 
made  up^ofpait»ofsb«ightlines  and t^  to  draw  ^ese  s^ment^ 

ifri^  enough  to  plot  the  values  of  these  ^leticms  for  the  arguments 
.0,  V^,  2V2,  BV2,  and  4  V2.  Use  1 .4  as  ah  approximation  to  V2.3 
e.  Use  the  result  in  Exercise  2  to  extend  your  graphs  of  c  and  s  to 
include  asguments  between  -2 V2  and  6 V2. 

7.  Suppose  you  shifted  your  graph  of  c  a  distance  Vl'to  the  right.  How 
>  would  the  result  ojmpare  with  your  graph  of  s?  Try  to  state  what 

■you  notice  as  an  e«iuation  involving  V  and  V. 
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Answers  for  Part  E  t. 

1.  p<^/2)  =  (0,1):   P<-'s/I)  =  {0,-1);  P(6Nr2)  =  i-1.0);  P(0)  =  (1.  0);  ' 
P(^/I/2)  =  l/^^2)   ,  .  - 

2.  By  (7),  {c(t +•4^/2k).  sit  +  4'>/Ik))*"= 'P(t  +  4Nr2k),    By  (8)  , 
P<t  "+ 4>;2k)  =  .P(t).    By  (7)  P(t)  =  {c{t).  .(t)).  So, 

•      (c(t  +  4Nr2k),  8{t  +  4N/7k))  =  «c(t),  sft))  and  it  follows  that,  for 
any  t,  c{t  +  4^/Ik)  =  c(t)  and  8(t  +  4^/2k)  =  B(t).    Hence.' c 
and  B  are  periodic  with  p«Tiod"4«/2. 

3.  Since  P(t)  =  {c(t),  B(t)).  P(-t)  =  (c(-t),  «(^t))  and  P(t)  and  P(-t) 

are  symmetric  with  respect  to  0[u3  it  follows  that  c(t)  =  c<-t)  and 
8(t)  =  -s{-t).    In  other  words,  c  is  an  even  funcrtion  and  s  is  an 
odd  function. 

4.  '{a)    Incase  0  ^  t  ^  v/T,  P(tM  UV,    Since  the  unit  vector  in 
'  '     [V  -  U]*  is  (7  -  :^)/VTit  follows  that 

P(t)  -  O  =  (U  -  b)  +  {P{t)  -  U> 

So,  J^t)  =  (T-  t/^yT,  t/%/2)  and,  hence,  c(t)  -  \  -  t/^/I  and 
8(t)  -  t/'s/T  for  0  ^  t  <  ; 
[Parts  (b)  and  (c)  are  similar.    For  answer*,  see  (9)  on  page  408,] 

5,6.  .  '    "     .     ^         ;  • 


7.     If:  the  graph  of  c  were  displtced  ^/I  units  to  the  right  it  would  coin- 
cide with  the  graph  of  s.    This  means  that,  for  aii  t,  c(t  -  Vl)  «  »(t). 
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We  can  siunmarize  the  mvdtsof  Exercise  4  and  ('^),in: 
'  (9) 


Pit)  -  (1  -  tlV2,  t/V2),  for  0  5  f  <  V2, 

=  (1  -  tjVi,  2  -  </V2),  for  V2  5  t  ^  2V^ 
*    ^  a/V^  -  3.  2  -  t/ V2).  for  2V2^  J  5-3V2,  and 
1=  («/V2  -  3,  HV2  -  4),  for  3V2  5  t  ^  4V2. 


Using  (8)  and  (9)  we  can  obtain  the  result  you  noticed  in  Exercise  7. 
To  do  so,  consider  the  case  in  vrfiich  0  ^  «  ^  V2.  By  (8),  -cit  -  V2) 
»  c«  +  3V^),  where  3V^S  t  +  SVz^  4V2.  It  follows  by  (9)  that 

e(l- V5)=^-^^-3  =  ~=s(0.  . 
V2  V2 


In  case  \/2  <  ^  £  2V2,  0  ^      V2  2  V^and,  80, 

c(t~  V2)  =  1  -  -  2  -  4."= 

V2  V2 

Treating;^  t;wo  mo*e  cases  in  the  same  way,  we  see  that, 'for  O^Y 
<  4  V2,  dt  -  V2)  •=  sit).  T6  show  that  this  holds  for  all  t  let  k,  for  any 
be  the  integer  such  that  OiS  t  ~  4V2k  <  4V^.[You  can  compute 
the  value  of  'k'  from  that  of  T  by  using  the  integral  part  ftinction.  Try 
to  do  this.]  , It  follows  that 

c(t  -  VZ)  =  ciit  -  4V2ife)  -  V2)  =  sit  -  4V2k)  «  sit). '  [Explain.] 

Part  F  ^  ,        V  '      '  ' 

1.  We  have  seen  that,  for  any  £, 

(♦*)  cit  ~  y2)  =  sit). 


Show  that 


/ 


(a)  c(f  +  V2)  =  -sit),  and  / 

(b)  sit  +  V2)  =  cit),  J 

Wint  F6r  (a)  substitute  '-f  for  'f  in  (**)  ^ind  use  what  you  have 
learned  about  c  and  a;  for  (b)^  make  a  different  substitution  in^**).] 
2.  Show  that,  for  any  >,  /  ~ 


eit  +  2V2)  =/-c{i)  and  sit  +  2  V^)  =  -sit). 
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Here  are  treatments  of  the  two  cases  needed  to  complete  the  proof 
that  c(t  -  \fJ)  =  s{t):  '  .  ' 

In  case  Z^fz  <  t  <   IsfZ,  it  follows  that  \fl  <  t  -  ^/I  <  Zsfz  and 
so,  by^the  second  formula  in  (9)  ^  * 

By  the  third  formula  in  (9),  2  -  t/sfz  =  s(tK    So,  for  Z\fz^^  t  ^  Sn/X 
In  case  3n/T  ^  t  ^  4^2", 

The  integer  k  such  that  0  g  t  -  4N/lk  ^  4n/T  is  {[t/(4VI)Il.    For,  ' 
|It/<4's/z)l  is  an  integer  and  gt/{4sjl)l  ^  t/(4N/T)  5   Wi4sfZ)^ 1,  whence 
the  desired  property  of  k  follows  by  multiplying  by  4^^Z  and  subtracting 

The  required  explanation  *ia  that/ since  (t  -  4%^)  -  sf2 
^  {t  '  n/I)  -  4\fZk  it  follows  by  Exercise  2  of  Part  E  that  c(t  - 
s=  c((t  -  4A/2k)  -  \fZ),    NoAv,  since  0  ^  t  -  4^J^k  ^  4^^^  it  follows  by 
thd  earlier  argu^^int  that  c((t  -  4>/2k)  -  s/1)  =  s{t  -  4's/^k),  Finally, 
by  Exercise  2  of  Flirt  E,  8<t  -  4^/2k)  =  »<t). 

Answers  for  Part  F 

1.  '   (a)    By  c(-t  -  sfZ)  =  »{-t).    So,  since  c  is  even  and  s  is 

odd,  it  follows,  that  c(t  f  sfz)  =  -8(1). 

(b)    By  c(t  +  ^/T-  's/I)  =  8{t  -I-  sfZ).   So,  «(t  +  ^It)  =  c(t). 

Z.     c(t  +  £n/T)  =  c{t  4  >/T+  n/T)  =  -s(t  -I-  n/1)  ^  -c(t);^ 

8(t  +  2n/D  ^  s(t  +  n/I)  =  c{t  -itt) 
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Chapter  Nineteen 
The  Circular  Functions 


19.01   The  Winding  Function  iv 

In  the  pre<»ding  backgroiind  topic  you  studied  a  ftuiction  P  which 
can  be  thought  of  aa  "winding"  the  real  number  line  ^  around  the 
square  UVU'V  of  the  number  plane  From  this  function  P  we  ob- 
tained twq  functions,  c  and  s,  with  domain  ^  and  range  {x:  jxj  5  1 } .  In 


Fig.  19-1 

^e  present  section  we  shall  define  a  ^function  W  which  "winds"  ^ 
around  the  unit  circle  in  r^.  [The  figure  pictures  both  and  #  and 
attempts  to  show  part  of  ^  "wound  aimmd"  the  unit  circlel]  Fpm  this 
function  W  we  shall  obtain  two  functions  whose  domain  is  ^  but  which 
are  somewhat  analogous  to  the  cosine  and  sine  functions  for  sensed 
angles.  Iri  fact,  the  cosine  of  a  sensed  angle  will  be  the  value  of  the 
first  of  these  functions  for  the  argument  which  is  the  measure  of  the 
sensed  angle. 

We  wish  to'define  the  mapping  W  of  ^  onto  the  unit  circle  in  such  a 
way  that  if  a  and  b  a^e  any  two  nurribers  sticb  that  0  <  6  -  a  <  27r 
— thentheimageoftheinterval  {x:  a<.x<  6}  of^isanarc  whosemeas-^ 
ure  is  6  -  a— that  is,  is  the  same  as  the  measure  of  the  interval.  We 
shall  actually  define  W  in  sudi  a  way  that  it  is  intuitively  obvious  that 
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'  ■       .      ■  '  ■ 

"   Make  sure^hat  students  clearly  understand  th^it  the  points  of  6^ 
are  ordere'd  pairs  of  real  numbers  and,  so,  that  W  is  a  function  wSose 
argiimeijts  are  rVal  nun^bers  aRd  whose  vaiuas  are  ordered  pairs  of 
real  numbers.*  ,Thc  function '  P  of  the  preceding  Background  Topic 
should  have  prepared  them  to* consider  functibns  of  this  kincj. 

The  impo^tance^f  W  depends  largely *on  Definition  19-2: 

(cosU),  sin{a))  =  \y{a) 

Using  this  definition  and  properties  of  W  it      easy  to  arrive  at  the 
basic  properties  of  the  functions  cos  and  sin,  ^  ^ 

Student^  may  guess  at  a  relation  between  ^he  present- cos  and  sin, 
whose  arguments  are  real  numbers  arid  the  fractions  cos  ,and  sin-^  of 
the  preceding  chapter,  whose  argiiments  axe  sensed  angles.    This  rela- 
tion  is  stated  explicitly  m  T^heorem  19-4, 

The  functions  cos  and  sin  introduced  in  Definition  19-2  are  t^c 
functions  you  may  be  acquainted  with  by  some  such  description  as  *the 
cosine  and  sine  for  radian-measures  of  angles*.    The  description  is 
justified  in  so  fa;-  as  in^geometric  applications  of  these  functions  their 
arguments  are  frequently  numbers  whi<th  have  been  obtained  as^ radian-  r 
measures  of  angles.    The  description  is,  however,  misleading  in  that 
cos  and  sin  have  many,  more  important  applications  in  which  their 
ateimients  are  obtained  in  other  ways  —  for  examplci  as  measures  of 
■^^dwation  from  some  initial  ipstant,  \  . 

'    We  shall  mention  late,r  functioiis  which  we  shall  call  the  degree- 
cosine  function  and  the  degree -sine  f\mctiOT>  ["cos,  'sin].    These  also 
have  numerical  argtmients  and  are  useful  principally  in  geometric 
•applications  where  their  arguments  are  obtained  a»  the  degree -measures 
of  angles,    They  are  related  to  ouf  present  cos  and  sin  by:  ' 
•co»{a)  =  cos(ira/l80),  'sinta)  =  sin{»^/l80) 


For  example,  •cos{30)  [or*,  as  Wfe  shall  write  later,  *COS  30°*] 
'  cob(ir/6),  '  i , 
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it  has  this  desirable  property.  Prvving  that  it  does,  belongs  in  a  more 
advanced  course.  ,  ' 

We  begin  by  noting  tJxat  it  is  intuitively  evident  on  the  basis  of  our 
work  in  Chapter  17  that,  for  each  real  ,numbe|"  o  such  that  0  a  <  27r 
th^  is  just  ^one  arc  with  endpoint  U,  which  has  measure  a,  and 
dther  is  contained  ift  t/V  [if  0  <  a  <  7r/2]  or  contains  UV  [if  7r/2  ^  a 
<  2ir],  This  arc  we  call  the  counterclockwise  arc  from  U  whose  measure 
is  a\  For  0  <  a  <  6  <  27r,  it  is  also  intuitively  evident  that  of  the  two 
arcs  with  endpoint  U  and  measure,  a,  only  the  counterclockwise  arc 
Srojn  U  with  measure  a  is  a  subset  of  the  <x)unterclockwise  arc  from 
U  with  measure  b'.  And  furthermore,  the  endpoint  other  than  U  of  the 
\  couriterclockwise  arc  with  measure  a  belongs  to  the  counterclockwise 
arc  with  measure  6,  So,  by  an  earlier  theorem,  if  UP  and  if Q  are  the 
counterclockwise  arcs  from  U  with  measures  tz  and  b  [a  <  b]  then 

<1)  UQ  =  UP  u  {P}  u  PQr  \ 

where  has  no  point  in  common  with  UP.  [Of  course,  contrary  to  our 
usual  convention,  UP,  UQ,  and  PQ  are  not  restricted  to  be  minor  arcs.] 
We  are  now  ready  to  define  the  winding  function  W  and  to  establish 
its  basic  properties*  As  in  the  case  of  the  function  P  of  the  background 
exercises,  we  shall  define  W  ftrst  for  real  numbers  between  0  and  27r. 
[Why  27r?]  Then  we  shall  define  W  for  other  arguments  by  requiring 
that  it  be  periodic  of  period  27r. 

I  Definition  19^1 

.  ■  "       (a)  WiO)  =  U; 

(b)  for  0  <  a  <  27r,  Wia)  is  the  point  X  such 
tdiat  the  measure  of  the  counterclockwise 
arc  UX  is  a;* 

(c)  %Ta4{x:0^  x<  27r}, 

.  ;  Wia)  =^  Wia  -  27r{Ia/(27r)]l).. 


/To  show  that  Definition  19-1  does  define  W  for  all  real  number 

arguments  it  remains  to  be  shown  that  0     a  -  2i^a/i2rr)]\  <  2n, 

This  follows  at  once  from  the  fact  that 

■  *  •  * 

•    ■  Il£?/(27r)I!  ^  ^  <  lla/(277)l]  +  1.      [Explain,]  ■ 

[Note  t|iat  the  equation  in  part  (c)  of  the  definition  is  satisfied  even  if 
a  €  {x:  0  5  X  <  27r}.  Explain.]  '      .  ; 
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,  W<'  begin  by  defining  W  for  real  numbers  between  0  and  Ztt 
[13  included]  because  the  circumference  of  the  unit  circle  is  Zw, 

By  the  definition  of  the  integral  part  function  in  Part  B  of  the  \ 
Background  Topic,  page   313,  it  follows  that 

|Ia/(2j-)I]  <i  ga/Zirl  +  I. 

r  ■  - 

So,  since  '2m  ^0,  '  • 

Z^{IaA27r)]|  <  a  <  Ivga/Zirl  4-  2^ 

and,   so,  *  *^  ^ 

0  <^  a  -  Zjla/lTfl  <  Ztt. 

The'equation  in  part  (c)  of  Definition  19-1  is  satisfied  if 
a  6  {x:   0  <  X  <   ZtV  because,  if  0  ^  a  <   Zw  then  [[a/Z^]]  =  ^ 
^equation  in  question  reduces  to  *W(a)  =  W{aV, 

It  follows  from  the  immediately  preceding  argument  and  Definition 
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Notg^that,  by  definition*  aild  our  knowledge  that  miUV)  =  tt/2, 
miUVU')  =  TT,  and  miUVV')  =  37r/2,  it  fonows  that 

J,   wm^  ii,Q),WM2)=  (0. 1); 

-^^^  '      WiTT)  =  (-1^0).  and  =  (U,  -1).  

What  is  Wi--rr)?  W{-S7t/2)?  ''  .  '      ■  .  . 

We  have  already  noted  the  following: 

II  Lerama  1    For  any  a,  W{a)  =  Wia  A  27HIa/(27r)Il); 

Using  this  and  a  theorem  we  have  previously  proved  concerning  the 
integral  part  function  it  is  easy  to  prove: 

I!  Theorem  19-1   W  is  periodic  with  period  2n. 

For  our  maiiiresults  concerning  W  we  need: 

Lemma  2   For  0  S  a  <  1&  <  2lr,  one  of  the  arcs 
,  w^th  enjipoints,  W{a)  and  Wib)  has  the  measure 

b  -  CL 

This  follows  from  (1)  and  a  theorem  on  measures  of  arcs.  By  (1)  and 
Definition  19-1,  it  Allows  *that,  for  0^  a  <^  <  27?:,  the  counterclock- 

wis^^from  U  with  me^ure  ^  is  UW(a)W{b)  and  is  the  union 

wl^qi^JJWia)  "is  Uie  counterclqNckwise  arc  from"  U  with  measure  a,  and 
is  one  of  the  arcs  with  epdpoints  Wia)  and  W{b)  and  has  no 
•  point'  iti  common  with  (jWia).  It  follows  by  "theorem  17-16  that . 


f 


:  m{UW{a)W{b))     miVWia))  ^  mma)W{b))  • 

and,  ISO,  that'  '  \ 

^  *    b  ^a  +  mimdm  ,  '    *  9 

»       Thus,  miWia}Wtb)y^  6  -  a.  In  case  a  =  0,  which  has,  so  far  been 
'^  f'  omitted,  Wia)  ^  U,  h  -*'  a  =  6,  and  the  arc  we  are  looking  for  is  merely 
the  countercIock;wise  arc  ftom^  with  measure  6.  ^ 
We  can  now  stajS;^  and  easily  prova: 


I 


.Theorem  19-2  For 0 <  a<b  <  27r,^ 
*  •  '     '  ■     dma),  Wm  =  (ilU,  W{b  -  a)). 


.  TC411  .  , 

W(-ir/2)  =  (0,*-l);  W(-5r)  =  (-1,0);  W(-3ff/2)  =  (0.  1) 

For  a  proof  of  Theorem  19-1,  see  answer  for  Exercise  1  of  Part  B 
on  page  412. 

a  proof  of  Theorem  19-2,  see  the  answer  for  Exercise  Z  of 

Part  B.  ,  ^ —  : — . — :  
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Answers  for  F^rt  A  ^  i| 

1.  (a)    #  (b)  J  (c)   7r/6  .  (d)  7  -  2ir  [or:  0.72] 
(e)    3400  -2^.541  [or:  0J9]            W   -1  ^  l-n  ^  Z  [or:  5.56] 

(g)    --20+2ir.4  [or:  5,14]  ^      <h)   2if/3  [i.e,,  - 1 0?r/3  +  2ir •  2] 

(i)    2^/3  |i.e.,  20^/3  -  29f.  3} 

[It  is  ryjt  necessary  that  students  develop  skill  in  dealing  with  nega- 
tive arguments  of  W  as  in  partjB  (b),  (f),  (g),  and  (h).    In  dealing 
«  with  the  functions  cios  and  sin  which^ give  the, coordinates  of  W  (s«e 
Qefinition  19  -2)  we  shall  always  be  able  to  reduce  problems  involving 
,      negative  arguments  to  problems  involving  positive  arguments.  This 
is  because  cos  is  even  and  sin  is  odd,  ^         ^  ^ 

2.  (a)  (b)   ^       ^         (c)  ir/6  (d)  7  -  2y  | 
(e)    3400,-  3ir*  541      {^)   -7  +  2;r     (g)  ^20+2^-3     (h)  Zt/l 

(i) 

[The  answers  for  Exercise  2  are  the  same  as  those  for  Exercise  1 
in  case  the  latter  are  between  0  and  5r.    In  the  contrary  case  one 
need  only  subtract  2^  from  the  correspondi-hg  answer  for  Exercise 
1,    The  point  to  be  learned  is  th^t,  for  each  x,  *one  c%n  find  both  a 
number  a  such  that  0  <;  a  <  27f  and  a  number  b  such  that 
.  <  b  ^  t  such  that  "W(a)  =  W(b)  ^  W(x).]  ^ 
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Exercises 


Part  A.         *  \ 


 1r  Vnr  parh  mimKor  r  Usfi^  Vtolnq?  fintj  a'  nntnhfir  n  ftvch  that  0 n 

<  2ir  ana  Wix)  =  Wia).  -* 

(a)  377  (b)  -37T  .  .      .         (c)  137r/6 

.  (d)  7  [Ans:  7  -  2tt  or,  approximately,  0.72.]  (e)  3400 

<f)  -7  [By  Theorem  19-1,  m-7)  =  ^-7  +  irr).]     (g)  ^20 
.  (h)  -IOtt/S  (i)  207r/3 

2.  For  each  number  x  listed  in  Exercise  1,  find  a  number  a  ^uch  that 

-TT  <       It  and  Wixl  »  W(o). 

PartB 

,       1.  Prove  Theorem  19-1. 

2.  Prove  Theorepi  19-2.  * 

3.  Show  that,  for  any  C€^,  there  is  a  number— say,  6— such  that 
^    -77  <  6  ^  TT  and  W(a)  =  W{b).  [Hint  Let  e  =  a  -  277ila/(27r)]]  so 

that  0 c  <  27r  and  W^(a)  =  W{c).  Now,  find  6  such  that  <  b 
^5  77  and  W{by'=  W{c).  Consider  two  cases.] 

4.  Prove: 

.  II  Theorem  19-3  For  0  <  c  <  27r,  UW(-c)  =  UW{c). ' 

[Hint:  By  .Theorem*  19-1,  W(~c)     m27r  -  c).  [Why?]  For  0  <  c 

<  277,  0  <  277  -  c  <  277.  Why  are  arcs  of  the  unit  circle^  whose 
measures  are  c  and  2it  -  e  subtended  by  chords  of  the  same 
length?] 

5.  Prove:  "* 

II- Corollary   For  0  ^  c  <  27r  and -0     d  <  27r, 
I  W{d)W{c)  =  UW{c  r-  d). 


,19.02  The  Circular  Functions  COS  and  sin 

For  any  real  number  ty  Wit)  is  a  point  of  the  unit  circle— that  is, 
W(f)  is  ai}  ordered  pair  o'f  real  numbers!  Witir this  in  mind  we  define 
two  functions  with  domain  the  cosine  function  (a)s)  and  the  sine 
function  (sin).  ,  ' 

II  Defmition  19-2  (opsCa),  sin  (a))  =  ma).  ^  • 

For  example,  since  'Wi'nl2)'^  (0,  1)  it  follows  from  this  definition  that\ 
cos  (7r/2)  =  0  and  sin  (7r/2)  =  ,1.  What  is  cos  tt?  sin  tt?  fWe  shall,  as 
here,  usually  omit  the  parenthesis  indicating  the  application  of  cos  or 
sin  to  an  argument.] 
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[{3)  on  page  314] 


Answers  for  Part  B 

1,  For  any  k  €  I, 

=  W{a  +  2^k- Z^IIa/(^^)•f  kl)  1 
=  W[a  +  27rk-2HlIa/(27f)IJ^k)]J 
/  =  W(a'2;r[[a/(2?r)]l) 
^  ^  =  W(a). 

2,  Let  W(a)W(b)  be  the  arc  with  end  point8jW(a)  and  W(b}  whose 

measure  is  b  -  a  [Lreinma  2]  and  let  UW(b  -  a)  be  the  counter- 
clockwise arc  from  U  with  measure  b  -  a.    Since  these  arcs 
have  the  same  measure  they  are  congruent.    Since  they  are  con- 
gruent, so  are  their  chords.    The  chords,  being  congruent,  have 
the  same  measurev.    Hence,  the  theorem. 

3,  Following  the  hint,  if  0,  <  c   <   ^,  take  b  =  c;   if  ^  <  c  <   Ztt  take 
b  ^  c  -  It.    In  either  case,  W{b)  -  W{c)  -  Wj(a)  and         s  b  ^  tt. 

4,  l^ollowing  the  hint  it  is  sufficient  to  note. that,  for  0  <  c  <   2^,  for 
any  arc  of  the  unit  circle  of  measure  c  there  is  an  arc  of  measure 
2^  -  c  which  has  the  same  end  pK)ints  as  the  given  arc. and,  so,  has 
the  same  chord  as  the  given  arc«    Since  arcs  of  the  same  measure 
are  congruent  and,  so,  have  congruent  chords,  the  chords  of  any 
^rcs  of  measures  c  and  Zt  -  c  will  be  congruent  and,  hence,  will 
have  the  same  measure.    In  particular,  UW(-c)=  UW{2sr-c)=  UW(c) 
since,  by  definition, tha  counterclockwise  arcs  from  U  to  W(2^  -  c) 
and  to  W(c)  have  measures  2^  "  c  and  c,  respectively »  ^ 

5,  The  case  in  which  d  <  c  is  covered  by  Theorem   19-2,  and  the 
case  in  which  d  =  c  is  trivial  [W{c)W(c)  =  0  ^  UU  =  UW(0)}.  In 
case  c  <  d  it  follows  by  Theorem  19-2  that  W(c)W(d)  =  W(d  -  c).  . 
But,  since  0  <  d  -  c  <         it  follows  from  Theorem  19-3  that 

W(d  -  c)  =  W(c  -  d).    So,  the  corollary  holds  in  all  cases/ 

■¥     ^     ^  '  <        ,        ^  ^ 

f        Since  W(;r)  -  (-1,0)  it  follows  that  cosjr  =  -1  and  sin  ^  0, 
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In  Chapter  15  we  defined  different  cosine  and  sine  functions,  whose 
arguments  are  angles  rather  than  real  numbers.  In  Chapter  18  we 
have  introduced  another  cosine  function  whose  arguments  are  sensed 
angles  and»  for  each  orientation  of  a  plane,  a  ''sine  perp"  function 
whose  arguments  are  sensed  angles  in  that  plane.  These  cosine  and 
sine  functions  are  closely  related.  For  example,  thte  cosine  of  an  angle 
is  the  cosinfe  of  each  of  the  "corresponding''  sensed  angles  and  the  sine 
of  an  angle'is  the  absolute  value  of  sin^  of  each  of  the  corresponding 
sensed  angles.  We  shall  see  that  the  cos  and  sin^  of  a  sensed  angle  are 
the  cos  and  sin,  according  to  Definition  19-2  of  the  radian-measure  of 
that  sensed  angle^It  may  strike  you  as  confusing  to  have  the  same 
name -for  example,  'i^s'-  for  each  of  three  functions.  However,  as 
you  will  see,  it  is  usually  easy  to  tell  from  context  [cos  LA,  cos  lA^ 
cos  a]  which  function  is  meant.  And,  in  this  chapter,  unless  the  a)n- 
trary  is  made  quite  clear,  we  shall  always  mean  the  functions  of  Defini- 
tion 19-.  2  when  we  use  'cos'  and  'sin'. 

Because  of  their  close  connection  with  the  unit  circle  of  a)s  and 
sin  are  called  circular  functions.  In  the  course  of  this  chapter  you  will 
become  acquainted  with  several  other  circular  functions. 

To  see  the  relation  between  the  fuiittions  cos  and  sin  of  Definition 
19-2  and  the  [different]  functions  cos  and  sin^  of  Chapter  18,  consider 


Fig.  19-2 


a  sensed  angle,  Z4,  in  an  oriented  plane  tt.  Recall  that  we  have  chosen 
for  ^2  the  orientation  for  which  tT^  =  "v.  [We  shall  use  in  referring  to 
both  of  the  chosen  p^ing  op^ationa-one  in  [^rl^^d  the  other  in 
[rj.]  Let  The  the  unit  vector  in  the  sense  of  the  initial  side  of  ZA  and 
let  Q  be  the  point  of  the  terminal  side  of  ZA  such  that  AQ  =  1 . 

There  is  an  isometry  f  which  maps  tt  onto  in  such  a  way  that  A  is 
mapped  on  O,  A  Ton  U,  and  A  on  V.  Ii\  fact,  if  we  restrict  our 
attentibn  to  points  of  tt  and  then  there  is  just  one  suc^  isometry. 
[Explain,]  This  isometry  maps  Q  on  a  point  P  of  the  unit  circle  in  ^2 
and  maps  each  side  of  ZA  onto  the  corresponding -initial  or  terminal 
-side  of  ZUOP.  Since  /  is  an  isometry,  m{lA)  ^  m{l.UOP).  Since  f 
maps  the  initial  [terminal]  side  of  ZA  onto  the  initial  [terminal]  side 
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Suggestions  for  the  exercises  of  section  19.02: 
Part  A  should  be  used  in  class  to  illustrate  the  discussion. 
Parts  B  and  C  may  be  assigned  for  homework.   

"  ,         •  i 

The  isometi:^  referred  to  is  the  mapping  f  which  maps  the  point 


A  +  Tp  +  i"^q  of  ft  on  the  point  (p/q)  of  £p.    If  ^  is  any  mapping  of  tt 
onto        such  that  A  is  mapped  on  O,  A  +  1  on  U  and  A  +  7-^  on  V  then 
g'^i  of  is  an  isometry  of  tr  onto  it  soli  which  leaves  A,  A  +  T,  and  A  +  i**^ 
fi;?ced.    We  know  by  Theorem    14-30  that,  as  far  as   tr  is  concernedi  the 
only  such  isometry  is  the  identity,  mapping.    Since  g"^  o  f       the  identity 
mapping,  g  =  f.  , 
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Proof  of  the  Corollary  to  Theorem  19-4; 

Given  /A,  let         be  either  of  the  sensed  angles  the  union  of  whose 
sides  is  lA,    Choose  that  perping  operation  ^  in  the  bidirection  of  the 
plane  of  ZA  for  which  /A  is  positively  sensed.    It  follows  that 
cos^A  -  cosZA,    sin-^/A  =  sin/A,  and  m-^(^A)  =  'm(ZA).    So  (by 
substitution  into  Theorem  19-4]  the  corollary  follows. 

The  corollary  shows  us  how  to  find  the  cosine  and  sine' of  an  angle 
whose  measure  is  known  if  we  know  how  to  find  values  of  the  functions 
cos  and  sin  of  the  present  chapter  —  that  is,  those  introduced  by 
Definition  19-2, 
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of  IpOP,  it  follows  that  mHl^  =  mHlUOP).  U  mHZUOP)  =  a 
theii  — JT  <  a  S  TT  and 

•    P  -  Wia)  =  (003  c  sin  a) )  (co#  m^{lA\  sin  mH  ZA)). 

But,  by  Exercise  5  ofp^xt  D  on  page  405, 

'  P  =^  (cos  lUOP,  sin^  ^{/QP)  -  (cos  lA,  sin^l^). 

So,  we  have  proved:  # 


I 


Theorern  19-4  cos      -  cos  w^(^A) 
and  sin-^       =  sin  KlA\ 

CoroHaiy  cos  iii4  =  cos  mKLA) 
and  sin  LA  -  sin  mKLA) 


Theoreai^  19-4  can  be  used  in  either  of  two  ways.  When  we  leam 
how  to  find  values  of  cc^  and  sin  for  numerical  arguments  we  can  use 
Theorem  19-4  to  find  the  value  of  cp3  or  sin-^  of  a  sen$ed  angle  whose 
measure  is  known.  [And,  from  this,  we  can  also-find  cos  and  sin  of  an 
''ordinary"  angle  whose  measure  is  known.  How?]  On  the  other  hand, 
if,  for  some  number  a,  we  know  the  values  of  cc^  and  sin^  for  a  sensed 
angle  whose  measure  is  a  thea  we  can  use  Theorem  19-4  to  find  a>s  a 
and  sin  a. 


Exercises 


1.  Use  Theorem  19-4  in  the  second  of  the  ways  mentioned  above, 
together  with  facts  learned  in  Chapter  18,  to  impute  {x>s  a  and 
sin  a  for  each  of  the  values  of  *a*  given  b^l^w.  [Tabulate  your  re- 
sults in  a  table  with  three  columns— one  for  the  value  <Sf  *o',  and  the 
others  for  corresponding  values  of  cos  and  sin.  Save  your  table  and 
save  room  for  four  more  columns.] 


r,  -57r/6,  -SttM,  --2^/3,  -7r/2,  -7r/3,  -7r/4f-7r/6, 
0, 7r/6,  7r/4,  tt/S,  7r/2,  27r/3,  SttM,  Stt/B  . 

^  •  ■  . 

2,  Use  the  pr^^ding  results  and  Theorem  19f-l  to  find  the  valu^of 
cos  and  sin  for  some  arguments  less  than^  and  for  some  greater 
than  or  equal  to  TT.  n         .  . 

3«  On  the  same  axes,  dtaw  graphs  of  cos  and  sin  for  arguments  in 
{x:-^ ':S  x^  S7r},  [Hint:  Except  for  not  having  ''comers"  your 
graphs  will  be  much  like  those  you  drew  for  the  flmctions  c  and  s  in 
Exercises  5  and  6  of  I^^xiJ!  on  page  407.]  n 
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Answers  for  Part  A' 


1. 


a 

cos  a 

sina 

-1 

0 

^1/2 

-3ir/4 

-l/VT 

-VV2 

-2ff/3 

-1/2 

-^/T/2 

-n/z 

0  ' 

1/2 

-N/r/2 

i/VT 

^/^/?. 

-i/i 

1 

0 

VT/2 

1/2 

\m 

1/n/T 

■n/3> 

1/2 

VT/2 

■u/Z 

0 

1 

lir/^ 

-1/2 

n/T/2 

3^4 

i/>/r 

-sJT/z 

1/2 

[The  empty  columns 
are  for  the  other 
circular  functions 
tan,  cot,  sec,  and 
CSC  which  are  i^\tro- 
duced  later  this 
chapte  r,  ] 


[Students  may  choose  any  integral  multiples  of 
adding  or  subtracting  the  appropriate  multiple 
ment,  which  is  listed  in  the  table  and  at  which 
same  values  as  for  the  chosen  argument.  ] 


t/6  or  ir/4  and,  by 
<jf        find  an  argu- 
COB  and  sin  haye  the 


[Students  should  use  cross  section^paper  and  use  the  same  scale  on 
both  axes.    They  should  note  that  the  graphs  appear  to  cross  the 
horizontal  axis  at  angles  of  45*  (or  IBS'*).    Encourage  them  to  do 
a  good  job  and  to  keep  their  graphs  for  future  reference.  ] 
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PartB 


1.  We  haVe  seen  that  the  domain  of  cos  and  sin  is^.  What  is  the 
range  of  cos?  Of  sin?  Justify  your  answers. 

2.  What  does  the  fact  that  (cos  a,  sin  a)  belongs  to  the  unit  circle  of 
^  tell  you  about  the  relation  between  the  numbers  a>s  a  and  sin  a? 

3.  What  do  the  graphs  you  drew  in  answer  to  Exercise  3  of  Part  A 
suggest  as  to  the  possible  evenn^  or  oddness  of  cx>8?  Of  sin?     -  ^ 

4^  Are  cos  and  sin  periodic?  '  I 

♦5.  Your  graphs  should  suggest  to  you  how  to  complete: 

cos  (a  +  7?^)  =  and:  sin  (c  +  tt)  =   i 


Parte 

It  is  customary  to  use  Greek  let- 
ters V  [alpha],  'iS*  [beta],  V  [gam- 
ma], and  '8'  [delta]  in  referring  to 
measures  of  angles.  So,  for  exam- 
\  pie,  in  AABC,  we  shall  let  ot 
«  mi/^X  P  ^  miLB)^  and  y 
«  milO, 

:     1.  The  cosine  law  and  the  sine  law  are  state^l  on  pages  215  and  241  in 
*  terms  of  cosines  and  sines  of  angles.  Restate  them  in  terms  of  the 
functions  cos  and  sin  of  Definition  19-  2,  using  the  notatioi^  intro- 
duced  above. 

2.  Restate  the  following  in  tenfts  of  cos  and  sin  of  Definition  19-2. 
(«)  Both  parts  ofTheorem  16-1  [The  Projection  Theorem]. 

(b)  ' Both  parts  of  Theorem  16-6. 

3.  Given  A>U5C  d^cribed  above  together  with  the  following  informa- 
tion, find  y,  cos  y,  sin  y,  a,  and  h. 

(a)  oli^  7r/6,  ^  =  7r/6,  c  =  6     (b)  a  «  7r/3,    »  ^/6,  c  =  6 

(c)  it/3,  0  =  7r/3,  c  «  6  (d)  a  =  2ttIZ,  p  =  17/6,  c  =  6  . 
(e)  a  =  m,  ^  =  ^rM.  c  =  6      (f)  a  =  7r/4,  ^  =  7r/4,  c  -  6 

-  * 

From  Exercises  2  and  4  of  Part  B  and  Exercise  1  «f  Part  C  wecbtaia 
three,  noteworthy  theorems  and  a  «>rolIary:  ,  ; 

il  Theorem  19-5  cos*  a  +  sin^  a  =  1 

[As  illustrated,  it  is  customary  to  abbreviate  '(cos  a)^'  to  W  a'  and 
•(sin         W  a'.]  ] 

l|  Theorem  19-6  cos  arid  sin  are  periodic  with  period 
2>r-that  is,  cos  (a  +  2|r)  =  cos  a  and  sin  (a  +.27r)  - 
«  sin  a.  .       \  1 »' 
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Answers  for  Part  P 

1.  Both  cos  and  sin  have  a^pnge  {x:    -1  <'  x  <   l}.    An  argument 
to  support  this  is  that,  ft^each  x  with  |x.l  <   1  there  is  a  point  of 
the  unit  circle,  (x.Vl  -  x^),  which  has  this  number  asj  its  first 
component  and  a  point  Wl  "  x^,  xT  which  has  *his  number  as  its  ^ 
second  component.    Furthermore,  there  are  no  points  on  the  unit 
circle  which'^have  either  component  greater  than  i  or  less  than  -\ . 

2.  .  (co8a)2  +  {8ina)2  =1 

3.  It  appears  likely  from  the  graphs  that  cos  is  an  even  function  and 
sin  is  an  odd  function, 

4      Yes     Since  W  is  pe riodic,  cos  and  sin  must  be  }Je riodic . 
*     [{co8(a  +  2ff),  8in(a  +  2jr))  =  W(a  +  In)  -  W(a)  =  <co8a,  sina)] 
5.     co8(a  +  k)  =  -cosa,  sin{a  +  tt)  =  -sina   [Note  that  these. relations 
also  Show  the  periodicity  of  cos  and  sin.    For  examni^, 
cos(a  +  l-x)  =  -co8(a  +  ir)  =  --cosa  =  cosa,  ]  W 
/'  "  • 

Answers  for  Part  C 


J. 


sina      siniJ      sin  V 
a?  +  b2  -  2ab  cosa;  =  = 

c  -  a  cos  3 


2.  (a)  a  cos^  +  b  cosa  =  c;  cos  o  =  ^ 
(b)  cosY  =  -{cosa  cos  ;3  -  sino  sin^); 

sinY  =  sina  cols  p  +  cos  a  sin^ 

3.  (a)  V  =  2^/3,   cosY  =  -l/2,    sin-Y  =  ^/l.   a  -  N?>/T.   b  =  2n/T  ^ 

(b)  Y  =  y/2,   cosY  =  0,    sinY  =   1,   a  =  3«/3,   b  =  S 

(c)  Y  =  t/3,   cosy  =  1/2,    SinY  =  4SfZ,-  a  =.6,   b  v  6  ' 
■    (d)  Y  =  ir/6,   COSY  =  VT/2.    sin  Y  =  I/2.   a  =  Sn/T.  b\=  6 

<e)  Y  =  co.Y  =  1/4Z,    sinV  =  a  =  6%^,   b\=  6 

i{S)  Y  =  t/I.   cosY  =  0,    SinY  =1,   a  =  3\/T,   b  =  3VI  \ 

\  *  ■     V  " 

For  a  proof  of  Theorem  19-6.-  see  the  answer  for  Exerci.e  ,U  of 
Part  B.    The  same  argument  establishes  the  corollary.    Alte rnktwely. 
the  corollary  can  be  derived  from  the  theorem  by  mathematical  m^uc- 
U^.    As  a  preliminary  to  such  a  prpof  it  is  <=°"r«"i«»V^,"°*\.m«tir 
'co8(a  +  2ir)  =  cq.a'  one  can  infer  'coaa  =  cos(a  -  2;r):  by  substituting 
'a  -  2x*  in  the  former  for  'a'.  ,  " 
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i  ,  Sample  Quiz 

I.     Make  use  of  your  knowledge  of  values  of  cos  and  sin  for  certain 
spj^cial  arguments  t6  help  you  complete  the  following  table. 


3ir 

IT 

-7tr 

-3^ 

47r 

ZStt 

-37^ 

I9ir 

X 

4 

5" 

4 

3 

3 

4 

i> 

2 

sin  X 

cos  X 

z. 


2,  Prove  |>y  mathematical  induction:  For  each  k  €  X,  sin{p+  2k^)  =  sin  p. 
Key  to  Sample  ,Quiz 

l\     »inx:   \/T/2,  1/2,   i/2.   -^JI/^.  0,.  -sfT/Z,  -VI/Z.  -\/T/2,  -l/2,   1  . 
cosx:  -nTz/z,  VT/2,  -^^T/Z,  -4z/Z.  -1.  -1/2,  -1/2,  -n/T/Z, 
0  . 

Case  for  k  =  1:   8in(p  +  2  •  1  •  ^)  =  sin{p  +  2^)  =  sinp 

Case  for  k  positive:    Suppose  that  8in{p  +  2n;r)  =  sinp,  for  some 
n   >  1.    Then,  8in[p  +  2(n  +\)^]  =  sin[(p  -I-  2^)  +  2n7r] 
=   8in<p -I'  Z7t)  =  sinp.    Thus,  if  sin(p  ^  2n^)  =  sinp  then 
sin^p  +  2{n-+\l))r]  ^  sinp. 

Case  for  k  nonpo'sitive*.   Suppose  that  sin{p  +  2n;r)  =  sinp,  for  some 
-    n  <  1,    Then^  sin[p  +  2{n  -  1)^]  =  sin[(p  -  2^)  +  2n;r] 
\  =   sin^p  -  Ztt)  =.  sinp.    Thus,  if  sin(p  +  2n;r)  =  sinp  then 
sin[p  +  2(n  -  l)^r]  =  sinp. 

Hence,  by  mathematical  induction,  sin(p  +  Zk^r)  =  sinp,  for  each 
k  C  I.  \ 


.  ■  TC4ia  '  ,  r 

The  subtraction  law  for  cos  states  one  of  the  most  basic  properties 
of  cos  and  sin.    That  this  is  so  is  evidenced  by  the  fact  that  one  can  take 
as  a  definition  of  cos  and  sin  [^^om  which  all  their  properties  can  be 
derived]  the  subtraction  law  for'  cos  and  the  limit  latw: 

sin  X 


Corollary   For  any  kel, 
cos  (a  -h  2k7r)  =  cos  a  and  sin  (a  -I-  2kv)  =  sin  a. 

Theorem  19-7   If,  in  AABC,  a,  /3,  and  y  are  the\ 
radian-measures  of  /LA,  ^B,  and^C,  and  a,  6, 

and  c  are  the  measures  of  BC»  CA,  and  AB, 
then 

=     +      -  2ab  cos  y  [cosine  law]  and 
sin  a  _  sin  ^     sin  y 
a  b  € 


[pine  law]. 


19.03  The  Subtraction  Law  for  cos 

There  are  many  thieorems  concerning  the  functions  cos  and  sin  and 
the  other  circular  fimctions  which  we  shall  study  later.  Among  the 
most  important  is  the  subtraction  Icuu  for  cos: 


(1) 


(bs  (a  -  6)  =  cos  a      b  +  sin  a  sin  6 


Urn 


1 


As  we  shall  see,  m6st  of  what  we  need  to  know  about  cos  and  sin  fol- 
lows from  (1)  and  minor  bits  of  information  such  as  that  cos  tt  -  ^1. 

In  spite  of  its  importance,  (1)  is  an  easy  consequence  of  results  w^ 
have  already  proved,  including  the  distance  formula  for  which  was 
obtained  in  the  background  exercises  at  the  end  of  Chapter  18.  The 
latter  is: 

diia,.a\)Ab,,b^))^  V{b^-~a~^^^  .  ^ 

[Recall  that  this  is  ah  immediate  consequence  of  our  definition  of  dis- 
tance [d(A,  B)  =  ViB'^  A)  *  (B  -  A)]  and  the  definitions  (4)  and  (6) 
on  pages  402  alid  403.] 
We  begin  the  proof  by  letting 


[This  latter  expressea  the  fact,  noted  in  connection  with  the  answer  for 
Exercise  3  of  Pasi  A  on  page  414.  that  the  graph  of  *in  croasea  the 
axis  of  arguments  at  an  angle  of  45*.  ]   The  proof  that  this  is  the  case 
belongs  in  a  much  later  course  than  this  one.    We  shall,  however,  derive 
most  of  the  usual  theorems  concerning  cos  and  sin  from  the  subtraction 
law  for  cos  together  With  our  knowledge  of  the  val;^s  of  eos  and  sin  at 
^v/i,  0,  ^/Zt  and 

A  proof  of  the  sort  given  here  for  the  subtraction  law  for  cos  was 
first  given  by  A.  L.  Cauchy,  a  French  mathematician  who' lived  between 
1789  and  1857. 


(2) 


c  =  a  -  27^aJi27r)l  and    =  6  -  2M{2it)1 


It  follows  that  0  5  c  <  27r,  0  <  <  27r,  Wic)  =  W{a),  and  Wid)  ^  W{bl 
Also,  since  W  has  period  2n  and  - 


(3) 


P  -  d  =  (a  -  b)  ^  2^{Ia/(2Tr)I]  ^i6/(2^)Ij) 


it  follows  that  Wic  -  d)  =  Wia  -  b).  From  vs^hat  has  been  sedd  so  Far 
and  the  corollary  to  Theorem  19-3  it  follows  that 


(4)       .  UWia  -  b)  =  UWic  -  d)  =  W{d)Wie)-=  W{b)WiQl. 
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,  We  now  make  uee  of  Definition' 19-2  and  the  distant^  formula. 
Since  1/  =  (1,  0)  and  Wia  -  6)  =  .(cios  (a  -  6),  sin  (a  -M,  ,^ 

(5)  {UWia  -  6)?  =  [cos  (a  -  6)  -  1]*  +  Esin  (&  -  b)  ^  OP 

\,   =  cos*  (a  -  6)  -  2  cos  (a  -  6)  +  1  +  sin^  (a  -  b) 
y  .  =  2[1  -  cos  (a  -  6)].  [Explain.] 

On  the  other  hand,  since  W{a)  -  (cos  a,  sin  a)  and  W{b)  =  (cos  6,  sin  6), 

(6)  lW(b)Wia)f  =  (cos  a  -  cos  6)^  +  (sin  a  -  sin  ftP 

=  [cos^  a  *  2  cos  a  <x)8  6  +  cos^  6] 

[sin^  a  -  2  sin  a  sin  6  +  sin^  b] 
===  2[1  -  (cds  a      6  +  sin  a  sin  6)]  [Explain.] 

Comparing  (5)  aad  (6)  we  at  once^l^n  statement  U).  ^ 


-Exercises 
Part  A 

1.  Use  the  subtraction  law  for  cos  together  with  data  from  Exercise 
1  of  Part  A  on  pa§e  414  to  show  that  a)s  {7rll2)  -  (V6  +  V2V4. 

2.  As  in  Exercise  1,  cx)mpute  ojs  (517/12). 

3.  Show  that  cos  is  an  even  function.  [Hint:  Show  that  cos  (0  -  a) 
=^  cm{a  -  0) J  *    *  .  .* 

4.  Show  that  sin  is  an  odd  function,' [Z/in^  cos  (-a  -  7r/2)  =  cx)s 
(-nl2  -  c).]  '  ' 

5.  (a)  Prove  tlvB  xiddition  law  for  cos:  ^  j 

cos  (a  -H  6)  =  a)s  a  cos  6  -  sin  a  sin  b 

[Hint:  a     6  =  a  -  -b,] 
(b)  Where  have  you  seen  a  theorem  ilike  the  addition  law  for  cos? 

Explain,  ^  • 

&  Prove  that         *  ^  -  : 

(a)  cos  (7r/2  -  a)  =  sin  a,  and  '  .  (b)  sin  (7tI2  -  a)  =  cx»  a, 
[Hint  Part  (b)  follows  atoi^^from  part  (a),] 

7«  Prove  the  subtraction  J^^Sf^i^^  f^^ 

(a)  sin  (a  -  b)  -  mtimB^b  -  cos  a  sin  6 

(b)  sin  {a  +  6)  =  sin  a'cos  6  -f.  cos  a  sin  6 

[Hint  for  (a):  sin  (a  -  6)  =  <^  [7r/2  -  (o  -  6)1  =:       [(3y/2  -  a) 

(6)  Where  have  you  s^  a  theorem^  like  the  addition  law  for  sin?^ 
^Explain. 


The  explanation  asked  for  in  connection  with*  (5)  is  that,  as  we  have 
s^ien  in  Exercise  2  of  Ps^rt  B  pi^>agii*^415 ,  cos^ia:-b)  t  a>)t>^.i(a-b|  =  1.. 


he  explanation  ask^d  for  iu  cotinecfion  with  if^^s  that 


coB^  a 


Suggestions  for  the ^xerciis^s' of  section  19*.  03:  / 
(i)   Paft  A  should  be  used  to  iilu^frrate  the  aisjcusfiion  j^receding  and 
following  it.  V    >        '4-  ^      -  -  ' 

'  (ii)  AfteV  appropriate  examples,  Parts  Band  C' may  b€»  assigned  as 

homework.  ^  •  *  <         ^      '  ^ 

(iii)   The  discussion  on  page%  420-421,  and.  ExeWisfe s  U -3.of  ^rt 

should  be  teacher  diregcted.  ^\     ,    fi  '  • 

tiv)   Exercises  4'-'*6  of  Part  D,  and^Part  E  may  be  used  for  hortjework. 
Be,  sure  to^ discuss  the  examples  for  Part  X  l>^|o^«  making  this 
assignment,*^  ^  '      '  ,  n 

*     (y)  Part  F  may  be  developed  in  class.  *    .  , 

■       ■  -  ■   . '       *  ^ 

Answers  for  Part  A  '       "  \'  *    "  . 

1,     cos<^/l?J  =  cosf^/4  -  ir/6)  .    V  . 

=  cos<:?/4)  cos<3r/6)  +  sin(  V4)  sin  Tf/^  ,  ^ 

^fZ     Z      sfZ    Z        4   '  ^ 

a.     cos{.5?^/I^)  =  cos(3^/4  -  ^/3)  '"  '  V.  -//  . 

=  .cos{3V4)co8(7r/3)+  sin{3?r/4)sin{^/3j 

\fl\Z     'sfl    Z  •  ■ 


V2U 


V3)  Nr2)/4  0.259] 


3,     cos{-a)      cos(0  -  a)  '  ^ 

=  cos  0  cos  a  ■¥  s^in  0  sina 

/    ■  * 

=  cos  a  cos  0  +  sin  a  siii  0  ' 
s:  cos(a  -  0)  / 

co8*a  So,  cps  is  an  even  function. 
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Answers  for  Part  A  [cont,]  \  /  ^  '  ^ 

\-  ;  .  k  ■ 

*4,  '  cos{-a  -  t/l)  =  cos{-a^cos{?r/^)  +  sin(-a)  sin(7r/^)  =  sin^-^). 

since  cos{;r/2)  ^,0  and  8in{;r/?-)  ^  1.  cos(-^t/2  -  a)  =  cos{-^/z)cos 
+  »in{-7f/z)  sina  =  -sina^  since  cos(~7r/2)  ^  0  and  sin(^7r/Z)  -  -1, 
So,  since    -a  -  "-^/^t     a   it  fbliows  that   6in(-a)  =  ^sina  —  ^ 

that  is,  that  sin  iswn  odd  function,  ^  • 

(a)  cos(a  +  b)  =  co^a  -  -1?) 

.  '  cosa  cos(-b)  4-  sina  sin(-b) 

=  cosa  cos  b  ^  sina  sihb,  -*  ' 


r  1 

Answt-TS  for  Part  A  [cont.^, 

8.     ll^)  Z?^!^"^  ■!  "  co8(a     a.)      cos  a  cos  a  -  sin  a  s'in  ; 


-5. 


9. 


''is  even^and  sin  is  odd, 
e  2(b)  of  Part  Oon  page  519, 


10. 


^-  (a     b))  =   *^(cos  a  cos  b  -  sin  a  ^sinb), 

at '^eafeti^if  •  a  and  b  ^re  positive  and  a  +  b  ^  Moreover, 
^.  ^   since' c cosine 8  of  supple rtiei^tary  angles  are  opposites,  the 
^      .        cbrpllary  to  Theorem  S9'-4  leads  ufe«  to  expect  that 
cofi{%  '  {a  ^  h))  =  -ctysKa  +  b). 

'6.     (a)  ^os{ir/Z  -  a)  =  cos(7r/2)  co^  a  4-  sinin/^.)  aina.  =  sina,  since 
,        '       Co3{7t/z)  ^  0  and  sin(7r/^)  =1.  • 

(b)    Substituting  -  a*   for         in  part  (at' we  see  that,  since 

w/Z  -  (7f/z  -  a)      a,  cosa  =  ©in{V^' 

■        %  . 
.      7^/    i^V  sin(a  -  b)  =.^os[^/z  -  (a  -  b)]  -  coa[(7r/^  -  a)  +  b] 

■    ^   •  -      "  cosCtt/?'-  a)  cosh  -  sin(7r/2  -  a)sinb 

=  *sina  cofi  &  -  cos»  sihb,  by  Exercise  6. 

<b)    siijRa  +  b)*  -  ainfa  -  -h)  * 

'  ■  *  =  sina  cos(— b)  »  cos  a  8in{-^b)    "  ^ 

,  V         sin  a- COS  b     cos  a  sin  . 

since  cos  is  ,evt?n  and  sin  is  cjdd.  ^ 

V     (c)    ^y  Ex^^cise*  Zjb)  9/  Part  C  on  pa^e  5l9, 

sin(^  ^  -{a  +  tt))  -  sin  a  cos  b  i  cos  a  sin  b,  ,  ' 

...  »  • 

*   ♦      at  least  for  a  and  b  positive* and  a  +  b  <  .  ir.    Moreover,  since 

^<  sines  of  supplementary  anj^Ies  are  the  same,  the  corollary  to 

'  ^Theorem  19-4  leads  us  to  cispect  thaf  sin{^  -  (a  +  b)  =  8in{a  +  b). 

' —  ^    !>       th'c  prrcctding  cxcrclBcs  wc  ha^c  taken  some  pains  to  show  that 
./  the  addition  and.  subtj;ELctibn  laws  for'cSs  and  sin^  and  the  evenness  of 
cof  a^nd  the  odiiness  of  sin  all  follow  from  the  subtraction  law»for  cos     ^  ^ 
\      \nd  kno^vledge  of  the  values  of  cos  and  sin  at  -7r/Z,  0,  and  ir/z. 

Students  should  not  be  expt»cted  to  reproduce  aij  of  these  arguments  on 
<j!    demand.    What  ^^^y  should  do  is  men!orize  the  subtraction  formulas  for 
cos  and  sin.  and  the  fact  that  cos  is  eyen  and  sin  is  odd.    Then  the^y 
'  sh6uld  be  aBle  easily  to  derive  the  addition  law^s  for  cos  and  sin  as  in 
»  E;cercia^*  5{a)  a^*7(b).    Of  course,  in  practicing  doing  this'  they  will 
y  'automatically  nVemoVize  'the  addition  laws  as  well*  "  i  , 
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II, 


cos* 


sm^  a 


«in'(a  +  a )  =  ^n  a  cos  a  +  cosa  sin  a  =  2  sin  a  cosa, 


(c)  cos  2ay^  cos^a  -  sin^a  -  cos^a  -{1  -  cos^a)  =  Zcos^a  -  I' 

{dj  QOsZa  =  cps^  a  -  sin^  a*  =  ( 1 ' sin^  a )  -  sin^  a  =   1  -2sin^a--  *^ 

(a)  cos(7t/3) co8<2ir/6X=  cos^{^/6)  -  s.in^{t/i>)  ^  3/4  -  l/4  =  1/2 

(b)  8in<7r/3)  5^sin(2V6)^=   2  sin{^/6)  cos(V/6)  -  2VT/2  •  1/2  =  ^/l 

(c)  cos(7r/3j  =  cosf2^/6M  2  cos2(^/6)  -  1  =  3/2-1  -  I/2 

(d)  'cos{^/3)  ^  cos{2^/6}  =   1  -  2  sin^"(3y/6)  =  1  -  2/4  =  I/2 

(a)  cos(a+  tt)      cosa  costt  -  sina  sin^r  ^  —cos  a 

(b)  sin<a  +  ir)  =  sina  cos  n  +  co«a  sin  ^  =  -^ina 

(c)  cos  (a  -  w)  =  cosacos^T+sipasin^r  ^  -cd8,a 

(d)  sin{a  -  7)  =  sin^  cos  5r  -  cos  a  sin  7  -  -sin  a  , 

[Notice  that  (c)  and  (d)  can  be  obtained  from  (a)  and  |b)  by  sub- 
stituting Va  -  ;r'>.for  'a\J  *  '    ,  * 

co8{a,+  2^)  ^  cos({a  +  y)  +       =  -cos(a  +       =  --cosa  =  cosa; 

sinta  +  Zn)  =  Sin((a  +'1r)  4-       -   -sin(a  +■  tt)  =  -^^sina  -  sina 
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8^  Make  use  of  the  r^ults  in  Exercises  5  and  7  to  show  the  follow- 
>  ing.  Parts  (a)  and  (b)  are  sometimes  called  the  doubling  laws  for 

cos  and  sin.  -  ^ 

-  (a)  cos  (2a>  =       a  -  sin^  a  (b)  ain  (2a)  =  2  sin  a  cos  a 
(c)  cos  2a  =  2  cos2  a  -  1    ^(d)cos2a=l-2  sin^  a 
^.  Check  the  formulas  in  Exercise  8  by  usmg  them  to  ^^mpute 

cos  (tt/S)  and  sin  (tt/S).  - 
10.  Express  in  terms  of  *cos  a'  or  'sin  a\  ^ 
(a)  cos  (a  +  tt)  (b)  sin  (a  +  tr) 

(c)  4X>s  (a  ^  tt)  (d)  sin  (a  -  tt) 


11.  Use  parts  (a)  and  (b)  of  Exercise  10  to  show  that  cos  and  sin  have 

p^od27r,  'V 
"  /  /* 

The  results  so  far  obtained  are  worth  collecting  into  numbered  the- 
orems. We  have:  '  ^ 

Theotem  19-8   [The  Subtraction  and  Addition  Laws 
,  for  cos  and  sin]»  ' 
(a)  ceo  (a  -  6)  =  cos  a  cos  b  4-  sin  a  sin  b 
{hi  cos  (a  -f  6)  =  cos  a  cos  b     sin  a  sin  6 

(c)  sin  (a  -  6)  =  sin  a  cos  b  -  cos  a  sin  6 

(d)  sin  (a     b)  -  sin  a  cos  6  -i-  cos  a  sin  6 

II  Theorem  19-9   cos  is  even  and  sin  i%odd.  • 

Theorem  19-- 10   (a)  cos  (7r/2  -  a)  ^  sin  a 
(b)  sin  (irf^  -  a)  =  cos  a  . 

(I  Corollary   a     6  =  7r/2     *  cos  6  =  sin  a 

II  Theorem  19-11    (a)  cos  2a  =  ojs^  a  _  gin^  a 
,  ♦      t      (b)  sin  2t;^  =  2  sin  a  cos  a 

It  iiorottary  (a)  <^s  2a  =  2  cos*  a  1 
I  (b)  «>s  2a  =  1  -  2  sin^  a  ^ 

Theorem  19-12  (a)  cos  (a  +  tt)  ^  -c»s  a  =  txjs  C€  -  tt) 
.  Cb)  sin  (a  +  ir)  =  --sin  d  =  sin  (a  -  tt)^ 

[Incidentally,,  the  cx^roUary  to  Theorem  19-10  is  jurft  another  way  of 
stating  Theorem  19-10(a):  Explain.]  > 

As  you  have  s€«n,  all  of  these  excej^  Theorem  19  -  8{a)  might  reason- 
ably be  Iiste<J  aiB  corollaries  of  the  latter.  Of  more  practical  value  is 
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Theorems  19-8  —19-12  are  im'Jjortant  cojisequence s  of  the  sub- 
traction and  addition  laws  for  cos  and  sin,^  Students  often  complain  of 
the  number  of  such  consequences -they  are  expected  to  memorize.  The 
best  procedure  for  memorizing  is  to  practice  deriving  these  formulas 
from  the  subtraction  and  addition^laws.  '  ' 

The  corollary  to  Theorem  19-10  is  equivalent  to: 
.  •  b  =  7f/Z  "  a  ==>cosb  =  sin  a 

and  to: 

U 

a  =  ir/Z  "  b=>co^  b  =  sin  a 

The  first  of  these  is  logically  equivalent  to  'cos(t/2  ^  a)  =  sina*  and 
the  second  is  logically  equivalent  to  *cosb  ~  cos{y/z  -  b)\  To  prove 
the  first  logical  equivalence  one  uses,  the  derivations: 

b  =  n/Z  -  a   -        OS  b  =  sin  a  ^ 

%   ^ 

-  a  ~  ir/z  -  a        y/2  -  a  =  3r/2  -  a  ==>ct>e(t/2  -  a)  =  sin  a 


and: 


^        cQB{ir/l  -  3l))-  sina 
=  t/l  -  a        co«(t/2  -  a)  =  sina 


'  cpa  b  =   sin  a 


4  t/Z  -  a       >cos  b  =  ■  sin  a 


Theorem  19  - 1 0{b)  constitutes  the  reason  for  th^  name  ^cosine*. 
The  cosine  of  [the  measure  of]  an  angle  is  the  sine  of  [thJkieasure  of] 
the  complement  of  the  angle*    As  this  su^g^sts,  Sines  arel^Mtorically 
prior  to  cosines.    Nevertheless,  cosines  are  mof-e  basic  tnSn  sines 
because  of  their  relation  to  projection  and  of  the  importance  pf  the  sub- 
traction law  for  cos. 
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♦ 

the  remai-k  that  if  you  remember  Theorem  19 -8(a)  and  (c)  and  The- 
orem 19-9,  as  well  as  some  of  the  data  from  Exercise  1  of  Part  A  on 
page  414  then  it  js  easy  to  derive  the  others  whenever  you  need  them. 
As  to  the  two  subtraction  laws  [(a)  and  (c)  of  Theorem  19-8],  it  is  easy 
to  check  whether  one  has  the  correcSt  operator— *+'  or'-'-i^emid- 
die  by  computing  cos  ia  -  a)  ^d  recalling  that  cos  0  =  1  and  sin  0 
=  0,  [Explain.] 

The  following  exercises  deal  with  some  other  immediate  consfe- 
quenoes  of  the  subtraction  and  addition  laws. 

PartB  •  y 

t.  Prove:  ^ 

•  I  Theprem  19^13  '  . 

(a)  cos  a  cos  b  =  [cos  (a  -  6)  +  cos  (a  -h  6)]/2 

(b)  sin  a  sip  6  =  [cos  ia  -  6)  -       (a  -f  6)]/2 

(c)  sin  a  cos  6  =  [sin  {a  -  b)  +  sin  ia  -H  6)1/2 

V  (d)  CM  a  Sin  6  =  -[sin  (a  -  6)  -  sin  (a  +  6)]/2 

2.  Prove:  ' 

Theorem  19-- 14  ^ 

(a)  cos    +  cos  c  =  2  cos  [ic     d)/2]  cos  lie  ^  d)/2] 

(b)  COS  d  ^  COS  c  =  2  sin  [ic  +  cO/2]  sin  [(c  -  d)/2] 

(c)  sin  d     sin  c  =  2  sin  [{c  -^'d)/2]  cos  He  -  cO/2] 

I     (d)  sin  d  -  sin  e  =  -2  cop  £(c  t  ^/23|^in  [ic  -  d)/2] 

[Hini;  In  Theorem  19-^13,  let  c  =  a  +  6  and  d  =  a  -  6.  (What, 
then,  are  'c'  and     in  terms  of    and  'cf?)] 

You  will  find  Theorems  19-13  and  19  - 14  veiy  useful  in  later  math- 
ematics  courses,  and  we  shdll  have  uses  for  Theorem  19-14  in  tl^ 
-  ^^present  course.  Fortunately^  they  are  tiot  as  difficult  to  remember  as 
it  may  seem.  The  trick  is  not  to  attempt  to  remember  them  but  to 
recall  how  to  derive  them.  What  you  must  have  well  in  mind  are  the 
subtradtion  mnd  addition  laws-  Supp<^  for  example,  that  you  need  to 
express  ^sin  2x  sin  S^r*  as  ^  sum  or  difference,  Instead  of  substituting 
.  in  Theorem  19-  13(b),  r^ll  that  this  tenn  occurs  in  instances  of  both 
'  the  subtraction  law  and  the  addition  law  f^r  oos: 

•         '  ^ 
"  cos  (2a:     Sx)  -  cqs  2^  cos  Sac  -f  sin  2:t  sin  3x 
cos  (2:1:  +  3aO  ^  cos  2jjc  (XJS  35?  -  sin     sin  3;r  ♦ 

ERIC  '  840  V* 
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*The  explanation  of  how  to  remember  which  sign  to  use  is: 
1  =  cosO  =  cos{a  -  a)  =  cosa  cosa  +  sin  a  sin  a, 

checking  with  'cos^a  +  sin^a  -    i*;  '  • 

0  =  sin  0  =  8in(a  -  a)  =  Bin  acosa  -  cosa  s4n  a 

Answers  for  Part  B 

1.     (a)       cosa  c^sb  +  sina  Tinb  -  cos{a     b)  ^ 
cosa  cosb  -  sin a  sinb  -  cos{a  4  b) 
2  cos  a  cos  b  -  cos^a^-,  b)  +  cps(a  4  ^) 

Therefore,    -  cosa  cosb  =  [co»(a     b-)  +  co»{a  4  b)]/Z, 
(Parts  (b),  (c),  and  (d)  are  similar.  ] 

I.     (a)    In  Theorem  19-14(a)  suSstitute .  ' (c  +  <i)/2*  for  *a''  and 
Mc  -  d)/r  for  'h\  ; 

[Parts  (b),  (,c)/and  (d)  are  similar,] 

The  parts.  of  Theorem  .  i  9  - 14  may  be  thought  of  as  factoring 
formulas  analogous,  for  example,  to  /a^  "  b^,  =  (a  -  b)(a  +  b)*.  Like 
the  latter  they  are  useful  in  solving  equations  and  in  reducing  fractions 
to  lowest  terms.    The  parts  of  Theorem   19-13  are  useful  in  calculus 
where  it  is  sometimes  an  advantage  to  repla'ce  products  by  siims.  Our 
principal  u^e  for  Theorem  19-13  is  as  a  step  in  ptStaining  Theorem 
1,-14.        ■       .  ,  ,^  ..^ 

Sample  Quiz  ^ 
1.     Complete  in  terms  of  *co8  p'  or  *sinp*. 

(a)  sin(3V2  -  p)  =   ^        ,  po8(3k/2  -  f>]  =   ; 

(c)    8in{-5ir/4+  p)  =   '  td)   sin{p  -  ^A)  =   ^  . 

(e)    c6s(7?/6  +  p)  =  .  <f)  co8^-7ff/6  -  p)  -    ^ 

2^,     (a)    Complete  in  terms  of  icosp':  cos  2p  =   

(b)  Make  use  qf  yobr  result  from  (a)  to^complete  tlte  sentence  in  ^ 
terms  of  *cosp*t  ,         *  ,  ' 

|co8(p/2))  =   

Key  to  Sample  Quiz  ^  -         •  x 

1.     ^a)    -cosp                ^  .                (b)  -sinp^ 

(c)  (cosp  -  sinp)VIA'  (d)  (^3  sinp' 
(e)    (sinp  -  n/1  cogp)/2  '     •    (f)  [SamfeaS(eK  ] 

2*     (a)    2  cos^p  •  1  ^  '     '  ^  ^  

(b)    By  (a),  cos  p  .>  2  cos^  {p/2)     l'.    So,   |coe(p/2)j  =  V(  I  +  cos  p)/-2. 
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andt  so,  that  \ 

2  sin  2ac  sin  a«  =  cos  (2jc  ^       -  cps  (2:jc  +  3a:) 
,         ^  cos  i-^x)  -  cos  5x 
S  —  cos  X  -  COS  5x. 

V 

So,  sin  2.r  sin  at  =  Tcos  jt  -  cos  5x]/2.  With  a  little  practice  you  will 
learn  to  write  down  the  proper  expression  without  writing  the  in- 
stances of  the  subtraction  and  addition  laws  froip  which  it  comes. 

Similarly,  in  case  you  wish  to  express,  say,  'sin  Sx  -  sin  2jc'  as  a 
product,  recall  that  you  can  .find  numbers  c  and  d  such  that  3x  =  c  ^  d 
^lyj  2x  =  c  -  d.  Tn  fact,  with  a  little  scratch-work  you  find  that 
^ns*^  5x12  and  d  =  x/2.  So,  recalling  the  addition  and  subtraction  laws 
for  sin,  '  -  . 

/  sin  3jc  =  sin  (5:c/2  +  xll)  =  sin  (5:c/2)  cos  {xl2)  +  cos  (5ac/2)  sin  U/2) 
I  ,sin  2x.  -  sin  {bxl2  -  xl2)  =  sin  (5^/2)  cos  U/2)  -  cos  (5a;/2)  sin  {xl2) 


and 


sin  3:x;  -  sin  2x     2  cos  {bxl2)  sin  (x/2). 


Again,  with  a  little  practice  you  will  not  need  to  write  dpwn  the  in- 
stances of  the  addition  and  subtraction  laws* 

Parte  ^  ^ 

1.  EJxpress  each  indicated  product  as  a^sum  or  difference  and  each 

indicated  sum  or  diSerence  as  a  product* 
^    (a)  cos  2x  ops  X  (b)  sin  5a  4-  sin  3a  ^ 

(c)  sin  2a      3a  (d)  cos  26  -  a>s  6 

(e)  8in>/4  +  b)  sin  (ttM  -  b)  (f)  cos  (5a/3)'  +  cos  {5a/6) 
(g)  4  sin  2a  cos  3c  cos  4a        (h)  sin  6x  -  sin  7x 
•  ^.  Show  that  cos  (:r  -  y)  cos     +  y)  =  (^s^  x  -  sin=^  y,  iiffin^*  Use  The- 
orem 19-  13(a)  and  the  corollary  to  Theorem  19-11.]  . 

3.  Show  that  sin  {x  -  y)^in  {x  ^  y)  =  sin^  x  -  sin^  y. 

4.  Show  that  cos  U  -I-  y).  a)s       sin  {jx  -f  ^)  sin  ^  *=  cos  y. 

Th^rems  19 -"fo  and  19-12  contain  examples  of  so-called  reduction 
formulas.  Using  these  it  is  not  difficult  to  establish  two  quite  general 
reduction  fonnulas:  '  ^  . 


Theorem  19-15  %or^e/, 


(a)  cos  (a  +  kir)  =  (—1)*  cos  a,  and 
ihl  sin  la  +  kir)  =  (-1)*  sin  a.  ^ 


812 


TC420 

Ans^jP^or  Part  C  */ 

1,  (a)    [coex     co8  3x]/2  ^     (b)    2  sin  4a  cos  a 

(c)    [-sina  +  s|n  5a]/Z  (d)    -2  Bin(3b/2)  8in(b/z)  \ 

(e)    {co6  2b]/2  \  *         (f)   2  cos(5a/4)  cos{5a/l2) 

ig)    sin  a  +  #in  3V  -  sin  5a  i  sin  9a         ,(h)    -2  cos(13x/2)  sin(x/2l^ 

2.  cos(x  -  y)  cp8(x  t  y)  =   [cos(-2y)  +  cos  2x]/2 
>  =  [cos  2y  +  cos  2>^']/2 

=  [1  -  2  ein^y  f  2  cos^x  «  i  )/2 
=  cos^x  -  sin^y  'I 
[Note  that,  for  y  =  x,  this  reduces  to  the  doubling  law  for  pos,  ] 
3»    ^sin(x  -  y}'6in(x  +  y)  =  |cos(-2y)  -  cos  2x]/Z 

=  [cos  2y  -  cos  2x]/2 
=  [1  -  2  sin^y  -1  +  2  8in^x]/2 
=  sin^x  -  sin^y 

[An  alternate  solution  involves  use  of  the  subtraction  and  addition 
laws  for  sin  and  Theorem  19-5,  ] 

4.      cos(x  +  y)  COS3C  -f  8in|x  +  y)  sinx  =  co8(x  +  y  -  x)  =  cosy  . 
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[Chec||;  these  formulas  against  earlier  theorems  for  k  -  —1,  1,  and  2.} 

Theorem  J9- 16  Fork  el, 

(a)  cos  la>  (2^  +  IMj  ^  -i-lY"  sin  a,  and 

(b)  sin  [a  +  i2k  -h  l)7r/23     (-1)^  cos  a. 

[Use  earlier  thegpn^s  to  check  these  formulas  in  case  ^  =  --1,] 

As  an  example  we  shall  use  mathematical  induction  to  prove  The- 
orem 19-  15(a).  Rec^l  that  for  such  a  proof  it  is  sufficient  to  establish 
these  three  things: 

^(i)       cos  (o  -f  Ott)  =  (^l)^s  a 

^  (ii)  if  cos  (a  -I-  fe7r)^=  Hl)^*  cos  a  * 

thenWla  +  {k  +  Ihrl  -  (-1)*  +  ^  cos  a  v 
(iii)  if  oas  (a  +  kir)  ^  (—1)*  cos  a 

then  cos  [a  +        Dtt]     (-1)^- ^  cos  a 

StatemeM  (i)  is  obviously  (xirrect  [Why?]  To  prove  statements  (ii) 
and  (iii)  shall  assume  that,  for  a  given  k,  cos  (a  +  Att)  =^  (-1)*  cos  a. 
Thentor^ii),  '  ^ 

pos  [a  +  {k  +  Dtt]  =  cos  [(a  +  kv)  +  tt]  =  -cos  (a  +  kir)  /\ 
'   -  =  -{-1')*  cos  a  =  i-iy  * '  «3s  .a 

and,  for  (iii),  •  . 

COS  [a  +  (/?  -  IV]  =  cos  [(a  +  kjr)  -  n]  -  -cos  (a  +  kn)  , 
=  — <-l)*  cos  a  -  t-D^y  a>B  a. 

lExplaii/ the  steps  indicated. in  (7)  and  (8).]  Statement  (ii)  follows  at 
once  [by  the  deduction  rule]  from  the  work  do'ne  in  establishing  (7)^ 
and  statement  <iii)  follows,  similarly,  by  (8). 

As  a  second  example  -we  shall  show  how  Theorem  19-  15(b)  can  be 
used  in  proving  Theorem  19- 16(a).  In  the  proof  we  shall  also  use  a 
conseq^uwice  of  Theorexns  ]^9- 10(a)  and  19-^9.  To  begin  with  we  note 
/that 

cos  [2rS|  {2k  +  l>7r/2]  =  cosl(a  -h  kir)  +  [Why?] 
Now,  since  sin  is  odd,  it  follows^from  Th^rem  19- 10(a)  that 
^cos  (6  +  '7r/2)  =  a)s  (it/2  -  —6)  =  sin  (—6)  =  —sin  b. 
So,  ,by  (9),  g 


cos  la  +  i2k  .+  l)7r/2]  =  -8in,(a  +  Att)  =  H-D*  sin  a.  [Why?] 
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In  the  proof  of  Theorem  19-1  5(a),  {i)  is  correct  because  a  +       =  a 
and  (-1)°  =  1.    The  steps  indicated  in  (7)  are  justified,  first,  by  the 
distributive  principle  and  the  associative  ^principle  for  additien,  second, 
by  Theorem,  19-12{a),  third,  by  the  inductive  hypbth^psis,  and,  fourth, 
by  the. fact  that  -(-1)^  =   -1{-1)^  =  (-1)^''"^.    The  steps  indicated  in. 
(8)  are  iustified  in  a  similar  manner.    Note  that  (-1)^  -  ,  - 1( -1  )^''" ^ 
=  -(-l)K+i  and,'*so,  =  (-1)^+1.      •  ,  ^ 

As  to  (9V  {Z\,+  =  kjr  +  »/2.  ,.  , 

The  answer  for  the  'Why?'  is;   Thporem  19-lS(b). 


9 


42^      -THE  CmCULAR  FUNCTIONS 


Part  D 

1.  Plwe  Theorem  19  A^'SCb), 
.  ..  2.  Prove  Theorem  19 -r  16(b). 

3.  Prove  the  following  corollary  of  Theoreiris  19-1^5  and  19-16. 


Corollary  Fork  el, 
(a)  cos  kiT  =  ("-!')* 

(c)  sin  ^77  =  0  ^  sin  m  +  l>7r/2  = 


(a)  cos  kiT  =  cos  {2k  +  l)7r/2  =  0 


/ 


4.  Use  Theorems ^19-1^  and  19-^164and  earlier  theorems]  to  com- 
^  piete  the  following,  ^here  keL 

(a)  cos  (a  -  ^)    05)  cos  (kn  -  a)  ^  _  

(c)  jrin  (a  -  Htt)   .  .    (d)  sin  ikir  -  a)  = 


te)  cos,[(2ife     l)7r/2  -  a]         (f)  sin  [(2A  +  l)?7/2  ^  a]' 


(g>  cos  [a  +  (2*  -  l)7r/2]         (h)  sin     +  \2k  -  l}7r/2] 


[Hi/iC  For^(g)  and  (h),  2A  -  1  -  2-  ?  +  1.)  ' 
6.  Evaluate  eafh  of.the  following.  [Your  answers  should  be  '0' 
orT.] 

*  (a)  COS  Stt  (b)  sin  (-87r/2)  (c)  sin  205  it  * 

(d)cos(-7^)  .    (e)cosl37  tr         •       (f)  sin  ,(-157r/2) 

6.  Simplify. 

(a)  cos  (a  -h  5^/2)      .  (b)  cos  (a  +  lit)  (O  sin  (a  +  Sit) 

id)  sin  ib  -  9tt)  (e)  cos  (c     ll7r/2)        (f)  sin  ib  -  37r/2) ' 

'  •  *  .  ■ 

The  corollary  to  Theof  eras  19  - 15  and  19  - 16  may  be;  reformulated, 
in  part,  by  sasring  that  the  cosine  of  an  odd  multiple  of  7r/2  is  0  and  the 
sine  of  an  even  multiple  of  7r/2  is  0.  In  addition  to  this  we  need  to  know: 

Theorem  i9- 17 
(a)  cos  a  =  0  — *  3*,/  a  =  i2k  +  1^12 
'(b)  sin  a  =  0  — ^  3;^,,  a  =        '  4^ 

'  ■  ■  ■       »'  ■ 

It  is  wnvenient  to  begin  by  proving  (b).  .We  first  notice  Uiat,  for 
0  <  a  <  27r,  if  sin  a  =  0  then  a  =  0  <^r  a  =  it.  This  fpllows  from  the 
fact  that  the  unit  circle  intersects  OU  only  at  U  and  at  V  and  that, 
by  the  definition  of  W,  for  0  <  a  <  27r,  W(a)  =  U  if  and  only  if  o  =  0 
and  W{a)  =  U'  if  and  only  if  o  =  tt.  Suppose!  now,  for  any  a  e  ^,  that 
sin  a  -^  0.  It  follows  from  Lemma  l' on  page  411  and  Definition  19-2 
that  sin  (a  -  27HIa/(L-)II)  =  0.  Since  0  5  a  ~  27r{Ia/(27r)I]  <  27t  it  fol- 
lows that  a  -  2iHIc/(2?r)i=  0  or  a  -  27r2a/(27T)l  =  tt.  Since  lla/(27r)]] 
€/  it  follows  that  there  is  a  j  e  /  such  that  a  -  2Jir  or  a  =  {2J  +  Dtt. 
Since,  for  j  e  /,  2j€l,  and  2J  +  1  e  /  it  follows  that,  in  either  clU«,  there 
is  '&k  f  I  such  that  a  =  Air.  This  proves  Theorem  19  -  17(b). 
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Answi^rs  for  Part  D  o 

1.     To^  begin  with,  sin(a  +  O^r)  =  sina  =  (-iPsina.    Suppose.  now,*v. 
that,  for  a  given  k,  sinU  +  kt)  -  (-Ir  sina.    It  follows  that 
'    sin[a     (k  +  1)^]  ^  8in[(a  4-  kx)  "-f  tt]  =  -Bin(a  +  kff) 
^  =  '-(-l)^  sina  ^  (-l)^"^^sina 

and  that 

.sin[a  +  {k  -  1)^]  =  sin[{a  +  ksr)  -  t]  -   -sin(a  ^^kff)  . 

=  -(-1)^  sina  =  ^-1)^"^^  sina. 
Hence,  by  mathematical  induction,  Theorem  19-15(b)* 
I.     sin[a  +  Uk  +  l)7r/2]  =  sin[^a  4  ky)  +  ;r/2] 

=^  sin[ir/^  -  ^(a  +  k^r)] 

=  cos(-(a  +  ky)]  , 
^  cos(a  +  kTr) 
^  =  ( - 1  )^  COS  a 

3,     Parts  <a)  and  (c)  of  thc^  corollary  follow  from  Theorem  19-15  for 
a  =  0  [since  cos  0  =   1  and  sin  0  =  0].    Part*  (b)  and  (d)  of  the 
corollary  follow  similaifly  from  Theorem  19-16.    (Note  that  we 
might  have  begun  by  using  mathematical  induction  to  prove  the 
corollary  and  then  derived  Theorem  19-15  from  the  corollary  and 
the  addition  laws.    It  is  perhaps  easier  to  remember  the  corollary 
and  do  exercises  like  those  in  £xercise  4  by  using  the  subtraction 
and  addition  laws.  ] 

4/    (a)    (-l)^cosa     (b)   (-l)^cosa      (c )   (-l)^sina      (d)  -(-D^sina 
,   (e)    (-l)^sina       (f)  {-D^cosa     (g)   (-l)^sina     (h)  (^D^^'cosa. 

5.  (a)    -1  (b)   1  (c)  0         '(d)  ^(e)    -1  \i)  1 

6.  <a)    -sina  (b)   --cos  a  (c)  -sina 
(d)    -sinb                            ^1^)   ^sin«                            '     (0  cosb^ 
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To  prove  Theorem  19- 17(a)  we  note  that,  by  Theorems  19^9  and 
19 -10(a),  cos  o  »  -sin  (a  -  7t/2).  It  follows  that  if  cos  a  =  0  then 
sin  (a  -  7r/2)  =  0  and  so,  by  Theorlte  19-17(a),  there  is  a  Jfe  6 /  such 
that  a  =  Att  +  7r/2.  Since  k^r  +  rr/2  =  (2*  +  l),7/2,  this  proved  Theo- 
rem 19 -17(a).  in       ■;  -  , 

For  convenience  we  combine  Theorem  19  - 17  and  parts  of  the  pre- 
ceding corollary  into:  , 

»  .  _ 

Corollary  '  \ 

(a)  cosa  =  0— *3^^,a=  m  +a)7r/2 

(b)  sina  =^0*-*3^^,o  =  kn      „  ' 

This  corollary,  sometimes  together  with  Th'eorem  19-14,  is  useful  in 
solving  equations  involving  'cos'  and  'sin'.  We  give  some  examples. 


Example  1. 
Solution 


Example  2 
Solution 


Solve  'cos  (x/3)  =  0', 

By  the  corollary  to  Theorem  19-17,  cos  (x/3)  =  0  if 
and  only  if,  for  some  keI,x/3^  i2k+'  l)(7r/2).  So,  the  " 
solution  set  of  the  equation  is 

{x:^^^jX={2k  +  1)3^/2}.  .     '  • 

Solve  'sin  2x  =  0'.  ' 

By  the  <»rolIaiy,  sin  2x  -  0  if  and  only  if  for  some 
fi  ei,  Zx  -  kiT.  So,  the  solution  set  of  the  equation  is' 

{x:       X  =  k7rl2\.  * 


Example  3. 
Solution  , 


Solv^  'cos  (JC/-3)  sin  2x  =  0', 

From  theyreceding  examples,  thS  section  set  of  this-" 
■   j:  equation/is 

.->,?.sy'l^;i^;-^,|\^i      /  .•         ^'  ^\ 

Hv\         ^:»SmiCfi  each  odd  multiple  of  S7r/2  is  a  multiple  of>^ 
,  .i"*  >  ^®  solution  set  is  {xi  3^^,  r=  ifeflr/2}. 

Ex(m!{li^4^  /^  .  Sb^Ve.  'cos  &>;  =  cos  a:'. 


^''^^  19-^14(^^5:c  -  cos  :c  = -2  sin  3x 


^^m^2x.  So,  the  given  cquatiofi  is  equivalent  to  'sin  3a; 
Sin  2ic  =  O'.Bythe  corollary  to  Theorem  19- 17,  sin  3a; 
=  0  if  and  only  if„for  some  A  e/,  ac  =  /^tt;  and  sin  2x 
=  0  if  and  only  if,  for  some  kel,  2x=Mtt.  So,  the 
solution  set  of  the  given  eqifation  is  {x:  3.  ,  (x  =  kn/S 
orx  =  ^77/2)}. 


Sin 
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Examples.       Soive '(»s ^  -  1)'=  0'.       •  * 

Solution.  By  the  corollary,  cos  <2jc  -  1)  =  0  if  and  only  if,  for 

some  k  eJ,  2x  -  I  =  (2k  l)nl2.  So,  the  solution  set 
i3{x:\^,x  =  {2k  +  l)7Tl4  +  h}. 


PartE 


-  Solve  the  following  equations. 
1.  cos  U/2)  -  0 
3.  cos  5x  +  CO?  3x  ^  0  . 


2.  cos  3a:  0 

4.  cos  ix  +  7I-/4)  =  0 


From  the  definition  of  W  and  the  fact  that  W(7t/2)  =  (1,0)  it  follows 
that  ,  ■ 

0  <  a  <  7r/2       (cos  a  >  Q  and  sin  a  >  0). 
*       '  •  » 

Since  om  is  even  and  cosO  =  l,cosa>Ofor  -7r/2  <  a  <  7r/2.  Since 
sin  (tt  -  a)  -  sin  a  fWhy?!  and  sin  (7r/2)  -  1  it  follows  that  sin  a  >  0 
for  0  <  a  <  TT.  Using  Theorem  19-15  we^ian  expend  these  results  to 
determine  all  arguments  for  which  cos  a  >  0  and  all  arguments  foi; 
which  sin  a  >  0.  For  example,  it  follows  from  the  first  of  these  results 
andTheqrem  l^- 15(a)  that  •  ; 

(10)  -Tr/2  <  a  <  7r/2  — *  sgn  [cos  (a  +  kir)]  =  i-lf.  ■  - 

[Recall  that  the  signum  function,  sgn,  is  such  that  sgn  (6)  =  1  or  -1 
according  as  6  >  0  or  6  <  0.]  As  an  instance' of  (10)  we  have:  •  . 

*         -tt/2  <  a  -  kiT  <  7r/2  — ♦  sgn  [cos-al  =  (-1)*"        '  ,. 
From  this  we»easily  obtain  part  (a)  of:  , 

Theorem  19-18 
(a)  i2k  -  l)7r/2  <'a  <  {2k  +  l)7r/2  — *  sgn  (cos  a)  ^  {-If 
•  (b)  <  a  <  A  +  Dir  — ^  sgn  (sin  a)  =  (-1)^' 

Part  (b)  is  proved  in  a  similar  manner.  So,  as  your  gra'phs  of  cos  and 
sin  should  suggest,  each  of  these  functions  is  alternately  positive  and 
negative  m  Itretches  of  measure  ir.       •  "  '. 


■8i9 


Fig.  19-3 
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AnsweVs  fpr  Paa^t  E  ' 

[As  in  the  examples,  v^'^  give  the  solution  sets  of  the  equations.  ] 


1 . 

* 

3,  .  T       ^   {2k     I  )7f} 

2. 

{x: 

3j^gj  X  =f  (2k '+  Dir/b} 

»  **■ 

3. 

(x: 

^k£l       -         +  ^^/^  or  X  = 

JZk  4  I)7r/2)} 

4. 

{x: 

3j^jj  x  =  (,4k  +  1)tt/4} 

a  proof  of  theorem  19"i^{b), 

the  answer 

of 

Part 

F  on  page  425, 

.    -  TC  425  (1)  .  •  • 

The  Explanation  algked  ior  in  the  proof  of  Theorem  19-19{a)  is  that 
for  any  c:   and  d  such  that  c  <   d,  •  ' 

c  +  d 


<  d. 


A  proof*of  Theorem  19-J9<b)  is  given  in  the  answer  for  Exercise  3  of 
Part  F  on  page  425,  Here  are  more  general  results*  than  those^'given 
in  Theorem  19-19:  '  ^ 

By  Theorem  19-14  and  19-18,  for  d  >  c  and  0  <  d  -  c  <  ir, 

sgn(co8d  -  cose)  -  -8gn{sin[(c  +  d)/2]), 

sgn(sind  -  sine)  =  sgn(co8[(c  +  d)/2]).  ,  ^ 

So,  .     .  ■ 

sgn(co8  d  -.cos  c)  =  -(-1)^  for  kir  <  c  <  d  <  *{k  +  l)?r, 

sgntsind  -  sine)  ^  (-1)^  for  (^k  -  l);r/2  <.  c  <  id  <  Uk4  lU/Z.  ' 

f   O 

"         In  particular,  cos  is  increasing  in  k;r,  {k  +  1)^  if  k  is  odd  and  is^ 
dec f'^iasing  if  k  is  even.  \ 
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It  is  also  apparent  from  graphs  of.  cos  and  sifi  that  each  <  of  these 

functions  is  alternately  decreasing— that  is,  has  smaller  values  fer 

larger  arguments  — and  ^increasing  — that  is,  has  larger  values  for 

largeiV  arguments  — ih  stretches  of  measure  tt.  More  sp>ecifically,  it 

appearb  that  cos  is -decreasing  where  sin- is  pt^itive  and  is  increasing 

where  sin  is  negative.  And  sin  appears  to  be  increasing  where  cos  is 

positive  and  to  be  decreasing  where  cos  is  negative.  These  results  can 

be  established  by  using  Theorem  19- 14(b)  and  (d)  and  Theorem 

19-- 18,  We  shall  content  ourselves  with  the  proof  of:  ^ 

*  «  .  •  ' 

Theorem  19-^19  ;  '  , 

(a)  cos  is  decreasing  for  0  "5  a  S  7r/and  ^ 

(b)  sin  is  increasing  for  7'7r/2  S  a  :5  it/2.  # 

  % 

To  prove  part  (a)  we  need  to  show  that  if  0  S  e  <  d  ^  tt  then  cos  d 

'  -  cose  <  0.  Assuming  that  0  ^  c  <  c?  ^  tt  it  follows  that  0  <  (c  +  d)/2 
<  TT.  [Explain.]  S6,  by  Theorem  19-18(bK  sin  [(c  d)l2]  >  d.  On  the 
other  hand,  -7r/2  2  (c  -  d)l2  <  0  and  so,  by  Theorem  19- 18(b), 
sin  I(c  -  d)/2r<  0.  Hence,  by  Theorem  19- 14(b),  cos  d  -  (x>s  e  <  0. 
Consequently,  if  0  "2  e  <  d  ^  tt  then  xx>s  d  <  cos  c  — that  is,  cos  is  de- 

•icreasin^  between  0  and  tt.  The  proof  of  Theorem  19 -19(b)  is  similar. 


PartF 


1,  Complete  the  follcfwing  table>to  indicate  whether  cos  and  sin  are 
positive  [>  01  or' negative  [<\0]  and  whether  they  ^re  decreasing 
[  i  ]  or  increasing  [  t  ]  in  the  specifilni  intervals. 


9 

0,  7r/2 

tt/2,  it 

TT,  37r/2 

37r/2,  27T 

COS 

>o,4 

 r 

sin 

f.                ^  t  

2.  Prove  Theorem  19  ^ISCbl 

3.  Prove  Theorem  ia-19{b). 


19.'04y  The  Functions 'cos  and 'sin 

Due  to  Theorem  19-4  and  the  relation  between  cos  Z.A  and  cos  /4 
and  between  sin       and  sin^'ZA,  it  follows  that 


(1) 


cos  aA  =  cos  imi/jClj  and  sin  aA  -  sin  {mi/LA)). 


-4nt)therwDrds;  the  cosine  and  sine  of  an  angle  [in  tbe  sense.of  Chapter 
14]  9re  the  cosine  and  sine,,  respectively  of  the  radian-measure  of  the 
given  angle.  So,  the  cos  and'sin  functions  of  Definition  19-2  are  well- 
sdit^  for  use  in  geometrical  problems  dealing  With  angles  whose^ 


ERLC 
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Answers  for  Part  y 


1. 

0,  tt/?, 

TT,  in/l 

COS 

s  0,  t 

>o,  t 

sin  • 

>o.  ! 

^0.  I 

<o,  j 

V  0,  f 

As  shown  on  page  531,  sin  a  >  0  fdr  0  x  a  s  tt.  So,  by  Theorem 
19-15(b) 

0.,<.   a      ^=^=->sgn[sin(a'4  kir)]  (-1)^. 
It  follows  from  this  that 

0  <  'a  -  kjT  S   ^  = 
anid,  so,  that 


►  5gn(sina)  =  (-1 ) 


3. 


jr.] 


We  need  to  show  that  if  <    c  <   w/Z  then  sindy^.sinc   ^  0 

Foi-  -tt/Z  <  c       d  <    T^/l,'  -t/t  V   {c  +  d)/z  ^   -n/l  and 
-7r/2  <   (c:  -  d)/2  <    0.     [For  the  latter,  note  that  0  -  c 

Now,  by  Theor43m   19-14,  '  % 

fffnd  -  sine  =   ^2  cos[(c  +  d)/2]  sin[(c  -  d)/2).' 

Since    -it/l  s    (c  +  d)/2  v    77/Z,  coB[(q  +  d)/2^   >  0.  Since 
-tt/Z  <  {c  -  d}/2  <    0,   sin[(c  -  d)/Z]  <    0.    Hence,  for^ 
'-it/Z  <  c   <  d  <   tt/Z,  sind  -  sine    >  0.    In  short,  sin  is 

increasing  in  ^—u/Z,  tt/zT  0 


^  TC  426  (1) 

(  The  degree -cosine  and  degree-sine  have  been  mention^ed  briefly  in 
TC  409. 

If  the  degree-measuyejof  ZA  is -a  then  the  radian-measure  of  ZA 
is  ^a/lSO."*  ^ 

Note  that  the  *  °  *  both  in  \"cos  30*  and,  later,  in  'x:os30°*  is  part 
of  the  name  of  the  degree -co"Biiie  function. 

To  emphasize  the  difference  between  cos  and  °co&'.  for  example, 
it  is  helpful  to  draw  graphs  of  both  functions  on  the  same  set  of  axes, 
using  the  same  scale  foi^both  axes.    Such  a  graph  of  cos  is  given  in 
Figu^  19-3  on  page  424.  '  A  c o rr<y ponding  gra.ph  of  *'co*  on  these 
axes  is  essentially  a  horizbntal  line  through  (0,  1).    For,  for  example, 
•'cos37r»=  'cos{12.4)"  ^  0,98.  ,          '      .  , 

•  , 

-  Suggestions  for  the  eKercises  of  section  19.  04:  • 
(•i)   Part  A  and  the  discussion  should  be  teaciier  directed,^, 
UD  After  appropriate  examples,  Parts  B,  C,  and  D  may  be  assigned 

for  housework.  '        ^  ^0 

(iii)   Part  E  may  be  used  for  aupervis6d  practice  and  individual  ,help/S 
,(iv)  Exploration  Exercises  may  be  S^ssigned  as  homewgrH*  but  should^^ 
be  discussed  carefully  with  the  cl^s^.  , 
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radian-measures  are  kiiown.  In  many  cases,  however,  it  is  the  degree- 
me^asure  of  an  angle  which  is  kgovsrn  arid,  ^hile  it  is  easy  enough  to 
find  the  ron-^pondiijfe  radian-measureNHHoj^^  it  is  more  convenient 
to  have.circiular  funcitions  which  are  analbgous  to  cos  anU  sin  but  are 
better  suited  to  pn>1^)lenis  involving^deg*ee-m^  Th^e  functions 
we  shall  call  the  degree-cosine  ^Cds]  anJ  the  degfee-sine  ['°sin']  func- 
iions  and  define  them  by:  ' 

Definition  19-3   °cos  a  =  cos  (7ra/180) 
°sin  a     sin  (ira/lSO) 

Since,  for  0  <  a  <  180,  an  angle  whose  degVee- measure  is  a  has 
radian-measure  tto/ISO,  it  /ollows  from  (1)  and  Definition  19-3  that, 
forany^i^lA,  ^  '  ■    ^  * 

<2)      cos  ^  -  ""cos  CrnUA))  and  ^sin       -  °sin  CmilA)l 

•It  is  customary  to  modify  the  preceding  notation  by  using  /cos  a""'  and 
*sin  a'^.to  refer,  to  the  degree-Qosine  and  degree-sine  of  a»  anglfe  of  a*", 
and  to  rewrite  Definition  19-3: 

(3)  cos  a*"  =  cos  (7ra/180)  and  sin^a""  ^  sin  (7ra/180) 

The  convention  (3)  is  u^  ev6n  when  a  is  a  ^number  which  is  not  be- 
tween 0  and  180  [and,  so,  is  not  the  degree-measure  of  any  angle].  As' 
an  immediate  consequence  of  the  definition  [as  mod^ed  in  (3)]  we' 
have:  ♦  t 

Theorem  19 -^20  cos  a  -  cos  {VSOalTrf 
•  sin  a  =  sin  (180a/7r)'' 

*  •  V 

The  fimctions  ""(joa  and  ""sin  have  properties  much  like  those  of  cos 
and  sin  which  are  mentioned  in  Theorems  19 -.1  through  19-- 17  and 
their  corollaries.  All  one  need  do  to  transform  one  of  Uiese  theorems 
into  a  tiiebram  about  ""cos  and  °sin  is  to  replace  'cos'  by  "^cos",  'sin'  by 
•^sinV  and  V  by  180\  [InTheorem  19^7,  a,  ^,  and  y  must  be  taken  to 
be  the  degi^measui-^  of  the  angles.]  For  example,  °coh  is  periodic 
with  period  2  •  180  [-that  is,  wilii  period  360].  This  follows  at  once 
from  Theorem  19-6  and  Definition  19-3: 


S5i 


°pos  (a  +  360)  =  cos  [iria  -f-  §60)/180] 
'=  cos  [ira/lSO:  +  2rt]  ■ 
=  cos  (irc/180)  =  °cos  a 


TC  426  (2)  ,  ^ 

Sample  Qui'/, . 

1,  Given  thv  winding  function.  W  on  the  unit  circle,  consider  Wf"-5^/6) 

W(77r/4).  .     ..  V 

(a)  Give  the'coordinates  of  W(-57r/6)  and  of  W(7V4)^ 

(b)  What  is  cost,  where  t  ^  -5V^  +  77r/4?    What  is  Sint?  . 

(c)  What  is  cos  s,  where  s  -    -57r/6  -  7^/4? 

Given  that   -n//.  ^   t  ^    n/?,,  determine  the  values  of  't*  which 
satisfy  the  following  equations.  - 

(a)  '   cos(5^/4)  =  sint  *  (b)   sin{^2^/i)  =   -cost  ^ 
3.      Prove:    For  each  k  €  I,,  sin[p  4-  ( 2k  -I"  1  )^]  =   -sin  p. 

Key  to  Sannple  Quiz 
"1.      (a)    (7^/3/2,  (n/^/^  -n/TA) 

(b)  -{s/^'a  yJZ)/^;    {VF-  n/^)/4  ^ 

(c)  (>/T-  n/?")/4  ^     *  ' 

2,  (a)    t  =  -srA  (b)  t  =  or  t  ^  -Tr/b 

3,  8in[p  +  {?M  ^  l)ir]  =  sin[(p  +      +  Ikw]  ^ 

^  ^  sin(p  +  it)  cos  ZkTT  +  co8(p  +  ^)  &in^^kf^- 

•=  sin(p  +  tt)  •  1  +  cos(p  +  ^r)  •  0 

/  =   -sin  p  / 

'  '             ^   .               7C  427  (1)          •  ^  ' 

Answerg^for  Part  A 

1,  (a)    co.s{27r/3)           *        (b)  sin(5  ?r/4)          .  (c)  cofi<-3;r/4) 
'  (d).  sin(^/6)                      (e)  cos(-7r/3)  (f)  sin{43r/3) 

2,  (a)    cQs30"              .        ^b)  sin(-120)"  (c)  cos  13 

id)    siR(^45)''                    (e)  cos  180^  "         (f)  si^i{18t)A)" 

3,  19-5:       tos^a*'  +  sin^a^  =  1  / 

19-6:    •    cos(a  -I-  ^-hOf  ^  cosaV^n^a  +  360f^=  sina*  7 

Corollary:    For  k  €  I,  co8{a  +  3hQ^T.-  cpsa"  and  sin|a  +  360kf  sina' 

^     19-7:       If,  in  AABC,  a,»)3,  and  *i  are  the  degrej^fnneasures  oi/A, 
^B,  and  /C  and  a,  b,  and  c  are  the  lyi^sures  of  BC,v* 
CS,  and  AB,  then     .  V 
^.a^  4-  b^  -  2ab  COB       and  • 

#1  Bing"  ^  sin  3^  ^;  ^in 

a  b       7     c      *   .  .  ^  . 

19-S:     •  (a)"^  £;o8(a  -  b)°  =^  col^"  dpab"  +  sina"  slnb^  • 

(b)    coft(a  +  b)°  cosa'  coeb*^  -sina'  sinb". 

ic)  sin(as^  b)"  -  sina'  cosh'  -  cosa*  sihb' 

id)  sinja  +  =  sina''  cosb°  +cosa^  sinb" 

19-9;       ''cos  is  even  and  ''sin  is  odd. 


f 
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For  anotber^ampte  we  shali  derive  the  subtraction  law  for  ^cos  from 
Theorem  19 -8(a):  .  - 

cos  (a  -  6)  =  cos  [via  -  6)/180]  =  cos  (7ra/180  -  nb/lSO)  ' 

=  col  (ira/180)  coS>  (7rfe/180)  f  sin  (vra/lSd)  sin  (fj*/180) 
;    .  =  "cos  a  °cos  h  +  °sin  a  °sin  h 

are  derivable  in  an  equally  straight- 
♦  forward  manner.  -  ^     ^  ^  . 

Exercises  *  , 

Part  A        '         '  •  ' 

-  1.  Express  eath  of  the  following  in  terms  of  'cos'  or  'sin' 

.       ^  .  225°  '  (c)  cos  (-13&r  , 

<d)  sm  30  te)  t^^-^Of  (f )  sin  240"  ^ 

2.  Express  each  of  the  followdog  in  terms  of  degree-eosii^e  or  degree- - 
sine. 

,      '        (a)  cos  {7r/6)  (b)  sin  (-2^/3)         (c)  cos  (3^r/4) 

(d)  sin  (-7r/4)  (e)  cos  7r  (f )  sin  1 

8. "State  the  analogues  for  "cos  and  °sin  of  Theorem  19-5  through 
^    r  Theorem  19-19  and  their  corollaries. 

■  4.  Use  one  of  the  result^  of  Exercise  3  to  show  that 

•  cos  (45  +  ar  =  sin  (46  -  af  and  sin  (46  +  af  =  cos  (45  -  af. 

6.  Justify  the  steps  in  each  of  the  following  (imputations 

(a)  cos  53iy  -  COB  (180  •  2  +  170)°  =  cos  170°  -  -gin  80°  \ 

■  '        =  -cos  10°    '  ,      ^  N 

(b)  sin  (-2405°  =  -«in  240°  .=  sin  60"  =  cos  30° 

As  illustrated  in  Exercise  5  we  can  deduce  the  problem  of  finding  the 
value  of  °co8  or  "sin-for  any  argument  to  that4>f  finding  the  value  of  one 
of  these  functions  for  an  argument  between  0  and  45,  inclusive.  To  do 
so  one  needs  the  foUowing  theof ems,  each  of  which  we  have  alreadv  - 
verified:  •    ,  ; 

'  '''cos  is  even  and  °sin  is  odd.  . 

.  ,<5)  cos  aSOk  +  a)\^         cos  a",  sin  (ISOk  +  af  =  (-1)^-  sin  a" 
(6)  cos  (90  +  of  =  -^in  a°,  sin  (90  +  a)"  i=  cos  a° 

•       (7)   cos  (45  +  a?  =  sin  (45 -^r,  sin  (45  +  0)°  =  cos  (45 -or 
[To  recall  vfhere  the      sign  belongs  in  (6),  remeinber  that,  while 
cosines  and  sines  of  acute  angles  are  both  positive,  (»sines  of  obtuse 
angles  are  negative  and  sines  of  dbtuse  angjies  are  positive,]  Not  all  of  ' 


Answers  for  Pa  rt  A  [contj 
3,      19-10:     {a)    cosi90  -  a)' 


4. 


(a)  cos(90 

(b)  sin(90 
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-   Sin  a 
=  cosa* 


90 


Corolla  ry:^  a  +  b  -  90  =e>cos  b^^  -  sina 
^*-n:     (a)    cos(Za')"   ^  cos^a°  -sin^a^ 

(b)     sifi{Za)"   =  ,2sina^cosa 
Copollary:    (a)   cosIZa)"   =  z  cos^a'  -  \ 
(b)   cos(2a)"   =   1  I  2  sin-^a" 
(a)    cos(a  +  180)*  ^  -cos  a'  - 


19-12 
19-li 


(b)  sin(a  +  180^ 

(a) 
(b) 

(c)  sina"  cos  b*" 

(d)  cos  a*"  sinb** 


19-14;  (a) 
(b) 


cos  a  ''  cos  b' 
sina"  sinb' 
sin  a 
cos  a 

cos-d*" 
cos  d° 

sin  d' 

s  in  d ' 


cos{a  -  180)* 
--sina"  =  8in(a  -  180)"* 

[cos(a  -  b)"  -I-  cos{a  +  b)*j72 
[cos(a  -  b)"  -  cos{a  -f^  b)"j/2 
tsin{a  -  hY  +  sin{a  +  hY]/z 
-[(a  -  hy  -  sin(a  f  b)"  yz 


+  cos  <f'' 
-  cos  c  ° 
+  *s  in  c  ' 


2  cos[(c  +  d)/2]^  cofi((c  -  d)/2'1 


Z  sin 
2  sin 


(c  +  d)/2]°  sinRc  -  d)/2] 


19-15: 
19-16: 
Corollary 


 Jc  4  dV2f  cosffc  -  dj/zV 

sin^     =   -2  co8[{c  +  d)/2)°  sin{(c  -  d>/2]' 
,k  -  * 


For  k  £  I.  cos(a  +  180k)°   =  (-1)"  cos  a  , 
sin(a  +  180kr   =  (-1)^  sina". 

'iVn^^^^^t^^^^^+d^J"   =   -(-D^sina"  and 
sin[a  +  90{Jk  +  1)]=  =   (-l)kco8a».  » 


For  k  ^I, 

(a)  cbs080k)°  =  (-1)^* 
(c)    sin(i80k)°  =  0 


(b)  cosf90{2k  +  l)f  = 
(d)    sin{90(2k  +  !)]•  = 

19-17:     (a)    £083'  =  p==>3j^.gj  a  =  90r%k-A^l) 

(b)     sina°  =  0= 

CorollaFv:    (a)   coBa°  ^  0< 

(b)    sina"   =  0" 


0 


.  i9-:i8; 
'19-19: 


a  =  90(2k  +  1) 

sgn(co8  a* ) 


(a)  90(2H  -  1)  <  as  90{2k  +  1 )  ==^8gn(co8  a  * )  =  (-nk 

(b)  ISOk  <  a  <   i80(k+.l)=*sgn{sina°)  =  {-l)k 

(a)  °cos  is  decreasing  for  0  <  a  <  180,  and 

(b)  'sin  is  increasing  for  -90  < ''a  ?;*90. 

Since  (45  +  a 5  +  (45  -  »^  -  90,  these  fcfllew  froi^i  the  analogue  of  the 
corollary  to  Theorem   19-10,  »  "  me 

5.     (a)    530  =  180.  2'  +  .170;   'cos  h^s  peHod  360;   Theorem  19-16  for 
k  =  0;  to rollary  to  Theorem  19-10  -     ,  •     *  . 

(b)    'sin  is  odd;   Theorem  19-12;  corollary  to  Theorem  19-1^  * 
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••        ■       /        ■  ■         -■■     •■  \ 

..ifhese  i^ults  are  needed  for  e^ch  problem,  but  the  procedure  can  be.^ 
described  as  follows:    '  ,  —  • 

)  (i>  If  the  given  argument  is  negative,  use  (4)  ^  reduce  the  • 
.       problem  to  the  case  of  a  nonnegative  argument.  ISee  Exercise 

■•" ■  5{h).] 

(ii)  If  the  argumapt  is  greater  than  or  equal  to  180,  use  (5)  ^ 
to  reduce.the  problem  to  the  case  of  a  nonnegative  ^^f^^^^ 
which  is  less  than  180.  [Divide  the  given  argument  by  180, 
andtakethequotientfo^fg^theremainderf<3fra.]  , 


.  (iii)  If  the  argument  iitreater  than  or  equal  to  90,  use  (6)  to 
reduce  the  pr6blem  to  the  case  of  a  nonnegative  argument 
which  is  less  than  90..  ,  .  , 

'(iv)  K  the  argumfit  is  greater  than  45,  use  (7)  to  reduce  the 
-  problem  to  the  caseV  a  nonnegative  argument  which  is  less  ^ 
than  or  equal  to  45.    "        •  - 

^  Of  course,  if  at  spme  stage  you  obtain  0,  90,  or  180  as  argument,  you 
.'should  be  9ble  to  complete  the  evaluation  at  once. 
.    Ab  an  exampIFwT shall  reduce  the  problem  of  finding  cos  (  47U)  . 

f^<j  (-470)°  =  cos  47Cl°      Fby  (4)]  • 

cos  (-470)  ^.^^  ^^^^  ^^^^  ^.^^^       ^        .  2  ^  U03 

='-sin  20°      [by  (6),  since  110  =  90  +  20]  ' 

In  this  example  thereis  Jio  need  to  carry  out  ^p  (iv)  since  0  -  20 
S45.  ^  1  , 

Apply  the  reduction  pnKedui^.  U)-Uv)  in         of  the  fbllowi^ 

'    4.  sin(-117r  5.  cos-191.3"      •       6.  sm92.8  . 

7.  cosl80(r     •    -      \8.  sin'(-731.2f         9.  cos  (-520) 
.     10.  Bin  47.2''  kcos947»    "        12.  sin  540" 

To  complete  the  procedure  of 'evaluating  ">'/!f^'r'*' fTw 
make^  of  a  table  which  lists  approximations  to  the  values  of  these 
^ip^  t  dTosA.  arguments  between  0  and  45  mduB,ve.  Such  a 
STs^venonpage5;4andV|*rtionof  it isteproducedhere. . 

•857.    ■  • 
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°8in 

•  "cos 

0 

O.OOOO  1 

i.ooog 

<• 

90 

0,3420 

0.9397 

'  ■     ■      i  70 

21 

0.3584 

'  0.9336 

!  69 

45- 

j  0.7071 

i  0.7071 

45 

°cos 

1  °sin 

'  Suppose,  for  example,  that  we  wish  to  compute  the  number  cos  699°. 
Applying  the  reduction  procedure  we  find  that 

cos  699°  = -^:os  159°  = -sin  69°  = -cos  21°. 

ReadingW  the  °cos  column  of  the  table  and  -oting-*^^^^^^^ 
ments  in  -the  left-hand  column,  we  see  tha^  cps  21  =  O-SSf  ^./^*^^ 
is  read     Ha  app«>ximately  equalto'.]  So.  we  know  that 

•  cos  699°  =  ^336.  ,  - 

Notice' that,  by  taking  advantage  of.(7fon  page  427,  Uie  table  is 
airangS  Wthat  step  (iv)  of  the  r^uction  process  may  be  omittei 
uX  SeTower  captions  in  the  table  and  reading  up  the  nght-hand 
J  Xenl,  we  find  that  sin  69°  ^  0.9336.  So,  by  steps  (D- 
(iii)  of  the  reduction  procedure  above,  we  again  obtain  ( J. 

An  extra  ^p  is  needed  if  we  wish  to  obtain  a  readable  app^«^^ 
tion  ti).  say,  sin  (-420.3)°. -Using  the  reduction  prpcedure  we  find  that 

-  ^  sin  (-429.3)°  =  -sin  (429.3)°  =  -sih  69.3°  =  -  cos  20.7°. 
Nnw  c^s  20  7°  should  be  between  cos  20°  and  cos  21".  la  fa^^^mce 
20  7 'is  0  7  0?  t^fway  from  20  to  21  it  is  reasonable  t«  expect Jiat 
2i  7°  is  appn,xiihately  0.7  of  the  way  from  cos  20°  to  cos^l^To 
^  t^e  tables  to  determine  a.  reasonable  approximation  for  cos  20.7  , 
it  is  oonvenient  to  arrange      work  as  follows:- 


cos  21°  = 
cos  20.7"  = 
cos  20°  = 


0.9336 


0.9354 


<  0.^  X  -^.opei 


0.9397  =  a9397 


The  orocedure  is  to  find  the  differences  i^the  arguments  ajnd  m  the 
J^lui'^^,  as  indicated  then -m^^^^^^^ 

result  to  cos  20°.  The  result  is  that  cos  20.7  -  0.9354  and,  so,  tnai 
sin  (-429.3)°  = -0.9354.  .  ^ 
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AnflV^ers^for  Part  B 

1,     cos(-283r  =  cos  283;  =  --cos  103 '  =  sinU'; 
Z.     sin619*  =  -sinTg'^  =  -cosir 
cos4l5*       cos  55"  =  sinSS" 
sint-li?)**  =  -sin  117"  =  cos  27  ' 
CPB191.3''  =  -cos  11. 3" 

6,  6in92.8''  =  ,cos  2.8° 

7.  cos  iSpO^   =  cos  0°  =  1 
§in(-173.2)'^  =  ^sini73.2''  =  'co8  83.2"  \  -sin6,8^ 


3. 

4. 
5. 


8. 

9- 
10. 
11. 

12. 


coa(-520)^ 
sin47.2°  = 
COS947"  ^ 


con  520" 


cos  lhO° 


-8in70''  ^   -cos  20^ 


cos  42.8°  : 

-cos  47°  ^  -sin43° 


5in540".  -  -sinO°   =  0 
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Answers  for  Part  C 


1.     c-osl-ESS)"  ^  0.2250;  .^in619"  ^  -'0.98'16;   cos  41 5"/^  0.5736; 
sin(-li7)'  i   0.8910;   cos  191.3^'       -0.9805;    sin92.8^  ^  0.998^; 
cbs.lSGO''   =   1;    sin(^i73.2)°  ^   -0,U84;   cos(-520)°  ^  0.9397; 
sxn47.2°  ^  0.7333;   cos  947°  i=  .0.6820;    sin  540°  =  O' 


2, 


(a)  0.6691 
(dj  0.0523 


(h)  0.3420 
[e]  '0.8192 


(c)  0.3746 
^  (f)  0.8387 


Angles  have  the  same  cosine  if  and  only  if  they  are  congruent,  and 
they  :a re  congruent  if  and  only  if  they  have  the  same -degree -measure . 


r 


,1^ 
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PartC^ 

1.  Complete  the  computation  of  approximations  to  tjie  numbers  listed 
^  in  Part  B  by  usiag  answers  to  Part  B  and  the  tablfe  on  page  514.. 

2.  Compute  each  of  the  following  by  using  Theorem  19-20  and  then 
'  ^       proceeding  as  in  Exercise  1.  • 

(a)  cos  (2197r/4§)^      <b)  sin  (-177r/9)        (c)  cx)s  ('297r/90) 
(d)  sin  (597r/60),         (e)  cos  (-297T/36)      (f)  sin  1  '  ' 

[Hint:  When  necessary  use  3.14  as  an  approximation  for  tt.] 

r  ■   *       .     '  *   '     '  •         ..  ■  . 

The  table  on  page  514  can  also  be  used  to  find  an  approximation  to^ 
the  degree-measure  of  an  angle  whose  cosine  or  sine  is  given.  For  ex- 
ample, suppose  that  sin  LA  =^  0.9300.  Recalling  that  sin  ^-^sin 
°m(ZA),  we  look  in  the  table  and  note  that,^§incfe  sines'"  ^  0.9272  and 
.sin  69°  ^  0.9J36,  degree-melasure  of  l^A  [at  least  if  Z,4  is  acute]  is 
between  68  and  69.  « 

To  obtain  a  closer  estimate  we  comjiute  difFerendls  aa  indicated: 

Sin  63^  -  0.93^6  ^ 


sin  lA  ^'0.9300^ 


sin  68°  -  0.9272 


0.0064; 


0.0028 


Since  M  =  0.4  [and  69  -  68  =  1]  it  is  reasona^ble  to  ^timate  ""mi/^A) 
to  be  about  68.4v  This  i^,  however,  under  the  assump|:ion  that  ^A  is 
acute.  Recaliingtthat  angles  have  the  same  sine  if  and  only  if  they  are 
congruent  or  supplementary,  we  see  tha\  ISO  -  68.4  [that  is,  11L6]  is 
another  possible  apprpximalion  to  °m(ziA),  So,  from  the  assumption 
that  sin  LA  =  0.9300,  we  may  infer  that  jLA  isari  ^ngle  of  about  68.4° 
or  of  about  In  order  to  decide  which  it  is  we  V<^^^  need  more 

information  about  lA.  *  *  . 

The  amb^ity  illustrated  in  the  exampje  does  Act  ari§e  if  we  are 
given  the  cosine  of  an  angle  and  seek  the  degree-measure  of  the  angle, 
For,  as  we  knojv,  angles  have  the  same  cosine4f-and  only  if  they,  have 
the  same  degr^ineasure.  {Explain,}  There  is  a  slight  complication  in 
•case  we  know  |iiat  the  ciosine  of  a»  angle  is  a  given  negative  nuiaber. 
Suppose,  for  example,  tha|  cos  LB  -0.7321.  Since  the  table  does  not 
list  any  negative  values  of  °cos  we  use  the  fact  that  Ae  cosine  of  the 
supplement  of  LB  is  0.7321  [Explain.]  and  use  the  table  to  cxjmpute  the 
degree-measute  of  this  supplement  Finally,  by  subta-actin^ from  180 
we  obtain '^m(^).        '  . 

Once  we  have  found  tht  degree- measure  of  an  angle  we  can  find  ite » 
radian- measure  Jby  multiplying  by  tt/ISO.  [^/180  «  0.0175J  ' 


r 


{ 


f. 


s 
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PartJ)    V  . 

1.  Pmd  approximations^  the  degree-measures  of  the  angles  whose 
cosine  or  sine  are  given  below. . 

(W  sin  0.6931     .  '  ^ 

(d)  cos  /.I)  -  ^.a740 


{a)^cbs  LA  -  0:8347 
^  sin  UC  =  0.6494^ 


'.  2.  Find  qjgjroximatidiis  to  the  radian- m^ures  of  .the  angles  re- 
ferred to  in  Exercise  1.*     ■     .  ^ 


PartE 


8Si 


The  techniques  developed  in  th^  pi;jecediiig  e>2erci3es  can  be  used,  in 
coiy unction  with  the  cosinfe  law  and'thi  iaw,  U)  solve  a  wade 
variety  of. numerical  exercises.  The  foHo^viiJg  are  a  few  sampl^,*^ 
1.  Given,  ia  rj^ht  AABC,  that  AB 

*  ^  =  65  and  CA     97,  ^  shown, 

*  '  find  ""mUA),  *7n{Z£),  and^  wjth-  - 
*  out   using  -  the  Pythagorean 

Theorem,  find  BC. 
2»  Given  qua^lateral  >lSCAfind; 

AB, BD, EC,  BXidi  CD. 

Given^AABC  wfith  "m^iA  =  4P, 

and    BC  -  4,  ,  find\^ 

^m(Z.C),  *  and  AC  as-  ^ 

suming  that  Z.C  is  (i)  acute  and 

(ii)  obtuse. 
4.  Find*  the  radius  of  a  circle  in 

which  chords  of  measures  4  and 

6  determine  an  inscribed  angle 

of  lb8^ 

6.  (a)*  Given  ""miCBAPX  ^m{lB) 

and  AJB,  as  shown,  find  AC, 
SC,and^m(ZJCQ). 
(b)  Give  formula  for  finding 
AC,  BC,  and  ^m(zBCQ)^ 
given  that  ""ml^APY^  ol^ 
'*miLB}-f     andi4fi  -  a.; 
6«  (a)  Give  a  formula  for  finding 
K  given  a,  c^,  and  /3. 
'  (b)  Find  h  if  a  -  20,  jS  =  30, 
and  a  =•  iOO. 

[LPOA  and  LPOB  are  the 
^angles  of  elevation  of  A  and 
B,  respectively,  from  O] 

7,  (a)  Give  a  formula  for  finding 

/i,.givend,a,  and^. 
<b)  Find      if  d  =  26,  a  =  30, 
and  i8  =  46.  , 


B 


r 

/ 

■  / 
f 

.  110°-" 

fp 
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Angwers  fo'r  Part  -D  *    .  ; 

1.  (a)    'mUfi.)  i   33.4  '   •      "(b).  ;m{ZB)  t  43.9  or  136,1 
.(c)    ■'m(/C)  -  40.5  or  139.5  ,  (d)   ''rni^D)  i  150.9 

2.  "    *(a),m(ZA)  =  0.585   .  ^      -    (b)  ,m(ZB)  i  0.76«  or  2,38^ 

(c)   rnjZC)  *  0.109  or  r.44  (d)   m(ZD)  i  2.64 

Answ.ers  for  Part  S  ^  ,  . 

1.  "mt^)  t  47.9'.    °n^(/5)  -  4*2.1.    BC*  71^.9    *  '      MX  < 

2. "  .Afe  i  10j71.  BD  •^.-•11.89.^  BC  9.37.  CD.i  7.32  '  '  ^  ^ 
3..      (i)   °m(ZC*)  i  74.6,    °m(/B)"i-  65.4.    AC  ^   5'.7  ^. 

{»)   -^mlZC)  ^    105.4.     "m{ZBr-  ?4.6,  '  AC  ^='3.5  . 
4 J    4.3r0-  [apgroximaf^y.] 

6.     (a)  .AC- 30.6,    BC  ^48.9.    °m{ZBCQ)  106 

(b)   AC  =  a  siryS'/sMQ  -  3)°.    BC  -  a  sinflSO  -  a)^/8in{a  -  P)". 
.  'nUZBCQ)  =  180--Q+.P         •  ^  '  . 

6.  (a)    h  =  a  6in(|3  -  a)%in(90  -  i3)°       ^   .  .  ' 
(b)    34,7    [app^oxiniatelyj                       .     •  . 

7.  (ai)    h  =  dsina"  sin  j3  ^ /sin(^  -  a)^    {h  -  a:«ii/p°.  where 

*  a  =  d  sind*/ain<P  -  a)''  -        ^  •  ^ 

.  (b)    34,2'  [approximatelyj  .  ^ 

».  • 
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Answers  for  Exploration  Exercisgs 
v.i.     The.  coordinates  of  T  are  {0,  1)  or  (.0,  -l},  . 

The  coordinates  of  T  are  (1,0^  or  (-1,0).  ^ 
'  3.     (a)    The  slope  of  i  is  -cost/sint.. 

^M.^{h)    (/cost,  0),  (0,/sint)  .  ^  .        *     "  - 

(c)    PT  =  V/cos^t  ^  1  =  |sint/cost| 


Qi;      •//sin^t     1  -  ]co8t/sin^ 
P0  =  >//cbs^t  +  /sin^'^t  =    |/(cost  sint)j 


4.     xcost+ysint=   1  *  ^ 

These  exercises  are  intended  to  draW  attention  to  the  functions 
/whose  values  at  t  are  ^ven  by  •/cost\  Vsint'.  ' s^n t/co^  tV  and 
*cost/sint\    These^r^,  of  course,  tKe  fiilsktions  sec.  gsc,  tan,  and 
co^,  respectively.  .        '  \  ^  * 

ReiYiark  concerning  the  definitions  of  *ta<^  *cot\  -sec\  and  'c»c': 
Due  to.our  treatment  6f  /O,  the  expressions  *sina/co8a^  and'  • 
^  *  /cob  a'  do  have  real.yalues  when  the  vaivie  of  a  is  an  odd  multiple  o/m 
i|tr/2     We  choo€e,  however,  to  ignore  thi«  and  to  leave  tan  and  sec 
undefined  for  such'values.    One  reason  for.dping       is  that  we  sMHh  to 
make  use  of  the  usual  definition  of^idenfity*  which  is  given  in  Exercise 
1  of  Part  B.    For  simila r  xeasons  we  leave,  cot  and  esc  undefined  at 
^ven  multiples       t/Z,  -  . 


■8S2 
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-axis 


Explorution  Exercises 

Given  any  point  T  of  the  unit 
'    circle,  we  know  that,, for  soAe  t, 
the  coordinates  of  T-  are  (cos  t,'  * 
sin  t).  Let  /      the  line  which  is 

•  '         tangent  at  T  to  the.  iznit  circle. 

1.  Suppose  that  /  is  paraMel  to  thl& 
JT-axis,  Wi^at  can  you  say  about  • 
the  coorjjinates  of  7? 

2.  Suppose  that  / 19  parallel  to  the  ^-axis.  What  can  you  aay  about  the 
coordinates  of  T?  * 

3.  Suppose  that  /  is  not  parallel  to  either  coordinate  axis. 

(a)  .Give  tlie  .slope  of  i  in  terms  of  *cos  f  and  *sin  f. 

(b)  What  are  the  coordinates  of  the  points  of  intersection  of  i  witb 
the  coordinate  ax^?  .  . 

*  (c)  Given  that  /  intersects  the  ;c-axis  and  ^'^is  in  points  P  an,d  Q, 

respectively^,  compute  PT,  QT,  and  PQ  in  terms  of  'sin  and 
'cos;\  ^ 

4.  Given  that  /  is  not  parallel  to  either  axis,  what  is  an  equation  for 
the  line  or? 


1 9.05  Some  Other  Circular  Functions 

From  the  exploration  exercises  just  completed,  we  see  thatany  point 
T  of  the  nnii  circle  which  is  not  a  point  of  one  of  the  coordinate  axes  has 
ilonzero  coordinates  (cos  /,  sin  /),  for  soma  t,  and  gives  rise  to  ' 
(a)  lines  whose  sldpes  are  sin  ^/a)s  t  and  —ix>8  t/^in 
<b)  points  whose  coordinates  are  {/cos  t,  0)  and  (0,  /sin  t),  and 
(c)  segments  whose  mQasiu*es  are  jcos  t/sin  t\  and 
jsin  t/cm  i|, 

Tim  suggests  that  we^knrfc  into  someftmetions  which  can  be^iefined 
in  terms  of  'cos'  and  'sin'.  Any  such  functions  ^are  called  circular  func- 
ti0is.  • 

There  are  four  other  circular  functions  which  are  usually  treated  to- 
getJier  with  cos  and  sin.  They  are'  the  tangent  function  [for  short  'tan'], 
the  secant  function  ['secl,  the  (X)tangent  function  ['cot'],  and*/^  co- 
secant function  Vcsc']. . 

The  first  two  are  defin^,  otily  for  real  numbers  which  are  not  odd 
multiples  of  i?t/2  by: 


(1)  tana 


sm  g 
cos  a 


sec  a  = 


cos 'a 


{Definition  19- 4(a),  (b)] 


ERLC 
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Xhe  last  two  are  d^ned  only  for  real  numbers  which  are  not  even^ 
multiples  of  7t/2  by:     ^  ,  ^ 

^        ^^s  a                '    1     '  .    •        "  ' 

(2)   cot  a  =  3^  '   esc  a  '=^   [Definition  19 -4(c),  (d)] 


sm  a. 


sm.a 


The  restrictions  on  the  domains  of  these  functions  are  to  ensure  that, 

in  (1),  cos  a     0  and  that,  in  (2),  sin  a  0./ 

-  Recalling  the  gr^hs  of  cos  and  sin  as  they  are  shown  here: 


flg/19-4 

you  can  easily  verify  the  general  shape  of  the  graphs-  of  tan  and  cot 
shown  Jjelow: 


iV 

\-7f 

-1  2 

(a)  Graph  of  tan 


Fig,  19-5 


(b)  Graph  of  cot 


1. 


[The  vertical  dashed  lines 
are  not  parts  of  the  grafihs 
but  show,  how  parts  of  these 
graphs  fit  together,]  Sim- 
ilarly, it  is  easy  to  verify 
the  general  shape  of  the 
graphs  of  sec  and  esc  as 
they  are  shown  in  Fig. 
19-6. 


Fig.  19-6 
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Exercises  \^ 

Part  A  .  ^  . 

"  1.  For  Exercise  1  of  Part  A  on  page  414  yoiT  made  a  table  of  values  of^' 
^       '   cos  and  sin  for  certain  arguments.  Extend  this  table  to  include 
-  columns  for  tan,"  cot,  sec, •and  esc  and  complete  the  extended  table. 
^  [Whe^  a  function  is  not  defined  for  a  given  argument  draw  a  cross 
txj  in  the  corresponding  box  of  your  table,]  /  ^ 

(a)  Show  that  tan  knd  cot  are  periodic  with  period  ir.  ' 
'         (b)  Show  that  sec  aftd  esc       periodic  with  period  27r. 

f  3.  Show  that  tan  is  an  odd  function.  [A  function  f  whose  domaimdoea 
^  not  include  - all  of is  odd  if,  for  each      i»f,  ~X€^f  and  A"^ 

=^  ~^f{x).  Similarly,'  g'is  even  if,  for  each  x  e  ^g,  -x  €      and  g(-x\ 
\  =  gixl]    '     .  *  '  ■ 

4^  (a)  Are  any  of  ;the  functions  cot,  g!ec,,  and  csc^d  functions?  If  so. 
tell  which..  '  ^ 

(W  Are  any  of  the  functions  cot,  sec,  and  esc  even  functions?  If  so, 
tell  which. 

*  •         6..  Use  the  results  in  Exercises;!  -4  in  drawing  your. own  ^aphs  of 
tan  and  cot.  Of  sec  and  esc,  [Use  arguments  in  {x:  -^  -5  x^Stt}.] 
»  '        «*     '  ' 

Part  B  V.  1 

1.  Prove:  / 

Theorem  19^21 

(a)  sec^  a  -  tan^  a  =  1      fa  not  an  odd  multiple  of  7r/2] 

(b)  .csc^  a  -  cot^  a  ^  1      [a  not  an  even  multiple  of  7r/2] 

•        *  '  • 

[The  equations  in  Theorem  19-21,  together  with  *cos^  a  -f  sin^  a 
-  1',  are  called  the  Pythagorean  identities.  An  identity  is  an  op^n 
senteiice-  which  has  no  false  iiistances.  The  equation  of  Theorem 
19 -21(a)  has  no  false  instances  but,  since,  sec  and  tan  are  not  de- 
fined for  odd  multiples  of  7r/2,  this  equation  has  meaningless  in- 
stance such  as,  for  example,       (^/2)  -  tah^  (7r/2)  -  IM 

2.  Prove      subtraction  and  addition  laws  for  tarn 

(a)  tan  (a  -  6)  =  jf-^f^^'  W  neither  a,  6,  nor  a  -  an 

odd  multiple  of  '7r/2 
7b)  tan  (a  +  6)  =  ^^^^b^       neither  a,  fe,  nor  a  ^  b 

odd  multiple  of  7r/2  \ 
\Hint:  Use  the  definitlonj^  and  the  subU'action  ladditioril  laws  for 
ojsandsin.]  -  y  ^  ^  . 

3.  Use  the  results  from  Exercise  2  to  show  that 

^ 2a  =       ^aji^a^      ^       ^       multiple  of  7r/4  or  of  trli. 
This  is  sometimes  called  the' doubling  law  for  Um. 
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Suggestibns  for  the  fixt^rcises  i^  section  19.05: 
(i)    Part  A  may  be  used  for'clHt|s  disc;u8sion. 

(ii)  After  one  or  two  examples,   IJart  B  njay  be  assigned  for  homework. 

(iii)  The  discussion  oti  pages  435-438  should  be  teacher  directed, 

(iv)  Parts  C  and  D  may  be  .used  for  homework. 

Answe  rs  for  Part  A  t 


I.  1 

r  £1  I  i.  T\ 

t:<js  a 

sin  a 

• 

cot 

tan  a 

sec, a 

c  6c  a 

-TT  ^ 

-1 

0 

0 

■  -1 

-^^^^^^ 

-57r/6 

^1/z 

'  Vt 

i/nTT 

-^/^/3 

-3^4- 

--I/n^ 

1 

-  1 

-I /I 

i/v3 

Z/*V  J 

0 

,  rjl—  .  . 

""1  ^ 

•1/2  . 

-n't/2 

*-i/V3 

-^3 

^  -7r/4 

.l/^/T■ 

-1/n/T- 

-1  . 

VT  - 

-1/2 

— VT 

-i/\r3 

;  2/«/3 

-z 

0 

■  1 

0 

Q 

1 

^^^^ 

^^3/2 

'  1/2 

Z/^/T 

2 

7r/4 

•1 

1 

7r/3 

1/^/3 

2/^/3 

•7r/2 

0  . 

.1. 

0 

X 

1 

.  27r/3 

.  -1/2 

•s/T/2 

3  7r/4  i 

l/^yT 

 •  1 

-1 

V  -1' 

5it/h 

i/2. 

-sir 

-1/n/T 

-2/n/T 

,  ,  ,  1  ».\  -  sin{a  +  g)  _  -sin  a  ^  pi»  a 
2.     (a)    tan(a  +  )t)  ^  ^osla  +  tt)  "   -cos  a  ^  cos  a 


ta;>  a ; 


(b)    8ec:(a  r  2^rr)  =   /cos(a  i  Ztt)  -  /cos  a  =  sec  a;  . 
csc(a  +  Ztt)  ^   /8in(a  +  Ztt)  =   /sina   ^  csca  ^ 

»4,     (a)    CSC  and  cot  are  odd  functions. 

^b)    eec   is  an  even  function,  [      ■  ' 

5.  .'[See  Figures   19-5  and  i9-6.  ] 
Answers  for  Part  B 


1 


sec^-a  -  tan^a  =  ^^^^^  ^.^s^'a 

a  not  an  odd  multiplie  orf  tt/Z. 

1  cos^  a 


sin^a  _  >  1  -  filn^  a 


cos* 


cos"^  a 


cos ' 


(b)    csc^  a  -  cot^ 


-  cos^^a  ^  sin 
sin^  a 


sin^  a 


=   1,  for 


1,  for 


a  not  an  even  multiple  of  u/Z,  . 


V,. 


Vnawers  for  Part  B  ' [cont. ] 
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I 


(a)  ^tan{ 


b) 


sin(a  '  t 
cos(a  -^b)  ^ 

^    sin  a  cos  b  -  cos  a  sii^b 
cps  a  cos  b  +  sin  a  sin  b- 

sin  a  cos  b^    cos  a  sin  B 


_   cos  a  cos  b     cos  k  cos  b 
sin  a  sin  b 


cos  a^cos  b  ^ 


1  +  tan  a  tan  b 


coda  cos  1:^  '  cos  a  cosb 
{b)    [Similar,  with  * +*  and  *-* -interchanged. 

.2  tana  V 


1  ^,  tan^ 


Sy  Exercise  2(b),  tan  2a 

for  neitheV  a  nor  2a  ah  odd  nr^ultiplp  of  ^/2  —  or,  equivalent! 

for  a'  neither  an  odc^.multiple  of  5f / 2  nor  an  odd  multiple  of  2r/4.,    ,         -  w 

^^jf    r       ■         *   TP  435..  .  ,  .  •  . 

fNote  that  we  cannot  use  the  addition  formula  for  tjin  ,with  b  =  {2k  +  .1)^/2.  ] 

ta'n(a  +  m  +  ik/2i  =  "H^t  it!:!  !Ki 

^       ^        .  ^    ^      cos[a  +  {7!k  +.1)^/2 


cos  a 


.for  a  not  an*even  multiple  of  tt/Z. 


fiina 


cos  a 


sm  a 


^cot  a, 


(a)    tan{ir/2  -  a) 


sin( ?r/2     a )  ^  cos^ 


cos{;r/2  "  a} 
multiple  of  ir/z,  .  . 

cos(ir/2  -  aj 


(b)  cot(ir/2  -  a)  = 


sina 


sm  a 


=  cot  a,  for  a  not  an  eVen 


sin(;r/ 2  -  aT)      cos  a 


S 

tan  a, 


for  a  not  an  odd 


multiple  of  w/Z. 


^^ince  tana  =  sin  a/cos  a  for  co^  a       0  an^  is  othe rwisc  undefined 
ibs^llows  that  tana  =^  0  if  and  only  if  sina  =  0,  and  sina  ^  0  if 
andVl»i^u4>f  a  is  an' even  multiple  of  ^/2,    Similarly,  cot  a  =  cos  a/sin 
for  sina  ^  0  and  is  otherwise  undefined.    So,  cota  -  0  if  and  only 
if  C08  a      P,  and  cos  a  =  0  if  and  only  if  a  is  an  odd  multiple  of  w/z 

By  Thi^orem  19-14,  .  • 

cosHb  /l-  a^/2j  Kinf^fa  a)/ 
2  .sinl(b  i  a)/2] 


sina  "  sinb 
sina.  4-  sinb 


cos 


-sin 

[(b  - 

a)Al/coe 

[(b  -  J 

sin 

[(b  + 

aj/zj/cos 

[(b  +  i 

0/2] 

_  -'tanfjb  -  ay/2l 
^       tan|(b  +  a  J/2  J 


-  tanf(a  -  b) 
tan[{a'-l-  b)/2] 


The  first  step  requires  that  (b  4  a)/2  not  be  an  even  multiple  of 
ij:  t/2  and  that  (b  -  a)/2  not  be       odd  nbultiple  of  n/Z,    ^he  second 
step  requires,  in  addition,  that  (b  +  a)/2  ^ot  be  an  odd  multiple 
of  t/2.    These,  restrictions  are  easily  seen  to  be  equivalent  to 
thbse  given  in  the  exercise,    (The  result  of  this  exercise,  when 
applied  to  a  triangle  with  angle  measures  a  and       leads  to  the 
tangent  law  of  Theorem  19*-28,    Thi^  law  is  of«sQme  use  in 
.  ••solving  triangles*',  j 

FRir  ' 
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4*  Prove  the  reduction  formui^  for  tan:  ^ 

tan  [a  +  (2^  +  l)7r/2j  *  cote  [a  not  an  even  multiple  of.7r/2] 

5.  Prave  that  •  ;  ,        -    .  * 

(a]  t  tan  (7r/2  -  a)  =  cot^a  [a  not  an  evenmultiple  of  7r/2]  , 

(b)  exit  (7r/2  -  a)  =  tm      a  irot  an  odd  nniltiple.of  7r/2] 
6*  Prove  that  tan  a  =  0  if  and  only  if  a  is  anf  even  multiple  of  7r/2  and 

that  cot  a  =  0  if  and  only  if  a  is  an  odd  multiple  of  7r/2. 
'  7.  Prove  that  i'  ,  * 

.    *  '  sin  g  -  sin  6     tan*H£i  -  b)l2]      r  .  \  f  i**  i   '  r  j 

V   .  sih  a  4^  sin  6r:-vtan  Ka  ^  6)/2]  ^  *         ^""i^'^^u^^J  f  1^ 

^  ,  a  -  DnotSnodd  multip!6of7r]. 

[i/m^:  Recall  TiieoVem  19-14.] 

In  the  {^receding  -exercises  you  havd  proved  a  number  of  theorems 
concerning  tan,  sec,  cot  and  esc.  All  of  them,  as  you  should  have  found, 

come  quite  easily  from  correspoAding  formlilas  concerning  fcos  and  sin. 

■     ,    ■  •  ■ 

11  theorem  19-22   tan  and  a>t  are  periodic  vi^ith  period 
I     tt;  sec  and  esc  are  periodic  with  period  .277. 

11  Theorem  19-23,  tan,  cot,  and  esc  are  odd  functions; 
1     sec  is  aiv  even  function,  V, 


Theorem  19^24  % 

•    (a)  tan  (a  ^  b)  ^  "  [a,  b^a^b  not 

1    ^tan  a  tan  b    '  ■ 

oddnaultiplesof7r/2] 

,(K|id  multiple?  of  7r/2]  . 
Cordlary  .  J'o^a  apt  anjxidinultiple'of  ttIA  or  of 


Ian  2a  = 


2  tan  d 
1  r  tao^ «' 


Theorem  19^25  For  A:  €  /  and  a  not  an  even 
multiple  of  tt/2,  » 

'tan  la  +  {2k  +  l)?r/2]  =  -cot  a. 

Theorem  19 -2a  ^ 

(a)  tan  a  =  0      a  is  an  even  multiple  of,7r/2 

(b)  cot  fl£  =^  Q  ^  a  ia  an  odd  multiple  of  77^2 
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The  emphasis  on  tan  in  the  preceding  theorems  suggests  that  sec, 
CSC,  and  cot  are  of  less  importance  than  cos,  sin,  and  tan.  This  is  the 
oasel.  For  most  purposes,  fts  regards  ;sec,  osc,  and  cot  it  is  sufficient  to 
recall  ^at  they  are  reciprocals  of  cos,«s^,*  and  taii^  respectively.  ^  ^ 
'  Because  of  the  importance  of  tan  in  geometric  applications  it  is 
customary  to  introduce  a  tangent  fimctiqn  for*  angles: 


I 


Definition  19-5  F^T  ^      ^  right  angle, 
,tan  Zji  =  sin  ^A/cos  /LA. 


from  which  weaver 


<  I]  Thi 

I . 


Theorem  19-^27  .FoV  zlA  not  a  right  angle, 
tan       =  tan  m{AA). 


in  which  the  'tan'  on  the  left  refers  to  the  function  introduced  in  Defini- 
tion 19-5  and  the  *tan,'  on  the  right  refersHo  the  tangent  function  we 
have  been  studying  in  this  section.  ^It  wodld  be  easy  to  define  *tan-^ 
lA\  but  we  shall  not  need  this  function.]  *  ^ 
'  Exercise  7 -of  Part  B,  together  with  the  sine  law,  yields  a  relation, 
called  the  tangeni  law,  between  the  sides  and  angles  of  a  triangle.  To 


c 

'  Fig.  19-7  r 

obtain  this,  suppose,  as  usual  that,  in  AABC,  a,  )3,  and  y  are  the  radian- 
measures  of  LAyLB,  and  ^C,  respectively,  and  that  a,  6,  and  c  are  the 
measures  of  SC,  CA,  and  A5.  Since  a,  jS,  and  y  are  positive*  an#  a  +  ^ 
+  7  =i  TT  it  follows  that  ' 

Q  <       ^  <  TT  and  -TT  <  a  -  jS  <  sr.    ,  [Explain.] 

In  particular,  a  +  ^  is  not  a  muttiple  of  tt  and  a  -  j8  is  nol^an  odd  mul- 
tiple of  TT,  It  follows  from  Exercise  7  that 

sin  g  -  sin  i8  _  tan      -  j8)/2] 
,  .        •  siria  +  sinJS     tan  [(a  +  i3)/2]' 
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Since,, by  the  sine  law,  sin  a  and  sin  ^  ar* proportional  to  a  and  b  it- 
follows  from  (3)  that  •  . 

a  ~  b  =  tan  [ja  -  /3)/2]         '    * , 
''  a+b     tan  [(a  +  ^)/2]' 

(Explaip.  Note  that,  by^the  sine  faw,  ihere  is  a  number  k  such  that 
sin  a  ^  ka  and  sin  ^  ^  ^6.]      •  '  . 

•  As  a  consequence,  we  have  . 

Theorem  19- 2S   If  a  and  ^  are  the  radiari-me^isures  ^ 
*  .      oftwo  angles  of^ a  triangle,  and  a  and  6  are  the 
I  measures  of  the  sides  opp<^ite  these  angles,  thed  ^ 

\  '    '  .     .  . 

,    ;  g  ^  ^  _  tan  [(a  -  i3)/2]  .  . 

1  .         e  +  6     tan  [(a  +  p)l2Y 

As  in  the  case  of  cos  and  sin  there  are  d^ree-fimctions  "^tan,  ''cot,""' 
*^sec,  and  ''cso  corresponding  with  the  functions  tan,  cot,  sec,  and  esc. 
,For  example, 

''tan  a  ^  tan  (tto/ISO)      [a  not  an  odd  multiple  of  90] 
[See  Definition  19- a,]  and  '  . 

tan  a  =  °tan  (180a/ir)      la  not  an  odd  multiple  of  7r/2]. 

[See  Theorem  19-^20.]  Theorems  like  Theorems  19-21  .through 
Theorem  19-26  and  titeir  a>ronaries,  as  well  as  a  theorem  like* 
Theorem  19-28,  hold  for  the  degree-functions,  and  are  obtained  in  the 
same  way  as^are  those  for  "oos  and  "sin.  The  table  on  page  514  lists 
approximatiras  to  ttie  values  of  the^  four  new  functions  as  well  as  of 
"sin  and  *©{^^he  procedure  for  computing  values  of  these  fimctiqns 
by  reduction  and  use  pf  the  table  is  much  like  tiiatfor'a^s  and  ""sin  as- 
giveii  on  pages  427  -430.  In  t^e  case  of ''sec  md  "(sc  the  reduction  pro- 
cess ia  the  same  as  for  °cos  and  'sin.  The  reduction  process  for  'tan  dnd 
"cot  is  based  oil  the  theorems:  * 
,  \  •,  "  '     .-(fl^  . 

(4)  °tan  and  *cot  are  odd  , 

'  .  (5)         tan  (IBOib  +  ar  =  tan     cot  (180^  +  a)°  =  cot  a° 
^  (6)  tan  (90  +  of  =  -cot  a",  cot  (90  -^  a)"  =  -ts^tJ  J 

(7)  tan'(46  +  af  -  cot  (45  -  af,  cot  (45  +  0)°  =  tanX4^^^ 
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The  explanation  of  how  the  tangent  law  is  obtained  from  (3)"  and  the 
sine  law^ is  very  nearly  giv^n  in  th^  hint.    By  the  sine  laW; 

hina  -  sinS  ^  ')sa  "  j^P  J  k(a  -  b)  ^  a  b 
Bin  a  +  sinp      ka  +  kb      k{a  +  b) 


a  b 


The  theorems  (4)- (7)  are,  of  course,  subject  to.easily  formulated  re- 
-^tpictio^.  Subject  to  the  appropriate  restrictions  (4) -(7)  follow  irom 
(4) -(7)  on  page  427  and  the  fajsts  that 


'  4 


Answers  for  Part 


1. 


ERIC 


'=  f^n  l  lO; 


tan 


sin  g 


\a  not  an  odd  multiple  of  90] 


(a)  tan470*'  '=  iknllO;  =  -cot  20'  ^  -IJAlb 

(b)  cot(-240.3)^  =  -cot240,3*  =  -cot^^CS**  =  ^tan  29.7  ^  i  -0.5705 

(c)  ^  sec(-405r  =  sec  405'   =  sec  45*'  -  \f2  ^  1.414 

2.  '(a)    •in(ZXr^>66.5  .    .  (b)  "m(/B)i'l473 
{c)  '  'TnUC)  ^  67.8  or  112^/ 

3.  ''i%iUA)  ^  31.9,  .  'mUB)  ^  52,1,    tA  11.4 

4.  '{a)   h  =  d/[cota  -  cotp]  ^ 

(b)    34   [approximately]  ^  ' 

5*     With  a       15,  b  =  10,  a  +  p  =  180  -  64,  the  tangent  iaw  yields: 

A  =  tanf(a  ^  &)/zY  ' 
25  tan  58" 

.    So,  tan[(a  -B)/2]^  =  tanSS'/S  -  1.6003/5  i  0.3201.    It  foUowg 
that  {a  "  p)/z  ^  17.8*.    Since  (a  +  p)/2  ^  58*  it  follows  that 

'    a  ^  75.8  and  p  5:  40.2.    So,  *m(ZA')  ^'75.8  and  'm(^B)  40.2. 
{The  method. for  finding  the  degree -measures  of  lA  ^nd  13  is 
somewhat  shorter  than  using  the  cosine  law  to  find  AB  and  the 
sine  law  to  find  the  degree ^'inea sure s  of  the  angles.  ] 


and 
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^        T  cot  af  =  .  [a  not  an  even  multiple  oT  9*0]. 

'     ■       .  '  ■ 

The  interpolation  procedures  for  finding  values  or  degree-measur^ 
between  those  listed  in  the  table  are  similar,  to  those  for  ^'cos  and  ^'sin. 
If  we  are  given  the  co^ant  of  an  angle  there  are  two  [supplementary] 
possibilities  for  the  degree-measure  of  the  angle.  If  we  are  given  a 
negative  number  as  ^e  tangent,  cotangent,  or  sec;  ant  of  an  angle  then 
we  use  the  tabl^  to  fend  the  degree-measure  of  the  supplement  of  the 
given  angle  and  suWact  the  result  from  180. 


Parte 


1.  Evaluate  each  of  tha  following, 
(a)  Upi  470'         /  (b)  cot  (-240 

2.  Fin(i  ap^rokimations  to  tl^e  degree-measures  of  the  given  angles. 


3f 


(c)  sec  {-405)' 


c 


(a)  tan  ^  «  2.3009  (b)  cot'Z^ 

S.  Given"  in  right  AASC,  that  AB 
=  9  and  SC  -  7,  as  rfxown,  find 
"mC/^l), 'm(Z^),  and,  without 
iish^  the  Pythigorean  theorem, 
find  AB.  / 

4.  Solve  Exercise  -7  Part  E  on 
l^agfr  431  by  expressing  in 
terms  of  'ef ,  'cot  a"^  and  'ojt  0". 

5.  Given  AA5C  ,with  "mUO 
»  64,  SC  =  15,  and  CA  =  10, 
use  the  tangent  law  [Theomm 
19-^6]  for  degr^measures  to 
find  'm(^A)  and  "mitBV.iHint'. 

then  a  +  «  180  -  64.  Use 
Uiis  and  the  Moigent  law  to  find 
.a  -jS.3  . 


-1.5^  (c)  CSC  lC 


i.osod^ 
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19.06   Halving  Formulas 


439  ^ 


Part  D 


1.  Enlai^e  the  table  you  made  for  Exercise  1  of  Part  F  on  page  426  by 
adding  a  linejbr  tan  and  one  for  sec.  " 

2.  Since,  for  a  not^&n  odd  multiple  of  7r/2,'  sec*  a  =  1  +  tan^,  a  [W^y?]  . 
It  folH^ws  that  isec  a|  =  Vl  +  tan*  a  and,  so,  that 

^  COS  ^=  ^.1^1^,  for  a  not  an  odd  muItiplerK)f  7r/2. 

•    A-  •  , 

IRecall  that  sgn  has  thi  %ralue  1  for  positive  arguments  and  the 

value  7-1  for  negative  arguments,  and  that  sgn  (0)  =  0.]  With  the'  # 

stmil  restriction,       '        ♦       /  :  " 


sin  a  =  cos  a  tan  a  =^ 


sgn  (cos  a)  tan  a 


vTTtan^  a  ' 

. :  Ii/each  exercise,  find  the  cosine  and  sine  of  the  indicated  argument, 
(a)  tan  a  =  Vli  0  <  a  <  77/2    (b)  tan  a  =i=  Vs,  tt  <  a  <  37r/2 
(c)  tain  a  ^        cos  a  <^        id)  tan  a  =  -^/3,  sin  a  <  0 
(e)  sec  a  =  2,  sin  a  <  0  (f)  sec  a  =  1/2,  0  <  a  <  tt 

(g)  cot  a  ==  -V§,  OrSa^  7T     (h)  cot  a  =  1,  cos'a  <  0 


(  JC  439  (1)^ 


1. 

— 

7r/2,  7 

TT,  37/2 

cos 

>o,  i 

<  0,  i 

<  0,  I 

N  n  f 
>  0^  1 

sin 

>o,  j. 

■>o.i 

<o.t 

tan 

>  0.  t 

<o,t 

^>o,t 

<0.t  • 

sec 

>6,  t 

<  0,  t-" 

<o,l 

>o,  1, 

(a)  cos  a  =  l/2,^sina  =  'v/T/2 
{b).^cosa  =  sina  -^JT/Z 
(q)  'cosa.=  -3/5,    sina  =  --4/5 
idh  cos  a  =  3/5,   Ana  -4/5. 

(e)  cosa  =  l/l,    sina  =  -^f572 

(f)  Irnpoesible.    [|secaj   ^  I] 

(g)  cosa  =  -^fT/z,    sina  =  l/Z 

(b)  cosa  =  -l/^/Ii    sina  ^  -I/n/T 


Notice  that  although  tan 
is  not  an  increasing  func- 
tion it  is  increasing  on  ^ 
each  interval  of  measure 
7t  on  which  it  is  defined. 
^The  secant  behaves  in  the 
way  ofjposite  to  that  in 
which-its  reciprocal, 
cosinei  does. 


y 


13.06  Halving  Formdias 

The  three  doubling  formulas: 

cos  2a     2  CQS^  a  -  i,  cos  2a  =1-2  sin^  a,  sin  2a  =  2  sin  a  cos  a 

from  Theorem  19-11  and  its  corollary  .can  be  used  as  the  basis  of 
||  halving  formulas.  From  the  firat  two  we  obtain:  .  \ 


■    1  +  cos  2a     ,    .     *     1  -  cos  2a. ^ 
r  ,  cos^  a  =  —  and:  sm-  a  =  — — 


which,  have  as  instances: 

«  a     1  +  a 
^^2  =  "^  


and:  sm^  ^  ^  £  


itain,  for  a  not  an.odd  multiple  of  tt: 


(2) 


2  a  _  1  -  cos  g 
^  2  ^  1  +  cos  g 


4 


87.1  ■ 
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Sample  Quiz  ^ 

1,  On  the  stale  t>icture  of  the  number  plane,  make  sketches  of  cos  and 
B^t  for  arguments  in  *-3ir/4,  ^/ 

2,  On  a  second  picture  of  the  number  plane>  make  sketches  of  tan  an 
l/tan  for  arguments  in  ^-3^/ 4,  ^.  ^ 

3^.  -^On  a  third  picture  of  the  number  plane,  make  sketches  of  sin  anB 

•  .  l/sin  for  argurrvents  in     3-^/4,  it\  > 
4,     (a)    What  is  the^domair;  of  tan? 

(b)  What  is  the  rang^  of  ^ec  ?   -  - 

(c)  What  is  the  doma^in  of  i/jtan? 
<r{d)    Do  the  functions  l/tan  and  sec  harve  any^points  ii>  common? 

"Explain  your  answer. 

Key  to  Sample  Quiz 


\AGtu  


3, 


4,    (a)   {x:  X  is  not  an  odd  multiple 
of  it/z} 

(b)"  {x:   X  >   1  or  X  <  -1} 

(t)i  {x;   x*is  not  a  multiple  of  r/z} 

(d)   Y»s.    There  is  a  number  t^such 
that  l/tan  t  -  sect,  for  there 
is  a  number  t  such  that 
cos  t/sint  = -l/cost,  that  is, 
such  th^t  sin^^t  +  sint  -  1      0.  • 
That  there  is  such  a  number  t 
follows  from  the  f^cts  that  the 
latter  equation  Is  equivalent  to 
rsint  =  isfb-l)/Z\     .  ' 
-i,<  {n/T-  1)/Z  <  1,  and 
'    {sft  -  1  )/Z  is  not  a  multiple 
of  ff/2; 
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We  must  not  assume  from,  say,  the  first  formula  in  (1)  that 


(*) 


cos 


+  cos  a 


for  the  valu^  of  the  expression  on  the  right  side  of  (*)  are  ail  non- 
negative  whereas  cos  (a/2)  sometimes 'has  negative  yaluefe^or  exam- 
ple, with  g  =  47r/3,  cos  (a/2)  =  cos  (27r/3)  =  -  i  while  vTl  +  cos  a)/2 
=  Vfl  +  cos  (21773  j]/2  =  Va+  -l/2)/2  =  i  Evidently,  (*)  holds  only 
tor  values  of  'a'  for  "which  cos  {al2)  >  G.  We  can,  however,  obtain 
formulas  which  hold  for  all  values  of  'a'  by  using  the  signum  function 
(sgn)  which,  as  you^should  recall  has  the  value  1  for  txjsitive  argu- 
ments. This  leads  us  to: 


Theorem  19-29 

2jV" 

a 


+  cos  c 


2 

-  a)s  a 


cos  a 


(a)  cp&l  =  sgn'^cps 

(b)  sin  I  =  sgn  ^sin|^^^ 

(c)  tan|  =  sgn(tanf)^^^^ 

[Formula  (c)  holds  for  a  not  an 
odd  multiple  of  tt.] 

It  is  not  difficult  to  see  that  Theorem  19-29  has  the  corollary: 


Corollary . 

(a)  oos^ 


'  >^b)  sin 


a  IT 
^2/  V" 


1  +  cos  .a 


-  cos  a 


(c)  tan 


-  COS  o 


COS  a 


[Q  <  a5  27r] 
[0  5  a  <  tt] 


[Where  have  you  seen  a  formula  like  formula  (a)  of  the  corollary?]  Of 
course,  the  formulas  of  the  corollary  are  valid  for  other  ranges  of  argu- 
ments l^ides  those  specified  in  the  corollary. 

We  can  obtain  a  halving  formula  for  tan  that  is  sometimes  more 
useful  than  (c)  by  using  the  first  and  third  of  the  doubling  formulas 
given  at  the  beginning  of  this  section: 


TC440 

The  expression  *sgn{cofi  jV  in  Theorem  19-29(a)  replaces,  and  is 

more  specific  thdn  the  more  customary  *±*.    You  might  call  students* 
attention  to  the  customary  forms,  ;  * 

Formula  (a)  of  the  corollary  is  related  to  the  formula  for  the  cosine 
of  half  an,  angle  developed  in  Exercise  5  of  Part  C  on  page  Z2^7. 

*    *    *  *'  . 

Suggestions  for  the  exercises  of  section  19«  06: 
(i)  Part  A  may  be  assigned  for  homework, 
(ii)    Part  B  should  be  teacher  directed. 

V  .  • 

TC  441  (1)  • 

The  fundamental  reason  for  the  existence  of  a. formula  like  that  of 

,  a  ^' 

Theorem  19-30  is  that  the  function  whose  value  is  given  by  'tan^'  has, 
like  cos  and  sin,  the  period  'Zw,    There  are  no  such  formulas  for 
cos  J  and  ©in  j  because  the  corresponding  functions  have  period  4y 
but  do  not  have  period  Ztt,        ^  ' 
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for  a  mt  an  odd  multiple  of  tt. 

[a  not  an  odd  multiple  of  tt] 


Theorem  19-30 
sin  a 


tATI  —  as 

2-    1  +  COS  a 


Exercise 


Part  A 


.  !•  Check  the  halving  fonnulas  for  cos  and  sin  by  using  then!  to  com- 
pute a>s  (7r/4)  and  sin  (7r/4J.  [Hint:  ttIA  =  {7r/2)/2,  and  ypu  know 
the  value  of  cos  at  77/2.] 

2.  Check  the'  haiving  formulas  for  cos,  sin,  and  tan  by  using  them  to 
compute  the  values  of  these  innctions  at  tt/S.  At  7r/3*  [You  should 

,    know  the  values  ofcbs  and  sin  at  7r/6,7r/3,  and  27r/3.] 

3,  Use  the  halving  formu|as  to  compute  cm,  sin,  and  tan  at  7r/12, 
tt/S,^ -577/12,  and  77r/8. 

4*  Find  the  values  of  cos  and  sin  for  an  argument  a  such  that  tan  2a 
- -5/12  and  0  ^  2a /:  TT.  *     ^  ^  • 

5.  Repeat  Ekercise  4  for  tan  2a  equal  to  ' 
(a)  3/4;      (b)  -4/3;  -  (c)  12/5. 


♦Part  B 


For  some  purposes  it  is  convenient  to  introduce  a  seventh  circular 
function,  crc  [pronounced  'sirk*]  by: 


Def  inition  19-6  crc  a  tan 


1.  What  is  the  period  of  crc? 

2,  Prove: 


a 


2  / 
{a  not  an  odd  multiple  of  tt] 


Theorejn  19  -  31   For  a  not  an  odd  multiple  qf  tt^ 
sin^a 


(a)  crc  a  = 

(b)  cos  a  = 

(c)  sin  a  = 


1  +  cos  a 
1  -  crc^  a 
i  +  cn^  a 

2  crc  a 
1     crc^  a 


[Hint  for  (bTsBy  Theorem  19-3^ 


^  crc*a  = 


sfn^ 


1  -  cos^  a 


ERIC 


(1  +  oos  o)*    a  +  COB  a)' 
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Answers  for  Part  A 

1.     co8(w/4)  =  Vfl  +  coe|5r/2)]/2  =.  N^UI  =  l/VT;  ' 

8in(?r/4)  =  N^[l  -  cos(?r/2)]/2  =  sflTT  = 
Z.  .  cos(7r/6)  =  ^y[l  +  cos(y/3a]/2  =  n/[I  .+  ,1/z]/2"  =  'JJ/i  =  ^fT/Z; 

8in(rf/6)  =  V[l  -  co8{w/^]/2  =  >/[!  -  l/Z]/Z  =  WT/^  =  1/2; 

''      =  Jh^^  =  ifi^  =  .y^  =  '/vj  .  - 

3.  cos{7r/lZ)  =  \/2  ■¥  s[T/Z,    sin(w/lZ)  =  sjz  -  Vl/a,  tan(^/l2)=  2  ->/l; 
cos{VS)  =  sJZA  4Z/1.^   sin(ar/8)  =  ^/2  -  VT/Z,   tan^Vs)  =  n/2  -  1 ; 
co8(-5^/l2)  =  ^2  -  sfJ/Z.    sin(-5ar/U)^  =  -^/^T^/2,  • 

tan(-5ff/l2)       -(2  f  '  -  * 

coa(7r/8)  =  -^fzTTjf/Z,    flin(7^/8)  =  ^2  -  n/2/2*   tan(7ir/S)  -  1  -  n/I 

4.  cos  a  =  l/\l2h,    sina  =  5/\fzE  * 

5.  (a)    cosa  ^  3/^yTo,    sina  =  1/n/T0*      '  . 
(b)    cosa  =  l/'sf^t    sina  =  Z/sf^       •  ' 

ic);  cosa  =  S/VH,    sina  =  2/\/T5  /  '  ' 

Ailswerg  for  Part  B  * 

1,  crc  has  period  *Z/T,  • 

2.  (a)    This  is  by  definition  and.  Theorem  1 9 •'^O. 
(b)    By  Definition  19-6  and  Theorem  i9-29{c), 

i  -  co^  a  .  • 


c  rc^  a 


I  +  cos  a  ' 


So,  {I     cosa)cVc^a       I  -  cosa  dnd,  hence, 
c£jsa(l  +  crC^a)  =  1  -  crc^a  and  ; 

1  crc^a 
.  1  4  crc^a 

[Alternatively,  by  Definition  19-6  and  Theorei^  19-30, 

P     _       sin^a  I  coi^a 

crc  a  -^^  ^  cosa)i^  "  {I  +  Cpsa)^ 

_  (1  -  cas  a)(l  -I-  cos  a)      1  -  cos  a 
:    ts^^«3tt^   i     cosa  * 

Then,  proceed  as  in  the  preceding  derivation.  ] 

<2)    By  the  doubling  formula  for  tan  and  Definition  l'9-6, 

-     2  erca 
■  tana  -        '  "  '"6 

,  1  -  crc^a 

So,  since  sina  ^  tana  cosa, 

'  ,  2  c  rc  a 

sina  =  T—r  g — » 

14  crc^a 
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19.07  Summary  Of  Main  Results 

The  preceding  sections  contain  a  large  number  of  theoremf.  con- 
cerning the  circular  functions.  In  the  present  section  we  shall  sum- 
marize the  results- which  you  need  to  remember  and  point  out  how  to' 
obtain  from  these  the  other  results  which  you  need  to  be  able  to  use. 
'The  numbered  results  are  the  ones  which  you  should  comiYiit  te5 
memory;  the  lettered  results  are  easy  consequences  of  the  numbered 
ones.  You  will  find  that  you  will  come  to  remember  Uie  latter,  also,  if 
you  spend  some  time  d^eriving  each  of  them  a  few  times  from  the 
fonner.  • 

To  begin  with,  you  ne^  to  be  thoroughly  familiar  with  the  intuitive 
description  of  the  winding  function  W  as  illustrated  in  Figure  19 -rl 
on  page  409.  In  particular  you  should  be  aware  that 


(1) 


W{a)  =  £/  or  Wia)  -  U'.  if  and  only  if  a  is  on  even  multiple 
of  7r/2,  and 

Wia)  =  V  opW(a)  =  y  if  and  only  if  a  is  an  odd  multiple 
of*/2. 


You  then  need  the  definitions  of  the  circular  functions: 


(2) 


(cos  a,  sin  a)  Wia), 

sin  fiL  , 

tan  Ok=  -^and  sec  a 

cos  a  ^ 


cos  a  , 
cot  a  -         and  esc  a 
sm  a 


cos  a 

[a  not  an  odd'  multiple  of  7r/2] 

1 

sin  a  ^ 
[a  not  an.even  multiple  of  7r/2] 


and  you  should  have  a  go<Ki  mental  imagfe  of,  and  be  able  to  make 
quick  sketches  of,  graphs  of  these  functions.  Many  of  the/ properties  of 
the  circular  functions  are  easily  guessed— or  remembCTed— when  one 
glances  at  their  graphs.  Incidentally,  the  restrictionsdn  (2)  are  easily 
recalled  if  you  remember  (1)  and  that  these  restrictions  are  intended 
to  rule  out  consideration  of  multiplication  by  /O^In  fact,  it  follows 
frS6m  (1)  and  (2)  that  / 

coB^a  [and  cot  a]  is  0  if  and  only  if  a  is  an  odd  multiple 
.  .  '      of  77/2,  and*  - 

jsin  a  [and  tan  a]  is  0  if  and  only  if  a  is  an  even  multiple 
i      of7r/2.  V 

Also,  sec  and  esc  are  never  zero.  [Why?] . 
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'     The  main  point  of  this  section  is  to  stress  that  most  of  the  nurnen- 
OU6  theorems  concerning  the  circular  functions  are  easy  consequences  of 
a  few  of*  them  —  including,  of  course,  definitions.;  So,  it  is  more 
sensible  to  familiarise  one's  self  with  v^'ays  .of  deriving  the  former  from 
the  latter  rather  tharv  to  attempt  to  memorize  all  theorems.    And,  after 
deriving  a  theorem  a  few 'times  one  rea\:hes  the  point  at  which  either 
this  derivation  is  an  automatic  process  or  one  has  merporized  the 
^theorem. 

The  fiinctions  sec  and  esc  are  never  0  because,  \^erever  they 
are  defined  they  are  reciprocals  of  nonzero  values  of  cos  and  sin;  ^land 
reciprocals  of  nonzero  real  numbers  are  never  0,  ^  .   #  • 
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The  unit  circle  is  {(x^y):        +  y^  =  l}'.    So,  since,  for  any  a, 
(cos  a.  siria)  is  a  point  of  the  unit  circle  it  follows  that,  for  any  a, 
cos^a  +  sin^a  -   I,    The  other  two  Pythagorean  identities  follow  from 
the  first  and  the  definitions  in  (2)*    For  example, 

•       ^  o  1  cos/'^a       1  -  cos^a  „  sin^a  ^  , 

csc^a  -  cot^a  -  ^  sin^a  "      si^^a      ~  sin^ 

for  values  of  'a'  for  which  sin  a  ^  0,    But.  it  is  just  for  such  values 
that  CSC  ^nd  cot  are  defined. 

XTsing  (6)  we  see  that,  for  example,  * 

cos{a  +  Ztt)  =  {-U^cosa  =  cosa* 

and  that  . 

,     ,     K       sin(a  f  ?)  _  -1  '  8in(a  +  ir) 
tan{a  4  ff)  =  ^^^|^T^  "  -l.cos(a  +  if)  , 

cos{a  +  . 
feo,  the  periodicity  properties  in  (5)  follow  frpm  (6)  and  s^efinitions. 
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The  Pyfhagorean  identities:  ^  v    *  ' 


(3) 


CQS^  a  +  sin^  a  =  1 
sec^  a  -  tan^  a  =  1 
,csc^  a  -  a)t^  a  =  1 


are  used  so  frequently  that  it  is  well  memorize  them.  [On  the  other 
hand,  the  first  follows  immediately  from  the  fact  that  the  range  of  W 
is  contained  in  the  unit  circle,  and  the  others  follow  from  the  first  and 
the  definitions  given  in  (2).  Explain.]  .  / 

You  also  ne^  to  have  well  in  mind  that  '  M 

(41        cos  and  sec  are  even;  sin,  tan,^cot,  and  esc  are  odd, 

and  that 

(5)  cos,  sin,  sec,  and  esc  have  period  27r; 

tan  and  cot  have  period  tt*  . 

Actually,  as  to  (4),  it  is  sufficient  toVemember  that  cos  is  even  and  sin 
is  odd— the  rest  follows  at  once  from  this  and  the  definitions  in  (2). 
[Explain.!  As  to  (5),  it  follows  from  the  resjult  (6),  below.  [Explain.] 
As  to  reduction  formulas  it  is  sufficient  to  remember 

(6)  cos  (a  +  k^)     (—1)^  cos  a,  sin  (a  +  kn)     (^1)^^  sin  a 

(7)  a  +  6  =  7r/2^^  cos  b '—  sin  a 

^'-^  cot  6  —  tan  a  [a  not  an  odd  multiple  of  7r/2 
(or,  equivalentiy,  6  not  an  even  multiple  of  7r/2)] 


and,  perh&ps, 

(8) 


cos  (a  +  .tr/2)  =  —sin  a,  sin  (a     7r/2)  =^  cos  a, 
cot  (a    isfV2)^—  -^tm  u,  t^  ^a    7r/2)  =  -^ta 


[with  appropriate  restrictions  on  the^last  two].  Note  that  the  last  two 
results  in  (S)  follow  immediately  from  the  first  two  and  de^nitions,  and 
th^t  the  first  two  are*  easy  to  derive  from  (4)  and  (7).  [By  (7), 
co^  ('7r/2  -  c)  =^  sin  a  ai^d,  so,  cos  (a  -f  7t/2)  -  sin  {—a)  ~  ^in  a,  by  (4).] 
A?  to  (7),  itself)  to  say  that  a  +  6  =  7r/2  amounts  to  saying  that  the  mid*- 
point  of  a,  6  is  ttH.  With  this  in  mind,  the  mtersection  of  graphs  of 
€bB  and  sin  at  V2/2),  and  of  tan  and  cot  at  (grMrl),  makes  it  easy 
to  recall  (7).  [Sketch  the  graphs  in  qu^tion  and  verify  the  claim  just 
made.]  •         -  \ 
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the  more  general^  reduction  formulas 


(b) 


cos  [a  +  {2k  +  l)7T/2]J^-i~iy  sin  a, 
^  sin  [a  +  {2k  +  l)rr/2]  ='.(-!)*  cos  a 
cot  [a  +  .{2k  +  lhr/2]  =  -tan  a, 
tan  la  +  {2k  +  '1)tt/2]  =  -^t  a 


are  seldom  needed  but  can  be  derived  from  the  addition  formulas  fot 
cos  and  pin  [see  below]  and  the  fact  that 


(0 


cos  [(2^!,+  l)7r/2J  =  0  and  sin  [{2k  +  1)^/2]  =  (-1)*. 


The  first  equation  in  (c)  is  an  imm^iate  consequence  of  the  first' part 
of  (a),  but  the  second  [which  is  related  to  (1)]  is  new.  The  latter  need 
be  memorized  only  if  you  wish  to  be  able  to  obtain  (b)  easily  from  the 
addition  fdrmuias.  > 

'  Some  of  the  remaining  properties  of  the  circular  functions  are  best 
summarized  in  a  pair  of  tabl^: 


a  • 

0 

7T/6 

tt/4 

77/3 

tt/2 

cos  a 

1  , 

V3/2 

V2/2 

1/1 

0 

sin  a 

0 

1/2 

V2/2  . 

V372 

tan  a 

0 

V'3/3 

1 

X 

<9) 


^  

0,  7r/2 

7r/2,  TT 

37r/2,  277 

cos  a 

>0,  I 

<"o,  t 

<0,  I 

>o,  t 

sin  a 

'  <  0,  1 

<G,  T 

"taif  a 

>o, 

'  <:  0,  r 

>  o.^t  - 

,The  conteftt  of  the  secqnd  table  is  easily  read  off  from  sketches  of 
^aphs  of  cos,  sin,  and  tan.  Using  the  data  in  the'  first  table  and  (6)  -  (8), 
it  is  easy  torfind  the  values  of  the  functions  for  other  special  argumentsi. 
[sin  (277/3)  =  sin  {77/6  +  77/2)  =  cos  (77/6)  =  V3/2.  Practice  other  com- 
f  putations  of  this  sort.]         '  '  ' 

In  the  text,  several  of  the  preceding  results  were  derived  with  the 
help  of  the  first  of  the  subtraction  fonnylas: 
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(10) 


cos^a  -  6)  = 
sin  (a  -  6)  — 

tan  (a  -  6)  T= 


cos  a  cos  b  -f  sin  a  sin  b 
sin  a  cos  6  -  cos  a  sin  6 
tan  g  -  tan  6 
1  -h  tan  a«tan  b 


[neither  a,  b,  nor  d  -  6 
an  odd  multiple  of  tt] 


It  is  quite*  important  to  memorize  these  formulas  although,  as  you 
have  seen,  the  second  can  be  derived  with  the  help  of  th^  first,  and  the 
third  is  a  rather  easy  consequence  of  the  first  two.      ^  ^ 
From  (10)  and  (4)  it  is  very  easy  to  derive  the  addition  forramas: 


(d) 


cos  (c  -f  b)  =  cos  a  bos  6  -  sin  a  sin  6 

sin  {a  -f  b)  -  gin  a  cos  6  +  cos  g^sin  b 

.          tan       tan  6  r    ..v        i  ,  ? 

tan  (a  +  6)>=  ~  —7  [neither  a,  6,  nor  a  +  0 


1  -  tan  a  tan  b 


an  odd  miiltiple  of  7r/2j 


-just  substitute  -b'  for  '6'  in  (10).  If  you  de\^ve  (d)  from  (10)  a  few 
times  you  will  probably  find  th^t  you  have  memorized  all  six  formulas. 

As  previously  remarked,  the  g^peral  reduction  formulas  (b)  for  cos 
and  sin  are  easy  consequences  of  (c)  and  (d).  For  example, 

cos  la  +  i2k  +  l)7r/2)  ^  cos  a  cos  [i2k  ^  l)7r/2] 

-  sin  a  sin  [(2^  +  l)7r/2]  ^  * 
=  cos  a  '  Q  -  sin  a  •  (—lY' 
=  —(—1)^  sin  a. 

m  ;  ^  .  .      .  •  . 

Practicing  the  preceding  and  the  corresifwnding  computation  for 
sin  [a  +  {2k  +  1)17/2]  will  serve  to  help  you  memorize  the  procedure 
and^  perhaps,  the  results. 

It  is  not  ne<»ssary  to  memorize  the  formulas  of  Theorems  19-13 
and  19- 14:  , 


(e) 


cos  a  cos  h 
sin  a  sin  h 
sin  a  cos  h 
cos  a  sin  h 


[cos  (a  -  6)  +  cosCa  +  hWl 
[cos  {a  -  h)  -  cos.  (g  +  fe)j/2  „ 
[sin  (a  -  6)  +  sin  (c  +  6)1/2 
-[sin  (a  -  b)  -  sin  (c  +  6)]/2 


and: 


cos  d  +  <»s  c  =  2  cos  [(c  +  d)l2l  cos  [(c  -  d)/2] 
cos  <i  -  cos  c  =  2  sin  [(c  +  d)l2]  sin  [ic  -  cD/2] 
'  sin  d  +  sin  c  =  2  sin  [(c  +  t/)/2]  cos  lie  -  (0/2] 
sin  d  -  sin  c  =  -2  sin  [(c  +'  d)/2]  sin  [{p  -  d)l2] 


446       THE  CIKCULAK  FUNCTIONS        .  ^  ,  ^ 

You  should,  however,  practice  deriving  those  pf  the  first  set  from  the 
subtraction  and  additidn  formulas  (10)  and  (d).  And  you  should  prac- 
tice obtaining  instancesf^  those  in  the  second  ^t  jn  the  way  illus- 
trated on  page  420. 

Although  they  arq  easy  consequences  of  ihe  addition  laws  (d)  [and 
the  first  of  the  Pythagorean  identities  (3)],  it  is  well  worthwhile  to 
memorize  the  doubling  formulas:  y 


,(11) 


cos  2a  =  cos^  a  -  sin^  a  =  2  cos^  a  -  1  =  1  -  ^  sin^  a 
sin  2a  =  2  sin  a  cos  a 

tan  2a  =    2  tan  a  ^       multif)le  of  ttM  or ' 


In  fact,  you  need  to  know  th^  lyoih  backwards  and  forwards*'.  You 
need  to  know  that  'cos^  a  --^in^  a'  can  be  simplified  to  'cos  2a'  as  well 
as  that  '2  cos^  (&/3)  ^  1'  can  bfe  simi>lified  to  'cos  (2a/3)'  and  that  '5  sin  a  ^ 
cos  a*  can  be  simplified  to  '(5/2)  sin  2a'.  When  you  see  '2  sin^(a/2)'  you 
should  think  of  1  -  cos  a'.  It  will  be  worth  your  while  to  spend  quite 
a  bit  of  time  making  up  such  variations  of  (11). 

Finally,  as  far  as  the  circular  functions  themselves  are  concerned, 
we  have  tile  halving  formulas: 


cos  2  ~  sgn 


(12) 


a 


Ism  2  =  sgn 


a 


tan  2  =  sgn 


(cosf 
(sin  I)  yj^ 


1  +  cos  a 


-  COS  a 


-  cos  a 


cos  a 


[a  not  an 
,  odd  multiple  of  tt] 


and  Dfefinition  19-5  and,Theoteip  19-31.  These  are  all  closely  related 
to  the  doubling  formulas  <11)' and  <^  be  leamedtogether  with  them. 
The  best  procedure  is  to  derive  tJi6  latter  from  (11)  several  timrat. 

In  addition  to  the  "ordinary"  circular  functions  we  have,  also,  the 
degree-functions.  If,  however,  you  are  thoroughly  acquaint«i  with  the 
foregoing,  all  you  need  know  of  the  degree-ftmction^  is  their  defi- 
nition:    ^:  .'  - 

s 

(13)  If  f  is  one  of  the  circular  functions  then  "fia)  =  fMlSQ). 

Finally,  you  need  to  know  the  relation  of  the'  circular  functions  to 
the  functions  of  angles  which  you  studied  in  earlier  chapters; 
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(14)  COS  ^  =  COS  micA),  sin       =  sin  m(^), 
'  *  tan  ^  =  tan  m^LA)  [miLA)  ¥^  7t/2] 

and  the  o^ine,  sine,  and  tangent 
laws: 


(16) 


fin  AABC, 

sin  a  _  sin  j8  ^  sin  y 
a    ^    b  c 


a  -  b    tan  [(a  j8)/23 


a  +  b    taq  [(a  ^  ^)/2T 


Fig.  19-8 


Beread  this  section  several  times  and 'practice  deriving  the  lettered 
results  froxn  the  numbered  ones. 


19.0^  Identitiss 

As  you  know,  the  result  of  substituting  numerals  for  the  variables 
in  a  sentence  is  again  a  sentence  and  may  be  either  true  or  fal^e.  For 

^'^xample,  all  such  numerical  instances  obtainable  from:  ^ 

.      -.1  •    .  • 

(1)  (a  -  6)(a  ^  6)  =r  62 

'>       ■  ■ 

are  true  and,  in  fact,  the  displayed  sentence  is  itself  ixue  [since  we 
interpret  it  as  an  assertion  about  all  values  df  the  variabiesj.  As  an- 
—other^xampi^  collider 

(2)  cos  c  •  tan  c  =  sin  c 

Since  the  domain  of  tan  consists,  by  definition,  only  of  those  real  num- 
bers which  are  not  odd  multiples  of  7r/2,  the  sentence  (2)  has  meaning- 
instancy  such  as  'cos  (7r/2)  tan  (7r/2)  =  sin  (7r/2)'.  Sentence  (2) 
haSt  however^  no  false  numerical  instance— each  of  its^  numerical 
Instances  is  either  t^e  or  meaningless. 

Sent^uieg  which,  like  (1)  and  (2),  have  no  false  numerical  instance 
*are  cajled  ickntUies.  ^  . 
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In  order  tq  agree  with  the  rest  of  the  world  as  to  what  sentences  are 
identities  we  shall,  for  this  Section  only,  forget  that  we  have  assumed 
that  70*  denotes  some  red  number  and,  so,  that  multiplication  by  10 
is  meaningful  [though  generally  useless].  We  shall,  instead,  assume 
that  expr^ions  which  indicate  multiplication  by  10  are  mlsaningless. 
With  this  convention  the  s^tence: 

(3)  .  '^=^==^^3 

a  ~  3 

is  an  identity  since,  with  multiplication  by  /O  treated  as  meaningless 
its  instance  '(3^  ^  9)/(3  -  3)  =  3  +  3*  is  ml^ingless  rather  than 
false,  ,       •  . 

The  purpose  of  this  section  is  to  acquaint  you  with  a  variety  of  iden- 
tities involving  the  circular  functions,  and  with  methods  of  establish- 
ing that  a  given  senten<^  is  an  identity.  Ta  be^n  witii,  'we  may  note 
that  the  equations  occurring  in  the  various  definitioxis  ^ind  theorems 
we  have  already  proved  are  all  identities.  Those. whi^ph,  in  the  defini- 
tions and  theorems,  are  unmtricted  [for  example,  the  subtraction  and 
addition  laws  for  cos  and  sin]  are,  of  raurse,  true  and  have  only  fcpxe 
instance.  And  the  r^trictions  on  other  sentences  [such  as  thoscrfiiTSe 
subtraction  and  addition  laws  for  tan]  serve  only  to  rule  out  meaning- 
less instances. 

The  main  reasdh  for  studying  identiti^  is  to  learn  how  to  trans- 
form a^  given  expression  into  an  equivalent  one  which  is  better  suited 
to  the  purpose  at  hand.  For  example,  the  identities  in  Theorem  19  - 13 
are  -useful  when  one  is  faced  with  a  product  and  wishes  it  were  a' sum 
or  a  difference;  those  in  Theorem  19- 14  are  useful  in  the  contrary  case. 

The  prcK^ure  for  showing  that  a  sentence  is  an  identity  may  be 
illustrated  by  applying  it  to  (2): 

■    *  g^i^  0_  _  _ 

cosc  '  tan  ^  =  006  0  \ir — -     Tby  definition! 

cos  c 

-  sin  c    .  [by  algebra] 

a 

Note  that^e  use  of  the  definition  and  the  algebraic  step  az^  valid^ 
only  if  cos  c  0- that  is,  only  if  c  is  not  an  odd  multiple  of  '7r/2.  But, 
these  are  just  the  values  of  V  for  which  (2)  is  meaningful.  So,  we  have 
shown  that  each  numerical  i^tance  of  (2)  is  true  or -meaningless— that 
is,  that  (2)  has  no  false  numerical  instance*  Henc^  (2)  is  an  identity. 
As  aiMJther  eximiple,  considen 

^  •  *  '      *  * 

/A\  tan  a 

(4)  ^  -r-T—  =  ^  a 
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Note  that  'tan  and  *sec  a'  are  meaningful  only  if  cos  a  5^  0,and  that 
the  division  indicated  in  the  left  side  of  (4)  is  meaningful  only  if  sin  a 
^  0,  So,  we  wish  to  show  that  each  numerical  instance  of  (4)  is  true 
unl^  k  is^Mie  ibr  whk^  oos  a-—  Q^^OT^^        =  0. 

^  sina  ^      ^      [by  definition] 
sin  a     C|)s  a  •  ^ 

=  — —  [by  algebra] 

cos  a  - 

=  sec  a  [by  definition] 

Since  the  two  u§ps  of  definitions  are  valid  if  cos  a  #  0  and  the  algebra 
step  is  valid  unless  sin  a  =  0,  we  have  accomplished  what  we  set  out 
to  do.  .  ^ 

To  continue  our  study*  of  identi- 
ties we  begin  by  noting  that  mere  ^-^^  ^  ^ 
are  a  numb^  of  identities  which, 
like  (2)  and  (4),  follow  l?y  simple 

algebra  from  the  definitions  of  tan,  g  ^ 

cot,  sec,  and  esc.  These  can  be  de- 
scribe easily  by  reference  to  Fig. 

19-9;  Stafting  with  any  one  of  the 

.  .      .  if  sec  B        CSC  a 

SIX  expressions  m  the  figure  ^one 

can  obtain  five  identities  by  the    .  ^  ^ 

procedure  outlined  in  Ci)-(iv):  ^         F^fi*  19^9 

(i)  ^Equate  the  product  of  the  given*  expression  with  the  one  op- 
posite it  to^r.      [tan  a  •  €X)t  a  =  1] 

(ii)  Equate  the  given  expression  to  the  reciprocal  of  the  one  op- 
,  posite  it.  "    [cos  a  -  /sec  a] 

(iii)  Equate  the 'given  expression  to  the  product  of  its  neighbor^, 
[sec  a  -  tan  a  •  esc  a]    '      '  ' 

(iy)  Equate  the  glvgn  expression  to  theijuatient  of  eitiier  of  its 
neighbors  by  this  •  neighbor's  otJier  neighbor.      [esc  a 
V  \#  =  sec  fl/tan    CSC  a  =  a)t  a/c»s  a] 

ExereUes  ,  • 

PartA 

U  Two  of  the  identities  of  type  (ii)  and  two^  those  of  type  (iv)  are 
.    '       definitions^  Which  are  they? 

2^Esti&lbh  the  identities  in  examples  (i)  and  (ii^^^  , 
—        -3.  Writ^  out  the  thirty  identities  of  typ^  (i)-(iv).    '  , 
4,  Establish  iach  of  the  six  identities  of  tjrpe  (iii). 
&  •Establish  the  ten  identities  of  type  (iv)  which  are  not  definitions. 
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Suggeetiqns  for  the  exercises  of  section  19.08:  ^ 
(i)    Part  A  and  the  preceding  discussion  should  be  teacher  directed* 
(ii)    Parts  B  and  C  may  be  assigned  as  homework.  , 

(iii)  P^rt  D  and  the  preceding  discussion  should  be  presented  by  the, 
teacher.  . 

(iv)  Part  E  ms&y  be  assigned  ^or  homework.   ,    

(v)    Parts  F  and  G  constitute^a  combined  c las s"-*B"ome work  assignment. 

Answers  for  Part  A  ' 

1.  sec  a  ^  /cosa,    csc^  =   /sin  a;   tana  -  sina/cosa,  cot  a  =  cosa/sina 

^         ,  .  f 

^  ^  ■       sina  cos  a  j     -        ^  A 

2.  tana  •  cot  a- =   • — :        =  1,  for  cosa       0  and  sina  4  0. 

cos  a  sma 

cosa  =  //cosa  =  /seca,  for  cosa  ^0. 

3.  (i)   cos  a  •  sec  a  =  1,    sina«csca  =  1,    tana«cota  =  1,  ,  ^ 

sec  a 'COS"  a  =  1,    csca-aina  =,1,    cota-tana  pi  i 

(ii)   cosa  =  /seca,    sina  =  /esc  a,    tana  ^  /cot  a, 
seca  =  /cosa,    esc  a  =  /sina,    cotar  =  /tana 

(iii)  cosa  =  cota«sina,    sina  =  cosa*tana,    tMna^    =  sina*seca, 
seca  f=  tana*  CSC  a,    esc  a  =  sec  a  •  cot  a,    cot  a  =  esc  a  •cos  a 

(iv)  cos  a  =  cota/csca,    sina  =  cos  a/cot  a,    tana  ^  sina/cosa, 
*    seca  =  ,tana/fiina,    esc  a  =  sec  a/tana,    cota  =  esc  a/sec  a, 

,cosa  =  sina/tana,    sina  =  tana/seca,    tana  =  seca/csca, 
*ec  a  -  ^csc  a/cot  a,^  esc  a  -  eota/cosa,    cota  -  cosa/sina 

4.  cota*  sina  -         ^4  sina.  =  cosa    [for  sina  ^0]  '  * 

cosa»tSna  =  cosa*   =  sina    [for  cos  a  ^  0] 

cosa  *"  '  . 

sina*  sec  a  =  sin  a/cos  a^     tana   [for  cosa  #0] 

tana*csea  ^  (sin  a/cos  a  )/sin  a  -   sin  ii/sina/eos  a  =  1  •  sec  a 
^  seca   ^tor   cosa,  #  Q  #  sina]  .  ^ 

sec  a  •cota  =  /cos a(eos  a/sina)  ^=  /sina  =  csca  [for  cos  a      0  ^  sinaj 

ctc,a«cosa  -  /sina -cos  a.  =  cosa^/sirii  ^  cota   [for  sina  ^  0]  - 

cota/csca  =  (cos  a/6ina)/cBc  a  =  cos  a/{8ina  esc  a) 
m  ^  cos  a/(sin  a/sin  a)      COS  a/1  ?  cosa 

.  cosa/cota  =  cos  a^cos  a/sina)^=  cos  a/cos  a//sina  =  l«sina  =  sina 
tana/sina  ^  (si;)  a^os  a)/sin a  ^  (sin  a/sin a)/cos  a  ^  1  «  sec  a  =  seca 
sec  a/tan  a  -  7cos''a/(sln  a7cofi  aj  =  /cos  a/7cos  a/a^n  a  =  I  •  esc  a  =  c^^c^ 

csca/s^ca  =  /sin'a//cos  a  -  cosa/sina  =  cot^ 

sinfi/tana  =  sin  a/{sina/cos  a}  =  sina/sittia//cop'a  =  l«cosa  =  cosa 

tana/sec  a  =  sin  a/coe;a//co8  a  =  sina^i  -  sina  ■  . 

seca/csca      /cosa//sin.a  -  sina/cosa.-  tana 

csca/ipta  =  Vsina/tcps  a/sina) '=  /sin'a//sina/cbs  a  ' 
^  1-seca  =  seca 

cot  a/cos  a  =  cos  a/sin  a/cos  a  =  cos  a/cos  a/sina  .  

=  I  •  /sina  =  esc  a  . 
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[Note  how,  by  a  consistent  use  of  reciprocals  each  of  the  preceding 
computations  becoineg  a  problem  in  multiplication.    The  properties 
of  reciprocation  used  are  that  /a/b  =  /(ab),  a/a  =  1,  and  //a  =  a, 
■  .  *\    subject  to  the  restrictions  that  a  and  b  are  nonzero^  These 
restrictions  tranela;te,  in  the  parts  of  Exercise  5,  to 
*cos  a  5#  0  ^*  sina'  except  in  two  cases:   in  the  first  derivation  the 
only  restriction  needed  is  'sin a  ^  0'  and  in  the  seventh  the  only 
restriction  needed  is  •cos  a       Q\    Students  should  take  note  of 
these  restrictions  and  check  to  see  that,  in  each  case,  they  serve 
to  throw  out  only  meaningless  instances.  ] 

t 
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Answers  for  Part  B 

[The  complete  proof  ofM5)  is: 

sinatana  -  sin a{sin a/cos  a)  *  sin^a/cos^ 

=  (1  -  cos^a)/cosa  =  /cosa  -  cos^a/cpsa 

=  sec  a  -  cos  a 

The  only  restriction  needed  is  that  cosa  be  nonzero  and  instances  of 
(5)  for  wh^ch  this  restriction  is  not  satisfied  are  meaningless.    So^  (5) 
"is  an  identity.  J  ^    

1.  codacota  -  cos  a(cos  a/sin  a)  =  cos^a/sina 

=  co82a/Bina.=  (1  -  sin2a)/sina 

=  /«in'a  -  sin^a/sina  =  esc  a  -  sina 

The  only  restriction  is  that  sina  be  nonzero.    But  instances  of 
the  given  equation  for  which  sina  =  0  are  meaningless, 

2.  seca«csca  -  /cosa/sina  =  {sin^  a  -f  cos^  a)/cos  a/sin  a 
,  ^  =  sjn^  a/sina/cos  a  +  cos2  a/cos  a/sina 

»in  a/cos  a  +  cos  a/sin  a 

,    -  tana  +  cot  a,    for   cosfi  #  0  ^  sina. 

[Students  will  no  doubt  find  it  easier  to  transform  the  right  side  of 
the  given  equation  into  its  left  side.    The  permission  to  do  this 
implied  by  a  statement  on  page  424  stays  in  force  imtil  Part  E 
on  pa^e  452.  J       '  , 

1  1^  sina  "  {1  f  sina)cbsa      (I  f  sina)cos  a  "     cosa      °  ' 

cos  a     ^  COB        "  sina)  ^  cos  a(l  ^       g)      1  sina 
I  +  sina  I  -  sin^a    ^-n^  cos^a  ^  cosa 

_  "SI  ... 

[One  trie^H  is  to  introduce  a  factor  which  makes  the  side  you  are 
working  on  soxiiehow  similar  to  the^side  you  are  trying  to  attain  to. 
In  this  exercise  this  can  be  done  in  two  wijtys:   get  a-  'cos  a*  in  .the 
dfcnominator  or  get  a  *  i  *•  sina'  in  the  numerator.  }  In  the  first 
argument  the  restrictions  are  that  cosa  ^  0  [first *8tep]  and  that 
sina  ^  -i    [third  step]*    In  the  second  a^rgument  the  restrictions 
"afe-lhaf  sixi  k  .4  I  '  [fTflTliT^J^SKtrth^^  "^"trtthird  '|tepf.~Bi^ 

each  argument  the  fiestrictions  boil  down  to  *cosa  ^  0*  and  this  is 
th^'^Drestriction' needed  to  rule  out  meaningless  instances^ 
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'  The  identities  of  types  (iii)  and  (iv)  are  most  easily  established  by 
transforming  their  right^ides  into  thair-laft^side^.      


Parts 


The  identities  we  have  dealt  with  so  far  are  based  on  the  defini- 
tions of  tan,  sec,  cot,  and  esc.  In  addition  to  these  definitions  we  have 
the  Pythagorean  identities: 

^  -    cos*  a  -f  sin^  a  =  1  ^  ' 

sec*  a  -  tan^  a  =  1 
csc^  a  -  oot^  a  =  1 

to  work  with.  Using  these  we  can  establish  such  identities  as: 

(5)  sin  a  -  tan  a  =  sec  a  -  cos  a 

(sin  a  •  tan  a  -  mn^^afcem  a  «  (1  -  (X>s^  a)/cos  a  =  sec  a  -  cos  a.  Ex- 
plain the  missing  steps  and  explain  why  this  argtisnent  shows  that 
each  meaningful  numerical  instance  of  (5)  is  true.] 
Show  that  each  of  the  following  is  an  identity. 

1.  cos  a  •  «)t  a  ^  CSC  a  -  sin  a        2.  sec  a  •  esc  a  «  tan  a  +  cot  a 

Q     cos  g  '  _  1  -  sin  g  .      sin  a        1  -  cos  a 

^*  t  i    rrrr —  4.   


Parte 


1,+  sino       cosa  /  ^  ^  cosa  sina 

cos  a  .               i.  .   ^     sin  a 

t  >       ^  «  sec  a  -  tan  a  '6.  ^^—^ —  =  esc  a  + 

i  +  sm  a                      ■  .  ^       i  -  cos  a 


The  identity  (6)  and  that  of  Exercise  1  of  Part  B  may  to  be 
related  to  one  another  as  may^  alsoi  the  identities  of  Exercises  3  a|id 
4  of  Part  B.  The  iea)ndiand  third  of  the  Pythagorean  identities  are 
related  to  one^o^er  in  this  same  way  as  ar^: 

ojf^^  vtana  ^=  iiin^andyrin^  •  cot  a  ^  cosa,  • 
sec  a  s  t|m  o/sin  a  and:  esc  a    c»t  o/cos  and 
sec  a  •  CSC  a  -  tto  a  +  cot  a  and:  esc  a  *  sec  a  ^  cot  a  +  tan  a 

1.  Guess  an  easy  way  to  i^ansfbrm  a  given  identity  into  a  aenteiu^ 
which  is  also  an  identity.  '        "  v 

2,  Uae*your  gnes^  to  obtain  another  idratity  from  the  one  of  JJxercise 
5  in  Part  B.  Show  that  the  new  aentem^  you  obtain  actually  is  an 
identity. 

^  3.  Eepeaf  lExercise  2  with  Exercise  6  of  P'art  B  rather  thim  Exercise  5. 
*4.  Prove  that  your  way  of  gating  identities  works- 
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Answers  £or  Part  B  t^ont,]  ^ 

sin  a    '             sin^a          ^      1  -  cosRa       ^  ^  ^  ^Q^^  k 
1  +  cos  a      (1  +  cosa}sina      (1  +  cos  a)sina.-  .  ^  .aia^-   

[As  in  Exercise  ^,  the're  is  another  equally  simple  route.  ] 
n      fiv  Kxercise  3    — =  ^  "  ^^"^  =  /cos  a  -  sin  a/cos  a 
4        ^  sec  a  -  tana. 

A         Sin  a  sing  a  ^       1  -  cos^a       ^   l  ^  cos 

^*     1  -  cosa  ^  (I  f  co9a)sina      (1  -  cos  a)sina  sina 

^  /sina  +  cos  a/sina  =  csca  +  cota 
Answers  for  Part  .C 

1.     Interchange  'sin'  and  'cos',  "tan'  and  •cot\  and  *sec'  and  'csc^ 

Z:    T-^^S^—  -  csca  -  cQt'a  '  ' 

1  -f  cos  a  «  6 

Bv  Exercise  4    %  ^^"^      =  ^  -  cosa  ^  ^  .  cosa/sina  . 

I5y  JLxerc^se        1  +  cos  a  sin  a  ^ 

=  CSC  a  -  cot  a.    The  only  restriction  on  the  preceding  argument 
■        is  that  sina  #  0,  and  this  is  precis^y  the  restriction  needed  to 
rule  out  meaningless  instances.    [Note  _that  if  sina  9^  0  then 
1  +  cosa  0,] 

q 

3      .^aij—  =:  sec  a  ^  tana 

I  -  stna  r  ■         m  ( 

cosa     ^         cos^a  _       1  -  sin^a  _    ^  IJ^sina. 

I  -.  sina  "  (1  -  »ina)cosa^  (I  -  sina)cosa  cosa 
♦      =  /cos  a  +  sina/cos  a  ~  seca  +  tana^ 
4,  •  [See  the  text  following  these  exercises.  ]  - 
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Two  functions  which  are  mentioned  on  the  same  horizontal  line  of 
Fig  19-9  to  be  ^functions  of  one  another.  For  example,  a)s 

is  the  cifunction  of  sin  and  sm  is  the  cofunction  of  cos.  We  have  already 
noted  that  if  a  +^  6  =  7r/2  then 

cos  a  -  sin  b  and,  of  course,    ^  ^ 
sin  a  =  cos  b. 

We  have  also  noticed  that  if  a  +  6  =  Tr/2  then 

cot  a  =  tan  b      [a  not  an  even  multiple  of  7r/2]. 

Since,  for  a  +  6  =  it/2,  a  is  not  an  even  multiple  of  7r/2  if  and  only  if 
b  is  not  £ui  odd  multiple  of  7r/2  it  is  easy  to  see  that,  if  a  +  6  ='7r/2, 

tan  a  =  cot  b      [a  not  an  odd  multiple  of  7r/2]. 

Similar  results  hold  for  esc  and  sec  [since  they  hold  for  sin  and  tsoB]. 
[Explain.]  Since  a  +  {nil  -  a)  =  itI2  it  follows  that  if /and  5  are  co- 
functions  then: 

(*)  •  "       fia)  =  gi7rl2  -  a) 

is  an  identity.  It  is  this  that  justifies  the  guess  you  probably  made  in 
Exercise  1  of  Part  C. 

To  se6  how  (*)  can  be  used  to  get  new  identities  from  old  ones,  con- 
sider tiie  identity: 

c  ... 

(6)      • .  4  =  sec  a  -  tan  a 

.     '  .  ■■        1  +  sm  a  ' 

which  you  .established  in  Exercise  5  of  Part  B.  If  we  replace  each  func- 
tion mentioned  in  (6)  by  its  cofuncti^  we  obtain  a  new  sentence: 

Ct)  "  Bin  a    ^cgc  a-cota  , 

1  +  cosa 

Onceliaving  proved  that  (6)  is  an  identity  we  can  show  that  (7)  is  an 
identity  as  follows; 

sin  a    _     cos  (7r/2  -  a)  ^i' 
1  +  cos  0-    1  +  sin  ^2  -  a) 

=  sec(-n-/2  -  a)— ^tett'(7r/2  — [by  (6)]  .  


esc  a  -  cot  o  [by  (*)] 

For  easy  reference  we  shall  call  the  procedure  of  transforming  (6) 
into  (7)  -  or  (7)  into  (6)  -  the  cofunction  transformation. 
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PartO 

1.  (a)  Apply  the  cofuHction  transformation  to  the  identity  you 
^  .  tablislj^ed  in  Exerdse  6  of  Part  B. 

"   (b)  Use  (*)  and  the  identity  of  Exercise  6  to  show  that  the  sentence 

you  obtained  in  part  (a)  is  an  id|?ntity. 
2*  As  far  as  possible,  arrange  the  thirty  identities  you  worked  with 
in  Part  A  in  i^rs  such  that  each  member  of  a  pair  can  be  obtained 
from  the  other  by  the  cofunction  transformation. 
3.  (a)  Establ^h  the  identity: 

*  cos  a        1  +  sin  a 


PartE 


1  ^  sin  a       cos  a 

< 

(b)  Obtain  a  new  identity  by  applying  the  cofunction  transforma- 
mation  to  the  one  ip  part  (a). 

■  i  ' 

Show  that  each  of  the  following  is  an  identity.  [In  order  to  learn  how^ 

to  transform  expressions  into  equivalent  expr^ions  of  la  specific 

form,  you  should  work  each  exercise  by  using  known  identities  and 

algebra  to  transform  the  left  side  of  the  given  equation  into  the  right. 

Complete  the  exercise  by  determining  the  values  of     for  which  the 

given  equation  has  meaningful  numerical  instancesfand  making  mre 

that  the  steps  you  have  taken  are  legitijnate  for  each  such  value  of 'a'.] 

^-     1      .  .  cose 

1.  -T  sma  =  

sma  tana 

'       tan^g        .  .  ^ 
%  ^  -  I  '      =  sin2  a  ' 
1  &  tan*  a 


u,c 


4» 


3«  cot  a  +  tah  a 


cos  a  *  sm  a 

.     ^  .  cos^  a 

4*  cot  a  '  cos  a 

sm  a 

'    tan  a  .  --  cot  a      .  ^  ^  ' 

tana  4-  cot  ft 

fiL  cos*  a  -  sin^  c  =  2  cos^  a  -  1 

-  a)t  a  +  cos  a 

*  •  — T": — *  »  cot  a  . 

1  4-  sm  a 

■     sin  a  -h  tan  a  . 

'8.  ^—1 — »sma 

peca  +1 

0.  (cos  ^  +  sin  a)*  »  1     2  cos  a  '  sin  a  " 

10.  cos*  a  -  sin^  o  =  (cos  a  -  sin  a^cos  a-i-  sin  a) 

^1  1  •  ^  ' 

11.  :r:— :  1  ^  2  sec?  a 


89i 


Answers  for  Part  D 
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■  A 


^  '    ,  \      COS  a  .  ^ 

!•     (a)  — '        =  sec  a  f  tana 

A  ^  8  xn  a 


(fa) 


cos  a     _      8in(y/2  -  a)  \  \  ^    .   s  x  ^ 

i  -  sina  -  1  ^  coB{if/l  -  a)      csc{t/2  -  a)  4  cot(ir/2  -  a)^sec  a  +  tiana 


2,     (cos  a -sec  a  -  1,  sina  •  esc  a  =1),  (tana*  cot  a  =  1,  cot  a  •tan  a  =  1), 
(seca-cosa  =   1,  trsca-sina  =  1),  (cos  a  =  /sec  a,  sin  a  =  /csca), 
(tana  =  /cota^  dot^  ^  /tana),  (sec  a  =  /cos  a,  c'Jsc  a  =  /»ina), 
(cos  a  =  cot  a  •  sina;  sina  =  tana  •  cos  a), 
(tana  -  sina  •  sec  a,  cot  a  =  cos  a  •  c  sc  a), 

(seca  -  tana*  csc  a,  csca  =^  cota-seca)  [in  the  last  3  we  have 
used  CPM  to  get  a  match,  ] 

(cp^a  =  cota/csca,  sina  =  tana/secaK 

*•  •  •  • . 

(sina  =  cosa/cota,  cos  a  -  sina/tana). 

(tana  "  sina/cosa,  cota  =  cosa/sina), 

*    (seca  =  tana/sina,  cst-a  =  cota/cosa), 

(csca  =  sec  a/tana^  seca  ^  csca/cota), 

(cota  =  csca/seca,  tana  =  seca/csca)  v 

3      {a)      cos  a     _  cos^  a  1  -  sin^a       _  ,1  -k-  sina 

I  -  sina      (I  -  sin  a)cos  a  "  (1  -  gin  a)cos  a  "      cos  a 

{u\      sina      ^  1  4-  cos  a 
^       1  -  cfos  a  sina 

* 

Answers^for  Part  g 

1     -  sina  =  I  "  sin^a  ^  cosf_a  ^       cosa  cos  a 

f   sina  '      sina       ~    sina    ~  sin  a/cos  a  "  tana 

,  [In  more  detail,  the  third  step  may  be  developed  into: 

cos^a/sin.a  =  cos  a  • /sina  *  cosa  =  cos a(/siji a//cos  a) 

=  cos a/(sina/cos a)]  j 

The  required  restrictions  are  that  sina  ^  0  and  that  cosa  ^  0, 
These  are  the  restrictions  under  which  sina  0  and  tana  is  " 
defined  and  is  not  0.    So,  the  equation  is  an  identity. 

^,  >   1  Tt^^r'"^  ^  it^^-<^4ik^  ^  -iin^ a .    The  oni7--re«t;^ction 

to  the  argument  is  that  cos  a  9fc  0  and  this  is  the  only  restriction 
needed  to  ensure  th^t  tan^a  is  not  me^aninglesii*  . 

■    .  ^ 

[To  ^ave  space  we  shall  omit  the  diseussioh  of/restrictions  except 
in  cases  whar^  such  a  discussion  may  be  difficult,  j 

3,     cota  +  tana  =:  £21i.  4  -  cos^a  4  sin^a  ^  1 


sina     cosa        sina 'Cos  a  cpsa^sina 


A         ^  ^    cosa  cos^a 

4.     cota»cosa  -  ■  >       cos  a  =  ' 

suia  ^  .  sina 


\ 
\ 

■  \ 
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Answers  for  Part  E  [cont.] 

sina     cos  a 


tana  -  cota  „  cos  a  "  sina  ^  (siQ^a\-  cos^  a)/(sin a  ■  cos  a| 
•     tana  +  cota  ."    sina  ^  cos  a       {sinSa  +  cos^ a)/(sina  •  cos  a) 


cosa  sina 

/ 

=  sin^  a     cos^  a 
An  alternative  route; 

tana  -  cota  \  (tana  -  cota)t^na  ^  tan^a  -  1  ^  tan^a^-  1  ^  ^^^^ 
tana  +  cota  ^  (tana  +  cota)tana      tan^  a  +  I  sec^a 
To  avoid  meaningless  instance sk  weTftust  have  cos  a      0  ^  sina. 
These  are  sufficient  since  it  implies  that  tana  ^  0  and,  soy  that 
tana  +  /tana  #  0,    These  restrictions  are  also  sufficient  to  justify 
the  algebraic  steps  in  either  argument. 

6.     cos^a  -  sin^a  =  cos^a  -  (1^-  cos^a)  =  2  cos^a  -  1 

cota     cos  a      cota  ^  cota  ■  sina  _  cot a{l  i  sina)  _  ^^^^ 
1  +  sina  1  +  sina  1  ^  sina 

[Restrictions:   sina      -1  and  sina  ^  0]  . 

sina  4^  tana      sina  -I-  sina*  sec  a  ^  sinaCl  i  sec  a)  ^  ^^^^ 
^'    .    sec  a  +  1  sec  a  +  1  6ec  a  +  1 

9,  (cos  a  +  6ina)2  =  co8^''a  -{■  sin^a  4-  Z  cos  a -sin  a  =1  +  2  cos  a.  sin  a 
10.     cos^a  ^  sln^a      (cos^a  -  sin^aKcos^a  +  sin^a)  =  cos^a  -  sin^a 

=  (cos a  -  sinaKcosa  +  sina)  ^ 

,1  -  1  -  sina  i  1  4  sina  ^  _^       ,  ^  secfa  " 

1  +  sina     I  -  sina  1  -  sin^a  cos^a  . 
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1  -  cos^.a  ^  sin^a  ^  3^^^.^^=  sina-tana 

cos  a  cosff  -  cos  a  *  ^ 

cos  a     sina   _  cos^a  -i-  sin^  a  ^  ^  

13.     cota  4-  tana  -  gj^a      cosa  "     sin  a  •  cos  a      "  cos  a -sin  a 

sec  a*  CSC  a 


14^     i.^  =  tan^a  +  1  -  sec- 

cot^  a  , 

tan^a  f  1  _  sec^ a  _   sin^ a 


15. 


18 


cot^a  +  1  "  csc^^  cos- 


,  .  /.J_     sina..       {1  -  sina)^  .  (1  -  sina)- 

16,     (sec  a  -  tana)^  =  -  -      cos^a  i  sin^a 


(I  -  sina)g      •  ^  jL 


sin  a 


'  (1  -  sina)(l  +  sina)      1  +  sina 
*  ■ 

sina  -  cos  a  ^  (sina  -  cos  a)/co8  a  ^  tan#a  -  I 

•     sina  4- cos  a       (sina  4-  cos  a)/cos  a  tana  4  1 
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,co^l±^  ^  I:  =  1  f  sina 

J  -  sina        I  -  sina 


19.08  Identities  453 


12.  —  =  sm  a    tan  a 

a 

13.  cot  a  +  tan  a  -  sec  a  -^psc  a 

1     cot^  g  ^  . 

14.  — -~  =  see  a 

cot^  c 

15.  —I — — r  =  tarf  a 
cot^  0  4-1 

^  .  .      ^o     1  -  sin  a 

16.  (sec  a  -  tanar  =  .  ,  ^ 

1-  4-  Sin  a 

sin  g  -  cos  a  _  tang  -  1 
sin  a  4-  cos  a     tan  a  +  1 


17. 


cos^  'g       ^  . 

18.  ,  . —  =  1  +  sm  g 
1  -  sin  g 

19.  0^  a  +  sin^  a  =  I  -  2  sin^  g  •  cos^  a 

20.  55^-2  =  sec  a  (sec  a  +  tan  g) 

,  sec  a  -  tan  a 

sec  g  -  cos  a       tan?  g 

^1. 


seca  +  cs^g     1  4- sec^  g 
22.  tan^  a  -  sin*  a  =  tan^  a  •  sin^ 
i         28.  sec*  a  4- estf  a  ==;(tan  a  4- cot  g)^  ■ 
^  24.  sec^  a  -  tan^  g  ^  <^  a  -  cot^  a 

25.  tan?  a  4-  cos^  a  =  setf  g    sin^  a 

26.  tan^  a  4-  a^^  a  =  1  +  sin^  a  *  tan^  a        .  . 

The  identities  we  have  dealt  with  up  to  now  are  bas^  on  the  defini- 
tions of  tan,  sgc,  cot,  and  esc  and  bn  the  Pythagorean  identities.  \ye 
can,  howevjer,  make  us€i  of  other  id^tidea  such  as  the  subtraction  and 
^addition  laws,  the  doubling  fonntilas  and  the  halving  formulas.  It 
should  be  not«i  that,  foi^^ntitie^^asedon  toe  results,  Oecofiinc- 
tion  trai^sformation  no  longer  tcarirforms  an  identity  into  anidentity. 
If,  for  exainple;  we  apply  the  transformation  to  the  identity: 

(8)  2  sin  o  •  cos  a  «  sin  2a 

we  obtkin:  a 
(g')  2cos  a^'  sin  a  =  cos  2a 

which  is  not  an  identity.  [To  see  that  (8')  is  not  an  identity,  consider 
the  numerical  instance  obtained  by  substituting  '0'  for  'cM  To  see  why 
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the  transformation  does  not  work, -let's  apply  (*)  on  page  451  to  the 
19.  .  CO**  a  +  sin*  a  «  (cos*  a  +  sin*  a  +  2  sin^a  co*sa)  '■■i  »in2 a  •  cos^a   left  side  of  this  sscond  Sentence  ahd  then  mate  use  bf  (3).  ' 

=  (cos^a  +  sin^a)^  -  2  sinSa-cos^a  i 

=  1  -  2  sinsa.cossa                   '  2  COS  o  •  sin  a  =  2  sin  (7r/2  ~  a)  COS  (7r/2  -  a)  [by 

■                      ,  '                                     =  sin  [2{;r/2  -  a)]  ^    [By  (8)] 

on           sefc  a  sec  a(sec  a     tana)              ,          .          .  _  c;a  • 

seca-tana         sec^a  -  tan.^a      =  sec  a<sec  a  +  tana)     .  -  Slii  (tt  -  2a) 

2J       sec  a  -  cos  a  _  (sec  a  -  cos  a)sec  a  „  sec^a  -  I  _  tan^a 

sec  a  4  cos  a  ~  (sec  a  +  cosa)sec  a  ~  sec^a  +  1  ~  1  +  sec^  a 

22.  tan^a  -  sin^a  =  -IHitS.  -  sin^^  =  8inga(l  -  .coBga) 

cos^a  cos^a 

23.  sec^a  +  csc^a*=  1  +  tan^a  +  1  +  cot^a  =  tan^  a  +  cot^a  fOTO  bftlidi"into  ri^rsVdij 

+  2  tan  a  •  cot  a  =  (tan  a  +  cot  a  )^  *        a          .  .        -      sin^  2a 

24.  sec^a  -  Un- a  =   1  =  csc-a  -  cot- a                                 ,  *^  +         «  =  ^  "  S^i^^"^"  R*^^^ 

25.  tan^a  4  cos^a  =  ian^a  4-  1  -  n  -  cos^a).  =  sec^a  -  sin^'a  2-  COS*  a  -  sin*  a  =  cos  2a 

26.  tan^a  +  cos^a  =  Un^a  4-  <!  -  sin^a)  =  1  +  {taji2a  -  sin^a)  '              (cos  a  +  sin  a)^  =^  1  +  sin  2a 

=  2  +  sinSa-tan^a,  by  Exercise^  22.      *  4.  tx>s''^  ^  ^       ^  JL±, 


=  sin  2a  s 
We  do  obtain  an  identity  but  it  is  not  (8'), 


PartF 


Show  that  each  of  the  following  is  an  identity.  [As  in  Part  E,  trans- 


sin  2a 
2 

"^^^^^^^                                  -                          r    .  2 \     1  -  sin2a 
Answers  for  P^rt  F  ,  ( 4  '  ^ I   - 

1.  By  Exercise  19  of  Part  E,  cos^  a  4  sin^  a  =1-2  sin^a  cos^a  /tt       \  /tt  \ 

-  i  .  (2  sin  a*  cos  ap  ^  ^  ^  sing  2a  .  ^  6-  tan      -f  aj  -  tan      -  aj 2  tan  2a' 

2.  co«-  a-sin^a=  {coe^ a  -  sin^a){co.^  a  f  sin^  a)  ^  cos  2a      ^  7.  cos^  a  -  COS  2a  =  1  «  cot^  a  •  sin^  a 

3.  (coiia+8ina)g=  co83a^sin^a+2sina-co8a  =  I  +  sin2^  8.  COS  3a  -  4  tos^  a     3  COS  a 

'9.  sin  3a  ^  3  sin  a  ^  4  sin^  a  ' 

4.  coB^{f  ^  a)  =  cofig[{f  ^  2a)/2]  =        ''''^^  "        =  1  ^  ^in  2a  sin^  2aV  4  sin*  a  =  4W  a 

'     ^  ^  .    ^  11-  sin3  ail  +  tan^  a)     tan^  a  ^ 

■  ^  •l-co8(f-2a)  .   ,  19  sin  g  -  sin  b  fa  ^.  b\  '  ,/ 

5.  sin2(f  -  a)  =  ^in^[(f  -  2a)/2]  -   ^   =  ^  "  ^^^g^-  .  ^os  a  +  cc^  6  =  ^» 

6.  ^|ia)-ta^|-a)  ^    tan(V4W  tana    ^   tan(^/4)  -  tan  a  13.  tan  a  -  tan>  -    .  _ 

4       [    "y^4  1  -  tan(T/4)«tana     1  +  tan(?r/4)- tana  ISJSacosf? 

14.  sin  a  +  sin  3o  +  sin  Sa  -f-  sin  7a  «  4  cos  a  cos  2a  sin  4a 


I  +  tana     I  -  tana     {1  f  tan.a)^  ■  {I  -tanaF  ^^"^  a     sm  ^  +  sm  oa  ^  sin  7 

1  -  tana  "  1  +  tana  ^  I  -  tan^a  [Hint:  Recall  Theorem  19-14.] 


*  .-   ■  ^      4  tana  ^  ■ 

TT^TrTTaTr  "  ^  tan  ^a 

7,  cossa  -  cos  2a  =  cos^a  -  (cos^a  -  sinSaj  =  sin-a  =  1  -  cos?a  It  is  sometimes  desirable  to  transform  an  expression  of  the  form; 

1  -  cot-a'SinSa  ,  '   ■      '   .    ••  . 

8,  cosJa  =  cos{2a+  a)  »  cos2a.cpsa  Vsinza.sina  V  sin^"  a  •  COS^.  a      [where  p,  g  <  iVft]  ' 

a'^(cosSa  «  8in2a)co8a  -  2  sin  a  •  cos  a  •  sin  a 


=  cos^a 


ERIC 


into  an  equivalent  expression  whicfi  involves  neither  exponents  nor 
BinS  a  •  cofi  a  -  2  sln^  a  •  cos  a      -  pnxiucts  of  valu^  of  cx)s  and  sdn.  This  can  be  accomplish^  by  using. 

«  cos»a  -3(1  -coi^a)cosa      4  cos^a    3  cos  a  *        the  (kjubling  fonnUlas  and  Th©)rem  19-^13.  For  example, 

898  /  '         ,         ■  899 
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9.  vain  3a  =  8in(2a,+      =  sin  2a.  cos  a  +  cosEa-sina 


1 


10.     sin^Za  +  4  sin* 


II. 


=  Z  fiina«cos^a  +  cos^a  •  sin  a 
=  3  sinaU  -  sin?  a)  -  ain^  a 

4'  sin*  a 

=  4  8in^a(cos^a  +  sin^a)  =  4  sin^a 

sec^a  =  sin^a/cos^a  =  tan^a 


=  3  sinaU  ^  sin^ 
*  a  \3  fiina  -  4  sin^ 
a  =  4  iin^a  •  co8^a-+ 


cos  a  f  cos  b 


-2  cosfCb  +  a)/2l 

.sin[(b  -  a) 

2  cofil(b  +  a)/z] 

co8[(b  -  a 

•=  tanl{a  -  h)/z] 


.    _   sin  a 
tana  -  tanb  - 


sinb 
cos  b 


gin  a  +  sin  3a  4  sin  5a  4  sin  7a  =  2  »in  2a  •  cos  a  +  2  sin  6a  •  cos  a 

^  /  '       ;=  2  coaa(sin  2a  4  sin  6a) 

*  =  2  cos  a  •  2  sin  4a  •  cos  2a 

•        '  =:  4  cos  a  •  cos  2a  •  Sin  4a. 

TC4S5 

Answers  for  Part  G 
1,     {i  -  co»4a)/8 
*  Z.     (10.-  15  cO»2a  +  6  cos  4a  -  cos  6a)/32 

3,  U  +  c?oi  2a     2  cos  4a  -  cos  6a)/32 

4.  (5*4  cos  2a  -  4  cos  4a  +  4  cos  6a  -  cos  8a)/l28 


1 


Suggestions  for  the  exercises  of  section  19.  09:  • 
(r\  nil  Part  A  to  illustrate  the  discussion  preceding  it.  . 
(ii)  ^rtB  may  be  assigned  as  hoinework,  after  app'^r op r late  examples 

f-rom  the  discussion  on  page  457, 

(iii)  The  discu-.lon  on  page.  458-459,  and  Part  C.  should  b«  teacher 
directed.    This  applies  to  pages  460-462. 

(iv)  F&rt  D  may  be  a/signed  for  homework.  1 
(v)  Part  E  should  be  teacher  directed.  „ 

.     ,       •     .      '  *^  ^  ^ 
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19.09  Some  Applications  of  Circular.  Functions  4^5 

sin*  a  cos*  a  —  {sin  a  . cos  oF  sin'*  a 

=  (i  sin  2a)«  11  (1  -  cos  2a)] 
=  I  sin'^  2a(l  -  coa  2o)  ^ 
=  i  [i  (1  -  cos  4a)l(l  -  cos  2a) 
=  T^[l-c»5  2a-cos4c  +  C082aco8  4a] 
=  iWil  -  c»a  2a  -  cos  4a  +  i  (cos  (-2a)  +  co^  6a)] 
=  ^[2  -  cos  2a '-'2  cos  4o  +  Qgg  6a] 


sin  a  '  cos  b  -  cos  a  «  sinb  =    Bin(a  -  b) 
—         cosa'cosb  cos  a- cos  b 


Transform  each  of  the  following  into  an  equivalent  expression ' 
without  either  exponents  or  indicated  products  of  values  of  cos  atod 
sin.  ,  .  ■ 

2.  sin' a  . 


1.  sin^acos^a 
3.  sin*oc»s*a 


4.  sin'acos^a 


)n» 
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19.09  Some  ApuiicationS  of  Circular  Funi^oiis 

In  Chapter  13  we  have  introduced  the  notion  of  direction  numl^ers  of 
a  line  I  with  respect  to  a  given  orthonormhl  coordinate  system.  [See 
page  110.]  Recall  that  such  direction  numbers  are  ^e  ron^nfents, 
witti  respect  to  the  corresponding  orthonbrmal  basis  (u,,  u,,  "5)  for  ^, 
of  any  non-Tvector  in  Ifl.  In  parUcular,  if  P  and  Q  are  two  points  of  I 
whose  coordinates  are  ix^,  x^,  x,)  and  Cv,,  y^,  y,),  respectively,  then 
iy  -  X  ,  y  -  Xj,  ys  -  JCg)  are  direction  ,  numbers  of  /.  If  y  is  one  of  the 
unit  vectors  in  m  with  components  {v„  v^,  v^)  and  Q  =  P+Ji  i^fbl; 
lows  that  (u,,  v^,  v^ytare direction  numbers  of  /.  Now^since  (u„  u^u,)_i& 


u. 


orthononnAl  it  follows  that     =  v 
So,  Uj,  for  example,  is  the  cosine  of 
an  angle  one  of  whos©  sid^  has  the 
sense  ©flTand  whose  other  side  has 
the  sense  of  Uj.  All  such  angles  are 
congruent  and  have  the  same  meas- 
ure-say, a,-  Hen£»,     =  cos  a^. 
Similarly  [see  Fig.  19-10], 
=  cos  ttj  and  y,  =  cos  a,.  For  this 
reason  the  numbers  (y,,  are 
called  directidn  cosines  for  /.  They 
are  the  cosines  of  "the  angles  be- 
tween"   as  oriented  by  the  choice     .  Pig.  19-10 
of  "J  and  the  positively  oriented  coordinate  ax^.  Choosing,  in  place  of 
U  the  other  unit  vector  in  [I]  and  phxjeedirig  as  above  leads  tp  another 
sequence  of  directioii  cosines'for  /.  Th^  ^  just  the  opposites  of  those 
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'Answers  for  Part  A  .  * 

1.  (a)   {3/n/12,  l/sHJ,  2/^/22) 

2.  (a)   (3/>/iri  3/V22,  2/>/2l). 
(c)  -3/^/35^  S/n/Is) 


;(b)  (i7^.  -\/^. 

(d)  (0,1,0). 


obtained  above.  [Why?]  Since  either  set  ofdiredtion  cosine  of  /  arejthe 
comiponents,  with  respect  to  ah  orthonormal^basis,  of  a  unit  vector,  we 
hsLve,  in^  either  case,      ^  ^    ^  ] 

(1)        •  cos^  a,  + 


3. 


4. 

1. 

3. 
4. 

5.' 


[This  is*  a  convention  for  orienHng' iines''Which  is  frequently* Ased 
in  analytic  ^eomejry'.    It  is  sometinneg  expressed' by  saying  that  the  ^ 
upward  sense  on  a  line  is  positive  unles s  the,  line^is  horizontal,  ^ 
whic^  case  the  rightward  sense  is  positive  unless  the  line  is  parallel 
to  the  X-axis,  in  which  case  the  forward  sens^  is  positive,  ] 

{The  ph3;a^e  *nnake8  the  same  angle  with'  is  a  conventional  way  of 
saying  *makes  congruent  angles  with  r^ys  having  ^he  same  sense 
as',  ]  if  -s, 

Thi^' direction  ntmibers  off  ^uCh  a  line  are  (f/\/T,  1/n/T?  l/^)  or 
(•1/^,  ^l/>/y,^l/>/3K   '         ;     -  ^-v-^.. 

(Z/7,  V7,  -V^^ 


8in{k  +  l)x  +  sin(k  -  iV. 


Sample  Quiz 
Show  that,  for  each  k  6  Z,  Z  sinkx  cosx 

Express  tan  3x  in  terms  of  *sinx*  and  *cosx*, 

'  ,  ' 

Tell  whether  cot  is  an  even  function  or  an  odd  functiqn'or  neither. 

Explain  your  answer,  *  ^ 

Find  trie  valines  of  «;osp  and  stfip  given  that  cotp  =  -l/Z^  and 
2t  <  p  <  -  ' 

Determine  whether  or  not  the  following  is  an  idtntity;  * 
cscx  -  sihx  cot^x 


*      +  cos^  a^-  1.  , 

In  case  /  is  an  oriented  line  it  is  natural  to  choose  IT  to  be  M\b  unit 
vector  in  the  positive  sense  of  /  and  define  ^  ^ 

•  ^  .  ■  '1  ' 

(2)        cos  aj  =     •  u,,  cos     =  7  •      and  cos     =  T  •  u^. 

Wi^  this  convention,  each  priented  line  has  just  one  sequence  of  direc- 
tion cosines  and  the  oppc^itely  oriented  line  has  the  opposite^  of  these 
numbers  as  its  direction  cosines. 

Suppose  that  P  and  Q  are  two  pbints  df  I  with.coordinates  {x^,  x^,  x^) 
and  CKj,  5^2,  ^3),  respectively.  Suppose,  also,  that  we  choosj^lo  orient  /  so 
that  Q  P  is  in  the  positive  sense.  Since  the  qomponents  of  Q  -  P  are 
0^1  -  3^2  ^  >3  -  H  follows  that  the  components  of  the  unit 
vector  in  the  positive  sense  are  * 


where  d.^%Q  -  Pl|  =  V{^^  ^  +  (y^  -  x^Y  +  (y^  -  x^f.  So,  the  di- 
rection (x>sines  of  the  x)riented  line  /  are  given  by: 


cscx  +  sin  X       csc^x  +  1 
6.     For  what  values  of  *x*  is  the  equation  in  Exercise  5  meaningless?  ' 
Key  to  Sample  Quiz 

!•     2,8inkxco8x=  sin  kx cos  x  i  sinkx  cos x 

J  -  (sin kx  cos  X  +  co^kx  sinx4 -^-(sinkx  cosx  -  cp?  kx  sinx) 

=  sin(kx  4  x)  +  8in(k3r  -  x) 

,  *        8ln(k  ^  l.)x  4  sin(k  -  1  )x 

— ^2^,^-tanlx  —  «itt3x/co*  3x- —       ^nx^  -  4- 8in^x]/{4  co8^x  -^.S.-co8x4 

"^S,  .  cot  is  an  odd  fiuiction,  for  cot{-x)  =  co8(-x)/sin(-x)  =  -coax/sinx 
-   -cotx,  *  ,       .  ' 

4.  co«p  f  '-7/25  and  sinp=  24/25 

5,  It  is  ah  identity,  for 

CSC  x  -  sinx  _  (c8cx  -  sinx)cscx,^  csc^x  -  1  ^    ,  cot^x 
c«c  X  +  iinx      (cfc  X  +  sinxksc  H'^cse^x-fV^csc^x-l-l* 

•  6#  The  even  multiples  of  ir/Z»,  [Note  that  neither  denotniriatpr  ever  h^s 
the  value  zero*  So,  to  say  that  the  equation  Is  mean*ingless  ,when  the 
denimiinators  have  value  0  does  not  tdU  the  whole  story.  ] 


(3)  4^ 


COS  a,  = 


-,cma^  = 


Exercises 


Part  A 
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1.  In  each  of  the  following  you  are  given  the  coordinates  of  a  poini^  P 
and  a  point  Q.  Find  Uxe  direction  c(»ine8  of  ^  when  this  line  is  ori- 
ented so  that  the  ptsjtivesenseis^thatoifQ- P.  .  - 
(a)  P:  (6,  2.  2),  Q:  (8,  5,  4)            (b)  P:  (1,  1, 1),  Q.  (2,  0,  3) 

<c)  ^:(-3.-^,l),Q:(^l,-4)      (d)  P: (-1. 6,-5),Q: (-1, 2,-5i 

2.  For  each  of  the  lines  ^  of  Exercise  1,  find  its  direction  amines 
when  it  is  oriented  in  «4gh  a  way^that  oos  >  0,  or,  if  cm  a,  «  0, 
so  that  cos     <  p.  ' 

3.  Find  the  direction  cosine  if  a  line  whidi  makes  the  same  angle 
with  each  of  tiw  coordinate  Ixes.  [Hint:  Use  (1).  How  many  answers' 
,are  there?]  v  '.  '  •     .  '  ' 

4.  A  line  has  directioif  nianbers  (-2,  -3,  6)  and  i^ oriented  so  that  ils 
8e<»nd  direction  CMine  is  ptwitive.  What  are  its  direction  awines? 


X 
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Consider  two  oriented  lines,  l  and  m,  with 7  and  ^  as  the  unit  vec- 
tors in  their  positive  senses.  The  oriented  line  I  has  direction  cosines 
given  %  (2)  and  m  has  direction  cosines  ^ 

— »  — »  — * 

As  in  the  case  of  i, 

(5)  _         '       cos=^  ^,  +  cos2     +  cos2  ^3  =  } 

It  is  customary  to  say  that  "the  angle  between^he  oriented  lines  /  and 
m  is  any  angle  whose  sides  have  the  senses  of  v  and  w.  Our  problem  is 
to  find  the  cosine  of  any  such  angle  in  terms  of  the  direction  cosines  of 
the  two  lines.  Now,  one  such  angl?  is  lAOB,  where  O  is  the  origin  of 
the  coordinate  system  and  A  and  B  have  awrdinates  («)s  cos  a,, 
cos  a,)  and  (cos      cos  fi,,  cos  ^3),  respectively.  lExplain.]  We  can  use 


Fig.  19-11 
the  law  of  ojsines  to  find  cos  LAOB: 

(6)  COS  LAOB^^      20>i  ■  OB 

By  (1)  and  (5),  OA  =  OB  =  l>Also, 

AB^  =  (cos  iSj  -  cos  a,)^  +  (cos  jS,  -  cos  a,)^  +  (cos  ^3  -  cos  03)^ 
•       =  cos^  jS,  +  cos^  ^2  +  Cos2  ^3  +  cos*  ttj  +  cos*  o!,  +  cos^ 
-  2(cos^,  cos  a,  +  cos  /bj  .cos     +  cos  ^3  cos  a^) 
=  2[1  -  (cos  /S,  cos  a,  +  cos  jSj  COS  ctj  +       ^3  cos  a^)]. 

Substituting  into  (6)  we  find  that^— 

(7)  cos  /-AOB  =  cos  /3,  cos  a,  +  cos  ^3,  cos     +  «^ 


TC  457 


The  sense  of  OA  is  that  of  the  vector  A  -  O  which  has  c opponents 
(cosoi,  cos  fig,  cosog).    Similarly, .  the  sense  of  oS  is  that  of  B  -  O 
whose  components  are  (cos^^,  cos^g,  cdspg).  • 
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AnsN^ers  for  Part  B 
1.     z/63   [i  0.0317] 
^.     88. 2*  . 

3,     Since  7*2+  -2  -  1  +  4«  -3  =  0,  vectors  in  the  directions  of  the. two 
lines  are  orthogonal.  3o,  the  lines  are  perpendicular.    [Note  that 
to  test  for  perpendicularity-it  is  npt  necessary  to  find  components 
of  unit  vectors  in  the  directions  of  the  given  lifte.    In  analytic 
^  •       geometry  terms,  it  is  enough  to  know  any  direction  nmnbers  of  the 
two"  lines       it  is  not  necessary  to  find  direction  cosines.  ] 
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2. 


3. 


1,  Two  lines  have  direction  numbers  <(2,  -fe,  3)  and  (8, 1,  -4),  r^pec- 
tively,  and  ore  oriented  so  that  their  third  direction  cosines  are 
positive.  Find  the  cosine  of  the  angle  ^tween  these  oriented  lines, 
pnd  the  degree-measured  the  angle  between  the  ori^ted  lines  of 
Exercise  1. 

Show  that  lines  with  dilution  numbers  {7; -2, 4)  and  (2, 1,  -3)  are 
perpendicular.  U 

In  Chapter  13  we  dealt  with  figures  in  a  given  plane  tt  by  introduc- 
ing ortKonormal  U^Vcoordinates  based  on  an  origin  O  €  tt  and  an 
orthonormal  basis  {u,~v)  for  br].  If  we  consider  the  chosen  basis  to  be 
p^itiveiy  sensed  we  have  chosen  an  c^Hientation  of  tt  and  can  speak  of 
sensed  angles  as  beiijg  positively  or  n^^vely  sensed. 

Given  a  line  I  Q  tt,  the  inclination  a  of  Z  with  respect  to  a  given  co- 
ordinate  system  is  the  least  number  which  is  the  measure  of  a  null  or 


/ 

Fig.  19-12 

positively  sensed  angle  whose  initial  side  has  for  its  sense  the  positive 
sense  of  the  oriented  a;-axi8  and  whose  terminal  side  has  one  of  the 
senses  in  [I].  Evidently  0  5  a  <  tt. 
Suppose,  now,  that      and     are  two  pK)ints  of  ^  with  ax>niinat^ 


V  Fig.  19-18 

ix^,  y,)  and  («j,.y3),  respectively,  and  are  such  that  It  follows 

that,  if  d  =  PjPa  and  «  i»  the  Ineliaaticm  «f  A  . 


X,  =  X,  +  d  cos  a  and     =  y^  +  d  sin  a. 
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Assuming  that     9^    -  that  is,  that  a  ^  7r/2-it  follows*  that 


C8) 


tan  a  ^ 


.sin  a    y,  -  y, 


cos  a 


Since  (y^  -  y^Vix^  -  x^}  =  iy^  -  yj)/U.i  -  (8)  holds  whether  or  not 
the  restriction  that  —  y^  is  satisfied.  Recalling  that  the  right  side  of 
(8)  is  the  slope  of  /  [with  respect  -to  the  given  coordinate  system]  we 
have  that  . 


(9) 


the  slope  of  a  non vertical  line  /  is 
the  tangent  of  the  inclination  of  L 


[Recall  that  the  slope  of  a  vertical  line,  like  'tan  (7r/2y  is  not  defined.] 
Two  intersecting  lihes,  and  l^,  contain  four  angles  but,  since  ver- 
tical angles  have  the  same  measure,  there  are  just  two  Correct  answers 
to  the  question  'What  is  the  measure  of  an  angle  contained  in  U  i^?" 
Clearly,  for  any  intersecting  lines  and  the  sum  of  the  answers  to 
this  question  will  be  tt.  To  obtain  a  unique  answer  we  define  ''the" 


y 

Fig.  19-14 


angle  from  to  to  be  the  smallest  positively  sensed  angle  whose  ini- 
tial side  is  contained  in  and  whose  terminal  side  is  contained  in  l^. 
[There  are  actually  two  such  angles,  but  tiiey  have  the  same  measure.] 
If  0  [thay'ta]  is  the  measure  of  thi6  angle  then  it  is  clear  from  Fig.  19  - 
14  that  if  <  then  6  =  -  a,,  while  if  a,  >  o^^  then  a,  r-  a.^  =  tt 
-  ^.  Since  t£in  has  the  period  tt  it  follows,  in  either  case,  that, tan  6 
=  tan  ^  "i)-  So,  if  nij  is  the  slope  of and  is  Uie  slope  otl^  then, 
unless  /j  X  l^,  it  follows  by  the  subtraction  law  for  tan  that  ^ 


(10) 


tan  e  =^ 


^2  -  ^} 
1  -I-  m^m^ 


In  deriving  (10)  it  has  been  tacitly  assumed  that  neither  //nor  is 
vertix:al  and  that  / ,  }  l^,  as  well  as  that  I ,  /  l^.  Equation  (10)  gives  the 
a>rrect  value,  0,  for  tan  Q  in  case  l^l  4-  ^  we  already  kiK>w,  L  if 
and  only  if  m^m^  =  —1.  And,  if  l\  1  ^2  ^  ^d  'tan  0'  is  not 
defined. 
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Parte 

1.  (a)  Find^the  measure  of  the  angte  from  the  line    whose  equation 

is    -I-  3y  +  1  =  0'  to  thtB  Rne whose  equation  i&'x  -  2y  ^  3\ 
(b)  What  is  the  measure  of  the  angle  from    to  (,? 

2.  Find  an  equation  for  a  line  /,  through  the  point  whose  coordinates 
are  (—1,  2),  such  that  the  measure  of  the  angle  from  the  line  whose 
equation  is      ^  3y  -f  5  =  0'  to  /  is  37r/4, 

3.  The  aides  AB ,  BC ,  and  of  AABC  are  contained  in  lines  with 
equations  ^  8y  ^  2  ^  Q\  '2x  --By  ^  5  ^  0\  and '2x  ^  by-^  IJO 
=  0\  respectively. 

(a)  Find  tan  ZA,  tan  Z^,  and  tan  ^C, 
^  (b)  Check  that  the  measiu-e  of  an  exterior  angle  at  A  is  the  sum  of 
the  measures  of  Z-B  and  Z.C.  [Hint:  Use  the  addition  law  for 
.  tan.] 

According  to  the  congruence 
theorems  for  triangles  [Theorem 
16-7]  if  one  is  given  the  measures 
of  certain  ^'parts'*— sides  or  angles 
—  of  a  triangle^  jie  should  be  able  to 
compute  the  measures  of  the  othej 
parts.  You  have  solved  various 
problems  of  this  kind  already.  Now 
we  shall  discuss  this  kind  of  prob- 
lem systematically.  ,  Fig.  19-15  . 
There  are  four  qases  to  be  considered: 

I  Given  the  measures  of  three  sides  of  a  triangle,  find  the  meas- 
ures of  its  angles. 
II  Given  the  nleasures  of  two  sides  and  of  the  included  bungle, 
find  the  measure  of  the  other  side  and  the  measures  of  the 
other  angles. 

Ill  Given  the  measure  of  one  side  and  the  measures  of  tiie  in- 
cluding angles,  find  the  measures     the  other  two  sides  and 
the  measure  of  the  other  angle. 
rV  Given  the  measures  of  two  sides  and  the  measure  of  the  anglp 
opposite  one  of  them,  find  the  measures  of  the  third  side  and  of 
the  othes- angl^.  . 
Case  I:  Given  a,  6,  and  c,  the  <»sin^  of  the  angles  of  the  triangle  can 
be  found  by  using  the  law  of  cosines.  Then,  the  measures  of  the  angles 
can  be  found  from  the  tabl^.  [If  numbers  are  giv^  for  'a\  *b%  and  'c' 
such  that  no  triangle  has  these  as  side-measures— say,  a  -     ^  = 
and  c  ^  3— then  the  computations  ^11  lead  to  values  for  the  €X)sines  of' 
the  anglte  which  are  not  between  -^1  and  1.]  You  should  check  your 
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Answers  for  Part  C 

I.     (a)    ir/4   [tana  =  ^1/2+  i/3)/<l  •  /2-/3)  =  1] 
V  *{h)  33r/4 

X  '  7y  +  15  =  0   [(m  -  4/3)/(l  +  4ni/3)  =         if  .^nd  only  if  m  =  l/l.]^ 

3,     (a)    tanZA  =  11/42,    tan/B  r  19/22,    tanZC  =,^16/U 

,  (b)    tanO  +  V)  =  (H/22  -  16/H)/[1  ^  (19/2Z)(l6/ll)]  =  -U/42 

=  -tana,  where  a,       V  art  the  measures  of  /lA,  ZB,  and  ZC, 
respectively, 

[In  part  (a)  students  niay  need  a  figure  to  decide  which  slope  is  tn^  * 
and  which  is  m^  in  applying  (10)  on  page,  459«  ]  ^ 
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work  by  using  the  fact  that  the  sum  of  the  measures  of  the  angl^  is  tt 
[or  that  the  sum  of  their  d^ree- measures  is  IBO], 

Case  II:  Given  a,  6^  and  y  the  cosine  law  can  he  \ised  to  compute  c. 
Then,  as  in  case  1,  the  cosine  law  can  be  used  to  compute  a  and  fi.  Alter- 
nately, once  c  is  computed,vthe  sine  law  can  be  used  to  compute  a  and 

fi'  .  ■  ^         ■  .  ,  / 

a  sin  7  fesiny  . 

"  siBa=— — ' — ,  8in^  =  

c  ^  € 

[This  alternative  procedure  can  also  be  used  in  case  I  onc^  f^ie  measure 
of  one  of  the  angles  has  be^  computed;] 

A  third  procedure  in  case  n  is  to  use  the  fact  that  a  +  j3  =  tt  -  7  [or, 
if  degree-measures  are  used,  180  y]  and  to  use  Theorem  19-28  to 
impute  a  -  From  this  and  a  +  jS  one  can  find  a  and  Then,  to 
compute  c,  one  can  use  the  sine  l^w,  c  =  a  sin  y/sin  a. 

Case  ///:<iiven  a,  ^,  and  y  one  can  easily  compute  a.  Then,  use  the 
sinp  law  to^compute  b  and  c. 

Case  JVr^Given  a,  and  a  there  are  four  possibiliti^  in  case  0  <  a 
<n/2: 

(1)  a  <  6  sin  a,  in  which  case 
the^e  is  no  solution. 
»  (2)  a  =  6  sin  a,  in  which,  case 
the  triangle  is  a  right  ^i- 
angle  wi|;h  right  angle  at 
B. 

(3)  6  sin  Of  <  a  <  6  in  which  / 
case  there  are  two  solu-  / 
tions.  / 
;    (4)  b'S  a,  in  which  case  ther^ 

is  just  one  solution,  J 
In  case  tr/2  ^  a  <  tt  then  thereTis 
a  solution  only  ilb  <  a,  and  in_;this 
case  there  is  just  <me  solution^ 

In  spite  of  this  variety  of  pibcases,  the  procedure  for  solving  a  case 
IV  triangle  is  the  same  in  ^    them.  If  tliere  is  a  solution  then 


b  sin  a 


a 


i 


If  th^re  is  no  solution  you  will  &uLthat  b  sin  o/a  >  1  [subcase  (1)], 
and  your  work  is  done. 

V  /  ■■■■  910  .  ■ 
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If  sin  a/a  =  1  [subcase  (2)]  then  /3  ^  7rl2,  y  =  7r/2  -  a,  and  c  = 
b  cos  a.  .  " 

If  6  sin  «/a  <  1  then  there  sire  two  values  of  'jS'  which  satisfy 
One  of  these  values,  jS,,  is  between  0  and  7r/2;  the  other,  p^,  is  w  -  /8j. 
'You  are  certain  of  one  solution  of  the  triangle: 

^  =  jSt,  y  =  Ts ^     -  (a  +  iS),  c  =  b^Bin  y/sin  a 

If  a  5  6  then  this  is  the  only  splutfpn.  If  a  <  6  then  there  is  a  second 
,  solution: 

=     y  -  y^  =  IT  -  {a  +  /Sg),  c  =  a  sin  -y^/sin  a  . 

[Rather,  than  trsang  to  remember  that  the  serand  solution  arises  when 
.  a  <  6,  it  is  simpler  to  compute  y^.  T^e  seomd  solution  will  exist  if  and 
oplxifya>0.] 

PartD 

Solve  each  of  the  following  triangles -that  is,  find  the  measure»of 
the  sides  and  angfes  whose  measures  are  not  giv^.  [Use  degree- 
measure  for  angles.}  \  .  ' 

1.  a  =  3,  6  »  10,  and  c  =  8  ^ 

2.  a    3,  6     2,  and  -y  is  60  [That  is,  4-C  is  a  60°  angle!]       '  . 

3.  a  =  60,  ^  =  45,  and  c  =  5  4.  a  =  4,  6  =  10,  and  a  =  30 
5,  a  =  5,  6  =  10,  and  a  =  30  ,  6.  o  =  8,  6  =  10,  and  a  =  30 
7.  o  =  20.  6  =  10,  and  a  =  30      8.  a  =  20,  6     10,  and  a  =  150 

PartE 

In  preparation  for  the  next  section  we  need  some  properties  of  a>s 
and  sin  which  follow  from  Theorem  19-14  and  the  corollary  to 
Theorem  19-17,  One  of  the  questions  we  need  to  answer  is;  When  is 
it  the  case  that  cos  a  =  cos  6?  Now,  by  Theorem  19-^14, 

^cos  c  ^  cos  6  — ►  (sin  lia  -h  6)/2]  -  0  or  sin  [{a  -  6)/2].-  0). 

By  the  corollary  to  Theorem  19-17, 

'    sin  [Co  +  b)/2]  =  0^ 

Similaj'ly,  sin  Ha  ~  6)/23  «  0  if  and  only  if  there  is  an  integer  k  such 
that£i^=i  2kn  +  6.  Hpnce, 

  -  -          -\-cos  €E  =  COS  6      3^',,  <fi     2kir  -  6  or  a  =  2k'jT  +  b). 
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Answers  for  Part  D  ^ 
1.    |i  i  14.4,        i  124.2,    Y  i  41,4 
Z.    'c  *  2.646*.    o  t  79.1,    P  i  40.9  ; 

3.  Y  =  75,    b)t  3.659,    a  ^  4.482 

4.  [no  solution] 

5.  p  =  90.    Y      60,    c  ?  5>/I  t  8.e»62 

6.  i  38.7,    Y^  t  111.3.'        *  14.91; 
4  141.3',         £  8.7,    C2  ^  2.421 

7.  pi  14.5,      Y  i  35.5,      c  i  23.23  „ 

8.  3  i  14.5,     y  i  15.5,      c  i  10.69 
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^  This  result  should  seem  intuitively  obvious  if  ^u  look  at  a  graph  of 
a}s.  It  is,  ultimately,  a  consequep<^  of  the  fact  that  <x^  is  even  and  has 
l>eriod'2ir. 

I.  Show  that  sin  a  *  sin  b  if  and  only  if  3^^^  a  =^  '^7r  +  Hl)*6. 

2*  show  that  tan  a  ^  tan's  if  and  only  if  3^.^ ,  a  =  ^tt  +  6  [Hint:  For 

the  only  if-part,  use  the  subtraction  law  for  tan;  for  the  if*part  use 

the  fact  that  tan  has  period  tt.I 

Theorem  19-32  .  , 

(a)  cos  a  -  COS  b      3^^^  (a  ==  2k7T  -  b  of  a  -  Zkn  +  b) 

(b)  sin  a  =  sin  6      3^^,  a  =  Att  +  (—lY^'b 

(c)  tan  a  =  tan  6  ♦-^  3^^^  a  =  ^77  + 
[neither  a  nor  b  an  odd  multiple  of  n/2] 

(d)  cot  a  =  cot  b       3^^  ^  a  =  Att  4  6 

,   [neither  a  nor  6  an  eVen  multi^e  of  7r/2] 


1 9. 1 0  The^  inverse  Circular  Functions 


Recall  that  a  function  /'has  an  inverse  if  and  only  if  the  converse  of  f 
is  a  function— that  is,  if  and  only  if  f  does  not  have  the  same  valtie  for 
any  two  of  its  arguments.  If  this  condition  is  satisfied  then  Uie  converse 
off  is  called  the  iuverse  of  f  and  is  sometimes  denote  by  'f^^\.  The  no- 
tion of  the  inverse  of  a  function  is  discussed, in  Section  1.03,  pages  18 
and  19  of  Volume  ,1  and,»alSo,  on  pages  24^26  of  Volume  1.  To  prepare 
the  way  for  introducing  some  new*  fiiTO^hs^the  inverse  circular 
functions  — we  shall  review  a  similar  problem  dealing  with  the  squar- 
ing function,  {(x,  y)\  y=  x^}.  To  make  clear  the  similarity  of  the  two 
problems  we  shall^ve  the  squ^ng  function  a  name^^sq': 

/    V  .  ■     sq  =  {{x,y)\y  =  x^} 


Pig,  19-17 
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'^Answers  for  Part  E 


1.     sina  =  'sinb<=o<cos[(a  4  b)/^]  =  0  ot  sin{<a  -  b)/Z]  =  0) 

a.f  b  _  (Zk  -  Dtt        a        a  b 


2.     Suppose  that  tan  a  =  tan  b.    It  follows  that  neither  a  nor  b  is  an^ 
odd  multiple  of  ^/2.    Also,  a  -  b  is  not  an  odd  multiple  of  'u/Z  for, 

^       if  so,  tana  tanb  =  -1  and  tana  #  tanlj.    So^  the  subtraction 

formula  for  tan  holds  and  tan(a,  -  b)  =  0,    So,  sin(a  -  b)  =  0  and, 
for  some  k  6  I,  a      k:r  +  b.    Hence,  if  tan  a  ~  tanb  then 
3^61  ^  "  On  the  other  hand*  if  a  =  k;r  +  b  where  k  €  I 

and  neither  a  nor  b  is  an  odd  multiple  of  k/Z  thep,  since  tan 
has  period-:?,  tana  -  tanb. 

[A  similar  argument  applies  to  the  cotangent,  giving  the  result 
stated  in  Theorem   i9-32(d).    However,  it  is  probably  siix^pler  to 
treat  first  the  case  in  which  neither,  a  nor  b  is  any  multiple  of 
^        t/Z  and  note  that,  ^n  this  case,  cot  a  =  eotb  if  and  oxily  if 

^cota  =  /cotb  and  that  this  holds  if  aind  only  if  tana  =  tanb.  Then, 
complete  the  discussion  by  noting  that  if  a  or  b  is  an  odd  multiple 
of  ir/Z  thentcota  =  0  =  cotb  and  there  is  a  k  £  I  such  that'' 
a  =  kr  +  b,  ]  ,  r  ■ 


The  reason  for  introducing' the  peculiar  notations  *sq',  *Sq',  and 
*Rt'  in  place  of  exponents  and  radical  signs  is  that  this  forces  students 
to  think  aboiut  w^at  is  being  said  and,  so,  appreciate  better  the  state- 
ments (Ij  -  (6).    Statements  analogous  to  these  can  —  and  will  —  be 
made  for  each  of  the  functions  cos,  sin,  tail',  and  cot.    For  example, 
(7)^  -  (12)  on  page  465  are  the  corresponding  statements  for  cos.  In 
them,  'cos'  plays  th^  role  of  'sq',  *Cos'  that  of  *Sq\  and  *Arccos' 
that  of  •  Rf . 

Red^U  that  (2)  is  a  consequence  of  the  fact  that  Sq  is  an  increasing 
function.    Similarly;  (8)  on^page  465  is  a  consequence  of  the  fact  that  y 
Cos  is  a  decreasing  function,  ; 

*    *    *  .  .  .  " 

Sujfgestiohs  for  the  exercises  of  section  19,10;  ^  j 

(i)  With  appropriate  ex|U3f>ples,  F^rts  A  and  B  may  be  used  for  hgrne^^ 
work,    '  *         *    ^  .  , 

(ii)   Part  C  may  be -ased  for  homework, 
(iii)  Part  D  should  be  teacher  supervised. 
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IWhat  is  sq(2)?  sq{-3)?'sq(3)?  What  is  the  domain  of  sq?]  We  shall  also 
deal<  with  a  subset,  Sq,  of  sq: 
»:  ' 

Sq  =  {(x,  :y):  ac  >  0  and  >  = 

[What  is  the  domain  of  Sq?]  Sffice  sq{-3)  =  sq(3)  it  is  clear  that  sq 
does  not  have  an  inverse.  In  fact,  we  have  proved  in  the  background 
exercises  for  the  inCroduction  [pag^  6-8]  th&t 

(1)  oqia)  =  sq(6)     ^  (a  =  6  or  o  =  -^fe). 
We  also  proved  that 

(2)  sqCa)  =  8q(6)  — ►  a  =  6      [a  >  0,  6  >  0] 

and  this  tells  us  that  the  function.  Sq  does  have  an  inverse.  This  in- 
verse is  the  principal  square  rooting  function  and,  for  the  present,  we 
shall  call  it  Ht'.  Its^aph  is  shown  in  Fig.  19-17,  and  it  may  be  de- 
scribed as  follows: 

*     Rt=  {(;c,:y):3'5:0andsqCy)  =  j:} 
In  other  words, 

i3)  Rt(a),is  the  number  z  such  that  2  ^  O  and  aq{z)  =  a. 
J^^^nsequence,  we  have:,  * 

<4)     /    .  sq(Rt(a))-  a      [a  ^  0] 

'  and: 

(5)  •  Rt\sq(a))  ~  a      [a  >  0]  _ 

Finally,  because  of  (1)  and  (4),  w6  have:   '  ,  " 

^        (6),       8q(a)  =  c       (a  =  Rt(c)  or  a  r -Rt(c))         >  0] 

tRepiace  Vby  •sq(Rt(c))',by<4),*andapply<l).}  , 

All  that  we  have  said  about  sq  can  now  be-paralleled  by  statements 
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r 

about  COS.  Paralleling  (1)  we  have,  by  Theorem  19 -32(a),  that 

(7)  ras  a  -       6     ♦  3^^;  (a  =  2kTT  -  6  or  a  =  2k7T  +  b). 

In  particular^  cx)8^do^8  not  have  an  inverse.  Since  cos  is  decreasing  in. 
the  segment  0,  tt  we  have  that  * 

(8)  cos  a  -  cos  6  — *  a  ^  b      [0£a:5  7r,  O^fe^TjI. 
Hence,  if  we/^ define  a  function  Gos  by: 

^         ^  '     Cos  =  {U,y):  0  5  x  ^  tt  and  y  =  cos 

it  follows  that  this  function  Cos  does  have  an  inverse.  We  might  call, 
this  inverse  ^Cos  S  but  it  is  customary  to  call  it  *Attcos'.  IThis  comes 
from  the  phraj^  *tlie  arc  whose  cosine  isM  Note%hat  the  domain  of 
An^s  is  the  range  of  Cos  and,^,  is  {^c:  ^1  5    5  1}.  By  definitioii 

Arccos  =  {{x,  y):  0  5  y  5  TT  and  cos  y  =  x). 

In  other  words: 

(9)  Arccos  a  is  the  z  such  ttiat  0  5  2  ^  tt  and  cos  z  ^  a. 
In  consequence,  we  have: 

(10)  cos  (Arojos  a)  -  a      [-15  0^1] 

and: 

(11)  Arccos  (cos  a)  =  a  *     [0  S  a  5  ir] 

f>  ■ 

[Note  the  restriction!]  Finally,^  because  of  (7)  and  (10),  we  have: 


^      (12)  cos  a  =  e  ♦-►^^^  (a  =  2*7r  -  Arc<»sc 

or  o  =  2fe7r  +  Ara»s  c)  H 1  ^  c  S  1} 

[Replace  V  by  'cos  (Arccos  c)',  by  (10),  and  apply  (7).] 

r 

We  shall  later  collect  (9)-(12)  into  a  definition  [Definition  19-7] 
and  three  thcOTpms  [Theorems  19-33  through  19-35].  These  will 
contain  othe/parts  like  (9)  -  (12)  ref^n^to  sin,  tan,  and  cot 
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Exerci^ 
Part  A 

1.  Evaluate  each  of  the  following. 

(a)  Arccos  (1)  (b)  Arccos  ( V2/2)      (c)  Arccoe  0 

.(d)  Arccos  (-1)  (e)  Arccos  (-V2/2)     (f)  Arccos  {-^3/2) 

(g)  Arcc^  loos  (7r/2)]  (h)  Arax)8[c(^t-7r/2)](i)  Am»s  [sin  {w/2)] 
2«  Solve  each  of  the  following  equations.  [Hint:  Use  (12),  and  check 

against  a  graph  of  cc^.] 

(a)  CO®  X  =  1  (b)  cos  :c  =  1  (c)  cm-x  ==  5 

(d)  cos       V3/2        <e)  cos^  «  0  (f)  Cos  :c  = 

(g)  Arccos  X  =^  0        (h)  Arcoos  a  =  1       (i)  Ar(xx>s  6  =  4 
3.  Show  that,  for  0  5  a  5  tt  and  -1  5  6  ^  1, 

cos  a  -  b       a  «  Arccos^. 
There  are  analogues  of  (l)-(6)  and  (7)- (12)  for  the  sine  function. 


Arcsin- 

1  T 

S  Fig*  19-19 

This  function,  like  cos,  does  not  have  an  inverse.  In  fact,  by  Theorem 
19 -32(b)  we  have: 

(13)  .  sin  a  =  sin  b  ♦-^  3^^^  a  =  Att  +  i—l)^b      ,  '  , 
But,  since  sin  is  increasiiig  6n  the  segment  -^/2, 7r/2,  we  also  have:  ^ 

(14)  '       sin  a     sin  6       a  =  6      [-7r/2.^  a  <  7r/2, 

Hence^  if  wg  define  ft  fi^y^ct^on  Si^i  by;  •  »  , 

»"      ■    .        •  ,  -  . 

.  Sin  «  {ix,  y):  -^/2  S  :jc  :S  7r/2  and  :v    sin  x] 

it  fbilowB  that  this  function  Sin  does  i^ve  an  inverse.  We  call  this  in^ 

ver^  'Arcsin\  [What  is  the  domain  of  Arcsin?]  By  definition, 

}  '         *    '  '  ■  • 

ArQiin*=  iix,  y):  -^/2  5  >^  ^  it/2  and  sin  y  -  x}*  ^ 

In  other  words: 

^  ■     ■  •     .  ■  • 

♦    (16)  Arcsin  a  is  the  z  such  that  -^72  IS  z:^  n/2  and  sin  z  =  a. 
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Answers  for  Part  A 


! 

*  • 

(a) 

'V  ■ 

\   /    «  /  £. 

if 

■s/l 

2 

(a) 

(X-        3,  T 

(b) 

(x 

=  (6k  -  n?r/3  or  X  =  ^6k  +  H^/S U 

(d) 

-  (12k  -  l)7r/6  or  X  =  Ci2k+  UV^)} 

1 

(e) 

{x:  a^^j 

=  (4k  -  Dt^/Z  or  X  =  (4k  +  i)ir/2)} 

(f) 

(g)   ^/2                (h)  0                (i)  {no 

solution] 

3. 

For 

--1  <  b  < 

1. 

Arccos  b  is  the  2  such  that  0  <  2  < 

T  and 

cos  2  =  b.  So,  for  Ov<  a  <  ir  and  '^l  <  b  <  I,  cos  a  =  b  if  and 
only  If  a  ^  Arccos  b. 


The  domain  of  Arcsin  is  {x:    )x|  <^  l}, 
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In  consequence,  we  have: 

(16)  sin  (Arcsin  a)  =  a      [-1  5  a  :S  1] 

and  :  . 

(17T  Arcsin  (sin  a)  =  a      {-ttI%  5  a -^7x1%] 

INote  the  restriction!]  Finally,  because  of  (16)  and  (13),  we  have: 

(18)     sin  a  =  c  «-*  3,.,^  a  =  ^TT  +  (-l)*'  Arcsin  c  [-1  ^  c  ^  1] 

{Replace  'c'  by  'sin  (Arcsin  c)'  and  use  (13).] 
PartB 

1.  Evaluate  each  of  the  following. 

(a)  Arcsin  (i)  (b)  Arcsin  (V2/2)       (c)  Arcsin  0 

(d)  Arcsin  (-1)        Ce)  Arcsin  (-V"2/2)     (f)  Arcsin  (-\/3/2) 

(g)  Arcsin  [cos  ('?r/2)]  (h)  Ansin  [cos (-ir/2)]  (i)  Arcsin  [sin  (7r/2)] . 

2.  Compare  your  answers\pr  Exercise  1  with  those  for  Exercise  1  of 
Part  A.  'v 

3.  Solve  each  of  the  following  equations. 

(a)  sin  x=\  (b)  sin  x  =  i  (c)  sin    =  2  ' 

(d)  sin  y  =  \/3/2        (e)  sin?  =  0    -        (f)Sinnr  =  -i 
(g)  Arcsin  X  =  0         (h)  Arcsin  o  =  1       (i)  Ar(sin  b  =  -2 

4.  (a)  Solve  'sin  x  =  cos  y'  for  V.  [Hint:  cos  y  =  sin?] 
'  (b)  Solve  'sin  x  =  cmx\ 

5.  Show  that^  for  ~fr/2  5  a  ^  it/2  and  -1  ^  6  i  1, 

\  sin  a  =  b  *—*  a  =  Arcsin  b. 

Like  cos  and  sin,  tan  and  a>t  do  not  themselves  have  inverses  but 
each  has  subsets  which  have  inverses.  Two  such  subsets,  Tan  of  tan 
and  Coi  of  cot,  are  pictured  in  Fig.  19-20. 
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Answers  for  Part  B 

^1.     (a)    !r/6     '  (b)  .  i                        (c)  0 

.    (d)    -n/l  (e)  -n/A       I  ^                     (f)  -7r/3 

'(g)    0     -            .  (h)  0                                      (i)  Ts/2 

Z.     The  coinparieon  suggests  that,  for  a  such  that  jaj   <  1, 

Arccosa  +  ArcSina  =  vjl.    [Soe  Thaorem  I9-3o(a)  on  page  470,]" 

3.  (a)    {x:  35,gj  X,  =  {2k  +  (-1)^)7/2} 

(b)  {x:  3^gi  X  =  (6k  +  (-1)^)^/6)  » 

(c)  0 

jd)    {x:  3^gj  X  =  (3k  +  (-l)^)5r/3} 

(e)  {x:   3}^£j  X  =  kff) 

(f)  "-»/3  (g)  0                (h)   t/l                (i)   (no  solution] 

4.  (a)    Sj^g;^  X  -  (2k  +  -  (-l)'^y 
(b)  3kei  '<  =  (4k  ■(•  1)7/4 

5.  For  -1   <  b  <    1,  Arcsinb  is  the  z  such  that   ~Tf/Z  <;   z  <   t/l  ; 
and  sinz  =  b.    So,  for  -n/z  <  a  ^  n/z  and  -1  ^  b  5  1,  ' 
sin  a  =  b  if  and  only  if  a  =  Arcsinb, 


Hi 


4 
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^  In  each  case  we  have  analo||ies  of  (l)-{6).  In  the  case  of  tan  they  are: 

'  .  (19)  tan  a  =  tan  b  ♦-^  3^^^  a  =  ^tt  +  fe 

[a  and  b  not  odd  multiples  of  7r/2] 
(20)  tan  ajian  6       a  =^ l2i&'/2  <  c  <  7r/2,  -rr/2  <  b  <  7r/2j 


>  Tan  =  {{x,  y):  ~7r/2  <  x  <  7t/2  apd  y  =  tan  jc} 

(21)  Arctan  a  is  the  z  such  that  — 7r/2  <  z  <  7r/2  and  tan  a  a. 

(22)  .  tan  (Arctan  a)  =  a  ^ 
(^)              Arctan  (tan  a)  =  a         7r/2  <  a  <  7r/2J 

(24)  tan  a  =  c  ♦-^  3^.^^  a  =  kir  +  Arctan  c 
In  the  case  of  (x>t  we  have: 

m 

(25)  cot  a  =  cot  6  ^— *  3^^^  a  -  krr  b 

la  and  6  not  even  multiples  of  ;n-/2] 

(26)  cot  a  =  cot  6  — ►  a  =  6         [0  <;  a  <  tt,  0  <  6  <  tt] 

Cot  a  =  {ix,  3^):  0  <  X  <  TT  and    ^  cot  ;c}  " 

(27)  Arccot  a  is  the  z  such  that  0  <  z  <  tt  and  cot  2  =  a. 

(28)  .  cot  (Arccot  a)  =  a 

(29)  Arccot  (cot  a)     a  -    (0  <  a  <  ttJ' 

(30)  cot  a  =  c     >  3^^;  a  =  krr  +  Arccot  c 

As  promised,  we  collect  some  of  our  results  into  a  definition  and 
some  theorems: 

Definition  19-7'  ^ 

(a)  Arccos  a  is  the  number  z  such  that  0  5  z  5  tt  and 
cos  z^-  a, 

(b)  Arcsin ,a  is  the  number^  such  that  -7r/2  :5  z  :S  f /2  and 
z  =  a.  ' 

,   (c)  Arctan  .  a  IS  the  number  z  such  that         <  z  <  kl2 
and  tan  z  ^"a. 
(d)  Arcrot  a  is  the  number  z  such  that  0  <  ^  <  tt  and 
cot  -2    a.  V 
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Theorem  19-33 

(a)  CDS  (Arca)s  a)  -  a      [—1  5  a  S  1] 

(b)  sin  (Arcsin  a)  =  a      [-l  S  a  :S  1] 

(c)  tan  (Arctan  a)  =  a 

(d)  cot  (Arax)t  a)  =  a 

Theorem  19-34 

(a)  Arccos  {gob  cQ^-  a  a  S  ?r] 

(b)  Arcsin  (sin  a)  =  a  [-7r/2  5  a  ^  7r/2] 

(c)  Arctan  (tan  a)  =  a      [-77-/2  <  a  <  7r/2J 

(d)  Arccot  (cot  a)  =  a  [0  <  a  <  tt] 

Theorem  19-35 

(a)  cos  a  =  c  *— >3^^^  (a  =  2kTT  -  Arccos c 

or  a  =  2k7T  Arm^V) 

[-15c5  1]. 

(b)  sin  a  =  c  ^— *  3^^^^^  a  t=  %  +  (-1)'''  Arcsin  c 

(c)  tan  a  =  c     *  3^^,  a  -  Att  -h  Arctan  c 

(d)  cot  a  =  c    * a  =  krr     Arccot  c  ^ 

Corollary 

(a)  cos  a  =  6     ♦  a  =  Arccos  b  [0  :5  a  :^  tt,  -1  5  6  5  IJ 

(b)  sin  a  =  6  ^— *  a  =  Arcgin  6  {-7r/2  ^  a  S  7r/2, 
""^                            ■  -^1^6<lj  I 

(c)  tan  a  -  6       a  =  Arctan  6  [—n/2  <  a  <  7r/2]       ^  • 

(d)  a)t  a  =  6      a  =  Arca>t  b  [0  <  a  <  tt] 

I  Part?  (a)  and  (b)  of  the  corollary  are  Exercise  3  of  Part  A  and  Ex- 
ercise 5  of  Part  B,  respectively.  Each  part  of  the  corollary  follows  from 
the  corresponding  part  of  Theorem  19-35.1 

Rather  than  memorize  Theorem  19-35  and  its  corollary  you  should 
practice  recalling  them  from  sketches  of  the  graphs  of  the  functions  in 
question.  Theorem  19-33  and  Theorem  19^34  merely  formulate  the 
fact  that,  for  example,  Arccos  is  tfee  inverse  of  Cos,  where  Cos  xs  a  sub- 
set (rfcos  whose  domain  is  {x:  0  5  x  S  tt}  and  whose  range,  like  that  of 
CQS,  is  {jsc:  — 1  5  X  5  1). 


Parte 


Evaluate  each  of  the  following.  ' 

(a)  Arctan  (-1)  .      (b)  Arccot  0 

<c)  Arctan  V^3  (d)  Arctan  (tan  5.79) 

(e)  Arctan  [eot  (7r/6)]  (f)  Arcrot  [tan  (-7r/4)] 
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Answers  for  Part  C 

(d)    5.^9  "  2»  [or:  -0,49] 
2.     (a|   ix:  3j^gj  X  =  <4k  -  l)»/4} 
(c)    ix:  3j^gj  X  =  {3H+  1)t/3} 


<b)  ;r/2  (c)  ;r/3 

(b)    {x:         I  X  =  (2,k  +  l)»/2} 


(d)  {> 


J  X  =  kir  -  0.49)  [or: 


(k  -  2)ff  +  5.79)] 


(e)    {x:  Sj^gi  X  =  {3k  +  1)^/3} 


(f)  b 


•kei 


i4k  +  3)it/4} 
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3,     (c)    By  Theorem  19-35(c),  tana  =  b  if  and  only  if 

•^k€l  ^  ^        +  Arctanb.    So,  assuming  that  tana  »  b  «tnd 
that  -ir/z  <  a  <  ^/Z  it  follows  that,  for  some  k  € 

^  ky+  Arctanb  <  w/Z 

that  is«  that 

-"k^r  -  y/2  <  Arctanb  <   -k^  +  ^/2. 
Since,  also,  -t/Z-  <  Arctanb  <  it  follows  that 

-kT  -  y/2  <   w/Z   and   -^t/E  <   -k^  4  y/Z 
and,  80,  that 

-1  <  k  <  1. 

^ince  k  €  I  it  follows  that  ^k  =  0  and,  so,  that  a  =  Arctanb. 

(d)    [Simil3.r  argxjment  using  Theorem  19-35(d)  and  the  f^ct  that 
>  0  <  Arccotb  <   )T.  ] 

{Partft  (c)  and  (d)  of  the  corollary  can  also  be  established  by 
arguments  like  those  given  in  answer  to  Exercise  3  of  Part  A  a^nd 
Exercise  5  of  Part  B.    Conversely,  these  exercises  can  be 
answered  by  arguments  like  that  given  above  for  part  (c)  of  the  ^ 
corollary,  but  these  arguments  are  more  complex,] 

In  the  text  we  show  that  Arc  cos  a  4  Arc  sin  a  =  w/Z  by  showing  that 
^/Z  -  Arcrosa  =  Arcsina.    According  to  part  (b)  of  the  corollary  to 
Theorem  19-35  it  is  sufficient  to  sh^DW  that  sin(y/2  -  Arccosa)  "  sin  a 
and  -ir/2  <  y/2  *  Arccosa  <  %fz.    This  we  do.    Note  that  this  proof 
is  analogoii^to  proofs  concerning  principle  square*  toots  [the  function 
Rt  of  page^64.  ]  If,  for  exam-pie,  we  wish  to  show  that   jaj   =  '^'a^,  it 
is  sufficient  to  show  that  |a|^  =  a^  and  that  |a|    >  0,   .Or,  if  we  wish^ 
to  show  that,  for  nonnegative  a  and  b,  sfasfh^  =  NTaS,  it  is  sufficient  to  . 
show  that  isfai^fb)^  =  ab  and  ^/a^/b  >  0,    The  justification  for  the  argu- 
ment in  the  text  is  that  Arcsina  is  the  num^r  whose  sine  is  a  and 
.which  ifi -between  -^j/Z  js.nd  7t/Z  inclusive.    The  juatification  for  the 
similar  arguments  concerning  square  roots  is  that,  for  a  ^  0,  sfa.  is 
the  number  whose  square  is  a  iand  which  is  npnnegative. 

As  noted  in  t^ie  text  we  could  show  that  Arccos  a  +  Arcsina  - 
by  using  part  (a)  of  the  corollary  to  Theorem  19-3§,    [Doing  so  is 
Exercise  1  of  Part  D*  ]   To  do  this  we  would  try  to  show  that  s 

"  Arcsina  =  ArccoSa,    According  to  the  corollary  this  will 
foiled  if  we  show  that  cos(j(/Z  -  Arcsina)  =  a  and 
0  <   w/Z  -  Arcsina  <   fl'.      |  , 

In  proving  8in{Arc'cds  a)  >  0  because  0 '<  Arccosa  <   ir  and, 

for«0  <  h  <  ir,  sinb  J  0. 

The  proof  of         Js  aske^d  for  in  Exercise  5  of  Part;  -D. 
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2.  Solve  each  of  the  foHowing  equations. 

.  j  (a)  tan^  ^  -igF        (h)  (^tx  ^0  (c)  tan :t  ^  VS 

(d)  tan  a  «  t^  5.79   <e)  tan  6     cot  (ir/6)  (f)  cote  ^  tan  (— 7r/4) 

3.  Establish  parts  (c)  and  id)  of  the  corollary  to  Theorem  19-35. 

In  pomparing  your  answers  for  Exercise  1  of  Part  A  and  Exercise  1 
of  Part  B  you  probably  came  to  the  conclusion  that 

Arccos  a  -i-  Arcsin  o  =  ^  HI  :S  a  S  1]. 

We  can  prove  that  this  is  the  case  by  using  part  (^tf&r  part  (b)  df  the 
corollary  to  Theorem  19-35.  We  choosiB  to  use  parr(bX  # 

For  —1  5  a  5  1,  siti  (7r/2  -  Arccos  a)  =  co&<^^rc»p3  a)  =  a. 

[Explain.]  But,  since  0  5  Arccos  a  ^     it  follows  that  — 7r/2  5  7r/2 
Arco^  c  ^  tr/2.  Hence,  by  part  (b)  of  the  corollary  to  Theorem  19-35, 


TT 


-  Arccos  a  ^  Arcsin 


2 

Consequently,  Arccos  a  +  Arcsin  a  =  rrl2      [\1  5  a  5  1]. 


We  have  proved  part  (a)  of:  \ 

Theorem  19-36  \  / 

(a)  Arosos  a  +  Arcsin  a  =  7r/2  [-1  £  a  5  11^/ 

(b)  Arctan  a  +  Arccot  a     rrJ2  ■  f\  , 
I           .                           ■  ' 

As  a  lemma  for  a  later  exercise  similar  to  Theorem  19 -3^^  we  note 

that  ^         /  ' 

(*)  sin  (Arccos  a)  =  Vl  -a^    .[-15  ail]. 

To  prove  this  it  is  sufficient  to^iote  that,  fbr'-l  ^  S  1»  sin  (Artxos  a) 
2:  O  and  that  "  #  . 

cos*.(Ard3os  a)  +  sinMArccos  a)  =  1. 

The  conclusion  (*)  follows  at  once  wh^  one  notes  that  (Arca>s  a) 
=  a^.  Similarly, 

^  cos 


(Arcsin  ^)  =  Vl  ^  [-1  5  a  S  1]. 


924 
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Answers  to  Part  P  [cont.j 
7,     For  a%  c,  -1  <  c/sjl  +        <   1.  So. 

UnCArcsin;;^^^)  =  Bin(Arcsin~^=^)/co*{Arc8in-^=^) 

^/l  +c2/v       l+c2     s/1+c2/n/1  +  c^ 
Al8o,  since  c/Vl  +       is  neither  1  nor  -1  but  is  between  ^ 


1  it  follows  that 


Hence,  by  part  (c)  of  the  corollary  to  Theorem  19-35, 
Arcsin— —==■  =  Arctanc. 

S,     (a)    This  follows  from  Exercise  7  and  the  fact  that,  for 
--i  <  a  <   1 ,  sln(Arcsin  a)  =  a. 

(V)    cos{Arctanc)N^  sin{Arctap  c  )/tan(Arctan  c  )  -  ^-g./c 

\'  =  1/n/TTT^,  for  c  9^  0.    In  case  c  ^  0  Arctanc  =  0. 
\  cos(Arctanc)  =  I,  and  l/Vl  +        -  1, 
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Fig.  19-23 


Fig.  19-24 


'  We  ihaW  illustrate  the  methods  of  solving  equations  involving  the 
circuli  functions  ["trigonometric  equations"]  by  solving  several 
samples. 

■  Samfile  l.       Solve  for 'i*:^  sin  2x  =  V3  ^  _ 

Solution,        The  given  equation  is  equivalent  to  'sin  2x  =  V3/2 
and,  by  Theorem  19-35,  this  is  equivalent  to: 

2x  =  kiT  +  (-!)''■  Arcsin  (V3/2),  for  some  kel. 

Since  Arqsin(V3/2)  =  tt/B,  the  given  equation  i^ 
equivalent  to; 

•i*)3,^,x=m+  (-lyf^  [Explgin.3 

From  the  solution  (*)  it  appears  that  the  given  eqi^a- 
tion  has  infinitely  many  roots -  one  for  each  value  of 
'/s'.  Some  of  them  are  —  llir/6,  -10iT/6,.-5ir/6,  -4ir/6, 

.  1  '    928      "  I 


19.11   Solutioo  of  Equations  ^  471 


1.  Prove  part  <a)  of  Theorem  19  -  36  by  using  part  (a)  of  the  corollaiy 
to  Theorem  19-35.  > 

2.  Prove  part  (b)  of  Theorem  19-36.  ^  * 
8.  Show  that  ^ 

.  (a)  Arc^in  a  +  Arcsin  [—xx)  ^  0  and 
(i^i  Arecos  a  -h  Arccos  {-a)  ~ 

4.  Show  that .  . 

(a)  Arcsin  a  =  Arccos  Vl  -  [0  5  a  5  1]  and 

(b)  Arcsin  a  *=  ^Arax>s  Vl  -  Kl  ^^  a  —  0]. 

5,  Prove  (*)  with  'sin'  and  *cos'  interchanged. 
6*  Show  that  

(a)  Arccos  a  ^  Arcsin  \/i  -     _   [0  5  a  5  1]  and 

(b)  Arccos  a  ^  77  -  Arcsin  Vl  '-^ig^    |-1  5  a  5  0]. 
7.  Show  that  ^ 

Arctan  c  =  ATiqafliei  ^   

[Hint,  Part  of  the  job  is  to  show  that  tan  ( Arcsin   y.^    ^1  =  c.  For 

\  vTTc^/ 

this;  (**)  will  be  helpftiU 
&  Show  that 

(a)  sin  (Arctan  c)  «  c/Vl  c^and 

(b)  cos  (Arctan  c)  =  1/ Vl  -f  c^. 

19.11   Solution  of  Equations 

Theorem  19-35  tells  us  the  solutions  [for  V]  of  equations -pT  the 
forms:  n  - 

cos  a  -  c,  sin  a  -  c,  tan  a  -  c,  cot  c  =  e     ^  i 


The  problem  of  solving  many  another  equation  can,  as  we  shall  see, 
be  reduced  to  that  of  solving  one  or  more  equations  of  one  of  these 
types.  >    '  • 

Since  we  shall  have  frequent  use  for  the  results  summarized  in 
Thewem  19—35  it  is  worth  haVing  a  graf^nCal  reminder  of  what  these 
results  are.  The  following  figures  should  help. 


(Arccos       {2Hn  -  Arc 


{2k7r  +  Arccos  y,y) 


ERLC 


2kTT 

Pig.  19-21 

-  925 
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Answers  for  Part  D  ^  /\ 

 s  ,   ^  .  .  .  ^ 

^.     For  ^1  <  a  <   1,  cos(ir/2  -  Arcsfna)^^  sin^Afcsina)  =  a.  But, 
'sSice  -^/Z  <  Aric^ia^  <  ^>^*  it  follows  t?hat '^O  <        - Arcs m 
Hence,  by  part  (a)  of  t^ci  corollkry  to  T?ifeorex»|U  9,r^^^ 
n/Z  -  Ar.csina  -  A'rtsqpisa,    He^ice,  for        <  a\ 

*  -  '  ^  ,  "         ■ ■ ,     •  >  '     ,  '  • ' '  >  \ '  '\  » ' 

^  Arccbia  :f  Arc^iaa  =  t/Z,  ^'  • 

•     *  • '  %^ 

2.  tan(ir/2  -  Arccota)  =  cot{Arccota) a.    Bui,  sjsnce  ' 

Q  <  Arccota  <  t  it  follows  that  -3r/2  <  y/2  -  Arcc<?t'a  <.  v/z/. 
So,  by  pan  (d)  of  the  corolla ry  to  Theor^ip^  19-35, 
t/Z  -  Arccpt'a  =  Arctana*    Hence,  Arctan  a  +  At^€fcot^  =  vir/2, 
[It  is,  of  course^  also  j^ssible  to  prove  this  by  using -^rt  (c) 
of  the  corollary,]  ^  J   -      '  -  «^ 

3.  (a)    For  -1  <  a       1,  sin(-Arcfiin(ra))  =  -din(Arcsin( -^)) '  , 

=  --a  =  a.    An4,  since  -7r/2^<  Arcsi'n(-a)  <  ir/?,.^  *  * 
-7r/2^  <   -Arc^('-a)  <  ff/^*    So,  by  part  (b)  of  the  corollary 
to  Theorem  19*35  it  follows  that  -Ar<?eiQ(7a)  ^^'Arcaina.  **  ' 
Hence,  for  -1  <  a  ;^  1,  Arasina Arcsin(ra)  ^i-O, 

(b)    For  -"1  <  a  <  1,  C08{ir  -  ArccofiJ-a))  =  ^co»(A'jlfcf o«(-a)) • 
=  --a  =:  a.   And,Vsince  0  <  Arccosf-^a)  ^ 
0  <   TT  -  Arccos(~a)  <  y.    So,  by  part  <a>  "of  the  corollary  ^ 
to  Theorem  19^35  it  follows  that  t  -  Arccos(-a/^' Arccos  a,  * 
Hence,  for         <  a  ^  1,  Arccos  a  +  Arccosf^-a)  =i  ^w. 

4.  For  "1  <  a  <   1,  sin(Arcco#    1  -  a^)  =   \a,\  =  a,  for  ar  .J  0,  and 
sin^-Arccos  VI  -  a^)  =  -sin{Arccos  n/1  -  a^) '=  ""jaj  ^  ^sl^  for 

a  <  0.    Also,  since  ^1  -       >  0,  0  <  Arccos       -  a^  ^g;  V/2  and 
-^/2  <  -Arccos  \Ji  ^        <   0.    So,  i^y  part*  (b) /Of  the  corollary  to 
Theorem  19^35,  Arccos  Vl  -  a^  ^  Arcsina  fpr  0  <^  a' <   1,  and 
-Arccos  \il  -  A^cjina  for  — 1  <;  a  <  0. 

5.  For\;;^<  a  <  1,  cos{Arcsina)  >  0.    [For,  if  -ir/2  ^  b  <' y/2 
then  cosb  ^  0.]  Also, 

cos^(Arcs4na)  +  sin2(Arcsin a)  =1  ^  , 

and  sin{Arcsina)  =  a.  Hence,  cos^{Arc sin al  =  1  -  a^  and 
cos(Arcaina)      xTF-^iT^.  /  ^ 

6.  For  -1^^'  a  <   1,  cos(Arcsin VI  -  a^)^^  -^1  -  (1  -  a^)       |a|  =  a, 
for  b   >  0,  and  cos(t  -  ArcsinVl  -  a^)  =  -cos^Arcsin VI  "  a^) 

.  =  -jaj  =  a,  for  a  <  0,    Also,  since  Vl  -  a^       Oi  '    i  ^ 

0  <  Arcsin  Vi  -  a^  <  ^2  and  7r/2  <  j  -  ArcsinVl  -  a^  < 
So,  by  part  (a)  of  the  corollary  to  Theorem  19-33,  Arcsin  V^  *  a^ 
-  Arccos  a  for  0  <  a  <   1,  and  ir  -  Arcsin  Vl  -  a^  ^  Arccos  a 
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■  ■    •    ■  4  •  ■•; 

7r/6,  2?r/6*  7#/6,  Stt/^,  and  137?^6.  [Sometimes  ypji  wiH 
be' asked  for  pnly.the  nbnnagallve  root^  less  than  277. 
;Fdr  this  equation  these' are  7r/6,  ttVS,  Ttt/B,  and  ^1^.] 

Sol&  for  y:,c»s2:y  =  i  . 
.  The-^ven  equation  is  equivaleni  to:  ' 

cos>'=;7^orcos>'=-^\  . 

Applying  Theojeip  19-35  to  each  ^alternative  we 
find:  *  ^  ^ 


.   y  =  2A?r  -  -  or  y  =  2k7r  +  ^  or. 
3'=^7r  -^or>'=  2/fe7f 
for  some,/?  e  /.  Since,  for  any*^, 

2k7^         =  i2k  -  Dtt  ^  ^  and  * 

the  first  and/o£irth  of  ourjfour  alternatives,  take^  to- 
ge^l^et,  say  that  y  is  some  integi^al  muliiple,  either 
evffli  or  odd,  of  tt,  minus  ttM.  The^second  and  third 
say  th^same  thing  with  'j5Ius'  in  place  of 'minus*.  So, 
the  given  eiquatidh  is  ^uivalent  to;         ^  , 

•for^short:       /  <ii  ' 


=  (4^  ±  .  1)7^,  for  some  A  e/. 

Evidently,  the  given*equation  has  infinitely  many 
?roots— two^for  each  value  of  'k\  Those  between  0  and 
^  are  7r/4,  3;r/4,  SttM,  and  TttM'.  this  slights  that 
-the  roots  ^are  just  odd  multiples  of  irM/'^'^^haZ  this  is 
so  is  easily  ich^ed  by  inspecting  (*).  ['^xplam.] 

•    ■  .929  ■ 
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Sample  3, 


Sample  4. 
Solution. 


Solve  for  'x*72  cos^;c  ^  cos  x  -  3  ^  0 

For  any  ^,  2y^.-  ^  _  3  =  (2y^  -  3)(y  +  1).  So,  the 

given  equatii>n  is  equivalent  to: 

'  cos  X  =  i  or  cos = 

Since  |co5^,:ci  S  1,  the  first  alternative  yields  no  solu- 
tions and,  so,  th6  given  equation  is  equivalent  to 
'cos  X  ==  ^1'.  This  last  is  satisfied  if  and  only  if  x  is  an 
odd  multiple  of  tt.  So,  the  solved  form  of  the  given; 
equatio^  is:  > 

X     i2k  ^  l>7r,  for  soine  k  el/  - 

Solvdfor  y:  sin  2y  -  cosy  =0 
The  given  equation  is  equivalent  to: 

2^  sin  y  cos  y  -  cos  y  =  0  ' 

and,  so,  to:    •  ' 

♦ 

COS  j(     0  or  siny  =  i 
Hepc^,  the  given  eqi^^tio^is  equivalent  to: 


y^  i2k  -  1^1  or  . 


77 

kn  "I-  Hl)^^,  for  some  kel. 


Sample  5. 
Solutiony 


Solve  for  'x':  sin  x  *f  sip  3x  =0  .  \. 

The  given  equation  is  equivalent  to:  ^ 

2  sip  2x  <^x  =T  0      [By  what  theorem?] 

arid,  so,  tcJ!       :  ^ 

sin  2x  -  0  or  cos  x\-  0. 


Sample  6. 
Solution  1. 


The  solved  form  ife  _ 

Solve  for  'u*:  1  +       u  -  VS^sin  u 
The  ]|iven  equation  is  equivalent  to: 


-I  ■ 


950 


Soli^tion2. 
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2  cos2       -  V3  '  2  sin  (|)  cos  (|) 
and,  so,  to: 

cos(|)=Oprtan(|)=^ 
Hence,  the  solved  form  of  the.given  equation  is: 


u  =  (2k  -  1)77  or  u  =  2k'n  +  ^,  for  some  keL 

The  given  equation  is  eqtiivalelU;  to: 

u  •  1  -  sin  u  •  Vs  =  -^1  # 

and,  so,  to: 

vT+'a^eos  u  •  I  -  sin  u  •  ^)  =  -1. 


and  to: 


cos-u  '  cos       sm  u  •  sm  g-  = 


1 
2 


Hence,  the  given  equation  iS  equivalent  to: 


cos 
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The  result  in  Thfeorem  19-37  finds  many  usee'in  applications  oi 
mathematics,    Amo^g  those  lis  the  solution  of  various  problems  dealing 
with  maxima^and  minima,  ajs  evidenced  by  Exercise  2  of  Part  A.  The 
basis  of  the  proof  is  that,  £6r  a  >  0 'and  any  b, 


a' 


■%fa2  + 

From  this  it  follows  thatJ  for  a  <"  0, 


cos{i^xctan^),      .         , "  «in{Arctan^). 


=  COS 


(A^ctan|-7X 


3in(Arctan^  -  y) 


Thus  if  is  not  only  the  pse  that,  fair  any  ordered  pair  (a,  b)  for  which 
a  #  0,  there  is  a  number  c  such  thata,p^^cos  c  and  b  =  ksinc, 
where  k  =  N/a^  +  b^?.  hut.  also.  we=^*n5w  how  te  find  such  a  number  c, 
[For  a 


0  and  b  ^  0  we  may  take  c  .to  be  w/Z,  ] 


This  procedure/of  •^normalizing'"  an  drdered  pair  (a,b)  is  of  use 
in  other  connection^  besides  that  which  leads  to  Theorem  19-37,- 
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"Answers  for  l^rt.A 
1.     For  a«y  ^,  b.  and  x  [with  (a,  b)  #  (0,  0)] 


a  cosx  +  b  8inxj=  Va2+  b^(cosx* 


:  +  S  iftx  ' 


For  i  >,  0.  '^a^  +  b^  =  a%/l  +  b^/a^  and,  so, 

J —  1  ^ 

a  cosx+b  sinx  =  >/a  ^  +  b^^^e,^sj  •  -^j^=:^^}^  -h  s  in  x 

So,  by  Exercise  8  on  page  471, 


suixj 


b/a 


•>  b 
a  cos  x  +  b  sinx  =  «s/a^  +  b^[coVx  •  co8(A^xi\an 

J  b ' 

,  +  sinx*  sin(Arctanr")]. 

^       Hence,  by  the  addition  theorem  for  cos,        .  /  - 

a  cosx  +  bjBinx  =  N/aTT^  co»j(x  -  Arctaiv,^)^ 

2.     By  Theorem  19-37,  cosx  +  sinx  =  ^co8(x  Thii  ha^* 

greatest  value  when  x  -  ir/4  is  an  even  multiple  of  »  and  ha^f^ 
least  value  when  x  -  ir/4  is  ^n  odd  multiple  of  ir.    So  Iwitii  0  for 

.  ^the  even  multiple  of  y  and  tt  for  the  odd  multiple  of  t]  ««x  +  sin 
.  Has  its  greatest  value  at  t/4  and  its  least  value  at  5*/4. 


and,  by  Theorem  19-35  to: 

u  +  ^  =  2^77  +       for  some^  6  /. 

The  technique  used  in  Solution  2  for  Sample"^  wl^n  combined  with 
the  results.of  Exercise  8^of  ?art  D  on  page  471  yields  the  following 
result: 


Theorem  19-37  For  a  >  0, 


;  c  cos  *  +  6  sin  x     Va^  +  6*  cos     -  Arctan  -j. 


1  / 
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Exerciies 


Part  A 


Parts 


1,  Prove  Theorem  19-37. 

2.  For  what  value  'x*  betweNBn  0  and  27r  do^  the^pression  '<xm  x 
4  gin  ;c'  have  its  greatest  value?  Its  least  value? 

Solve  each  of  the  following  equations  for  'x\ 


1.  2  sin'  x-Hcosjc-l==0 
3,  3  sin  2«  -h  2  cosV^t  «  2 
5.  tan  Sx  =  tan  5x 
7,  tan  2x  =«  2  tan  x 
9*cos5;c  +  cos3^-0 
11.  sin  4x  -  sin  2x     cos  3:r 
•  13«  sec  ;r     tan    -  1 
15,  sin:c  ooax  =^  0 
17.  sin  2x  «  V2  cos':c 

1 9.1 2  Chapter  Summary 


2.  tan  ac  +  cx>t  X  =^  2 
4.  sin  X  4-  sin  3a:  =  cos  jc 
a  12COSX     5sxn:t-  13 
cqb2x  ^  cc^^  X 

10.  sec«  :^  »  tan^  X  2 

12.  2  cos«  (x/2)  'i^^c^  2x  =  0  ' 

14.  sin2x  :f  sinjc  -2coex  -  1  =  0 

^6.  sin    4-      22C  =  0 

18*  cos  Sx  -  sin  x  =  cos  x 

\ 


Vocid^ulary^Summary 


the  ^gWing  function  W  , 
reduction  formula 
doubling  formula 
identity 

cofunction  transformation 
inverse  drctUar  functions 


periodic  function 
circular  functions 
halving  formula 
Psiiiagorean  identity 
direction  cosines  for  I 
ttigonometxk^equations 


Definitions 
10.1. 


19.2. 


(a)  W(0)  -  U;  (b)  for  0  <  a  <  2fr.  W{a)  is  thepoint  X  such 
that  the  measure  of  the  counterclockwise  arc  UX  is  a; 
<c)  for  a4{x;'o  kx<  27t},  W{a)  -  Wia  -  24a/2ir]]X 
(cc^  (o),  sin  (c))  ^  Wia)  '       -  | 

a  ^      (ffa/isa>  and  ^»n  a  =  sm  (^a/180). 

1 


19-4.  •  (a)  tano 


sm  g 
cc^  a 
cos  a 


(h)  sec  a  s= 
(d)  CSC  a 


cos  a 
1 


sin  a  '  '  sm  a 

[{a)»  0>)  defined  for  real  numbers  which  are  not  odd  multiples  of 
'         7r/2;  (c),  fd)  defined  foF  real  numbers  which  are  not  even  mul- 
ttpl^of  7r/2J 

19-5.   For  iL4  not  a  right  angle,  tan  2^     sin  /Jija^ 
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Answers  for  Part  B  . 
1.     3j^gj  (x      2k#  -        or  X  =  ikTf  or  X  =  Zkir  +  ^) 
[Replace  'sin^x'  by  'I  -cos^x^^] 

^k€l  ^  ~  [Equation  is  equivalent  to  'tan^xi  1  =  2  tan: 

3.     3]^g|  {x  =        or  X  =        +  Arctan3)   [Equation  is  equivalent  to 

•cos2x  f  3  sinZx  =   V  and,  so,  to  *cos(2x  -  Arctan  3 )  =  1 /n/To 
^  cofr(Arctan3)\    Use  Theorem  19-32(a)  ) 

^k€l  "  ^^^/^        ^  +  (-1)^37/12)  [Equation 

equivalent  to  '2  sin  2x  cosx  =  eos  x\  ]  *  ' 

^kcl  ^  ^         I^se  Theorem  19-3^(c).  ]  . 


^'     ^k€l      '  '^^^  "  Arctan(5/12)   fCquation  equivalent  to 
'cos{x  +  Arctan  jj)  =  l\] 

^'   ^k€l  ^  =.ky   [Equation  equivalent  to  'tanx  =  0  or  1  -tan^x^r  — 
that  is,  to  'tanx  =0'.] 

^'     ^k€l      ^         [Equation  equivalent  to  'cos^x  =  1'.  ] 

^'     ^k€l       "         "  ^^^/^  or  X  =  {2k  -  1  )ir/2   [Equatioif  equivalent  to 
'cos  4x  cos  X  =  0' .  ] 

10.     [no  solution]  [Recall  that,  for  any  x,  ^c^x  -  tan^x  4-  1.  ] 
^k€l  ^      Uk-  l}t/6   [Equation  epuiva'i^nt  to 
'^2co8  3x  sinx  =  cog  3x\  ]  , 

^k€l  -  1)^/2  or  X  =  (3k  ±  1  )2^/3   [Equation  equivalent 

to  '2c082x  +  cosx  =va\  ]   ^  * 

^k€l       "         '  ^^^^  [Equation  equivalent  to  'x  not  an  od^  y 
multiple  of  t/Z  and  T  =  sinx  -  cosx\    The  latter  equation  is  ' 

equivalent  to  *i  4  cos^x      sinx'  and.  so,  to  •'Zcos^r^*^  sin^-coBT^f 
«  £        it  . ' 

^k€l  ^^^"^         or  X  =  (3Jc  ±  1)2^/3)'*  [Equation  equivalent; t\> 

'2  sinx  cos  x  +  sinx  -  cosx  r  I       Q*  and,  so,  to  ^ 
'{sinx  -  1)(2  cosx  +  1)  =;  0%  1  »  ,  . 

15.  ^k^j  3^  =  ky/Z   [Equation  equivalent  ta^'^sl^x  =  Jp:^^_ 

^k€|       ""J^^  M-l)^b/6  or  X  -  2k^r  +  T/2)l^qt3ation  e<?juivale^^ 
,  '      to  ?sinx  +  i  -  2  sin^x      0\  J  '  ' 

^k€l  "  ^^^/^       ^  +  (-i)^;r/4  [Equation  equivalent 

•to  *2  sinx  coex  =  V2cogx*.  J  ; 

^kel  (2C  -  kff  or  X  =  ky/2  -  {-l)^y/l2)   [Equation  is  equiyalent  to  ' 
*cos3x-cosx  =  sinx'  and,  so,  to  • --2  sin 2x  sinx  =  «inx\  j 
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18^   crc  a  =  ta^^  la  not  an  odd  multiple  of  tt]  \ 

19-7.   (a)  ArccM  a  is  the  numlw  z  such  that  Q-^^^n  and  cos  2  =  a. 

(b)  Arasin  a  is  l^ie  number  z'such  that  — 7r/2  <  ^  5  7r/2  and 
sin  2  ^  a. 

(c)  Arctan  «  is  the  number  z  such  that  -7r/2  <  ^  <  and 

^  ^    tan  2  =  0* 

'    (d)  An^ta  is  thenbmber  zsuch  thatO  <  2  <7randcotz  =  a  1 

Other  Theorem 

LemilJ^  I.  ^or  any  a,  W^(a)  =  Wia  -  277{[a/27rl). 
19-1.   W  is  periodic  with  period  27r, 

Lemma  ^2.  For  0  ^  a  <  6  <  27r,  one  of  the  arcs  with  endpaints  W{a) 

and  5V(6)  has  the  measure  6  -  a, 
lfr.2.  *or  0  ^  a  <  6  <  2it,  dma^  Wib))  W{d  -  a)). 

19-3.    For  0  <  c  <  27r,  L7W(-c)  =  UWid 

CoroUary.  For  0  5  c  <  27r  and  0  <  c/  <  27/,  W{d)W(c)  »  LW(c  ^  d). 
19-4,    cos  ZA  =  cos      (ZA)  and  sin-^  i/lA)  =  sin  (mM/-A)).  ^ 
^Corollary,  cos  zLi4  =  cos  (m(£A))  and  sin  LA  =  sin  (miL^)). 
19-5,    cos^  a sitf  a     1  ^ 
19-6.   cos  and  sin  are  periodic  with  period  27r-that  is»  cos,(o  +  27t) 

=  cos  a  and  sin  ia  +  27r)  =  sin  q. 
CoroUary*  For  any  k^J,  cos  (a  +  2k7r)  =^  cos  a  and  sin  (a  ^  Zkir) 

'^"^  sin  .a.   S  '  '  * 

19^7.    If,  in  AABC,  a,  j8,  and  y  are  the  radign-measur^  of  Z^, 
and  ^C,  and  a,  b,  and  c  are^the  measures^! BC,  CA,  and  Afl, 

.'^  sin  a     sin  p 
then     =     +  6^  ^  2a6  cos  y  [cosine  law]  and  - 

*  — ^[sine  law]-  ^ 

l^a    [The  Subtraction  and  Addition  Laws  for  cos  and  sin] 
•  .  (a)  cm  ia  -  b)  -  cos  aco&6  +  sin  a  BirOb  .  \ 

(b)  cos  (a  4-  6)  -  cos  a  cps  b  -  sin  a  sin  ^  . 

I   <c)  sin  <a     ft)  ^  Bin  u  cos  6  — ^3C^  a  sin  ^ 

'  '  (d)  sin  (a  +  6)  =  sin  a  (x>s  6  -i-  cos  cusin  b 

19'9»   cos  is  even  and  sin  is  odd,  *         -  ^ 

19-id,  (a)  cos  (7r/2     a)  =  sin  a  <b)  sin  (7r/2  -  a)  ^  c»s  a 

1  CoroUary*  a  >  6  =  ?r/2  — ♦-  cos  6  =  sin  a  s 

19-11/ (a)  cos  2a  =  cos^  a  ^  8i^^>^  (b)  sin  2c  =^  2  sin  a  cos  a 

Corollary,  (a)  cos  2a  =  2       a  -1        (b)  cos  2a  =  1     2  sirf  a 
19-12.  (a)  colft  (a  4-  'n-)  -  -cos  a  «  cos  (a  ^  ir)  . 
(b)  sin  (a^  tt)^  -s\n  a  =  sin  ^  -  5r)*     ^  ^ 
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19-13-  (a)  cos  a  cos  6  =  lcos,(a  -  6)  +  cos  (a  +  6)1/2 

(b)  sin  a  sin  i  =  [cos  \a  -  6)  -  cos  (a  +  6)1/2 

(c)  sin  a  cos  6  =-  Isin  {a  -  b)  +  sin  (a  +  6)1/2  ' 

(d)  cos  a  sin  6  =  -4sin  (a  -  b)  -  sin  (a  +  6)1/2 
19- W.  (a)  cos  £f  +  cos  c  «  2  cos  Kc  +  60/21  cos  lie  -  d)l2]         ...  - 

*    (b)  cos  d  -       c  =  2  sinKc  +  cO/21  sin  [ic  -  d)l2]    ;  ,• 
'     (c)  sin  d  +  sin  c  =  2  sin  [(c  +  £f)/21  cos  [(c  -  <i)/21 
(d)  sin  d  -  sin  c  «  -2  CO*  [{c  +  d)/21  sin  [(c  -  d)/21  ; 
19-lB.  For  Ac/,  (a)  cos  (a  +  kn)  =  (-1)*  coa  a,  and 

(b)  sin  (a  +  kn)  =  (-ll*'  sih  a.  -  i 

19-1&  For  k€l,  (a)  cos  [p  +  (2A  +  l)ir/2]  =  -HI)*  ?in  a,  and 

(b)  sin  [a  +  i2k  +  l)7r/2]  =  (-1)*  cos  a.  , 
CoroUary.  For  k  €  I,  (a)  cos  Att  =  i-lY,  (b)  cos  (2A  +  l)7r/2  =  0, 

(c)  sin  *7r  -  0,  and  (d)  sin  {2k  +  l)7r/2  =  (-IV'-  , 
19-17.-  (a)  cos  a  «  0  — *       a  =  {2A  +  l)7r/2  '\ 

(b)  sin  a  =  0  — *  3fc.,  £Z  =  *7r 
CoroUary.  (a)  cos  a  -  0      3^,,  a  =  (2A  +  l)ir/2 

(b)  sin  a  =  0      3j.,;  a  =  kir 
19-18.  (a)  (2A  -  l)ir/2  <  a  <  (2A  +  l)ir/2  — •  Bgn  (oos  o)  -  (-1^  , 

(b)  &ir  <  a  <  (A  +  l)7r  — »  sgn  (sin  a)  -  |-1)* 
19-19.  (a)  cos  is  decfreasinig  for  0  ^  a  5  w,  and 
(b)  sin  is  increasing  for  -7r/2  ^  a  ^  ■n-/2, 
19-20.  cos  a  =  cos  (180a/7ry  m&  sin'c  -  sin  (l^Oaj'ir)''. 
19-21.  ia)  sec*  a  -  tan*  a  =  1  Ic  not  an  odd  multiple  of  7r/2] 

(b)  csc^  a  -  cots  a, «  Ua  not  an  even  multiple  of  ■jr/2] 
9-^.  t^n  and  cot  are  periodic  with  period  ir;  sec  and  esc  are  p||ipdic 

with  period  27r,  ,  '  ' 

19-23.  tan,  cot,  and  CSC  are  odd  functions;,  sec  is  an  even  function. 

,v      tan  g  -  tan 
19-24.  (a)  tan  (a  -  6)  =  {^^^^^    ^  f  . 

■    [a,  b,  a  -^  b  not  odd  multipfes  of  tr/2] 

, ,      tan  a  +  tan  b 
(b)tan(a+6)-j_^^^j 

*  la,  b,a  -¥  b  not  odd  mult^lra  of  7r/21 

CoroUary.  For  a  not*  an  odd  multiple  of  ir/4  or  of  7r/2,  tan  2a 

r    ■ ,    1    tanf  a, 
19-25.  For  k  e  Mnjt'a  not  all  ev<Sn  multiple  of  7r/2, 

CoroHary.  (a)  tan^w/S  -  is)  «  cot<t  [a  not  an  even  multiple  of  ir/2I 
V  ^  (b)  cot  (5^/^^\£^)  -  tas^  o  to  not,  an  odd  multiple  of  ?r/21 
19-26*  <«)  tan  a  =  0      a  is  an  even  mulfipU  of  ir/2  • 
Cb)  cot  a  =.0,*-*  a  is  an  «^d  multiple  of  7r/2  ^ 

19-27.  For       not  a  right  angle,  tan  ZJi  «  tan  (m(^A)). 


IS 
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19-:^  If  a  and  ^  are  the  radian-measures  of  tv^  angles  of  a  ti^angle, 
and  a  and  b  are  the  measure  of  the  sides  opposite  these  an- 
gles, then  ^  . 
•         '            Q  -  6  _^  tan  f(a  -  pV2] 

.   ^  a  +  fc  "  tan  I(a  +  ^)/2]* 


_  _  a  /     a\  /I  +  cos  a 

l»-29.  U)  cos^r  «.sgn 


(b)  Sin-  =  sgn  I  sin  ^jy— 75  


(c)  tan|='sgn^tan|)^ 


-  COS  a 


cos  a 

[a  not  an  odd  multiple  of  tt] 


a  '/it: 
^2  *  V — i 


Corollary,  (&)  .c<^  ^  «  \/*  '  ^   l—rr  ^  alS  tt] 


(c)tan^=  Vr^^      [0  5a<V3 
2      V  1  +  cos  a  ^ 

19-30«  tan  i  =»  r"^"^ —      f^*  ^^©t  an  odd  multiple  of  tt] 

2     1  +  cos  c  '  '  ^ 

•       sin  a  \ 
i^9-31*  For  a  not  an  odd  E^iultiple  of    (a)  ere  a  =   

.             I  -  crc^  a      ....  2  crc  a 

(b)  00s  a  =  -r  »  and  (c)  sin  a  = 


1  +  crc^a*  1  +  crc^  a 

IBSZ  (a)  co^a  =  €?os  6       3^^;  (a  =  2fe7r  -  6  or  a  =  2A7r  +  6) 
(b)  sin  a'=  sin  b  ^  3^,;  a  =  ^tt  4^  (-1)^6 
,    (c)  tan  a-i  tan  b  a  =  kir     b      [neither  a  nor  b  an 

odd  multiple  of  tt/2] 
id)  cot  a  ^  cot  6    ♦  3^^;  o  =  ^17  +  6      [neither  a  nor  6  an 
even  multiple  of  7r/2]  ^ 
l9-33.^  (a)  cos  <Arcco$  a)  =  a      [-1  5  a  <  1] 

(b)  sin  {Ar<»in  a)  «  a      [-^1  5  a  5  1] 

(c)  tan  (Arctan  a)  =  a 

(d)  cot  (^ccot  a)  ^  a 

19^.  (a)  Araxxs  (cos  a)  ==  a      [0  <  .  , 

(b)  Arcsin  (sin  a\  =  c  [— 7r/2  5  a 

(c)  Arctan  (tan  a)  I--^/2  <  a''<  7r/2]  . 
idy  Arcoot  (cot  a)  «  a      [0  <,a  <  tt] 

19«35»  (a)  00s  a    c  ^  3^^;  (fi5i^«  2fe,7r  -  Arcbos  c  or  a  =  2^  +  Arc% 
•  /      cosc)[-l  <ci  l[ 

(b)  sin  a  =  c      3^^^;  a  -  kir  f  (-1)*  Arcsin  c      [—1 :5  c  <  1] 

(c)  tan  a  =        3^^;^  =  Air  -f  Arctan  c  w^*^ 
Cd)  cot  a  ^.  c      3^^;  a  ^  Aor  +  i^^t  c 
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Corollary,  id)  cos  a  =  6  <^  a  =  Arccos  6      [0  5  a  :^  tt, 

(b)  sin  a  -  b     ^  d  =  Arcsin  6      [f-Tr/S  5  a  ^  7r/2, 

-1  ^  6  <  1]      '  ^ 
(e)  tana  =  6       a  =  Arctan  6   -  [— 7r/2  <  a  <  7r/2] 
(d)  cot  a  ^  '6     ►       Arca>t  6      [0  <  a  <  tr]  ^ 
^9^&  (a)  Arccos  a  ^  Axxsina  ^  7r/2  (b)  Arctan  a  4-  Arccota  =^  itI2 

19-37.  For  a  >  0,  a  cos    +  6  sin       Va^  ^  6^  cos  (^x  -  Arctan  ^j. 

Chapter  Test  ^ 

1.  Compute  each  of  the  following  without  making  use  of  tabl^. 
(a)  sin  (-25^/2)  ^  (b)  cos  (IStt/S)         (c)  tan  (-1777/6) 

(d)*cas  Btt  (e)  Arccos  (^1>         (f)  Arcsin  1 

^  (g)  Arctan  1  (h)  Ara»t  (^1)    .     (1)  sin  (Arccos  1) 

<j)  cos  (Arctan  (-1))        (k)  sec  (-ISttM)  j     (I)  esc  (17^6) 
2/  Given  that  sin  a  -  I  and  cos  &  =  7-1^,  6ndwe  following.  [Give  al^ 
possible  answers,]  *  '  ' 

(a)  sin  (a  +6)  *  (b)  cc«  (c  -  6)  ^  - 

^   3«  Establis^these  identities. 
cot^:i: 

(a)  r—  =  cos^  X  (b)  1  -  tan^  x  cosF  x  =  cos^  x 


1  4-  COt*JC  ^ 

,  V  «  I  -  I  .  +  sin 
(c)  cos^ 


^  id)  sin  (x  +  J')  -  sinTx  -  y)  =  2  cos  ;c  sin  y 

4«  Simplify  each  of  the  following,  expressing  your  resulta  in  terms  of  - 

*cos  x\ 

(a)  cos  X  +  sin  a:  '  tan  x  (b)  1  +  tan^  x  ^ 

(c)  sin  2:^(2  sin  x)  id)  (1  -  tan^  ;c)/cos  2x  ^ 

S.  Solve  these  equations  and  give  all  the  solutions  between  0  and  27» 
inclusive.  * 
(a)  2       x  -  Scc^i  x^l^Q  (b)8injc4-cosx«l 
&  In  each  of  the  following,  you  are  given  an  equation  which  describes 
^a  function  relaif^  to  the  circular  functions.  In  eadi  case,  give  the 
T^eridd  and  range  of  values.]    -  ~^  ^ 

^        (a)  y  =  3  sin  2;c  (b)  y  =  -2  cos  4x  ^//fh  tan  Zx 

Background  Topic  ^ 

^  '  In  the  Background  Tot>ic  for  Chapter  13  we  discussed  Uie  field  of 
complex  numbers.  This  is  the  set  ^  01  of  ordered  paii^  of  real  num- 
bers subject  to  the  definitions> 

(1)  (a,  6)  4-  ic.  d)  -  (a  +  e?fe  -f  S).  0  ^  (0,,«.  -Ko,  6)    (-a,  -6) 
ra^  *  '      1^"'     ^     d)  -  (oc  -  id,  ad  1  »  (1,  0), 

.  ,  ,  .      l/(a^  6)  -  iaJi(^  Vb'),  -6/(a2  +  6*))  ^ 
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Answers  for  Chapter  Test 

1.  U)    -1  (b)   1/2  (c)   l/^/T  (d)  -1 
(e)    t                     (f)  ^2                    (g)  5r/4  (h)  3»/4 
{i)    0          ^      (j)  l/^/T           •      (k)  sfT  (i)  2 

2.  (a)    33/65.  -63/65  .  (b)  56/65.  16/65.  -16/65.  -56/65 

,      ia\      cP^gx     _  cot^x  =  cos^x  ^  ^^^2,^   r    not  a  multiple 

.         »*'    1  +  cot^x       CSC^X,      »x»«x  '      ,  ~- 

of  »]  <^ 

(b)    1  -tanExcoB^x  =  1  -^jJ^cosSx  =,  1  -^sin^x  =  cosSx 
Jx  not  an  odd^^ultiple  of  */2] 

,  'i^com|^2x) 

(C)^  CO«2<^  -  X)   =    —  1  — ^ 

^  (d)    »in(x  +  y)  -  ain(x  -  y)  =  (sinx  cosy  +  cosx  siny) 
^  -  {sinx  co»  y  -  cqs  x  ainy)  =  2*  cos  x  siny 

4.  <a)   /cofix  (b)  /coB^x  (c)  coax  (d)  /cob^x 

5.  ,{a)   3kgi4>t  =  ^^^"J  or,x^  2k^r  or  x  =  Zkx  +  5-); 

,       0,  i/3.  5r/3 

(h)   3^^j  (x  =  2kir  or  X  =  2kT  +  t/2);   0,  tt/Z 

6.  {al   period  =^  ar,    range  =  {x:   -3  ^  x  ^  3} 

(b)  period  «  ^r/2,    range  =  {x:   -4      x  ^  4} 

(c)  period  -  ff/^.  ^range  =  ft 
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We  also  used  multiplication  of  a  romplex  numbej;^y  a  real  numberr 

(3)  (a,  6)c    iac,  be)  >v 

and  noted  that,  with: 


^(4) 
(5) 


i  =  (0,  1), 
/(a,  6)  =  la  +  ib. 


Since,  for  any  a  and  6,  (a,  0)  ^  (6,  0)  «  (a  +  6,  0),  (a,  0)  x  j6,  0) 
(06,  0),  and  {a,  b)c  =  (a,  6)  x  (c,  0)  we  found  it  convenient  to  "iden- 
tify" each  real-complex  pumber  (a»  Q)  with  the  corresponding  real 
number  c  and  so,  by  (5),  to  write  'a  ib' in  platxi  of '(a,  6)'.  This  con- 
vention and  the  ordinary  rules  of  algebra  made  it  easy  to  riemember 
the  definitions  of  addition  and  multiplication  in  (1)  and  (2): 

{a  ^  ib)  +  (c  -h  icD  «  (a  -h  c)  ^  i{b  +  d) 
and  since,  by  (2)  and  (4),  J*  = —I:  *  * 


{a'+  ib)  X  (c  4-  ifiO 


ac  +  Had  +  6c)  +  i^(bd) 
(oc  -       +  Had  +  6c) 


In  addition  to  the  ftmdamental  definitions  in  (1)  and  (2),  we  defined 
the  conjugate  of  a  complex  number: 


^   \(a,  6)1  *  Vo^VF 


(6)  (0,6)  =  (a,-*) 

and  the  al^lute  value  of  a  complex  number. 

(7) 

,and  noted  that 

<8)  M#   '  ^  = 

It  was  (8)  which  moB  vated  the  ddfinition  of  reciprocation  in  (2)  since, 

l0/t(a,  6)1*1  -  i 


(a,  6)  X 

Note,  finally,  how 
^^ue  and  c(H\}ugate 


[(0,6)  ^  01 


+  i6'  notation  and  the  notions  of  absolute 
[y  the  canyiag  out  of  ^visions: 


(a  +  16)  ^  (c  +  wf) 


a  ^  ib 
c  +  id  . 


c  ^  /d    c  id 
(oc  +  6c0  +       -  od) 


c  4- id  ¥^  0 


'oc  4"  M 


be  ^  ad 
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Part  A 


I,  Simplify  -  that  is,  find  an  equivalent  expression  of  the  form  'a  +  W 
[or,  'a  -  ib']:  ^ 


(a)  (2  +  i3)  +  (5  -  i7)  - 
(c)  (4  -  i6)  -  {7  4-  i2) 
(e)  i2  -  t)  X  (-3  +  {2:^ 


(g)  (2  +  i5rt<3 
(i)  (1  -  if 
(k)  i» 


ay 


(b)  -(3  -  i4) 
(d)  (3  +  i4)  X  (2  +  i3) 
(f)  /(3  +  {4)  ' 
(h)  (V3  +  if 
(j)  «^  . 


2.  For  each  part  of  Exercise  1,  draw  a  picture  like  those  in  Fig.  19-26 
showing  the  "given  numbers"  and  the  answer.  [For  example,  for 
part  (a)  ahpv/  2  +  i3,  5  -  il,  and  (2  +  i3)  +  (5  -  il).]  , 

Is  the  Background  Topic  for  Chapter  13  the  definition  of  multipli- 
cation in  (2)^  was  justified  by  showing  that  it  did  have  properties  such 
that  .^^  X  j5§  together  with  (1)  and  (2)  form  a  field.  No*  that  we^ve 
studied  the  citxnilar  functions  we  can  Approach  muItii*ication  of  com- 
plex numbers  from  a  different  direction  and  obtain  some  motivation 
Cor  otir  definition  of  multiplication* 

By  Exercise  5  of  Part  D  on  page  405  and  Theorem  19-4  it  folloi:^ 
that,  for  a  +  i6  1^  0,  if  r  -  |a  +  ib\  =  Vo^-T?  then  there  is  exactly 
one  number  B  such  that      <  $'S  ^  and  ^* 


(9) 


a  ^  ib  ^  r  Qo%  B  -k-  ir  s\nS» 


[This  nu^iber  B  is  the  measure  of  ZUOP  where  f/  =  i,  (5  =  ft  afld 
P  =  (a,  61]  Of  course  ther§  are  other  numbers  B  not  between  — rr 
77  for  which  (9)  is  satisfied.  Any  two  of  these  difier  by  a  multipl^i^2^ 


a  ^  ib 


0' ■. 


4> 


*  • 

.  •  1 

Fig.  lS-25 . 


sUK^^ea^  is  caBed  an  ar^^^mient  of  a     ib.  Recalling  the  defini- 

tSmj^ojtih^^hee  that  the  argume^fiN;^    ib  are  just  the  soluticms  of: 

(10)  cos  e  =  G^r  and  sin  ^  =  6/r, 


where  r  «  + 6*.  For  example,  the  argwae&ts  of  1  4^  i  are  just 
the  numb^  irl4    2kn^  where  k^L  ^or  r  =  Q^a        -  0  an4*each 
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Answers  fy  Part  A  > 
U  .   (a)    ^  -  i4       (b)   -3  +  14 


(c)  -3-17 


•(d)    '-b  +  il7 


<e)    -4  +  17     (f)   3/S-H4/S)    (1)  26/Z5  +  i{23/25)    (h)   Z  i  l{Z^Jl) 


(i)    -12  (j)  -± 


\ 


\ 


A 


H — h 


[The  figures  for  (c)  -  (l)  ar^  of  a  similar  kind,  } 


'7.  '  A  -  *r 


7 


/ 
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real  number  satisfies  (9)  and.  so.  is  an  argument  of  a  +  ib.  Using  (3) 
we  could  rewrite  the  right  side  of  (9)  as  , 


(11) 


a  +  ib  ^  r  (cc«  e  +  i  sin  6) 


An  expression  of 'the  form  of  the  right  side  of  (11)  is  called  a  polnr 
/orm  of  the  complex  number  to  which  it  ref^s. 


PartB 


9i3 


1.  What  are  the  arguments  of  the  complex  number  i?  Of-i? 

2.  What,are  the  arguments  of  I?  Of-i?  • 

3.  What  are  the  arguments  of  the  real-complex  number  a 
ta)  ifa>0?  ;       (b)  ifc<09 

^'       T  °f      "P"r«  imaginary-^number  ib 

(a)  if  6  >  9?  .  (b)if6<0?- 

5.  (a)  What  are  the  arguments  of 

-(b)  Give  a  polar  form  for  each  of  the  numbera  in  part  (a)  - 

6.  -Bhow  that  the  arguments  of  the  conjugate  of  a  given  complex  num- 

^XwS-  - °^  arguments  of  the  given  complex 
number/  mmt  6  is  an  argument  of  a  +  ib  if  and  onJiy  if  (10)  is 
satisfied,  fi^  (10)  is  satisfied  if  and  only  if  cos  i-J^  JJld 
Sill  {-^a)  =  — o/r.J 

7.  S^^^  that  the  arguments  of  the  opposite  of  a  given  Lmplex  num- 

m  ^^'^^"g  ^.to  the  arguments  of  the  given  num- 

•  her.  [Hint  Proceed  as  in  Exercise  1,  but,  instead  of  using  the  fact 
-      that^  18  even  and  sin  is  odd,  use  the  fact  that  cos  (fl  +  ?r)  =  -cos  S 
and  sin  (g  +  77)  =  -sin  $.]  | 

8.  Use  the  -definitibn  of  multiplication  of  complex  numbers  [and 
/  of  multiplication  of  complex  numbere  'by  real  numbers]  and 

^iib  °^      circular  functions  to  find  a  polar  form  for  - 

^  r  (cos  e  +  {  sin  6)  x^(cos  0  +  i  sin  0). 

In  Exercise  8  you  should  i^ve  found  something  you  knew  before 
-that  the  absolute  v^ue  of  ^  product  of  complex  numbers  is  the  pro- 
duct of  the  absolute  values  of  these  numbers-and  something  new 
Ihe  new  thing  is  that  any  sum  of  arguments  of  given  complex  nam-" 
bere  is  an  argiunent  of  theit^roduct.  Boih  these  results  are  contain^ 
in  the  r^ult  oC  Exercise  8: 


(12) 


.ria^e  +  /'sin  £>)  x  s  (cos  <^  +  Tsin  <^) 
=  (r«)Ico8  id  +  (^) -f  i  sin  iff  +.  (f,)] 


Notice  that  t^i^  result  gives  a  very  simple  proof  th^t  multiplication 
of  complex  numbers  is  both  commutative  and  associative.  It  is  com- 


Answers  for  Part  B 
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i. 
2. 

3. 
4. 
5. 


The  .lumbiT  a  1,  a„  argumrtit  of  i  if,  fo,  ,ome  k  e  I    a  - 

(a)     U)   the  even  multiples  of  tt  minus  jrA 
in)  the  even  multiples  of  w  plus 
(ni)  'the  even  maTliples  of  n  riiinus  ir/3, 
■  (b)     (i)   v/T  (cos(7ff/4)  +  J_sin{7,r/4)] 


(ii) 
(iii) 


6. 
•7. 


fcos(^/3j.+ J_  sin(s-73)] 
[coe(-7r/3)  +^  sin(-^/3L)] 


J 


In  eacjb  case  there 
>•  are  other  equally 
correct  answers. 


Suppose  that  8. is  an  argument  of  a  +lb.'  This  is  the.case  if  .nd 

'  cos  9      ^/r   ana    sin  0  -  b/r,' 

with  r  =  ^/^TT-p,    si„^^  cos(G  +  ^)  =  -cos  0  and 
sin{0  +  ,r)  =   -sine,  («)  holds  if  and  only  if 

cos(8  +  ^)  =   -a/r   and    sin(e  +  jrj  =  -b/r. 
S^l'  ^^^'^^  if         only 'if  B  +  ^  is  an  aVgikment  of  -{a  1  ib) 

?oWs tl'''""      ^-^tiplication  given  in  (a)  on^page  480  it 

(r  ^os  e  +^r  sine)  X  (s  cos  0  +J_s  sin  0) 

.  -   rs(cos  6  cos  0  -  sin  8  sin0) 

*»         ■  *  '  ■ 

+  _irs(c08e  sin0  +  sin8  CO80) 

=  ^s[co8(e  +  0)  +   sin(e  +  0).j. 
\  -  *    ^  ^  '  TC  484-485  ^  ,  _ 

this  numbc^^^^^^  "'-^  i«  />/l^'i/N/I  sincethe  square  of 

latte^inc^^^^^^^^^^^  is  between  -./a  ,nd  ./2,  the 

The  .qSare  Voots  of  1  are  1  ind  -1.   Those  of  -1. are  rand  -i. 


9M 


THE  CIRCULAR  FUNCTIONS 


mutative  because  rs  -  sr  and  d  4>  ^  4>  +  e\ '\i  is  associative  be- 
cause (rs)t  ^  rist)  and  (e  +  0)  4^  x  (</>  +  X)-  [Explain.  P'ro- 
nounce  Y  as  TdVand  '4^'  as  'fi'.j  .  ^ 

Equation*  (12)  suggests  an  interesting  geometric  interpretation  of 
multiplication  of  complex  numbers.  Supp(^ing,  as  we  may*  that  — tt 
<  <  77  it  follows  from  (12)  that  the  pix>duct  of  any  given  complex 
number  by  s  (cos  </>  i  sin  <f>)  is  the  image  of  the  given  number  under  * 
resultant  of  two  transformations.  The  first  of  these  transformations  is 
.the  uniform  stretching  about  0  with  tlie  stretching  factor  s  and  the 


V  {a  +  ib)(c  +  ib) 


^4  a 


c  4  ib 


a 


Fig.  19-26 

second  transformation  is  the  rotation  about  0  through  ^  sensed  angle 
whose  measure  is  ((},  {Fig.  19-26  illustrates  a  case  in  which  the  ab- 
solute value  of  the  multiplier  is  1  and  in  which,  consequently,  there 
is  no  stretching  J  \ 
As  a  special  case  of  (12)  we  have:  * 

(13)  [r  (cos  £^  -i-  i  sin       =     (cos  26  +^sin  20)  ^ 

This* special  case  sugg^ts  a  r^ult  ceiled  de  Moivre's  Theorem: 

[r  cos  S  -f  i  sin  9]^        {cosmO     i  sin  nO),  for  n  € 

This  follows  easily  from  (12)  by  mathematical  induction. 

Returning  to  (13)  we  see'7that  this  result  furnishes  us  with  a  way 
of  findiftg  square  roots  of  complex  numbers.  For  example,  let's  find  a^ 
number  wtose  square* is  L  To  do  so  we  note  that,  in  polar  form, 

•  ■    /  i=l(cos|+i8in|), 

By  this  and  (13)  it  follows  that        '  ' 
s»  •      •     ,  '       »  ; 

[r  (CQS.6  +  i  sin  6)f  ^  j  « 

J£-s^ld  only  if  I,  cos  20  -jm  (7r/2)  and  sin  26  =  sin  (7r/2).  Since 
r  is  tn&Hdbsolute  value  of  the  number  we  are  seeking,  r  >  0  and,  so, 
r  =  i*  Thefe  |ire  many  possible  choices  foE*^,  but  the  mtost  obvious  is 
6  =  ir/4.  It  follows  that  Q  4  g 
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(14)      ,    ,     .   .      l[cos  (7r/4)  4-  i  sin  (^/4)]^ 

-that  is,  (I/V2")  +  iil/V2)  —  is  a  numl^r  whose  square  is  /.  [Check 
this  by  using  the  definition  of  multiplication  in  (2).]  The  number  (14) 
is  not  the  only  niiinber  whose  square  is  L  [What  is^  anothe»?kThis  is 
because  the  equations:  -  • 

'*  vr  77  • 

cos  20  =  cos     sin  26  =  sin  - 

Z  2  f 

■  ■        •    ■  ^ 

have  more  than  one  solution.  As  we  know,' these  equations  are  satis- 
fied if,  for  any  ^  €  /,  ^ 


or,  equivalently. 


20  =  I  +  2k7r 


6^--^k7T. 


So,  for  any  kel,  the  number 

(15)  a>s  ^1  -I-  kiT^     i  Bin(~  .-^  ' 

is  a  square  root  of  i.  Since  cos  and  sin  lyEVe  period  27r,  the  formula  (16) 
yields  the  same  number  for  kn^l  even  value  of  'k\  [This  number  is  the 
one  we  have  already  found  in  (14).]  Forimkla  (15)  a|so  yields  another 
number  for  any  odd  value  of  'k\  This  niuiil^  is 


cos(|+V)4isin(^4  77) 


and  is  merely  im  opposite  of  the  number  given  in  (14).  [Why?]  It  fol-| 
lows  that  i  has  exaptly  two  square  roots,  x  .  | 

(16)  — »  -I-  i  -*7=  snd  -  i  . 

V2       V2  V2,  V2 

It  should  be  apparent  th^t  this  is  the  case  not  only  for  i  but  for  any 
non-0  complex  number/ In  particuliar  each  real  [-<^mplex]  numbed 
other  tljan  0  has  exactly  two  complex  square  roots,  each  of  which  is 
•the  opposite  of  the  o^er.  [What  are  the  squSu^e  roots  of  1?  Of -1^1 
Since  each  ramplex  number  has  an^  argument  between  and  tt,  tJ 
included,  it  follows  that  each  cx)mplex  number  has  a  square  root  whos^ 
argument  is  between  — tr/2  and  7r/2,  V2  included.  We  shall  call  this 
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\  4quare  root  the  principal  square  root  of  the  given  complex  number 

,\        and,  as  in  the  case  of  real  numbers,  use       '  [without  i  prefixed^p- 

t positing  si^]  in  referring  to  pHncipal  square  roo^^For/example,  the* 
principal  square  root  of -1  is  V-l,  and  this  is  i.  Thetrtifer  square  root  * 
of  -1  Is  -V-^i  an^  ihis  is  -L  Which  of  the  two  numbers  in  (16)  is  the 
principal  square  root  of  i ? 


Parte 


Show  that  the  notion  of  the  principal  square  root  of  a  complex 
number  is,  when  applied  to  a  real-complex  number,  consistent 
with  our  convention  that  the  principal  square  root  of  3  positive  - 
reai  number  is  its  positive  square  root.  ;  t 

2,  What  is  the  principal  square  root  of  the  real  number  b  if»6  <  0^ 

3.  What  is  the  principal  square  rogt  of  ib?  [Hint:  You  max  ftnd  it 
helpful  to  consider  two  cases.]  *  ' 

4.  What  are  the  two  square  roots  of  1  ^  i  ^3?  / 

5,  A  number  whose*  cube  is  a  given  number  is  called' q^ube  ivot  of 
the  given  number.  I^ow  many  cube  roots  does  a  given  ilon-0  com- 
plex number  have?  I  ^  ' 

6-  Fin?i  all  the  cube  roots  of  1  and  show  them  on  a  picture  [like  Fig. 
19 --25)  of  the*  complex  planl.  < 
Give  a  short  argument  to  show  that  any  quadratic  equation: 

'    ax'  +  bx  +  c^O      la#0],,  ** 

where  a,  6,  and  c  are  complex  numbers,  has  exactly  two  roots  un- 
less 62  -  4ac  =  0.  Also,  discuss  the  case  in  which  6^  ^  4ac  =  ^ 
[Hint:  Recall  the  quadratic  formula  on  page  148.]  * 
Find  the  two  roots  of  the  equation .'r^  ^  2x  -  iVi  =^  0'.  Check, 
your  answer. 


9i7 


TC  486  (1) 


Answers  for  Part  C  ,^  .  •  ' 

1,  If  a  \B  a  positive  real-complex  numbf  r  then  it  has  afcos  0     i_  SinO) 

a  polar  form.    Its  squar^  roots  are  s/aicos  0  +j_sin  O)  and 
\ra(cos  Tf  +_^sin7r).    Of  these,  the  first  Has  an  argument  between  ^ 
-7r/2  and-  tt/z  andr  so  is  the  principal  square  root 'of  the  rcal- 
' 'complex  number  a.    But,  \/a  is  the  principal  square  root  of  the 
positive  real  number  a,  p 

2.  i^y"^■[For  b  <  0.  a  polar  form  of  b  is  -b{cos  tt  +  _i  sin  ^ So, 
The  principal  square  root  of  such  a  complete  number  is 
Nr^ros(^/Z)'+ J.  sin(^/2)j,  and  this  simplifies  to  j^V^.  ] 

3  '     For  b   >  0,  ib  =  b[cos{7r/Z)  +  i  sin(7r/2)l  and 'its  squAre  roots  are- 
Vb{co8(^/4)  +  j,  sin{7r/4).]  and  N^[cos(5^/4f  +  j,  sin(  57r/4)].    Of  these, 
it  is  ths  first  which  has  an  argument  between  --jr/Z  and  7/1  and, 
so,  is  thp  principal  square  root  of  ^b. 

For  b  %  o/ih       ^blcosOTr/Z)  +  i  sin(3^/2)]  and,  since  >  0, 

^ts  square  roots  are  ^f^{co^(l'nT^)  + 1  sIn{37r/4)]  and 
Nr^[cos{77r/4)  +  j_  sin(7  7r/4)].    Of  these,  it  is  the  second  which 
'   has  an  argument  [--n/^]  between  --n/Z  and  7(/Z  and,  so,  is  the 
principle  square  root  5f  ip,  ^ 
Summarizing^  for  b   >  0,  the  principal  square  root  of 
nTBI/'s/I  +  i/V2]  and,  for  b  <>.  '  0,  the  principal  square  root  of  Us  , 
.  is  N^bL/^  -i/>/2].  ■  .  ' 

4/^    n/I[cos(71./6)  +lsin(7r/6)l  and  ^y2[cosi7f/6 )  i  j.  sin(ir/6 ))  [^Thc  first 
of  these  may  be  rewritten:   ^JZ/z     i\]2/l]  . 

5.  A  non-0  corhplex  nixmber  has  three  cube  rotps.. 

6.  Since   1  =   1  (cos  0^  + J_  sin  0) 
'  ,  =^    l(cos  2^  +     sin2#T=  i(co8  47r 

i  sin4if)  it  follows  that  each 
of" the  numbers  cos  0  -f  _i  sin  0, 
cos|Zw/3)  +  rsin(2^/3)  and  ^ 
•  cos(47r/3)  +     sin(4;r/3)  is  a  cube 
root  of   1,    So,  the  cube  roots  of 
I  are   1.  -  i/2  +  _i  n/I/Z,  and 
-1/2  '  j^sfJ/Z.    Here  is  a  picture 
showing  the  cube  ro«>t$  of  1 , 
[The  three  cube  roots  of  any  non-0 
complex  number  will  be  the  end 
points  of  three    120''  -arcs  of  a  - 
^circle; ] * 
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Answers  foi-  Part  C   [cont. ]  .  ' 

7.     As  in  the  case  of  real  nimibers,  wu  may  "complete  the, square": 

ax2  +  bx+c  =  0  * 

'       '     (x2  +  ^x)  =  - 


/x2  +  — X  +  .2—.)   ::_£.+  ^ 


2a'  4a2 


The  square  roots  of  (b^  -  4a^)/{4ag)  are  sjh^  -  4ac/Ua)  aiid  its 
opposite,  where  -  4ac  is  the  principal  aquare  roo^t  of  b^*->  4^c, 

So,  the  givj^  equation  is  equivalent  tot 

,  ■   ■   f 

i       -b  4  sjh^."  4ac  '       -.b  -  Vb^  -  4ac 

.  X  -  ^   or  X  =  - 


Za  2a 

H^nce,  if  b^  -  4ac  ^  0,  the  given  equation  has  two  rodts,  while  if 
I        b^  -  4ac  =  0,  the  only  rtoot  c?f  the  given  equation  is  -b/{ia). 

8,     By  Exercise  7,  the,  roots  of' the  equation  are  • 

 ^    2  " 

(or,  more  sdmply,  .  .  ^ 

^  *       ■    -.1  +  ^jl  and   -1  -  \l  I  i^^B. 

Since  1  +  hj3\=  2[co^{3r/3)  +±sin{^/3)]  it  follows  that 

'  WT  =  Vllcos(7r/6\ +1  sin{7r/6)j 

•  •  =  ^/2[^yI/2  +i/2j 

f     So,  th^  roots  of  the  given  equation  are 


(-vfi^if  .»d- <-..-. f). 

'       a  check,  squaring  either  of  these  a^d  adding  its  double  yields 
iN/I. 
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Appendix 

A*r  Solid  Higures^ 
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Although  we' have  discussed  the  notion  of  area-measure  for  plane 
figures  in  Chapter  16  we  have  not  had  space  to  treat  by  vectoHnethods 
the,  notion  of  volume-ntfeasure  for  solif  figure  or  the  notion  V  area^ 
measure  for  such  curved  surfaces  as  cylinders,  cones,  and  spheres.  : 
Both  of  these  notions  fit  into  an  approach  to  geometry  like  ours,  but 
they  require  the  introduction  of  another  kind  of  multiplication  of 
•vectors  [in  addition  to  dot  multiplication]  as  well  as  additional  dis- 
cussion of  orientation^  including  what  it  means  to  orient  our  space  W 
and  the  ration  of  orientation,  of  ^  Ux  orientations  of  planes  anH  lines. 
Each  of  tiiese  subjects  is  interesting  on  its  own^  well  as  for  its  various 
ppplicajjions  but,  sinc^  we  do  not  'have  s^^ace  to  discuss  either  ade- 
quately, we  shall  give  here  a  discussion  of  volumes  of  simple  solid 
figures,  and  of  areas  of  simple  surfaces,  which  is  pretty  much  indepen-^ 
dent  of  what  has  gone  before.  We  shall,  however,  make  use  of  some  of. 
the  notions  ^ncerning  similarity  from  Secti6n  16.08. 

We  shall  be  concerned  mainly  witti  ways  of  finding4he  volumes  and 
surface, areas  of  prisms  and  pyramids, cylinders  and  cones,  and  [solid] 
spherical  balls. 


,  prism 


cylinder  ^  pyramid 


cone 


The  figure  shows  a.triangular  prism,  a  cylinder,  a  quadrangular  piyra- 
mid,  and  a  cone.  *  '       "  ' 

A  prism  or  a  cylinder  has  two  bases  which  are  a?ngmient  regions  in 
two  parallel  plaftes^  Each  base  is  the  image  of  the  otherVnder  a  trans- 
lation. The  bases  of-a  prism  are  bou&ded  by  polygons  and  a  prism  is 
said  to  be  triangmar,  quadrangular,  etc.  -according  as  its  bafe^  are 
fa*iangular  regions,  quadr&ngular  regions,  etc.  The  only  (flinders  we 
shall  study  to  any  extent  are  those  with  circulai*  regions  as  bases. 
Prisms  and  cylinders  can  he  tiiot^ght  of  as  imions  of  parallel  segments 
joining  corresponding  points  of  their  bases.  When  these  segments  are 
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perpendicular  to  the  bases  the  pnsm  or  cylinder  is  a  right  prism  ot 
a  right  cylinder.  The  union  of  the  segments  joining  correspondiiig 
points  of  the  boundaries  of  the  bases  of  a  prism  or  cylinder  is  its  lateral ' 
surface.  In  the  case  of  a  prism,  the  unjon  of  the  segments  joining  cor- 
responding points  of  two  corresponding  sides  of  th.e  bases  is  a  lateral 
face  of  the  prism.  The  other  faces  of  the  prism  are  Its  bases.  Each  seg- 
ment joining  corresponding  vertices  of  the  bases  of  a  prism  is  a  lateral 
edge  of  the  prism.  These  together  with  the  sides  of  the  prism's  bases 
are  the  edges  of  the  prism.  The  altitude  of  a  prism  or  cylinder  is  the 

■  distance  between  the  planes  of  its  bases. 

Note  that  the  lateral  faces*  of  any  prism  are  Ijounded  by  parallelo- 
grams. A  prism  whose  bases  are  also  bouaflfetl^  parallelograms  is 
a  parallelepiped.  A  right  parallelepiped  is\^ectan0ular  solid,  and  a 
rectangular  solid  all  of  whose  faces  are  squ^^  is  a  cube. 

A  pyramid  or  a  cone  has  a  single  plane  region  as  a  baseband  has  a 
vertex  wiiich  is  a  point  liot  belonging  to  the  plane  of  the  base.  The  base- 
of  a -pyramid  [like  those  of  a  prism]  is  a  polygonal  region.  The  only 
cones  wf!  shall  study  to  any  extent  are  fhose  whose  bases  are  circular 
Regions.  Pyramids  and  cones  can  be  thought  of  as  unions  of  segments 
joining  their  vert;ices  to  the  points  of  their  bases.  Thelaieral  surface 
of  a  pyramid  pr  cone  and  the  lateral  faces,  lateral  edges,  and  edges  of 

'  a  pyramid  are  defined  much  as  arp  those  of  a  prism  or  cylinder.  The 
altitude  of  a  pyramid  or  cone  is  the  distance  between  its  vertex  and  the 
plane  of  its  bas^.  > 
Note  that  the  lateral  faces  of  any  pyrainid  are  triangular  regions. 

*  A  pyramid  whose  base  is  also  a  tn'angular  region  is  a  tetrahedron. 
'  •  A  regular  pyramid  is  a  pyramid  whose  base  is  bounded  by  a  regular 

polygon  Whose  qenter  is  the  foot  of  the  perpendiculsfr  Jrom  the  veHex 
of  the  pyramid  to  the  plane  of  its  bjise.  -the  lateral  faces  bf  a  regular 
pyranjid  are  bounded  by  congruent  isoSteles  triangles  and  the  common 
aHrtude  injure}  of  these  tri^gles-Wi  the  vertex^  of  the  pyramid 
'  is  the  pyramid's  slant  height.  .      •  4 

•  A  right  circular  cone  is  a  cone  whose  ^ase  is  a  cirqular  Tegion  whose 
center  is  the  foot  of  the  perpendicular  fronj  the  vertex  of  the  cone  to  the 
plane  of  its' base.  T/ie  slant  height  of  a  right  circular,  cone  is  the  com-, 
-mon  measure  of  the  segments  from  its  vertex  to  points  of  the-boundary 
of  its  base.  „  •  ^ 

Prisms  |ind  pyramids  are  examples  of  polyhedra  (singular: 'poly- 
hedron]-that  is,  of  solids  whose  surfaces  are  unions  qf  polygonal  re- 
gions. The  faces  of  a  polyhedron  are  the  polygonal  regions  which  make 
up  its  surfece";  its  edges  and  .  vertices  are  the  sides  and  vertices  of  these 
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Exercises 
Part  A 


Parts 


1.  (a)  What  is  the  least  number  effaces  a  polyhedron  can  have?  The 

\eSst  number  of  edges?  The  least  nuriil^r  of  vertices? 
^b]  Is  there  ^  polyhedron  which  satisfies  all  three  a)nditions  in 
part  (a)? 

2.  (a)  How  mauy  faces  has  a  triangular  prism?  A  triangular  pyra- 

mi5?  A  qu^drangulfiff  prism?  A  cube?  A  regular  quadrangular 
pyran^d? 

^  (b)  Give  the  number  of  edges  of  each  solid  referred  to  in  part  (a), 
(c)  Give  the  number  of  vertices>of  each  solid  referred  to  in  part  (a). 

3.  Find  formulas  for  the  number  F  of  faces,  £  of  edges,  and  V  of  ver- 

tic^  "  ' 

(a)  of  a  prism  each  of  whose  bases  has  n  sides,  and 

(b)  of  a  pyrami^  whose  base  has  n  sides. 

» 

'  A  regular  polyhedron  is  a  convex  polyhedron  whose  faces  are  con- 
gruent regular  polygonal  regions  and  each  two  of  whos^ertices  are 
endpoints  of  the  same  number  of  edges.  [A  convex  pol^^ron  is  one 
whose  surface  has  no  ^^dents"^  formally,  such  a  poiy«^n  is  pne 
which  contains  eacK  segment  whose  endpoints  belong  .toStJ 
i.  You.  are  already  acquainted  with  two  kinds  of  regular  polyhedra 
.     vone  with  four  triangular  faces  and  one  with  six  rectangular 
^  faces.^me  them  and  draw  a  picture  of  one  of  each  kind. 
2*  '(a)  Why  is  there  at  most  one  regular  polyhedron  with  square 
faces?    .  .  ^ 

(b)  Why  is  there  no  tegular  polyhedron  with  hexagonal  faces? 
(b)  How  many  kinds  of  regular  polyhedra  do  you  think  ^there 
might.be  wi^  triangular  faces?  ^  •       .  - 

3.  In'  Exercise  1  you  were  asked  to  draw  a  regular  polyhedron  with 
four  triangular  faces.  Now.  draw  one  with  eight  triangular  faces. 

4.  It  can  be  proved  that  there  are  just  five  kinds  of  regular  polyhedra/ 


a  regular 
tetrahedron 


a  regular 
hexahedron 


a  r^uiar 
octajiedron 


a  regular 
'  dodecahedron 


a^regwlar 
icpsahedron 


f'orWch  kind,  tell  the  number  of  feces,  edges,  and  vertic^  which 
such  a  polyhedron  has.  [Hint:  If  you  count  the  number  of  edges  of 
each  face  of  a  polyhedron  and  add  the  results,  how  many  times 
have  you  counted  each  edge?] 
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An3W!er8  for  Part  A 


1.  (a). 


4;   6;.  4    [There  is  at  leaat  one  vt^rtcx.    Suppose,  ahi'ii,  that  A 
is  a  vertex.    There  are  at  least  three  faceg  which  have  A  as  a 
vertex  and,,  so,  at  leiist  three  edge^^ttich  hav-e  A  as  one  end 
po4nt.  'In  fact,  we  c&n  choose  faces  f »  f,,,  and  -f^  with  A  as 


vertex  such  that  f. 


and        have  a  side 
with  A  as  vertex. 
A  as  a'n  end  point,  f, 
an  end  point,  and 
an  end  -point.  Thorp 
side,  and  f 


and  r>  have  a^.si^e  e. 

in  common,  and 
Now,  f     has  a  side  e. 


^  An  common,  f^, 
has  another  side  e^ 
which  does  not  have 


,  >ias  a  side  which  docs  not  have  A  as' 
ha»  a  side  e which  does  not  hav^*  A  as 


is  a  fourth  side,  f 


has-  at  least  three  vertices, 
different  from  A.  1  ' 


which  has  e^  n^s 
each  of  which 


ih) 
(a) 


A  tetrahedron  satisfies  all  tH]5:ee  conditions, 
5;   4;    6;    6;   .5  ('b>    9;    6;    12r    IZ;  8 


\ 


<c)  6: 


(a)    n  +  2;    3n;  2n 


U^).  rui  1;    2nj  n  +  1 


,  [Students  m^y  note  that  F  -  E  +  2.     This,  which  is  called 

Eule  r'  s  ^^onniila,  holds  foV  all  convex  polyhedra  as  well  as  for  , 
many  others^] 

Answ^e  rs  for  Pa  rt^  B  ^ 

[The  word  *  regular*  is  used  in  many  ways  in  mathematics,  •  Note, 
for  example,  that  altfough  a  pyramid  is  a  polyhedron,  a  regular  pyra^ 
mid  need  not  be  a  rejpilar  polyhedron.  ] 

lit,  j  The  polyhedra  in  question  are  tctrahcdra  with  congruent 
*  equilateral  faces  and  cube's. 


■'V 


2.     (a)    There  must  be  at  least  three  faces  of  a  polyhedron 

*  •surrounding!*  each  vertex  and  if  the  faces  are  square  . 
regions  there  cannot  ba  more  than  three. 

ih)    Tlir^e  hexagonal  regions  surraundini^  a  vertex  a.rc  coplanar, 
Snd  there  is  no  room  for  m'dre  than  three. 

(c)    There  is  one  with  three  equilateral  triangular  regions  about 
each  vertex,  there  might  b6  another  with  four,  and  another 
with  five,  e^quilateral  triangula;-  regions  about  each  vertex^ 
[See  Exercise  3.  ]  '  .  '  '  ^ 


3. 


tetrahedron:    4;    6;  4 
iiexahedron:    6;    12;  8 
Octahedron:    8;    12;  6 
dodecahedron:    12;    30;  2CK 


Cosahedron:    20;  30; 


I 


953 


490       APPENDIX  .  .      "      %  ^    .       "     .  .  ' 

Parte  '  ^. 

1.,  The  laterai  area  of  a  prism  or  pyramid  is  the  sum  of  the  areas  of  its 
>  <  .  lateral  faces.  What  two  numbers  shouliTyou  m^ultiply  to  obtain  the 

\  .   ^-       *  measure* of  the  lateral^rea  of  a  right  prism?         .  ^ . 

2.  The-lateral  area  Qf>c!^linder  is  that  of  U^-plane  region  obtained  by 
cutting  the  lateral  surface  along  a  segment  joining  corresfionding 
.  .  points  of  its  bases  and  "u^&olhng**  it.'  Sive  a  formula  for  the  raeas- 

'ure  of  the  lateral  area  of  a  right  crrcuiar 'cylinder' whose  base  has 
,   •  .  yadius  r  and  whose  altitude  i«  5i«  .  '     '  - 

^  3.  Give  a  fonmila  for  the  lotaTsuirf^iCe  area  of  a  cylinder  whose  dimen-^ 

'   -  \  sions  are  those.given  m  Exercise  2«  ,  «  f, 

• '      ^  ^  4*  What  twQ  i\umbers  should  you  multiply  tQ  obtain  ihe  rfie^re  of 

the  lateral  area^  of  areolar  pxramid^  . 

The  ipteral  a^ea  of  a  cone  <^'b#  described  in  analogy  with  that  of 
»  /      /      a  cyiind^r-iri  Exercise  2.  Give  si  formula  for  the  measure  of  the 

lateral  area  of  ^  right  circular  cbne  whose  lyase  has  radios  r^nd 

whose  slant  height  is  /.     -   *  *  '  .  . 

6.  Giye  a  formula  for  the^ measure  of  the  lateral  area  of^a  righfrfe'ircu-' 
lar  cone  whose  base  has  radius  r  and  whose.altitudd  is /i. 

7,  S\ippose.that  two  prisms,  cylinder,  pyramids,  or  wnes  are- similar 
^ . ,     with  ratio  of  siHijlitude  k.  What  is  the  rMio  of  tJKe  a^ea-measure  of 

their  lateral  surfaces?  Of  their  total  surfaces? 

A-2  Cross  Sections 

A  cross  seciton  of  a  prism,  cylinder,  pyramid,  or  cone  is  the  intersec- 
tion of  th^^iid  in  ^question  with  plaije  parallel  to  a  base  of  the  solid. 


■      Fig.  A-2 


'  We  shall  consider  only  cross  sections  which  are  nondegenerate-that 
is,  the  empty  set  and  the'  set^corisisting  of  the  vertex  of  a  pyramid  or 
ame  will  not  be  considered  to  be  <yoss  sections. 

It  is  intuitively  eviderit  that  all  cross  sections  of^  prism  or  a  cylinder 
are  cxwigruent  and,  so,  have  the  same  ai:pa.  In  fact,  either  of  two  crdss 
section^  is  the  image  of  the  other  under  a  translation.  For  our  work 
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Afts\ye*rs  for  Part  C         '      '  i  ■ 

 ;  ^   .     -         ^  ) 

.i,  '  Tb^'  perimeter  of  a  base  and  the  altitude.    .  «  ^ 

Z\  ^  27rrh         ,      ^  '  ^ 

^:     Inrh  f  iTTT^    For:    27rr(>)  +  r)]      '  <  / 

4.  -   Hijlf  the  perimeter  of  the  base  and  the  slant  height; 

6.  TrrVr^  4  h^  '  * 

7.  '  k'"^;  k.J'  [Fqr  examjJle,  in  the  case-»f^  cylindex,  2;r{kr){kh) 
/      -  k2(2wrh)  and  2;r(kr)i(kh)'+  (kr)]  =  ke[2yrih  +*.r)],  ] 

^  ,   •    .  •     TC  491-192  '  -  < 


Agswe rs  to  questions  ijijtext,  . 

AA'F'V  and  AAFV  are  similar  Ijecau^e  they  are  right  triangles 
which  shaf^' an  acute,  ^ngle.    VA^ZVA  =  d^/h,  because  AA^F'V  and 
AAFV  are  similar  and  VF'/V^^d/h, 


Answers  for  Exercises  -  ,  .  • 

1^  'square  inches     *.  3^5^  inches  3./  ?r  square  feet 

V  ■  •         •  4 
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with  Volumes  we  nefed  to  have  corresponding  information  (^ncerning  i 
cross  sactions  of  P3rramids  and  cones*  We  shall  see  that 

a  cross  section  of  a  psnramid  or  cone  of  altitude  ^  by  a  ^ 
•    ,  plane  tt  at  a  distance  d  from  the  veirtex  [Q  <  d  <  h]  is 
(1)      the  image  of  the  base  under  the  uniform  sti^tching 
,       [actually,  a  shrinkipg]  about  the  vertex  V  which  mul- 
tiplies distances  by  dih.         ^  ^  '  ' 

That  tliis  is  the  case  follows  at  on<*  by  considering  the  similar  tri- 
angles,, AA'F'V  and  AAPV  in  the  following  figure: 


Fig.  A-3  '  . 

{Explain.  Why  are  AA'FT  and  AAFVsimilar?Why  isFAVVA  -  dim 
The  point  A'  of  intersection  of  VA  and  it  is  image  of  A  under  the  uni- 
form stretching  about  V  which  multiplies  distances  hy  d/k.  It  follows 
by  Theorem  16-30  that  the  area-measure  of  the  image  imder  this 
mapping  of  any  giv^  triangular  region  in  the  plane  of  the  base  of  our 
pyramid  or  cone  is  oF/&^  times  the  area-measure  of  the  given  fan- 
angular  region.  Because  of  the  way  we  have  based  areas  of  regions  on 
areas  of  triangular  tenons  the  same  holds  for  any  region  in  the  plane 
of  the  base;  In  particular,  it  follows  from  {!)  that 


I  • 
(2) 


the  area-measure  of  the  cross  section  of  a  pyramid  or 
cone  of  altitude  hhy  a  plane  at  a  distance  d  from  the 
vertex  10  <d<  h]  is  Kd^jh^,  where  if  is  the  area- 
measure  of  the  basa 
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Our  principal  interest  in  (2)  is  that  it  shows  that, 

.      giv^  any  two  solids  each  of  which  is  either  a  p3rrai?iid 
pr  a  eM>ne,  and  both  of  which  have  the  same  altitude 
(3)      and  the  same  base  area^  any  two  cross  sections  of  them 
^  f    by  planes  at  the  same  didtatlxce  from  ^eir  bases  have 
the  same  a^a. 
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Exercises 


1.  A  ODne  has  altitude  6  inches  and  itir  base  has  area  lOsqiiareiichesr 
Whatsis  the  area  of  the  cross  sectiop  of  this  <^ne  which  diviaes  the 
altitude  from  its  vertex  in  2.^?.  . 

2.  Given  the  cone  of  Eicercise  1,  how  far  fnjm  the  vertex  must  a  plane 
parallel  to  the  base  be  in  ordeY  to  cut  out  a  tross  section  of  area  5 
square  inches?  * 

3.  A  circular  disk  of  paper  held,  parallel  to  a  waihand  between  the 
wall  and  a  point  soun^  of  light  casts  ^  circular  shadow.  What4S  Che* 
area  of  the  *h§dow  if  the  light  is  12  fefet  from  the^wall,  the  card* 

*  board  is  6  ft^t  from,  the  w^I,  knd  the  radius  ofttha  cardboard  is  .6 
indies? 


A-3  Volumes  by  Means  of  Cross  Sections 


You  can  build  a  model  of  a  given  solid  by  gluing  together  pieces  of 


Fig.  A-4 


plywood  cut  to  tlie  size  ^d  shape  of  cross  sections  of  the  solid  made  by 
planes  whose  distance  apart  ,  is  the  thickness  of  pl5rwood.  As  is 
illustrated  in  Fig.  A-4  the  slic^  [right  prions]  of  which  sudi  a  rbodel  is 
made  may  stick  out  too  far  in  some  places  and  not  far  enough  in  others. 
These  inaccuracies  niay  be  reduced  by  cutting  thei  slices  out  of  thinner 
plywood  4)r  out  of  cardboard.  [Of  course,  the  thinner  the  slic^  are,  the 
more  <rf  them  you  will  need  to  use.]  By  using  suffidently  thin  card- 
board one  at  least  in  imagination— construct  a  mc5dei  whose 
volume  is  as  close  as  he  wishes  to  that  of  the  given  solid.  Sinc^^  the 
volume  of  the  model  depends  only  on  ^e  areas  of  Uie  cross  sections 
which  are  used  and  on  tile  thickness  of  the  slices,  it  appears  that  the 
volume  of  two  solids  must  be  the  same  if  they  have  the  same  altitude 
and  their  ^'corresponding"  cross  sections  have  the  same  area.  More 
precisely,  we  have:  '        '  • 
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Cavaiieri's  Principle     *  \^  ^ 

Two  solids  have  the  same  volume  if  there  ^ 
a  plane  tt  such  that  each  plane  which  i8  parallel 
to  TT  arid  intersects  either  of  the  solids  Also  inter- 
sects the  o^her,  and  the  cross  sectio^  o^he  ; 
solids  by  any  such  plane  have  the  same  area.  ' 

Cavalierits  Principle  is,  for  ua,  a  postulate  which  we  can  apply  to 
compare  the  volumeg  of  certain  solids.  To  use  it  in  computing  the 
volumes  of  soKds  we  need,  in  addition,  a  postulate  Which  will  enable 
US  to  fcomputfe  the  volumes  of  some  solids  which  can  be  taken  as  stand- 
ards of  comparisqji.  For  such  standards  we  shall  take  rectangular 
solids  and,  as  .a  second  postulate  on  volume  we  shall  adopt:  • 


The  volume-measure  of  a  rectangular  solid 
is  the  product  of  its  altitude  and  Uie  area- 
measure  of  its  base. 


Fig.  A-5 

Sivle  any  face  of  a  rectangular  solid  may  be  qhosen  as  a  base,  we 
should  question  whether  the  formula  'V  Bh'  gives  the  same  value 
for  'V  no  matter'\yhich  face  of  the  rectangular  solid  pictured  oii  the 
left  in  Fig.  A-5  taken  as  base.  The  equivalent  formula  on  the  right 
which  expresses  the  volume-measure  in  terms  of  the  measures  of 
three  sides  shows  that  this  is  the  case.  [Explain.]  ^ 

Using  our  two  postulates  it  is  now  easy  to  sfee  that  the  same  formula 
which  we  have  adopted  for  the  volume  of  a  rectangular  solid  applies 
just  as  well  to  any  prism  or  cylinder.  For,  as  is  illustrated  in  Fig.  A-6, 


|1g.  A-6 
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-given  any  prism  or  c>4inder  there  is  a  rectangular  ^lid  whose  ba^ 
have  the  same  area  and  are  in -the  saftie  planes  as  ar^  those  of  the  gi\m 
solid.  Since  the  area&oT  all  cross  setjtions  of  a  prism  or  cylinder  haVf 
the  same  area  it  follows  that  a  cross  section  "of  tiie  given  prism  or  cylin^ 
def  by  a^Jane  tt  parallel  to  the  base  planes  has  the  same  area-measv 
ure  B  as  does  the  cross  section -b^  tt  of  suph  a  rectangular  splid.  So,  by\ 
Gavalieri's  Principle,  the  prism  or  cylinder  has  the  same  volume-; 
me^ure,  Bh\  as  does  the  rectangular  solid.   <  \ 

In  order  to  obtain  a  numerical  result  «for  the  volume-measure  of  a 
given  prism  or  cylinder  we  must,  of  course,  "know  how  to  calculate  B. 
For  example,  the  v#lume-measure,  of  any  circular  cylinder  whose 
altitude  ia  h  and  wHose  base  has  radius  r  is  rrr^h. ' 

The  preceding'argument  i6  based  on  the  fact  that  all  cross  sections  of 
a  prism  t)r  cylinder  have' the  same  area.  Using  (3)  on  page  491  instead 
of  this  we  can  show  by  .tiie  sam^  argument  that  any  pyramid  qr  cone 


Fig.  A-7 


has  the  same  volume  as  a  triangular  pyramid  whose  altitude  and  base 
area  afe  those  of  the  given  pyramid  or  icxme.^  So,  we  can  exp^'ess  the 
volume  of  any  pyramid  or  cone  in  terms  of  its  altitude  and  base  meas- 
ure if  we  can  do  the  pame  for  any  triafigulltf  pyramid. 

To  find  the  volurhe  of  a  triangular  pyramid  we  iote  that  the  tri- 
angular pyranwd  with  vertex  V  and  base  bounded  by  APQH  is  jpart  of 


Fig.  A-8 

I  ■   ■  » 

a  triangular  prism  wljich  has  tile  same  base  and  altitude.  This  tri- 
angular prism  is  the  union  of  three  triangular  pyramids.  One  of 
these  is  the  given  pyraiia^d  and  ^^^he  others  are^shown,  cut  apart, 
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in  the  left-hai^d  p^ure  in  Fig.  A-S.  [Tlie  two  others  are  obt^ned^y 
/slicing  the  quadrangular  pMtamid  with\ertex  V  and  base  bou^de^by , 
parallelogram  QRST  along  the  ^lane  TRV.]  The  two  new  pyramids ' 
may  hp  thought  of  as  having  vertex  V  and  bases  bounded  by  ATRQ 
and  /^TRSf  It  follows  that  these  jyramid^  have  the  same  altitude  and 
that  their  basjes  have  the  same  area.  tWhy?J  So,  by  (3)  on  page  491  and " 
Cavalieri*s  Principle,  they  both  have,  the  same  volume.  In  addition  to 
^^^fs,  one  of  the  new  pyramids  may  be  thought  of  as  having vertex  R 
^^d  base  boimded  b}*^  A        So,  this  pyramid  has  Ute  same  volume  as 
does  the  given  triangular  pyramid.  [Explain.]  It  follows,  now,  that  the 
Volume  of  the  given  triangular -pyramid  is  one-thi^  that  of  the  tri- 
angiilar  prism.  Stnce^he  base  ar^at  of  the  prism  is  the  same,  B,  as  that 
•of  the  pjrramid  and  si!!^  the  two  solids  haye  the  same  altitude^  h,  it 
-follows  that  the  volume-measure  of  the  triangular  jfyrramid  is  given  l^y: 

.        V  .      .  ^  r  =  ^Bh 

And,  as  shown  previously,  the  sa^fe  formula  must  work  for  any  pyra- 
mid or  cone,  For  example,  the  volume-measure  of  a  right'  circular  cone 
whose  altitude  is  /f  and  whose  base  has  radius  r  is  irr^hlS.  - 


Exercises 


1.  Consider  th^  cube  pictured  to 
the  right  What  is  the  volume- 
measure  of  the  solid  which  re- 
mains when  the  tetraKedron 
with  verticw  A,B,C;  and  D  is 
cutoff? 

2*  A  trench  6  feet  deep  and  50  yards  long  has  a  trai^zoidal  cross  s^- 
tion^^hftfe  is  3  feet  acitjss  at  the  top  and  2  feet  across  at  the  hot- 
'  torn.  How  mapy  cubic  yards  of  earth  were  removed  in  digging  the 
ditch? 

3«  A  pyramid  has, a  rhombodial' b^se  with  diagonals  6  inches  f^^d  7 

inch^  lo^g  and  its  volume  is  35  cubic  inches.  What  is  th^  height 

of  this  pyramid?  \ 
4.  A  right  prism  with  a  right  ^iangular  base  is  to     whittled  out  of  a 

wooden  right  circular  cylinder  whose  radius  is  2  inch^  and' whose 
^length  is  1  foot.  What  is, the  minimum  volume  of  shavings  which 

will  be  produced? 
6.  Suppose  that  two  prisms,  cylinders,  P5a"amids,  or  cones  are  similar 

with  ratio  of  similitude    What  is  tha^atio  of  the  volume-measures 

of  the  two  solids? 

960 
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Prismoids 


A  prismoid  is  a  p^^lyhedron  each 
of  whose  vertices  is  contained  in 
one  of  two  parallel  planes.'^A  prism 
is  a  special  kind  of  prismoid  and  so 
is  a  pyramid.  Irike  a  prism,  a  pris-^ 
moid  [which  h  not  a  pyramid]  has 
two  bases  — its  facfes  in  the  two 
parallel  planes— tod  a  niim^er  of 
lateral  faces  each  of  \vhich  is  either 
triangular  or  trapezoidal.  [The 
pxismoid  of  Fig.*A-9  had  seven  tri- 
a||gular,  lateral  faces  and  one  trap- 
ezbidal  lateral  face.]  The  cross  sec-  >  " 

tion  of  a  prismoid  made  by  a  plane 
niidway  between  the  planes  of  its  .  ^ 

bases  is  called  its  midsection.  Fig-  A-S  ^ 

As  we  shall  see,  the  volume  of  a  prismoid  whose  aitiifude  [t\ie  dis- 
tance between  its  base  planes]  is  k,  and  whose  baS^  and  midsection 
have  area- measures  S,,  Bg,  and  Af,  is  given  by:  * 


{*) 


V  =  ^B,  i  bI  +  iM)h 


[Note  that  (*)  works  for  prisms  and  pyramids,  ^bcplain.]  To  verify  this 
we  begin  by  noting- that  if  P  is  a  point  of  the  midsection  of  a  prismoid 


A 


B 


»      Fig.A-10  . 

tbeh  the  latter  is  the  union  of  three  solids  two  of  which  are  pyramids 
wi^  vertex  P/and  wl^jse  bases  ar^  those  of  the  prismoid.  Since  each  of 
these  has  altitude  hii  their  volume-measures  are^^h/S  and  B^hlB, 
thug  accounting  for  two  terms  in  the  prismoid^  formula  i"^).  The  third 
of  the  three  solids  is  fhe  union  of  pyramids  each  of  which  hasP  as  ver- 
tex and  a  lateral  face  of  the  prismoid  as  base.  [One  of  these  is  shown  in 
the  right-hana  picture  in  Fig,  A-10,]  We  n(ay  assume  that  each  of 
these  pyramids  has  a  triaogular  base,  since  a  trapeMid  can  be  split 
along  ope  of  its  diagonals  into  triangles.  Now,  as  illustrated  in^Fig. 
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A-10,  each  of  these  triangular  pyramids  is  split,  by  the  port^ionfef  tife 
midsection  rontarned  in  it,  into  a  sflaaller  triangular^  pyramid  and  a 
jquadrangular  pyramid.l^lAnd,.  the  volume  of  the  original  Iriangular 
pyramid  is  four  Hmes  thak^bhe  smaller.  [Why?]  Now,  the  smaller 
triangular  pjrramid  can  be  tlj^g^ht  of  as  having  a  vertexHC]  of  the  pris- 
moid for  its  vertex  and  a  triangular  portion  of  the  midsection  [bounded 
by  APQR]  as  its  base.  Hence,  the  volume-me^ure  of  this  smalWr  tri- 
angular pyramid  is  one-third  of  the  product  of -the"*  area-measure  of 
this  base-by  A/2.  It  follows  that  the  volume  of  the  larger  triangular 
pyramid  is  four  times  this  and  that  the  volume  of  the'  union  of  all  such 
triajigular  pjrramids  is  This  aax)unts  for  the  third  term  in  the 

prismoidal  formula.        ^*   '  '  _  ^ 

The  preying  proof  of  the  prismoidal  formula  assumes  that,  the 
point  P  can  be  chosen  so  that  the  segments  joining  P  to  the  vertices  of 
the  midsection  divide  the  latter  ibto  nonoverlapping  triangular  re- 
gions. This  will  ordinarily  be  the  case,  but  tiie  formula  wo^ks  even  if 
it  is  not.  The  formula  also  works  for  prismoidal-li'ke  solids  whc^  bases 
in  two^parallel  planes  are  r^qns  which  are  not  boimded  by  polygons. 

0    ■  . 


Exercises 


Part  A 


1.  A  bin  whose  horizontal  cross 
sections  are  right  isoacles  tri- 
angles is  built  onto  the  side  of  a 
bam.  Its  dimensions  are  as 
given  in  the  figure.  Compute 
the  volume  of  the  bin. 

2,  A  cora-crib  has  the  shape  and 
dimensipns  sjiown  fn  the  figure. 
Con?5l^  il^  volume. 


Part  B 


A  frustum  of  a  pyramid  or  cone  is  a  Qgure  consisting  of  the  p&ints 
of  the  given  solid  "between  [or  on]  the  base  and  a  Opc»s  section.  A 


frustum  of  a  pyramid  is  a  pi^^oid  and,  by  CavalieW's  Principle  and 
^  (S)  oh  page  491  the  priMaoid^il  formula  works,  also,  for  a  frustum  of  a 
cone.  The  area-measure  M  of  the  midsection  of  a  frustum  can  be.ex^ 
pressed  in  ^terma  of  the  area-measure     and     of  its  bases  and  its 
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Answers  for  Part  A 
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I.     i*/^  cubic  feet  ^     ^  ^  1.    2570  cubic  feet 


Answers rCor  Part  B 

1,  Bg  B^^  =  (i  -  r2)B^,  where  r  =  h/h'.  So, 
1  -  r  =  n/B^/B  V  and  r  =y  1  -  -s/B^/B  .   ^  , 

'   M  ^{i^^^P^B,'  =  (I  -  r/2pB^ 

1  -  VBp/B-              1  +  sTSZTb.  . 
=,(1  _^jL^)2B^*-(  

1  4  Bg/B^  4--  EVBg/Bj^        _  B^  4-  B^-  Z'n/bTb^ 

2,  From  Exercise  i,'B3.  +  B^     4M  =  2{p^  +  ^2  +  VB^B^).    So,  by 
the  prismoidal  forjnula, 

V  =  j^B^  +  Bg  +  N/B7B"^)h.,  ^-v  •  ■ 

3,  Given  a  cone,  there  is  a  pyramid^  of  th^  same  altitude,  whose 
base  has  the  same  area  as  does  that  of  the  cone.    By  {3)  on  page  .  ; 
491  •  corresponding  cross  sections  of  the  cone  and  pyramid  have 
the  same  area.    It  follows  by  Cavalieri's  Principle  that  frustiims 

o/  the  cone  and  pyra^5id  which  have  the  s^me  altitude  also  have  the 
.  same  volume.    It  also  follows  that  cor  responding- bases  of  the  two  ^ 
frustiuns  have  the  same  area  and,  so,  that  application  of  the 
frustum  fo^rmiila  (*)  td  either  frustum  yields  the  same  resfilt. 
Since,  ,in  the  case  of  the  pyramidal  frustum,  this  result  is  the  ^l- 
^      volume -measure  of  the  frustum,  and  since  the  volxime -measures 
of  the  two  frustxims  are  the  same,  it  follows  that.  (^)  gives  the 
volume -measui'e  or  the  conical 'frustum.  - 

4-     Exercise  1  6f  Part  A  can  be  solved  by  the  frustimi  formula  but 

Exercise  2  cannot.    The -solid  bounded  by  the  bin  of  Exercise  *1  is 
a  frustum  of  a  pyramid  whose  base  is  an  isosceles  right  triangle 
^ihicK  is  6  feet4ii'gh.    In  Exercise  Z,  the  siSnting  frq/it  edges  would, 
if  extended,  intersect  150  feet  below  the  top  of  thje  fein,  while  the 
slanting  edges  on  the  right  side  would,  if  exten4ed,  intersect  75 
feot  below,  the  top  pf  the  bin,         ^  I.  • 

51     ?r|^f(l  4  r]^     r^]/(l  4-  r),  where  r  andVR  are  the  rsCdii  of  the  bases 

[;r  <  R]  and  i  is  the  slant'-height.    [Note,  as  a  check,  that  the  | 
'    *  formula  giv^s  expected  results  in  cas9  r  =  0,  r  =  R,  or  R  -  r. 
Another  formula,  *xi{r  +  R)^  is  m6i*i'.difficult. to  derive.  ]  > 
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altitude  h.  On  showing  this  you  will  find  that  the  volume  of  a  ffustum 
is  given  by:  * 

h  Find  Af  for  a  frustum  in  terms 
ofSj  andBg.  [Mini:  Referring  to 
^  the  figure,  !6t  r  =^  hlh*.  It  foK 
,  lows  from  (2)  on  page  491  that  . 
B,  =  il  ^  rW,  _knd  '  M  =  (1 
•^^     '        -r/2)^B,.    (Why?)   Solve  tjie 
first  orth^  equations  for  V 
and  substitute  into  the  second.] 
2r*GompIeie.the  denvation  of  the  fnistum  formula  (*). 

3,  Sinc»  the  frustum  of  a  cone  is  not  a  prismoid,  the  argun\ent  in 
Exercises  1  and  2  do^  not  show  that  (*)  applies  to  a  frustum  of  a 

*  cone.  Use  Cavalieri's  Principle  to  show  that  it  does'! 

4,  Which  of  the  problems  pf  Part  A  can  \^  solved  by  the  frustum 
formula?  JJxplain. 

★6.  Find  a  formula  for  the  area-measure  of  the  lateral  surface  of  a 
frusCCim  of  a  Gg^t  bircular  cone.  [Hint:  Use  the  radii  oif  the* two 
bases  and  ^e  siant  height  of  the  frustum.] 

A-5  Volumes  of  Balis  and  Areas  of  Spheres 

By  definitioa,  a  ball  jj^asists  of  a  sphere  together  with  the  points 
inside  it  We      us©  Cayalieri's'Prjnciple  to  find  the  volume  of  a  ball. 


.  Fig.  AMi 

Tb  do  so  we  note  first  that,;^vaa  a  hall  of  radiiis  r,  the  afea-meaSure  of 
a  CTOss  s^Aion  at  the  distance* A  from  its  center  is  ^(Vr^  -  h^)^  or, 
equivalehtly,  tr/^  ^  ^rA^.  This  is  also  the  area-measui^  of  the  drcuiar 
ring  shown  at  the  left  in  Fig.  A-IL  Jt  follows  that  we  dian  use  Cava- 
iieri's  Principle  to  find  the  volume  of  the  bail  if  we  can,  find  a  figure  of 
altitude  2r  whose  volume  we  know  and  whose  cross  sections  are  ^ircu- 
lar  rit^s  of  the  ftpptopriate  aiz^.  Fig.  A-12  shows  how  to  dp  this. 
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f 

2f 


■2/-— 


^  Fig.  A-12 

So,  it.ttfms  out,  CavaHeri's  Principle,  that  the  vcAuirie  of  a  ball  is 
the  difference  between  the  volume  of  a  cylinder  and  the  volume  of  tiie 
union  of  two  cones  of  the  dimensions  shown  in  Fig.  A-12.  So,  if  V  irthe 
volume-measure  of  the  ball,  '  , 


an^,  so. 


(1) 


y    =  Z 

V      g  Trr-. 


4 


From  this  formula  we  can  make  an  educated  guess  to  the  area- 
measure  S  of  the  sphere  which  i^  the  surface  of  a  ball  of  ]|-adius  r.  To  do 
so  we  may  think  of  such  a  ball  as  being  the  union  of  pyrarbid-like  solids 
whose  vertices  are  the  center  of  tlie  ball  and  whose  bases  are  curved 
regions  on  the  surface  of  the  ball.  From  the  similarity  of  jhese  solids  to 
pyramids  it  is  reasonable  to  guess  that  the  volume  of  oine  of  them  is 
one-third  the  product  df  the  area- measure  of  its  base  by  kts  altitude  /-. 
Assuming  this  to  be  the  case  it  follows  that     '  I 


(2) 


Comparing  this  with  (1)  we  obtaih 

(3)  '  S  =  iiTJ^, 


J 


the  correct  formula  for  thl^re^-measure  of  a  sphere. , 
It  is  interesting  to  note  Sjj^  area-measure  of  the  sphere  pictured 
Fig.  A-12  ia_the  same  a^ff  measure  of  the  lateral  surface  of  the 
cylinder  in  the  same  figure.  Thjs  is  a  special  case  of  a  more  general  re- 
suit  coii(»ming  the  area-measiure^f ,a  fiiP^^icai  zone.  Sudi  ^  zone  is  the 


\ 
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Fig.  A-13 


portion  of  a  sphere  bej&een  two 'parallel  planes.  Its  altitudp  is  the 
distance  h  between  the  planes  and,  although  we  shall  not  show  that 
this  is  the  case,  its  arep-nieasiir'e  S  is  given  by: 


2rTrh, , 


where  r  is  the  radius  of  the  sphere.  It  is  somewhat  surprising  to  note 
that  any  two  zones  of  the  samfe  Sphere  which  have  the  same  altitude 
also  have  the  same  area-measure.        ^  .  ' 


Exercises 


V 


1.  (a)  What  is  the  volume-measure  of  a  ball  whose  diameter  is  d? 
(b)  What  is  the  area-measure  of  a  sphere  whose  diameter  is  d? 

2.  (a)  What  is  the  ratio  of  the  volume  of  S  ball  inscribed  in  a  cube  to 

the  volume  of  the  cube? 
(b)  What  is  the  ratio  of  the  volume  qf  a  cube  inscribed  in  a  ball  to 
the- volume  of  the  ball? 

3.  (a)  What  is  the  ratio  of  the  volume  of  a  ball  to  that  of  a  right  circu- 

'  lar  cylinder  circumscribing  it? 
(B)  Wha't  is  the  ratio  of  the  areas  of  the  surfecea  of  the  two  solids  in 
part  (a)?  '      -  '  '     .  . 

4.  A  great  circle  of  a  sphere  is  a  circle  on  the  sphere  whose  radius  is 

that  of  tJie  sphere.  If  the  drcuxnference  of  a  great  circle  is  5 
inches,  what  is  th6  area  of  the  surface'^  the  sphere? 

5.  (a)  If  the  radius  <Jf  a  sphere  is  increased.by  10%,  by  what  percent 
*       is  the  surface  area  increi&ed?  By  what  percent  is  the  enclosed 

volume  increased? 
(b)  Answer  part  (a),  assuming  that  it  is  the  diameter  of  tfeesphere 
which  is  increased  fay  10%.  . 
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3.  V    (a)    2/3  ,  •  (b)  2/3  . 

4.  E5/?r  square  inches       ^,  •  ' 

5.  (a)    ^1%;   334%  . 

(b)    2i%;   33, i%   {Increasing  the  diameter  by  10%  is  the  same 
as  increasing  the  radius  by  10%.  ] 
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Theorems  from  Volume  1 


Postulates  .    ^  ^  v 

1.  ia)  B    A€ er  (b)  A  \ 

2.  (a)A  +  (B-A)=B  (b)  "a  ^  (X^^  a) -  A 

3.  (B  -^^)  +  (C  -  B)  -  C  3^.4  » 

4o.   (£0  "a  +  6  €  .5^"        Jb)      <r  (c)^  -a  €  ^  (d)  aa  € 

43.  a  -f  —a  =  0  44.  a  -f  6  =  6  -f  a 

-4' " .      under  functioa  comi^sitioiijtis  a  commutative  ^roup.  ^  | 


4s.  a\  -  a  .  4«.  a(6  -f  c)  =  a6  -h  oc 

4?.  (a  +  6)c  -  ac  +- 6c  4«,  (oftk  =  a(6d) 

I    4" .  .S^ ,  under  function  Qpmjxjsition,  is  a  vector  gpace  over 


4fl%  There  are  three  linearly  independent  members  of  .5^. 
4i©.  There  are  not  four  linearly  inde{>erident  members  of  .T, 


I  4'.  .T,  under  function  composition,  is  a  ! 
!         3-dimensional  vector  spa<^  over  2?,  j 


5u  <a)  (a  -h  6)  *f  c  =  a  -K  (6  +  c)  ^    (b)  {a  -  b)  '  c  ^  a  ^  (b  -  c) 

5i.  (a)         c  +  0     a  (b)        a  -  1  -  a 

..5a.  (a)       a  -f      ^  0  (b)       a  •  /a  =1      la  ^  0] 

54,  (a)     V  a  +  6  s=*  6     d  (fa)        a  •  6  =  6  -  a 

56.  '  ^       ~  t)  9^  1   :  .  - 

5  c.  (a  +^,^6)  'C  =  G-  c-f^'C 

57,  (a)a-6==c+-6  ,  (b)  a  ^  .6  -  a  /6  [6  9^0] 
Sa*  a>boTb  >a      [a     b]  ' 

6»»  a  5^  a 

&o,  {a  >  b  and  &  >  c)      a  >  c  . 

5ii,^  a  <  b  — ^    >  a 

5ia.  (a)  a  >  i  — ♦  a  +  e  >  i>  -f  c 

<b)  a  >  6  — ♦  a  •  c  >.  6  -  c      [c>  0] 


if 


 "  "  -  ] 

5\  ^  is  an  ordered  field*  | 
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Defimtwns 

3-1.    (a)  >l  A -H -a  (b)  o^-T^  a*  +  ^6 

3-2.  .  (a)  J^(A)  -  71  -jO  (b)  P^Q  =  O  + 

5-  1.   [dl^  {^:^7^  ^}^ 

•  5-2.   [dT^  =  {x:         -  d%  +  ^ 

6-  1.   a  is  a  linear  combination  of  (a,,  .  a^) 

6-2.    (cTj, .  .    a,)  is  linearly  dependent 

...  3,  (g.jc.  -I-  v.  .  .  +  o,^,  '=      and  not  (x,  =  0,  .  . 

and      *,  =  0))  _ 
6-3.    A  sequence  is  linearly  independent  if  and  only  if  it  is  not  linear- 
ly dependent.  ,  ^         \     _  . 

6-  4.   la,,.  .  .,'aj  =  (x:  3,^  .  .  .  i^7^  a^,  +  .  i  +  7^,} 

7- 1.    {A,  R,  d}  is  cdllinear  if  and  only  if  (B  -  )^  -  A)ia  linearly 

dependent. 

7-2.   /  is  fi  line  if  and  only  if  (a)  /  is  a  subset  of  ^  which  contains  at 

least  two  points,  and  (b)  V;,Vv,  1({X,  7 }  £  /  and  X  5^  F)  — ♦ 
.     <   IZe/*--*  {X.  y.Z}  iscoilinear]]  '      •  • 

7-3.   AB,=  {X:^JC  ^  A  +  (B  -  Ate}  [=  {X: X  ~  AelB  -  A]}] 
7-4.   tfl  =  (x:  ^zSYe  I  and^el  and 7=  2  -  l:")}  JRead  W  as  'the 
direction  of  F.  Also,,  read  'fa]'  as  'the  direction  .of  arrow  a'.] 

*  7-5.   (a)\S  .=  {X:  X  ^- A  c  } 

7^.   / 11  m  if  and  only  if  [/]  =  .  -  _ 

7-7.  -  For  ^  £  y,  ^'J-  'a  =  i^i^^y^V  €     and  X  =  7  -I-  7)} . 

7-8.   [ci^'=  {T:?^  O'anda^^ox  =  ox}  [Read  "[^^' as 'the  sense  of  oO 

.7-9.   (a)  A(a]{  =  {X:X  -  ^e[^^} 

(b)  AB  »        -  A]*  [^ad  'AS'  as  'arrow  AB';  when  A  5^  ,S,  it 
■  j8  proper  to  readJAB'  as  'half-line  AB'.]  \ 
7-10.  (a)  Ala}*  «  {A}  u  Aj^ 

(h)  AB  =  jA}  U  Afi 
7-11.  (a)  -A[g;  =  A{-g^[ 

(b)  -aH*  =  'a[-^*  " 
7-12,  <«)  Afi,«^AS  n  BA 

(b)  AB  -  {AS}  U  AS 
7-13.  A  first  set  is  parallel  to  a  secMfld  set  if  and  only  if  they  are  non- 

d^enerate  subsets  of  parallel  lin^ 
7-14.        -  c  <^  "a     6c  [["l^-  l"^  9*  {0}] 
7-15.  M  is  the  midpoint  Qf^*-*>M-A=B-M 
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8-1.    ¥of  P^AB,  A  9^  P  9^B  .and  a  5^  0  >^  6,  P  divides  the  interval 

from  i4  to  B  in  a  :  &  if  and  only  if  (P  -  A)  :  tB  -  P)  =  alb* 
8-2.    (a)  PQR  ^PQ  UQR  U  RP  ' 

(b)  PQR  is  a  triangle       {P,  Q,R}  is  noncoUinear 
8^*s  The  ^median  of  a  triangle  from  a  given  vertex  is  the  interval 

whose  end  points  are  the  given  vertex  and  the  midpoint  of  the 

opposite  side. 

8-4.    (a)  PQRS  =  PQ  U  ^  U  H  U  SP  .  ' 

(b)  PQRS  is  a  quadrilateral  ^  each  of  {P,  Q.  iJ}.  {Q,  R,  S}. 
'    {/?,  S,  P}.  {S,  P,  Q }  is  noncbllinear 
8-5^   (a)  A  quadrilateral  is  simple  if  and  only  if  no  two  of  its  sides 
intersect. 

(b)  A  quadrilateral  is  convex  if  and  only  if  its  diagonalaidDter- 
sect. 

8-  6.    (a)  A  quadrilateral  is  a  trapezoid  if  and  only  if  it  is  simple  and 

v>has  two  parallel  sides.  • 
.  quadrilateral  is  a  parallelogram  if  and  cmly  if  its  opposite 

sid^  are  parallel.^ 

9-  1.    {/i,S,  C,i)}  isc«planar^(B  -A,C-A,D  --''4)  is  linearly 

dependent.  '      .  * 

9-2^  ?r  is  a  plane  if  and  only  if  (a)  ?r  is  a  subset  of  ^  which  contains 
at  l^tst  three  noncollinear  points,  and  (b)  V^V^V^  li{X,  Y,  Z] 
Q  77 and  IX.  F. Z] i^ noniX)lHnear  — ►  V^,, iWerr^lX, Y,Z, W} 
is  coplanar]] 

9^.     aAc  =  {X:  l^^X     A     (B  -  A)x  +  (C  -  A)y} 

9-  4,     [tt]  ^=^3^(7 ctt  andZ^TT  and"?=  Z  -  Y)} 

9^     (a)  71^  \\  rr  ^  [tt,]  =  [irj  ' 

^  (c)  TT  wi^^i  li    .  ■    ,    X  • 

10-  1.   (04, .  . .,  a,)  is  a  basis  for  ^  tf  and  only  if  (i)  (c^, .  .    a,)  is  Un- 

earljr  indefNendent,  and  (iiHa^, *  ^ 

iO-JL  If  (Uj,  Ug)  is  a  basis  for  ^  and  a  «  a^a,  -f-  4-  u^a^  then 
04,  and  o^are,  respectively,  the  first,  «eoond»  and  third  com- 
ponents of  a  with  respect^  the  given  basis.  Aiso^,  a^  a  J 
is  the  mmponent-fyiple  of  a  with  resp^  to  this  basis. 

10^.  If  O  e     (u^,  1^  1^)  is  a  basis  for     and4     O  ^  (1^,0, 

+  u^j)  then  a^,  and  are,  ^^pectively,  the  first,  second, 
and  tihdrd  coot^ates  of  A  with  respecf  to  tiie  givto  point  and 
giv^  baaisl  Alfeb,  (a^t  a^)  is  ther  coordinate-triple  "of  A  with 
r^pect  to  tiiift  |Ktot  and  ba$is: 
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Other  Th&frems 


C 


2-1 

A   4-       s  A          n  s=i  R  ^ 
^    1    %*               -         i*  =  X? 

■  A 

A        /y  s         -i-  n           ft  — — 

u 

A  -  C  =B  -  C*-*>i  = 

=  B 

a*  +  6*=»  J(/i  +  c)  +  ^ 

-  A 

{a)a'  +  "6e5^  ' 

(»)  A  # 

3-2. 

(a)  -4  ■>r  a  —  A       a  = 

i4  +  fl  =  B  +  a*-*A  =  B 

O  A 

=^B 

(a)  -(S  -v4)  ==  il  -B 

(A  +"(5  +"6"=  A  *~*'b 

3-7. 

(B  _  C)  ^  C4  -  C)  =  B 

-A 

3-& 

(4  -  B)  +7  =  04  +  7} 

-  B 

3-9. 

i4  +  (B  r  C)  ==  B  +  W 

-  O 

3-10. 

(A  -  B)  +7=  i4  -.(B 

3-11. 

'a  -  (B  -  C)  =  C  -  (B 

3-12. 

A-m-O^C-iB 

-A) 

ih)  A  +     +V)  =  (A  +  7)  +J 

(h)  A  ~A  =  'q 

(b)  B  =  A  ^B  -  A  =  O" 


(b)  -o  =  A  -  (A  +  a) 


I 


3^3.   (A  ^B)  ^  {C  ^  D)  =  (A  -  O  -  (B  - 
CoroUary.  4  -  B  =  C  -  Z> -  C  =  5  -  D 
3^14.   (B)P^oT^^i^  (T^^I^^^^^V 
S-l.     (a)  ab    0  •  (b)  Oa  -  0 

Ch2.     (a)  a  •  — a  =  --<aa)  (b)  — a  •  a  — (oa) 

5-3.    /(a)  afa  -  6)  =  aa  -  ab  (b)  (a  -  6)0  =  a«  -  6a 

5-4.     (a)      «  6c       a  =  b      [c  0] 
Cb)  «i  «  c?i  — ♦  c     6  [?9^"0] 

5-  5.     aa  =  0  — »  (a  =  0  or  a  =  0)  . 

6-  1.     (a)  is  linearly  dependent  ^— ^  a  «  0.  < 

ft-2.     For  n  ^  2,  (oy  .  . .,  d;)  is  lineally  dependent    ^  one  of  the  vec- 

torg  g^y       ii^    a  linear  combination  of  the  others. 
6r3i     (a)  A  sequence  one  of  whose  terms  is  0  fs  linearly  dependent. 

(b)  A  sequence  two  of  whose  terms  are  equal  is  linearly  de- 
^        f  pendent, 
6-^     If  any  subsequence  of  a  givan  sequence  is  linearly  dependent 

th^  the  given  sequence  is  linearly  dependent- 
's* ^  If  any  term  of  a  given  sequence  is  a  multiple  of  another  term 

then  the  given  sequence  is  linearly  dependent 
6^     A  permutatiim  of  a  given  sequence  is  linearly  dependent  if  and 

only  i^the  giv^  sequence  is  linearly  depei^ient 
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6-7.     (a^,  .  .  „  li^)  is  linearly  independent . 

•^V       .V  +  .  .  .  ='0--»(x,  =  0,.  ..,and 

*,'=0)]  "•      ^    -  ,  , 

6-8.     (a^,  .  .    a.)  is  linearly  independent      ^  /  ' 

— ^  (a,a,  +  .  .  ,  +  a^a^  =  u^b^  +  .  .  .  4-  0^6^  — ^  (a,  =  6,, ,  . 
and  =v6j,)) 

6-9.  If  a  s^uence  is  linearly  independent  then  any  of  its  subse- 
quences  is  linearly  independent.  ^  " 

6-10.  Any  permutation  of  a  linearly  independent  sequence  is  lin- 
early independent. 

6-11.  Any  linearly  independent  sequent^  is  a  sequence  of  distinct, 
non-0,  terms. 

6-12*    {{a,  b)  is  linearly  independent  and    +  6  +  c  -  0) 

(aa  +  66  +  cc  «  0      a  =  6  =  c) 

6-13.'  ((cj,  . .    r,-^  j)  is  linearlj^  dependent  and  (a,,  . .    a^)  is  lin- 
'    early  independent)  — ^    ^  t  ^      •  •  *'  ® J 

6-  14.    (S  T      C  -  A)  is  linearly  dependent      (C  -  B,  A  ^  B)  is 

linearly  dependent 

7-  1.     For  A  9^  S,  AB  is  the  line  which  contains  A  and  B. 
CoroUary.  There  is  one  and  only  one  line  which  contains  two  given 

points.  •        •  '  .  \, 

Corollary.  Two  points  are  contained  in  at  most  one  line. 
Corollary.  Two  lines  have  at  most  one  point  in  common. 
7-2.     ({CD}  cXb  BBdC  9^  D)  --^aS 
7^.     {{A,B}  C  /  and  A  9^  B)       m  -  [B  -  Al 
7-4.     (Aelaxid'^eil])  ^A  '^'qel  ; 
7-5.     (a)  Fgr  ^  ^  o",  Mai  is  the  line  through  A  in  ihe  direction  of  a 

{b)  AU^  is  the  liAe  through  A  in  the  direction  of  L 
^oroUary.  A€t I 

f  74.     There  is  one  oxtd  only  oiie  line  through  a  giveh  point  and  paral- 

Ifel  to  a  given  tine.  . 
7-7.     (a)7|M   ■  (b)Jllm— mil/ 

(c)  (/  li  m  and  m  \\  n)    ♦  l\\n 
7-S./    A  translation  m&i^  any  line  onto  a  parallel  line. 
7-9.     ^  +^  «=  {X^X  -aeW}  ,        Q  Sn 
7-10.   Wl±a  =  U    V)t/i  ^ 

7-11.  klB  -  Cj  n  BIA  -  C]  -  {A  +      -  C)}      [{A,  Br  C)  non- 

yllinear]   ^  . 

7-12.  Bm-n  m  9^  0^Sun]n  1^  -0  '[/nm9*03 
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7-13.  (a)  l^*  =  {x3,;^V- [a^O] 

,    -  (b)  10]*  =  0  ^        _^  '  . 

7.14.  [a]  =        U  {0}  U 

7-15.  A  +  iB -  A)a  =  A  l,(B  -  A)b*-*a  =  b   ,  l^5^S] 

7-16.  (a)  AB  =  {X:  3      X  =  >1  +  (B  -  A^x}      [A  ^  B] 

7-17.   C  cAB (AC  =       and  AC  ^  AS) 

7-ia  AB  =  CD —"A  =  C  " 

CoroUaiy.  AB_=  CD  —     -  A]*  =  (D  -  CJ* 

7-19.   AB  =  CD  — *^A  =  C      [A  ^  B] 

CoroUMy.  45^=  CD^"^  [S  _  ^ij*  =  [i?'  -  C]* 

7-20.  AS  =  AB  U  BA 

7-21.   (a)  AB  ^  {X:  3^  (0<«<1  and  X  =  A  +  (B  -  A)x)} 

,      »  ^  •    .        .  .  lA^B] 

(b)  AS  =  {X^3;  (0  5  ;c  5  1  and  X  =  A  +  (B  -  A)a:)} 
7-22.   (a)  AB  =  — *  {A,C}  =  {B,D}  s  [A  ¥^  B] 
(b),AB  =  CD  —  {A^}  =  JBriTT^ 

7-23.   (a)V=  Ma  I'ftr  =  [fe]^  {OJl 

(b)  0*=  — ♦  a*:  T=  c      [a  9^  0]. 
Corc4Iaiy.  (a)  cT;  ^  =  a/6  — »^  ='6a     ,  [M  =  J6]     {Q},  b  5^  0] 
(b)  a?;  =  fca  —  7:  "6  =  a/6      to  9*^,  6  #  0] 

7-  24.   (aa), :  (Si)  -      :  T)(a/6)  ^  fo},  a  #  0_#  6]  ^ 

.  7-25.   (aa  +  66)  :  7=  ("a  :  7)a  +  ("6  :  c56      [[cS  =  W  ^  id"^  {0}^ 

"Si  .+  66  5^0] 

8-  1.     AB  nCD  ^  0*^C  -  A€[B  -  A.C  - D] 

8-2.  If  AC  and  ^  are  nonrallinear  parallel  segments  and(D  -  S ) 
:  (C  -  A)  =  r  then  AB  if  r  =  1  and  AB  n  CD  =  {A 
V  (S  -  A)/(l  -  r)}\fr  ^  ^  ^ 

8-3.  If  A,  B,  C,  D,  and  P  are  five  points  such  that  AB  D  CD  =  {P} 
then  (a)  ACjlBfl  — *  ^P  -  D)  ■  (P  -  C)  iJ)  -  B)  :  IC  -  A) 
(P  -  fl)  :  (P^A)^and  (b)  (P  -  Di>:  -  C)  =  (P  -  S) 
:  CP -.A) —♦AC  il BD/  :    ^  ^ 

Corollary.  Under  the  conditions  specified  in  the  theorem,  AC  ||  BD 

^       -^(p  ^  D)  :  (P  -  C)  ^  (P  ^  B)  :  (P  ~  A). 
8-4.     For  A     P  9*  B,  (a)  P  divides  the  interval  from  A  to  B  in  a  :  6 

— ♦P  =  A  +  (B  -  A)— ^IPcXb,  a       9*  6J  (b)  P  =  A 

a  +  6 

-»-  (B  -  A)— ^-r  — *P  divides  the  interval  from  A  to  B  in 
V  *    a  +  6 

o  :  6      [a  +  6  7*  0] 
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CtSrbllary.  For  A  9^  P  #  B,  (a)  P  divides  the  interval  from  ^4  to  fl  in 

s:l^P=^A  +  (B  ^  A)-j^[PeAB,  s  #  0]  (b)  P 

f  A  ^  iB  -  A)t^^^  P  divides  the  interval  from  -A  to  B 

in  ^  :  1  -  ^.   '  ' 

8-5.     ForPcAB  and  A        ^^B.PeAB  or P^-AB  or  Pc-fiA  ac- 
cording as  the  ratio  in  which  P  divides  the  interval  from  A  to 
5  is  praitive,  or  between  0  and  ~1,  or  less  than  —1. 
8-&     (a)  The  ratio  of  tv^  interval^  which  are  intercepted  op  one  of 
^  -  tvjo  parallel  lines  by.wncurrent  trangversak  of  both  these 
.lines  is  the  same  as  that  of  the  corresponding  intervals 
which  are  intercepted  by  these  transversals  on  the  other, 
(b)^  The  ratio  of  two  intervals  which  are  ihteiscepted  by  paral- 
lel lines  on  one  transversal  of  these  lines  is  the  same  as 
that  of  the  corresponding  intervals  which  are  interested 
by.  these  lines  on  any  other  transversal. 
8-7.^   The  inter*(?al  whose  endpoints  are  the  midpoints  of  two  sides 
of  a  triangle  is  parallel  to  the  third  side  and  its  ratio  to  the 
third  side  is  1/2.  *  ' 


Corollary.  A  line  throu^  th^  midpoint  of  one  side  of  a  trianfle  is 
parallel  to  a  second  side  If  and  only  if  it  contains  the  mid- 
*  •  point  of  the  third  side. 
8-8»     The  three  mediums  of  a  triangle  iiitersect  at  a  point  which 
divide  each  of  them,  from'verCes^  to  midpoint  of  opposite  side, 
in2  :  1. 

8-9.  (a)  The  interval  who^  end  points  are  the  r-points  of  two  sides 
of  a  triangle,  from^  their  common  endpoint,  is  parallel  to . 
the  third  side,  and  its  ratio  to  the  third  side  is  r. 
(b>  A  line  through  the  r-point  of  one  side  of  a  triangle,  frpm 
one  of  its  vertices,  is  parallel  to  Ui^  side  opposite  that  ver- 
tex if  and  Only  if  it  ojntains  the  r*point,  from  that  vertex, 
of  the  third  aide. 

S-IO/  Xs^  Ihtervi&s  tram  Two  vertTces  ora^tsuogle  to>-po 

oppc^ite  sides  ffrom  theu^  common  vertex]  intersect  at  the 

.  ~^point  of  the  median  from  that  vertex.  The  point  of 

,  intersection  divides  each  of  the  two  intervals,  from  vertex 
to  opposite  side  in  1  :  r  ani  divides  the  median*  from 
vertex  to  side,  in  2r  :  1  -  r. 
(b)  Lines  through  two  vertic^  of  a  triangle  which  intersect  at 
r    the  s-point  of  the^'median  from*  the  third  vertex  intersect 

the  opposite  3ides  at  their  ^  ^  ^^^points  from  this  vertex. 
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S-ll;  If,  in  AABC  and  AA'BV\  AB  \\A'B\  BC  \\B'C\  and  CA 
'    liC'A'    then    (a)  (B'  -       :  (B  -  >t)  -  (C  -  fi')  :  (C  -  B) 
-  (A'  -  G')  :  (A  -  C),  and  (b)  for  A  ^  A\  B  ^  B\  and  C 
5^  C'y  the  lines  AA\  BB'  and  ^C*  are  parallel  or  concuiH^nt. 
8-12.   IThe  Twice- Around  Theorem]  If,  in  AAJ3C,  G  and  D  are  in 
BC,  E  and H  are  in  CA,  and  /  and F  are  in^,  andZ?£J!lSA 

"ll  GH,      II CB  II  HI,  FG  \\  AC,  then  ID  \\  AC."  

8-13,   If,  in  AABP,D  and  Fare  in  BP,  CjndE  are  inFA,£F  jlBC,^ 

and  CD  li  AF,  then  D£li|AB.  ^ 
8-14.   If  qT*^*  andTare  position  vectors  of  A,B,  and^*[with  respect  to 
any  point  O]  then,  for  A  5^  B  and  0  ¥^  r     1,  R  is  the  point 
whidi  divides  the  intervaffrom  A  toB  inir  :  1  -  r  if  and  only 
ifT^'ad—  r)4^ '  /  '  '  ^ 

8-15.   a,  6,  and  c  are  position  vectors  of  collinear  points  if  and  onl^ 
if  there  exist  numbej^  x,  y ,  and  z,  pot  all  0,  such  that  ax  -^  by 
-f-     =  0  and  x  4-^    ^  =  0.  ^ 
Corollary.  If  a,  6,  and  e  are  position  vectors  of  noncoUinear  points, 
and  a,    and  c  arfe  niunbers  such  that  a  ^,6  -f-  c  =  0,  then 
fltti  +  ^  4-  ^  =  0  if  and  only  if  [a  =  0,  6  ^  0,  and  c  =  0]  . 
8-1&   (a)  PQRS  is  a  trat^id  with  bases  PQ  and  RS  if  and  only  if 
J?Q  and  JSiS  are  noncoIUnear  parallel  intervals  such  that 

\  (b)  If,  in  trapezoid  PQRS,  PS  if  QR  then  PS  and  QR  intersect 
at  a  point  which  divides  both  thejntejval  from  P  to  S  and 
'  the  interval  from  Q  to  ii  in  — <PQ  :  RSj. 

8-17.   (a)  A  trapezoid  is  convek.   ^   

(b)  IfPQRS  is  a  tr^peroid  with  bases      and\RS  then  the  in- 
'section  of  its  diagonals  divides  eacK  of  them^  from  P  to  JR 
and  from  Q  to  S,  rrapectively,  in  PQ. :  RS,  : 
8-18.   (a)  The  midpoints  of  successive  sides  of  a  simple  quadrilateral 
are;5thesuccessive  vertices  of  a  parallelogram. 
•   (b)  The  irftervals  joining  the  midpoints  of  opposite  sides  of  a 
simple  ^Uadrilater&I  hisect  each  qUier,  ^ 
8-19,   [Meneiaus'  Theorem  and  Converse]  If,^  in  AASC,  R^BC, 
S         b&AT^Xb  then  {R,  S,  T)  is  collinear  if  and  only  if 
BR    C^  '  AT  • ^  •  TBI  ^       ^  ^  ^ 

8- 20.   If,  in  AASC,  R  i  BC,  S  ^  St ,  and  T  €  AB  then  AB,  BS,  and  CT 

are  concurrent  or  par^^He!  if  and  only  if  BR  -  CS  -  AT  =  RC 
•  SA  •  TB,  ' 

9-  1.     For  {A,  B,  C}  noncoitinear,  A^^is  the  plane  which  contains  A, 

B.  andC.       ■     /  _^ 
Lemma*  <(cl5)  is  linearly  independent  and  (c, cfj  C  [a,V}y  — ^  [cl S 

Corollary.  Three  noncollinear  points  determine  [uniquely j  a  plane. 
•        •  • 
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9-2.     ({A  F,  F}  C  ABC  and  (A  F,  F}  is  noncollinear)  A^ 
=  DEF 

9-3.     A  plane  contains  the  line  determined  by  any  two  of  its  points. 

9-4.     A  line  and  a  point  not  on  that  line  determine  a  plane. 

9*5.  ^  Two  intersecting  lines  determine  a  ^lane. 

9-6.     Two  parallel  lines  determine  a  plana 

9-7.     Two  nonparallel  coplanar  lines  intersect. 

9-8.     Two  lines  are  parallel  if  and  only  if  they  are  coplanar  and  > 

have  no  common  ^int. 
9-9.     {A,  B,  C}  is  a  noncollinear  subset  of  w  — ♦  [tt]  =  [B  -  4, 

C  -  Al  ^ 
9-10.    (P  €  9r'an^^€  M)  — ♦  P  +  a*e  w  ■ 

9-1 1.    (a)  For  (a,  6)  linearly  independent,  A  [a  ,6]  is  the  plane  through 
A  >yith  the  bidireetion  [a^^. 

(b)  AM  is  the  plane  through  A  with  the  direction  of  tr. 
9-12.  A'ny  translation  maps  any  plane  onto  a  parallel  plane.  . 
9<'13.   There  is  one  and  ohly  one  plane  through  a  given  point  and 

parallel  td  a  given  plane.  . 
9-14.   Inhere  is  a  plane  containing  a  given  line  and  parallel  to  a 

given  plane  if  and  only  if  the  given  line  and  plane  are  parallel 
9-15.   Thei^  is  oiie  and  only  one  plane  which  contains  a  given  point 

and  is  parallel  to  each  of  two  given  nonparallel  lines.,  ~ 
9-16-   T\vp  lines  which  are  contained  in  different  parallel  planes  are 

parallel  if  ,and  only  if  they  are  coplanar. 

9- 17.   The  ratio  of  two  intervals  which  are  intercepted  by  parallel 

planes  on  one  transversal  of  these  planes  is.  the  same  as  that 
the  corr^ponding  intervals  whidi  are  intercepted  by  these 
plan^  on  any  other  transversal.  '  . 

10-  l,   There  are  four  noncoplgnar  points. 

10*2.   The  intersection  of  two  nonparallel  planes  is  ^  line. 
10-3.   A  line  which  is  parallel  to  each  of  two  nonparallel  planes  is 
pamllel  to  their  intersection^ 

10-4..  A  fine  and  a  plane  which  are  not  parallelmtei^sectata^ngle 
point.  , 

Corollary  1.  A  line  which  is  a  transversal  of  one  plane  is  a  trans- 
versal of  any  parallel  p^Iane.  '  - 

Corollary  2.  Parallel  lines  ar^  transversals  of  the  same  plane, 
10^.   A  plane  which'  intersects  one  of  two  parallel  planes  intersects 
the  oth^r,  and  the  intersections  are  parallel  lines.  ' 

10-6.     (a)  (jjl  TT         (or  ^  7T  or  or  n  TT  ^  0). 

(h)  l]\7r^il  Q  IT  or  in  TT  =  0) 
10-7.    Each  3-termed  linearly  independent  sequence  of  li^uislations 
is  a  basis  for  ^.    ^  ^  977 
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Each  basis  for  ^  is  a  3-termed  linearly  independent  sequence 
of  translations.  *  '  • 

^iSa.  '  [^,, 5» ^ 3  ^  '  ^ » ? ^  ^  linearly  independent 

10*10*  (a)  Each  non-0  translation  is  a  term  of  some  basis/or.^. 

(b)  Each  two  linearly  independ^t  tJranslations  are  terms  of 
some  ba^is  for  J^.  " 

10-11.  For  any  basis  for      (a)  each  component  of  0  is  0,  (b)  eac^. 
component  of  -^is  the  opposite  of  the  corresponding  compo- 
'       nent  of  cT,  (c)  each  component  fif  a'+Tis  the  sum  of  the  cor- 
responding components  of  a  and  6,  (d)  ^ach  component  of  aa 
is  thq  product  of  the  corresponding  component  of  a  by  n, 

10*-12«  If    %    and  jgJ  are  petition  vetlors  of  nonoopranar  points  and 
*  >    a  +  6  +  ci=  Q  then  ^-<-"S64-^^daf==0  if  and  only  if  a 
s=r  0,  6  =-0,  c  =vO,  andd  ^  p. 

10-13.  For  (u„  u,)  linearly  independent,  («,a,  +  u^a^,  ^^b,  +  u^b^)  is 


linearly  dependent  if  aaad  only  if 


b,  6, 


10-14.  For  (J.Juj,  U3)  jinearly  independent,  (B,a,  +  UjO,  +  u^a^, 
'+ +  is  linearly  dependent- if  and  only  if 


6,  6, 


(0,  0,  0). 


10-15.  Suppose  that,  with  respect  to  a  given  coordinate  system,  the 
coordinates  of  A  are  (a,,  o,,  c^)  apd  the  c»mponenta  of  p  and  g 
are  <P, .  Pj.  •  ^2'      respectively.  With  r^pect  to  the 

given  coordinate  system 
(aj  the  parf^metric  equations: 

fi,  «  a,  +  p,s  +  g,t  "  ,^ 


describe  the  set  Aip^  and  this  set  i§  a  planfe  if  and 
only  if  '  «  '  ■ 


> 


(t) 


Pa  P14 


Pr  Pi 
9i  92 


.    and      '     -  .  * 
(b)  the  single  equation: 


^  (0^,0^0). 


-t 

Pa  Pj 

Pa  Pi 

Pi  Pi 

9g  *9s 

9s  9« 

9,  9g 

repr^ents         g5  if        onI|r  if  tiie  condition  (t)  is 
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10-16.  Suppose  that,  with  respect  to  a  giyen  coordinate  system,  the 
'  oomp6nenty)f  m  and  n  are  (m/,  m^,       and  (n,,  n^, /ij),  re- 
spectively,/With  respect  to  the  given  coordinate  system,  the 
equat^ions:! 

describe  ndnparallef  planes  if  and  only  if  .(m,  7i5  is  linearly 
independent;  and,  in  this  case,  " 


(ii) 


r 


are  the  comix)nents  'of  a  non-^  vector  in  the  direction  of  the 
linb  of  intersection  of  the  planes. 

Corollary  1.  The  equations  (i)  describe  parallel  planes  if  and  only  if 
m  and li  are  non-^ aiXd  (m , li)  is  linearly  depelident 

Cordfary  2.  If  (m,li)  is  linearly  independent  then  the  line  of  .inter- 
section of  the  plana^escribed  by  the  equations  (i)  is,  itaelf, 
'  described  by  the  systei?b^ 


>»3 

+ 

r 

f 

+ 

r 

«* 

»i 

+ 

r 

/I2 

10- 


where  (c^  c^,  c^)  are*the  coordinates  of  any  chosen  poipt  C 
which  is  common  to  the  two  planes. 
-17.  Suppose  that,  with  respect  to  a  given  coordinate  system,  the 
.  components  offand  p  are  {1^,1^,  l^)  and  (p^,  p,,p,),  respectively. 
Witj}  respect  to  the  given  coordinate  system,  tjxe  eqiuitions: 


and: 


CU) 


a,  +  p,r 
(  {*,  =  a,  +  p,r 


describe  a  plane  and  a  line  which  are  pai^ei  if  and  only  if 
"faad^are'non-O  and  ■  * 

aiui.  in  this  case,      line  is  a  sxibsetof  the  plane  if  and  only  if 
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Corollary.  The  equations  (i)  and  (ii)  represent  a  plane  and  a  trans- 
versal to  this  plane  if  and  only  if  lj>^  +       +  l^p^  0. 

10-18.  FQn«,,l^,_trj)lim3arly  independent,  (TTjC, +^,0^ 

+  tt,6j  +         «,c,  +  "ujCj  +  VjCg)  is  linearly  dependent  if 


0  \ 


and  only  ,  if 


O,  ftj 


C3 


=  0. 


Theorems  Abgut  ^Squatiom 

A.  The  system  of  equations; 


ERIC 


la.  6. 


has  a  unique  solution  if  and  only  if 


a,  6, 


^  0;  and,  in  this  case. 


the  given  system  of  equations  is  equivalent  to: 


X  = 


6, 

-,y  =  ■ 

6, 

6. 

Coroilary;  Thcvsystem  of  equations:  . 

■  *       ,  •  ■ 

.    '       loj*  +  tjy  =  0 
has  a  noiitrlvial  solution  if  and  only  if 

a'  b 


B.  For 


•1  "1 


5^  (0, 0, 0),  (UfX  +      +      =  0  and 

I,  and 


a,  6, 
0.  b. 


6. 

< . « . 


950 
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C.  The  system  of  equations: 


has  a  unique  solution  if  and  only  if 


a,    6,  c, 


*3 


#  0  ai^,  in  this 


case,  the  given  system  of  ^nations,  is  equivalent  to: 


X  = 


a,  6, 

-,2  -  - 

a* 

■  > 

Corollary.  The  system  of  equations: 


has  a  nontrivial  solution  if  and  only  if 


la,   b,  c, 
65 

^3   ^3  ^3 
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Tabulated  Values  of  Trigonometfl^nctions 


nf 

**sin 

^tan 

0 

.0000 

l.OjOCK) 

.€0(X) 

90 

\ 

.0175 

.9998 

.0176 

57.^ 

89 

2 

-<^349 

'  .^94 

.0349 

28.636 

88 

3 

.0523 

.9986 

.0524 

19.081 

-  87 



 ;0^- 

14.301 

86s- 

6 

.0872 

.9962 

.0875 

11.430 

85' 

5 

.1046 

.9945 

.1051 

9.6144 

84 

7 

M2lf 

.9925 

.1228 

"8.1443 

83 

g 

.13^^ 

.9^3 

.1405 

7.1154 

82 

9 

'  1564 

.9877 

.1584 

6.3138 

81 

^  -  - 

10 

.1730 

.9848 

.1763 

5.6713 

80 

,1908 

.^16 

.1944 

6.1446 

79 

i2 

.2079 

.9081 

.2126 

4.704^ 

78  ^ 

At? 

.2250 

.9744 

.2309 

4*3315 

77 

.2419 

-.9703' 

^  .2493 

^  4.0108 

76  _ 

2588 

,9669 

.2675 

3.7321 

75, 

2756 

td613 

.2867 

3.4874 

74 

17 

.2924 

^  .9663 

.3067 

9.2709 

73  ' 

18 

.3090 

.9611 

-.3249 

3.0777 

72 

19 

.3256 

.9456 

.3443 

2.9042 

71 

20 

.3420 

.9397 

.3640 

2.7476 

70 

21* 

.3684 

.9336 

.3839 

2.6051 

69 

— o — 1 

22 

.3746 

.9272 

..4040  • 

2.4751 

68 

— *  ^ 

3907 

.92Q5 

.4246 

2.3559 

67 

'  24 

.4067 

.9135 

.4462 

2.2460 

66 

25 

.4226 

.90S3 

.4663 

^;2.1445 

,  66 

.4384 

.8988 

.4877 

2,0503 

64 

27  ^ 

^  .4640 

.8910 

.  .5095 

1.9626 

«  63 

4695 

.8829 

.5317 

1.8807 

.62 

4R48 

.8746 

.5543 

.1.8040 J 

61 

.5000 

.8660 

.57-74 

*  1.7321 

BO 

O  L 

.8572 

.6009 

1.6643* 

59 

S2 

. 

5299 

.8480 

.6^49 

1.6003 

-  58 

.5446 

.8387 

.6494 

1.5399 

57  ■ 

5592 

.8290 

^  .6746 

1.4826  ' 

56 

*  .5736 

.8192 

 ^^^^ 

1. 4281 

'  55 

.8090 

.'?265 

1.3764^ 

54 

— atf^ 

.6018 

.7986 

.7536 

1.3270 

53 

6157 

.7880 

.7818 

i:2?99 

62 

.6^3 

^7771 

^098* 

1.2849 

51 

6428 

.7666 

.8391 

1.1918 

50 

41 

.6661 

.7547 

.8693 

1.1604 

49  . 

42 

:6691 

.7431 

.0)04 

1.1106 

48  ■ 

43 

,6820 

.7314 

.9326 

1.0724 

.  47 

44 

.6947^ 

.7193 

^9657 

1.0366 

46 

46 

.7071 

.7071 

^  1.0600 

45 
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Absolute  value,  27,  146 
Absolute  valuing,  5-8  , 
..Acute  M^Ie,  236 
AdditioQ  laws  ' 

forces,  417-425 

for  "sin,  41  8h  425 
Adjacent  angles,  209-214  ^ 
Adjacent  <upplemegtaiy  anfiles, 

'  207  ^sTv 
Alternate  angles,  224-226 
Altitudes  of  triangle,  31-33,  135, 

157        '  * 
Angle{s) 

acute,  236 

adjacent,  209  -  214 

adjacent  suppleroeiitaFy,  207 

alternate  exterior,  224  -  226 

alternate  interior,  224-226 

bisectors,  227-233 

central,  330 

complementary,  238-239 
consecutive  exterior,  224  -  226 
consecutive  interior,  224  -226 
corresponding,  224-226 
cosines  of,  21 5  - 220,  255  -  26^ 
definition,  206  . 
dihedral,  244-246,  360 
*of  elevation,  431 
exterior,'  224    •  ♦ 
exterior  of,  208  -  209 
exterior  of,  of  triangle,  255 
included*  265 
inscribed,  331 
interior,  224 
interior  of,  208-209 
measures,  350-358.  396-399 
obtuse,  236  . 
.  opposite,  of  triangle,  266 
ordering  by  si2e,  234-238 

planeof^2D7  

right,  235 

sensed,  389-399^      -  . 
.   side  of,  206  , 

sine  of,  240-244^ 

s^btexided,  330 

supplementary,  220-^223 

symbol,  206-257 

vertex  of,  206- 
,^   vertical,  207  ^  ' 

*Angle«side-an£le^  266 
Appro^dmately  equal,  479 
Approximaticms,  361,  4^-430 
Area 

of  drqMf  ar  regions,  360-366 


tt  formulas,  310,  311 
lateral,  490 

of  quadrangular  r^ons,  300-^306 
of  triangular  regions,  ^  -  306 
Arc(6) 

congruent,  325,  349  ^ 
counfierclockwise,  410  ' 
intercepted,  331 
rafiyor,  322 
minor,  322 

relation  between  chords  and,  325 
Arccos,  465 
Arccot,  468  -  469 
Arcsin,  466-467 
Arctan,  467-469 

Argument  of  complex  number,  482 
Aridimetic  mean,  163 
•  Averi^e,  163 

Basis(es)  , 
negatively  sensed,  384 
orthogonal,  24-26,  69 
orthbnormal,  61,  68,  109-110 
positively  sensed,  384  ^ 
for  vector  space,  57 

Basis  vectors,  25 

Bi&rection  ^ 
of  plane,  13-14 
.   •  proper,  35 

Bisector  « 
of  angles,  156,  227  t^JSS 
definition,  228-229^^ 
perpendicular,  30-32,  156-166 

CavaUerf  8  Principle,  493 
Central  angle,  330  \ 
Chords,  322-- 3B5 - 
Circleis)  316-^372 
and  arcs,  322  -325'\ 
center  of,  317 
chords  of,  322-325 
externally  tangent,  328^ 
^  great  500 


internally  tai^ent,  328 
radios  of,  ^17 
spheres  and,  316-322 
unit,  405,  409 
Ci^ular  aroh  342-^3 
Circular  functions 

appHcatiohs,  455^483 
^  congruence  and,  460^463 
cos,  412-416 
inverse,  463--471 
sin,  412-416  • 
summary,  442'-f447 
Circular  secjtor,  3^2-^363 
Circular  segment.  366  : 
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CTircumcircle,  3lS 
CircQinference,  346-^347 
Clockwise  rotation,  375 
» Cofonction  transfprmatioD*  451 
CoUinear  ftegmenta,  28 
Complementary  ani^ea,  23S-239 

and  sines,  243 
Comp!emeiit«,  ortiiogonal,  13,  21  - 

23,  30,  35-  36,  47  -  51,  78 
Complete  ordered  field,  341 
Completing  tiie  Square,  104-106 
Coinplesc  number 

argument,  482 

field,  480^481 

polar  form  of,  483 
*  system,  143-147,  403 
Components 

orthogonal,  35^39,  Si -57  ' 

vector,  37,  107        >  ^ 
Concurrent  lixies,  31  -32, 135, 156- 

157 
ConditiQns 

necessary,  277-281 

suffident,  277-281 
Cone,  487 -^488 
Congruence 

and  corresponding  parts,  263-264 

and  cosines,  219  * 

and  isometiy,  1 76-- 184 

relation,  185 

symbol,  21% 

theorems,  263-- 271 

and  vertical  angles,  220 
Congruent  arcs,  349 
Congruent  circles,  320 
Congruent  diagonals,  282-283 
Congruent  figure*,  176-179 
Congruent  segments,  186 
Convex  quadrilaterals,  336 
Convex  polygons,  353 
Convex  polyhedron,  489  & 
Coordinates 

in  a  given  i^iftne,  129-140 

and  p^rpenidicularity,  107,  lis  ' 
Coorc&iate  systems,  67 

orthogonal,  24-26  —  

orthonormal,  69-73 
Corr^ponding  angles,  263 
Corresponding  sides,  263 
Corr^ponding  vertices,  263^ 
Cosecant  function,  482-436 
Cosine  function,  412-^413 
.  addition  law,  417 

graph,  424  ^ .  • 

law,  416  - 

subtraction  law,  416-425 
Co«iiie(s} 


of  angles  of  triangle,  255 --262 
and  congruence,  219 
definition,  215 
directions,  455 
law,  266 

and  sensed  angles,  391 
and  supplementary  angl^,  220- 
223 

Cotangent  function,  432-435 
Counterclockwise  are,  410 
Counterclockwise  rotation,  375 
Cross  sections,  490-  496 

nond^enerate,  490 

of  solids,  490r491 

volume  by,  492-495 
Cylinder,  487 

Definition,  recursive,  199 
D^ree  eo^ne,  425  -  432 
'    evaluating,  428-^ 

tables,  429,  514 
Degree  measures,  358-  360, 364 
D^ree  sine,  425-432 
del  Moivre*8  theorem,  4S4-486 
Dependence,  Hnear,  1 
Determinanis,  107-108 
Diagonals 
^congrunet,  282-  283 

perpendicular,  235  -  286 
Diameter,  of  circle,  322 
Dihedral  angle,  244-246,  360 

edge  of,  244 

faces,  244 

naming,  244-245 

plane  angles  of,  246 
Direction 

cosines^>  455 

numbers,  110,  114 
.   of  line,*  213 
Discreteness,  254 
Discriminant  of  quadratic  equa 

tion,  149 
Distance,  93 
•    between  points,  45-46 

between  points  and  lines  or  planes 
-  167-176   

definition,  15^ 

fonAula,  174-175 

fundame^tpi  properties,  153-167 

mininukm,  189 

notions,  26-35 

and  orthonormal  l^is,  172-  173 
and  perpendicularity,  29-35 

Dodecahedron,  489 

DotmultipUcation,  40-  46, 51, 165- 
167 

pc»tu]at^,  42-46 
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properties,  43 

in  two-dimensional  vectorspace,  143 
Doubling  formula,  418  ^  / 

Equations 

parametric,  107,  115,  117 

solutions  of,  471-476 

symmetric  form,  123-124 
Equilateral  triangle,  158 
Euclidean  number  plane,  403-404 
Euclidean  space,  1 
Even  function,  371 
Exterior  of  angle,  208-209 
Exterior  angles  of  triangle,  255 

opposite  angles  for,  255 
Externally  tangept  circles,  328 


Field,  146  " 

<x>mplete  ordered,  341 
Fixed  points,  ISO- 181 
Free-variable  generalization,  7 
Frustum,  497-498 
Function(s) 

c#culai,  409-  486 

composition,  183- 184 

even,  371 

graphs  of,  102-103 
greatest  integer,  3|5 
increasing,'  168 
integral  part,  ^IS- 314 
inverse  drculaA  463-471 
linear,  100-103 
odd,  371 
periodic;  406 

quadratic,  100-106,  147-149 
signum,  313 
square  root,' 463 -466 
squaring,  463-464 
winding,  409-412 

Gieneralization,  one^variable,  7 

Geometric  mean,  163  « 

Graphs 
€»sine,  424                '  ^ 
of  ftmctions,  102-103    - ' 
sine,  424    -   7 — 

Great  circle,  500 

Greatest  integer  ftinction,  315 

Group,  184-185 


Halving  formulas,  439-442 
\Heacagon,  353 
nexahedron,  489         ^  \ 
Hypotenuse,  159 
Hypotenuse-leg,  269 

Icosahedrpn,  489 


Identities,  447-455 

Pythagorean,  450 
Image,  3  # 
Incircle  of  triangler328-329 
Inclination,  458-459 
Included  angle,  266  ^ 
Included  side,  265 
Increasing  function,  168 
Independence,  linear,  1,  23*  108, 

127 

Inequidity,ti*iangles,  151-152 
Inner  product  space,  9-73 
Inscribed  angle,  331 
Integers  and  discreteness,  254 
Integers,   nonnegative,  199  -205, 
251 

Integral  pistrt  fMnction,  313-314 
Intercept,  plane,  70 
Intercept  and  slope,  ISf 
Interior  of  angle,  2QS  -  209 
interior  angl^,  224 
Internally  tangent  circles,  328 
Intersecting  planes,  2 
Intervals,  j^araQel,  1 
Inverse  circular  fune^on,  463  -  47 1 
Isome^  and  coi^{raence,  176- 
184 

Isometry  and  translations,  177 
Isome^,,properti^  of,  184-193 
Isosceles  ^pes:oid,'  2M 
Isc^cel^  trian^e,  158 

Kite,  289 

Lateral  area,  490 
Xateral  base,  488 
Lateral  edge,  4SS 
Lateral  stuf ace,  488        \  ^ 
Laws 

addition,  417-426 

Cosine,  256 

cos  ftmction^  416 

Sine,  269 

sixi  function,  «,416 
L^ast  upper  bound,  340 
^ine<s>"  -   

dii^ciion  of,  213 

cAlique,  85 

orientation,  S73-375 

in  orthonormal  coordin^ites,  118- 
124 

parallel,  224  -227  . 

and  perpendicuiarit}?,  74-87 

sides  of,  209-215 

of  symmetiy  for  rectangle,  2^ 
Linear  dependence,  1 
Linear  equation  137 


paranretric  forma,  139 

point-si  ope  form,  139 

siope-inten^pt  form,  137 

two-point  form,  138-139 
Linear  ftinction,  100-103  - 
linear  independence,  1, 23, 34, 108, 
127 

Lower  approximation,  361  • 

Mappings,  52-53 

Mathematical  induction,  202-  208, 

261-254,871 
Masdmum  of  two  numbers,  153 
Mean,  163 
Measure(s) 

angle,  360-360 

circular  arc,  342-349 

sensed  angle,  396-399 

vectors,  142,  402 
Median  of  triangle,  34,  157 
Midpoint,  2,  !»-29,  33,  166  • 
Midsection  of  prismoid,  4^ 
Minimum  of  two  numbers,  153 
Minimum  value  and  distance,  169 
Mirror  image^  177 
Multiplication 

dot,  40-46,  51,  64-55,  68,  166 

star,  166-167 

of  translations,  36 

of  vectors,  89-40 

N-gon,  353 

Necessary  conditions,  277  -281 
Negatively  sensed,  373 

basis,  384  '  \    '  ^ 

NoncoUinear  segments,  28 
Nondegenerative  parallel  inter- 
vals 48 

Nopnegative   integers,  199-205, 
251 

Normal,  110, 114, 132 
Norms,  54-55 

properties  of ,  47  -  5 1 

ratios,  48 

vector  27 
Notions^  distance,  26-59 

about  perpendicularity,  9-16 

about  perpendicularity  and 
distance,  29^35 

Oblique  lin^  B6 
Obtuse  angle,  236 
Octahedron,  489 
Odd  function,  371 
Operation(ft) 

perping,  37S-3S5 

on  real  numbers,  5-8 


Opposite  sides  of  lines,  210 
Ordered  pain  of  rays^  392 
Orientation 

iDriented  planes,  373  -  408 

for  line,  373-376 

for  plane,  375.^3^ 
Orthodiagonal  quadrilaterals, 

287  -  292 
Orthogonal  basm,  26  -  29,  37,  59 
Orthogonal  complements,  13.  21- 
-      23,30,36  -  36,47  -51,78 
Orthogonal  components,  35-  39  , 
Orthogonal  coordinated  system, 
24-26 

Orthogonal    projections,  11-12, 

17-20,  36,  37,  87-93 
Orthogonal  translations,  20-26 
OrUiogonal  unit  vectors,  109 
Orthogonality,  93-96 
of  directions  of  vectors,  93-96 
of  vectors,  93-?^ 
Orthonormal   basis,   61^63,  96, 
X  lt)9-110 

Orthonormal  coordinate  systems, 

69-73.  107-149 
* 

Parallel  intervals,  1 

Parallel  lines  and  transversals, 

224-227 
Pai^el planes,  3-5 
Parallel  transversals,  3 
Parallelism  criteria,  115 
Parallelograms,  27 1-277 
Parametric  equations,  lOi,^  115, 

117,  139  < 
Parametric  forms,  139  - 
Pentagon,  353 
Perimeter,  343 
Periodic  function,  406 
Perpendicular   bisector,  ^0-32, 

155-166 

Perpendicular  diagonals,  285  -  28^ 
PerpendiculaHty,    9- 16,    29-35, . 

74-106,  107,  118 
Perping  operations,  377-388 
algebraic  oriterta  fur,  ^79 
deSnition,  380 

jused  to  orien|  plane,  384-388 
^  'e<s) 

a  distance,  167-175  * 
intercept,  70  * 
intersecting,  2    ^  ' 
Qomialto,  110, 114,  132 
oriented,  373-408 
in  orthonormal  coordinates,  118- 
'124  ,  : 

parallels 
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perpendicular  to  line,  9-11 
^i^ndicularity  between  Un^andi 
'  74-^82 

perpendicularity  of,  82-87  ^ 

projecting,  124 
:  reflection;  ITS'- 180 

trace,  70 
Point  of  tangency,*326 
Point-slope  form  of  equation,  139 
Pointy  and  distance,  167  - 175 
Polar  form,  483 
Polygonal  line,  343-  345 
Polyhedron,  489 
Pmition  vector,  66 
Positively  sensed,  373,  384 
Power,  199 

Principal  square  root  of  complex 

number,  486 
Prism,  487 
Pristnoid,  496-498 
Prismoidal  formula,  496 
Projecting  plan^'  122- 124 
Projection(s),  51-57 

on  a  midpoint,  29 

orthogonal,  11-12, 17-20,  36-37, 
87-93 

of  points,  17 

properti^  of,  18-20 

theorem,  256 
Ptpper  bidirecdon,  14,  21,  22,  35 
Proper  direcrtion,  21 
Proper  sense,  127 
Properties 

distance,  153.-167 

of  isometries,  184-193 

of  translations,  9 
Pyramid,  487-438 
Pythagorean  identities,  450 
Pythagorean  theorem,  161 

Quadrangulsur  r^ons,  area  of^ 

300-306 
Quadratk  formula,  148-149 
^ladratic    Actions,    100- 106, 

147-149 
^ttSttiril^terals,  265-3 Ifr 

Radian,  397 

Radian  measure,  350-  362 
Ratio<8)  2,  38-39,  48-49 
-    of  figments,  4 

of  similitude,  305  .  ,  , 

Realhumbers 
least  upper  bound  property  of. 
340-342 
Rectangles,  281-283 
Recursive  definition,  199 


Reduction  formulas,  420-421 
Reflection  in  plane,  178- 180 
Reflexive  relation,  186 
R^fular  polygon,  354 
Regular  polyheiiron,  487 
Relations 

smaller  than,  for  angles,  235 
Resultant,  183 
Rhombus,  284  -  286 
Right  angle,  236 
Right  triangle,  169 
Rotation,  375 

Schwarz  in^uality,  56,  150- 161 

Secant,  326-330 

Secant  function,  435  ^ 

Sector  circular,  363 

Segments 

collinear,  28  .  * 

congruent,  186 

midpoint  of,  28-29,  33 

noncoilinear,  28 

ratios  of,  4 
Semicircle,  322 
Semiperimeter  pf  triangle,  267 
Sense,  213,  389 
Sense  class,  374-376 
Sensed  angles,  389  -  399  * 

cosipe  of,  391 

initial  side,  389 

measures  of,  396  -  399 

null,  389 

right,  389 

sU^ight,  389 

termiifal  side,  389 
Sensed  distance,  158 
Sensed  meastur^,  396 
Sensed  vectors,  373 
Shrinking,  294 
Side  pf  angle,  "206 
Side^angle-side,  266 
Side  included,  265 
Side  of  lines,  2C^- 216 
Side-side-angle,  266 
Side-side-tide,  266 
^gnnmgi^ctions,  313 
Similsr^G^mgl^,  1 
Similarity,  296-299 

theorems,  296-297 
Similitude,  ratio  of,  305 
SimiUtad^  294-^ 
Sine<s) 

of  angles,  240-244  ^* 

of  complementary  anglas,  243 
Sine  ftuiction,  412-413 
'  addition  law,  418-425 

graph,  424 


law/416' 

fub^iurtion  law,  418-425 
Sine  law.  259 

Sine*  perp  of  senaed  anglef.  S9£^ 
SSze,  ordering  axigla  by,  234 -23S 
Saant  height,  488  ^ 
Kope,  137, 459  *  o 

'     SoKd  figure®,  487  -  490 

altitude,  487 

base,  487 

lateral  488 

lateral  eidge,  488 

lateral  surface,  488 
SdIutiQiiofe<iuationa,471-476.  ^ 
Spaceia) 

Euclic^an,  I 

inner  product,  9-73 

vector  1 

Specnal  quadrilaterala,  286  -293 
Spheres,  316-322 
Spherical  zone^  499  , 
Square  rooting,  5-8  . 
Squares,  284-^ 
Squaring^S-S 
Sttar  muitiptication,  165 
Stvetehing, 
Subgroup,  184 
Subtended  angle,  330 
Subtraction  law 
for  COS,  41S -425 
^^Jar  sin,  418-426 

SSfficieut  (^nditiona,  277  -  281 
'     S^iipptementarjr  wffieB,  220  -  223 
Syuunetrie  form  equations,  123- 
^  124 

Synunetrie  relation,  1@6 
Syxnmetry,  line  of,  283 

Tangent,  326  -  330 
•  Tangent  function,  432  -435  ^ 
Tangent  law,  436-437 
Tetrahedron,  488-489 
Theorems  fro&  VoL  1,  501-^513 
Three  dimensional  space,  42 
IVace  of  plane,  70 
^Transfoxusation,  commotion,  451  ~ 
452 

Transitive  relation,  185 
Translations   '  . 

and  isometry,  177 
multiplication  of ,  36 
orthogonal,  20-26 
ortlK^onal  projections  of,  17-20 
parallel,  3 
proper,  2 


.  voroperties,  9 

iinit,  27 
Transi^ersaKs),  2,  224  -227 
parallei,  3 

<rf  parallel  plan^  4-6,  37 
Traperaid(8),  289-292 
angl^  of,  2M 

isosceles,  290 

legs,  289 
Triangle<s),  256-316 

angle  bisectors  of,  2^-230 

and  circumcircles,  318  J 

congruent,  1 

o^in^  of  angles  of,  266  - 262 

equilateral,  168 

inequality,  161-153  , 

isosceles,  158 

right,  159 

semjberimeter,  257 

simiiar;  1,294-^9 

theorems,  160-167 
Triangular  regions,  areas  of,  300- 
J  3(^ 

Two-point  form  of  equation,  138- 
139 

Unit  circle,  406-409 
Unit  translation,  27 
Unit  vector(s),  27,  393 
Upper  approximation,  361 
Uppw  bound,  314^315,  339 
Uniform  shrinking,  294 
Uniform  stretching,  294 

Values  of  functions 

extreme,  102-103 

maximum,  102 . 

minimum^  102 
Vector  components,  26,  27,  37, 107 
VectarCs),  measure,  142-143, 403 
VectoxHs),  orthogonal,  93-^96,  109 
*  Vector  podtion,  66 
Vector  lipace,  39-41 
Vector,  unit,  27,  398 
Vertex  of  angle,  206 
Vertical  eagles,  207 -  ' 
Volume 

of  areas  of  spheres,  498  -  500 

of  bails,  498  -500 

by  cross  sectiont  492-495 

measures  of  solids,  493-495 

Winding  function,  409  ^412 
Z^ros  of  function,  148-149 
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